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INFINITELY MANY SOLUTIONS
FOR A CLASS OF QUASILINEAR EQUATION
WITH A COMBINATION OF CONVEX AND CONCAVE TERMS

KAaIMIN TENG — RAvI P. AGARWAL

ABSTRACT. We consider the following quasilinear elliptic equation with
convex and concave nonlinearities:

—Apu — (Apu?)u+ V(@)uP"2u = AK(2)[ul*"%u + pg(z,u), in RV,

where2 <p < N,1 < g <p, \,p € R,V and K are potential functions, and
g € C(RY xR, R) is a continuous function. Under some suitable conditions
on V, K and g, the existence of infinitely many solutions is established.

1. Introduction

In this paper, we study the following quasilinear Schrédinger equation:
(1.1)  —Apu — (Apu?)u + V(z)|ulPu = AK (2)|u|? *u + pg(z,u), in RY,

where —Ayu = —div(|Vu|P~2Vu), 2 < p < N, 1 < q < p, \,u € R are two
parameters. In order to deal with the concave term we make the following
assumptions on the potentials V and K:

Vi) V € C(RM,R) and ir%fN Viz) > Vo > 0;
re

(
(Va) Jon V(@) V®=D dz < +o0;
(Ko) K € L®(RY), K(z) >0, K(x) # 0;
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(Ky) K € L2/ =0 (RN) where p* = Np/(N — p).
Also, we pose the following assumptions on g:
(g0) g € C(RN x R,R) and ll}mog(a:, s)/|s[P~2s = 0 uniformly for x € RV,
s|—

(g1) There exist ¢ > 0 and p < r < 2p* such that |g(z,u)| < c(1+ |u|""1) for
all z € RY and u € R.

(g2) There exists 2p < 6 < 2p* such that 0 < G(z,u) < ug(x,u) for all
r € RY and u € R\{0}.

(g3) g(x,u) is odd in u.

REMARK 1.1. The assumption p > 2 is a consequence of the choice of the
work space £y which requires | f(¢)|P to verify the convexity property and the A
condition, see Proposition 2.5.

The quasilinear Schrodinger equation of type (1.1) has served for modeling
of several physical phenomena. It is related to the existence of standing wave
solutions for quasilinear Schrodinger equation of the form

(1.2) iz = =Nz + W(x)z — f(|2]?)z — kAR(|2|2)H (|2]*)2, 2 € RY,

where W is a given potential, x is a real constant, f and h are real functions.
For instance, in the case h(s) = s, it corresponds to the superfluid film equations
in plasma physics, see Kurihara [16]. In the case h(s) = (14 s)/2, it models the
self-channeling of a high-power ultra short laser in the matter, see [8]. Equation
(1.2) also appears in plasma physics and fluid mechanics, see [16] and [17], in
theory of Heisenberg ferromagnets and magnons, see [15], [32]. Considering the
case h(s) = s, k = 1 and setting z(z,t) = exp(—iwt)u(z), w € R, it is easy to
obtain the corresponding equation

(1.3) —Au — (Au®)u + V(z)u = g(u), zeRY,

where V(z) = W(x) —w, g(u) = f(|u|*)u. Because one of the main difficulties
of problem (1.3) is that there is no suitable work space on which the energy
functional is of class C'', the standard critical point theory cannot be applied
directly. The existence and multiplicity of solutions to the problems like (1.3)
have been considered by many authors in the recent years. To the best of our
knowledge, there are some powerful methods developed, such as, the minimizing
method [18], [26], the Nehari manifold method [6], [21], the method of change
of variables which was independently applied in [20] and [12], the method of
nonsmooth critical point theory [22], [23], the perturbation method [25], [19]. By
the change of variables, the quasilinear equation (1.3) reduces to a semilinear one,
so the usual methods for semilinear Schrodinger equations can be adopted. This
method has become the fundamental trick for studying quasilinear problem (1.3).
For the recent progress in this regard, we refer the interested readers to [1]-[3],
[9] and references therein.
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In [13], the authors proposed the following question:

QUESTION 1.2. Does problem (1.3) have infinitely many solutions when non-
linearities are symmetric in the sense of being odd in u and involve a combination

of concave and convex terms?

The main purpose of this paper is to treat the above problem. For this, we
consider a more general quasilinear problem (1.1). When p = 2 it is reduced
to problem (1.3). Our main strategy is as follows: we will develop the Orlicz—
Sobolev framework for problem (1.1), where we deduce some new phenomenon
in the abstract Orlicz—Sobolev space, compared with the results in [14], [13] this
will allow us more easily to verify the mountain pass geometric conditions and
(PS) condition.

In the past decades, nonlinear elliptic problems involving concave and convex
terms have attracted intensive interest. For example, for semilinear and quasilin-
ear problems, we refer the readers to Ambrosetti, Brezis, Cerami [5], Ambrosetti,
Azorero, Peral [4], Bartsch and Willem [7] and references therein. In [7], Bartsch
and Willem proved the existence of infinity many solutions for the semilinear
problem in an open bounded domain with Dirichlet boundary conditions

—Au = plu|??u + Mu|P~2u, z €,
u =0, x € 09,

where 1 < ¢ <2 <r <2*, A\, p € R. In [33], the author considered the following
problem:

—Au — Ag(z)u = k(z)|u|?%u — h(z)|u[P~2u, =€ RY,

(1.4)
u >0, r € RN,

where N >3 and 1 < ¢ <2 <p < 2* =2N/(N —2). With integrability and
sign conditions on g, k and h, by using the Fountain theorem and dual Fountain
theorem, infinitely many solutions for problem (2.1) were obtained. After that,
some results in [33] were generalized to an equation of p-Laplacian type in [24]

— Ay = Ag(@)ul2u = k(@)[ult~2u - h(2)|u]* 2y, @€ RV,

(1.5)
u > 0, r e RV,

where N > 3 and 1 < ¢ < p < s < p*. The authors in [24] introduced a new
space as their framework for the study of problem (1.5) and used the Clark
theorem to establish the existence of infinitely many solutions for problem (1.5).
This idea was successfully applied to Schrodinger—Poisson systems, see [31].
For the concave-convex type problem for equation (1.1), the author in [29]
obtained infinitely many solutions via the Fountain theorem. The same method
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can be applied to generalize the results of [7] to quasilinear case in dimension
one

—([/P72) = (@) P72 @?)) u A V(@) el e = Mul*™ 0+ plul" " u, in R,

where A, 1 are real parameters. For the higher dimensional case, there are few
papers to tackle this problem. For instance, in [13], the authors considered
equation (1.1) in the case p = 2 and obtained the existence of one nontrivial
solution and two nontrivial solutions, respectively, in [37], the authors considered
equation (1.1) on a bounded open domain in the case p = 2 and proved the
existence of infinitely many solutions by using the perturbed method which was
developed in [25].

Now let us state our main results.

THEOREM 1.3. Assume that (V1)—(V2) and (go)—(g3) hold. Then for every
w>0 and A <0, problem (1.1) has infinitely many solutions for 1 < g < p.

THEOREM 1.4. Assume that (V1)—(Va), (g0)—(g1) and (g3) hold. Then for
every p < 0 and A > 0, problem (1.1) possesses infinitely many solutions for
1< qg<p/2 withp > 2.

REMARK 1.5. Our main results complement some of the results in [29], in
the sense that we are considering a higher dimensional case, while they are new
even in the semilinear case because we will answer the question posed in [13].
However, in our framework, there is a gap in the case 2 < p < 4. We aim to solve
it in the forthcoming paper by using perturbed methods which were developed in
[25] and [19]. In fact, in [36], by using the perturbed methods, the authors proved
the existence of infinitely many small energy solutions for modified Kirchhoff-
type equation via the Clark theorem, where the potential V satisfies the coercive

hypothesis ‘ llim V(z) = 400, the nonlinearity possesses the concave and convex
T|—0o0

structure. However, there are some non-coercive functions verifying assumption

(Va), see [13].

This paper is organized as follows. Section 2 contains some preliminary
results and we state abstract theorems which will be used in the sequel. In
Section 3, we present proofs of the main results.

2. Preliminaries

As usual, for 1 < s < 400, we let

o= ([ wrar)” e e
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We denote by C,C; (i = 0,1,...) various positive constants throughout this
paper. Let W1?(R¥) denote the Sobolev space endowed with the norm

1/p
fulbwr = ([ (VaP + upyac)
RN

We define the following function space:

X = {u e WHP(RY) . V(z)|ulP dr < oo}

RN
which is a reflexive and separable Banach space endowed with the norm
1/p
fullx = ([ (Va4 Vel d)
RN
Due to (V1) and (V2), we can establish the following compactness lemma.

LEMMA 2.1. If conditions (V1) and (Va) hold, the embedding X — L*(RY)
is continuous for 1 < s < p* and compact for 1 < s < p*.

PROOF. Let u € X, by (Vs3), we have

(r—1)/p 1/p
/ lu| dz < (/ V(x)~ V1) dx> (/ V(x)|u|pdz>
RN RN RN
(p—1)/p
< ( . V(x)~ V=1 d;v) | x-

By (V1), we get
[ v+ < | (w T V(%P) dn
RN RN VO

Smax{l,l}/ (IVul? + V(@) |ul?) do
Vo) Jrw

which means that X — WUYP(RY). Hence, X — L*(RY) for p < s < p*.
Therefore, by an interpolation argument, we conclude that X < L*(RY) for
1< s <p*

Let {u,} be a bounded sequence in X, that is |ju,| < C (C > 0 is a positive
constant). Up to a subsequence, we may assume that u,, — uo in X. From (V2),
it follows that for a given € > 0, there exists R > 0 such that

) c p/(p—1)
V() VoD g < () .
/|x.>R (=) 2T+ Jullx)

Thus, we have

N ™

(p—1)/p
/| |ty — up| da < ( NV(x)fl/(pfl) dx) | — uollx <
z|>R R
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By the local embedding compactness, we see that u, — wup in Llloc(]RN). It

follows that there exists ng € N such that for all n > ny,

/ \un—u0|dx§§.
|z|<R 2

Thus, u, — ug in L'(RY). By a standard interpolation argument, we conclude
that u, — ug in L¥(RY) for 1 < s < p*. O
Let us make the change of variables v = f~1(u), where f is defined by

1
[+ 21 f P

Fi(t) = t € [0,00),

and
f(=t) = =), te(-o0,0]
After the change of variables, equation (1.1) reduces to the following one:
(21) = A+ V(@) |f ()P f(0)f (v)
= MK ()| (0)|772 f(0).f'(v) + g(z, f(0)) f' (v).

LEMMA 2.2. The function f and its derivative satisfy the following properties:

(f1) f is uniquely defined, C* and invertible;

(f2) If'(®) <1 for all t € R;

() ()] < ] for allt € R

(fa) f(t)/t =1 ast— 0

(fs) f(t)/vVt—a>0 ast— +oo;

() F(8)/2 < t/(t) < F(t) for all t >0,

(B) f2(8)/2 <t/ (OF(1) < F2(1) for allt € R;

(fs) [f(0)] < 2V/CPEM/2 for all t € R;

(fo) there exists a positive constant C' such that

Clef e <1,

lf(@®)] > {C’|t|1/2 if [t] > 1;

(fi0)

f2(st) < s2f2(t) ifs>1, teR;

(f) [f(0)f/ ()] < 1/20- 0/,
(f12) |t| < CLf(t) + Caf?(t) for all t € R;
(f13) |f(@O)[P2f(t)f(t) is a non-decreasing function in t € R.

fA(st) <sf?(t) if0<s<1, teR,
< s2f?
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PrOOF. We only need to verify that (f10) holds, the other properties can be
found in Lemma 2.1 of [3] and [30]. Since

2\ 2 " _ 2 _ I f@)r
U =20 200 = e~ Er 2 F PP
_ 2 >0, t>0,

[+ 2T f QPP

f2(t) is strictly convex and f2(st) < sf%(t) for all t € R and s € [0,1]. On
the other hand, setting h(s) = f(st) — sf(t), s > 1, from (fg) we have h/(s) =
tf'(st) — f(t) < tf'(t) — f(t) < 0. Note that h(1) = 0, hence h(s) < 0, for all
s > 1, that is, f(st) < sf(t) and the conclusion follows. O

REMARK 2.3. (fjo) implies that
[f(st)P < P2 f(@)7 and [ f(sT )P = Sp% lF@)F, forall s <1,
FEOP <IF@F amd [fsT P> S F@F, forall s> 1
We only need to verify
FTOP 2 <5 fOP, forall s <1,
If(s71t)P > Sip|f(t)\p, for all s > 1.
Indeed, for every 0 < s < 1, by (f10), we have
P20 = P70 < 5267 = 6T 2 s P
Similarly, we obtain
F2(t) = fP(ss™) < 2 f2(s7H) = |f(sTM)P > sip lf(@®)P, forall s> 1.

REMARK 2.4. Actually, we have more accurate estimates than in Remark
2.9. Since

o PO =DIfO)P> +plp —2)2°7 1 f ()PP
([f@F)" = (1+ 2p—1|f(t)|P)2/P+l 20,

|f(#)|P is convex for p > 2 and |f(st)[P < s|f(¢)|P, for all t € R and s € [0,1].

Now we introduce a set
&= {v: RY — R measurable : / V()| f()|P dz < oo}.
RN

PROPOSITION 2.5.

(a) & is a linear space.
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(b) We define | - |y on & as follows:

ol = (14 [ velre P i),

then it holds that

22 iy <oma{( [ versora) " ([ veore)”)

and
comin] ([ verswra)”,
2.3) vy > (/ Vi(@)|f(v I”d:c) }, ifp>2,
mm{(/ V()| f( )|2dx> ,

[ov@lseral, =

where ¢, = min {1, ((p — 2)/2)?/7}.
(c) (&f,1- 1) is a Banach space.

(d) & is separable and reflexive when p > 2.

PROOF. (a) It is easy to see that & is a nonempty set. Since |f(¢)|” (p > 2)
is a convex function and satisfies the Ay condition (i.e. [f(2t)[? < C|f(t)?), &
is a linear space. Indeed, 0 € Ey. Let v € &7, a € R\ {0} and k € N be such
that |a|/2% € (0,1). By the convexity of fP, we have

[ veeora= [ vil(2 5[
<ot | ]f('“' o) | velrwp .

which means that av € Sf. Let u,v € ¢, using the convexity of f?, we have

p L Pdz 1 x v)|P dx
[v@iarorda < [ vereorass [ velreord.

which implies that v +v € £. Thus £¢ is a linear space.

(b) Case 1. Tf fun V(@)|f ()P dz < 1, let & = (fun V(@)|f ()P dz)"?. By
the definition of |v|; and Remark 2.9, we have

< ([ venore)” ([ versors)”
[ ovele(e /([ veuora) )
<( [ veuere)”

dx

dr <

C*lal
ok

dx
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+ V()| f(v)[” dx o V()| f(v)[P da
RN RN
2(/RN V(z)|f(v)|P d:c) 1/1”.

Case 2. Tf [ox V(@)|f()|Pdz > 1, let & = (foun V(@) f(0)Pda)>?. By
Remark 2.9, we have

< ([ venrora)” ([ V(fv)lf(v)l”dx)Q/p

[ ovele(e /([ veora) )

<( [ veuers) ([ veuore)”
= [ versera)

On the other hand, by Remark 2.9, for every £ > 1, we deduce that

dx

ere [ Vel ez e g [ vl

> 2o [ verswre) s ([ veuoras)”

For every £ < 1, by Remark 2.9, we get

§+€/ IPda:>§+€p/12 1/ V(2)|f(v)|P dz
p (p—2\"" 2/p
N _2<2> </RN V(«'E)If(v)lpdx) if p > 2,
/ V(x)|f(v)]? dx ifp =2,
2/p
(p 2) (/ Valorar) ity
> RN

Hence, (2.3) is proved.

(c) First, we will show that |- |; is a norm on &;.

1. Obviously, v = 0 implies that |v|; = 0. On the other hand, we assume
that |v|f = 0, we infer that v = 0. By (2.3), we see that

/ V(@) (0) P dz = 0
RN
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which implies that v = 0 almost everywhere in RY and so we conclude that
v=0in &.

2. For every A € R\ {0} (A = 0 obviously holds true). By the definition of
|v]¢ and since f? is an even function, we have

oy =iute(1+ [ Vlse xpa)
. 1 P
= 512%5(1 +/sz V(zx) f(§|,\|1“) dx)

= |A\]inf [A|7! T 1 v
Wit (1 [ vl (g
~ (14 [ vlre opa).

p
dx)

That is, [Av|; = |A||v]y, for any A € R, and v € &;.
3. We verify the triangle inequality. Let u,v € £y, using the convexity of | f|?,
we get

[ V@i wr o ds
RN

<

N |

V@l ol de+ 3 [ V@IfeetPr .

RN

Hence
1+ [ vl wror )
< 5(1 4 /RN V()| (2¢ ) dm) 4 5(1 4 /RN V()| f (26 o) dm)

which implies that
lu+vly <|ulf+|v|f, forall u,veéls.

The next task is to show that (£f,|-|s) is a Banach space. Let {v,} be a
Cauchy sequence in £y, that is, for every € > 0, there exists N € N such that

|Un+t — |y <€, foralln> N and!eN.

Let e =1/27%2 i =1,2,..., we can find a subsequence {v,,} of {v,} such that

1
I < 52

"Umurl — Un; 1=1,2,...

From the definition of | - |7, it follows that there exist & € (0,1), ¢ = 1,2,...,
such that

(2.4) fi[l—k/RNV(mﬂf(fi1(vni+1—vni))|pdx <2% i=12...,
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which implies that

;&éz%—’_l :§~

For every z € RV, we define

|
"Mw

-
Il
-

hi () 6V (@) If (&7 (vn iy (@) — vn, (2)))17] + % V(@)]f (2vn, ()17,

h(x)

o

@
I
—

_ 1
[V (@) F(& (Ongpy () = vn, (2))P] + 5 V(@) f (20, ()]
Obviously, klim hi(x) = h(x) for all x € RY. Thus, by Fatou’s lemma, we get
— 00

h(z) dz < liminf hi(z) dzx

RN k—oo JrN

= mf/ Z &V @) FET Wniy (@) = v, (2)) ) do
+ [ 5 V@, @) d

=1

i=1

This shows that h € L*(RY). Thus, h(z) < +oo almost everywhere in RY. If
xo € RY is such that

(25) Z LL'() ‘f ( Mit1 ($0) — Un, (xO)))V)] < 90,
i=1

then {v,, (z9)} is a Cauchy sequence in R. In fact, for any € > 0, there exists
0 > 0 such that

(26) =0 =[fT(f(v)) =0l <e, forall |f(v)|=|f(v) - f(0)| <.

From (2.5), it follows that for the above § > 0, there exists N € N such that
ket

(2.7) Y &V (@o) [ £ (€ (nin (w0) — v, (20))I) < V(@0)d”,

i=k+1

forallk > N and [ € N.
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By the convexity of |f|” and f(0) =0, we see that

V(zo)|f(vk11(w0) — ve11(w0)) P
=V(zo)|f(vk+1(0) — veti-1(z0) + - - + Vry2(0) — Vg1 (20))|”

= V(mo)\f(ﬁkﬂfk_iz(vkﬂ(fo) — Vpq1-1(z0)) + . ..

+ 1€ty (Orr2 (o) — vrgr (20)) + (1 = Egr — - — Erpa)0) [P
k+1
< Y 6V (o) £(& (Wniys (20) = vn (0))) 7]
i=k+1

Hence, by (2.7), we obtain
| (Vni s (0) = Vngyr (20))| < 6, forall k> N and I € N.
From (2.6), it follows that
[Vnss (20) = Unysy (T0)] <&, forall k> N and [ € N.

That is, {vn, (x0)} is a Cauchy sequence in R. Hence there exists v(xo) such
that klim Un, (19) = v(x0). Therefore, v,, (z) — v(z) for almost every z € RV,
— 00

Using the convexity of | f|P and f(0) = 0, we get
V()| f (vny (2))[P
=V(@)|f(vn (2) = vny (@) + o 4 vy (2) = vy () + 0y ()]

=V@0f(&ﬁghhme)—vm_J@)+~~

p

667 00a(0) — 0 (@) 4 3 20 @) 4 (5 -6 -6 ) )

S
Ju

< S V@IS iy (1) = o, @D+ 5 V@S G, ()] < h(a)

i=1

From the Lebesgue Dominated Convergence theorem, it follows that

w [ V@I d = [ VElroP

li
k—o0 RN

By (2.2), we see that v € £;. It remains to show that v, — v in &;.
Since {v,} is a Cauchy sequence, for every € > 0, there exist N € N and
& € (0,400) such that

(2.8) & (1 + -/RN V(@) £&€5  (Vnar(x) — va ()P dx) <eg, forallleN.
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Replacing v,,, and 1/27+! by v, and & /2! in (2.4) (clearly & < & /2!,
i=1,2,...), by the convexity of |f|P and f(0) = 0, we have

&V (@) (&5 (Un,, (@) — vn(2)))[P
k—1
<03 VOISE (i 0) s )P < 1)

for almost every x € RY. By the Lebesgue Dominated Convergence theorem,
we obtain

o /RN V(@) f(& " (v(@) = va ()P do
:kIL%EOA V(@) (& " (vn, () — va(2))) [P de.

Replacing v, 4 by v, in (2.8), we get
on ol =it (14 [ VIAE 000 - @)l de
<6 [ VEUE 0@ - n@)P i <e.

Consequently, v, — v in &;.
(d) If p > 2, the function |f(¢)|P is a convex N-function in view of the fact
p P
lim |f(t)| ~ oo, lim \f(t)l
where we have used (fy) and (fg) of Lemma 2.2. From (fj) it follows that |f(¢)[?
satisfies the Ay condition. By Theorem 1.10 in [35, p.64], we see that & is
separable. By Remark 2.9, |f(¢)|? satisfies the V3 condition. From Corollary 12
in [28, p.113], space &; is reflexive. O

[f&)P=0 < t=0, and =0,

REMARK 2.6. Observe that when p = 2, the function |f(¢)|” is not an N-
function, but a Young function. So £ might not be separable and reflexive.

Let DYP(RY) (N > 3) be the usual Banach space defined as

DLP(RY) = {v e L (RY): / |Vo|P de < —|—oo}
RN

1/p /RN |Voul? dz

_ P — ;
|v]lp1e = (/RN |V dx) and S, = veDl’I}gl%fN)\{O} —
(/ lv|P d:n)
RN

which is equipped with the norm

We introduce a vector space

E = {U €&y / |VolP de < -l-oo} =& NDYP(RY)
RN
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equipped with the norm
[oll = IVollze + [v] -

From Proposition 2.5, it is easy to verify that || - || is a norm on E. Moreover,
we can prove the following conclusion.

PROPOSITION 2.7.

(a) E is a Banach space with respect to the norm || - ||.
(b) X is embedded continuously into E.
(¢) When p > 2, E is separable and reflexive.

PROOF. (a) It is standard to verify that F is a complete space with the norm
| - |I, we refer the readers to the proof of Proposition 1.1 in [10].
(b) By the definition of |v|f, we get

ol = nte(1+ [ vl as)

1 1/p
< g% <§ + g1 /RN V(z)|v|? dx) = C(/RN V(z)|vlP dx) .

Therefore, it is easy to check that
[0l = [[Vvllze + ol < Cllv]lx,

which means that X can be regarded as a subspace of F, thus X is continuously
embedded into F.

(c) If p > 2, by Proposition 2.5 and properties of DVP(RY), it is easy to
conclude the desired. (|

Motivated by the ideas of Lemma 2.1 in [14], we prove a precise estimate for
the norm || - || in the Banach space E.

LEMMA 2.8. There exist two constants C1,Co > 0 depending only on p such
that for any v € E, it holds that

(29) Crmin{[lo]|”/?, 0|’} < AN(\VU|p+V($)|f(U)|p)dx
< Goymax {[lo]["/2, [[v]"}.
ProoOF. We first prove that
Cy min {|Jo]|P/2, o]} < /RN(|VU|p + V(@)|f(v)?) d.
Case 1. If [o V(z)|f(v)[P dz < 1, by (2.2), using the inequality

(@MP + Py <217VP (g 4 )P for m,y >0,
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we get

1/p
Joll =19l +1oly < 19l +2( [ V@l as)

1/p
<2 (ool + [ velfera)

Case 2. If [pn V(2)|f(v)[P dz > 1, by (2.2), using the inequality
(z'/P 4 Py <2V VP(z 4 )P for z,y >0,

we get

lolP/ = (1V o)l e + o] )P"2 < <IIWIILP+2

(LY
< [2<w|Lp T (/R dx)2/>]/
< [1(1vett+ ([ v ) /ﬂ

XL (7 / V@l d ).

Therefore, we see that

2/p\ p/2
|pdx> )

1
221)71

Cymin{ ol [0} < [ (V0P +V@IF0)) do. 1=

On the other hand, from (2.3), we note that the case p = 2 is similar to
p > 2, so we consider only the case p > 2.
Case 1. If (fon V()| f(v)[P dx)l/p > 1, by (2.3), we obtain

ol = IVolle + [vly

2 (9l +min {1 <p;2>/} (/. V(:E)|f(v)|pdx)1/ v
= i {1’ (19;2)%} (IIVuIIip + /RN V(x)|f(U)pd$)1/p’

@10) Vel + [ V@l < (st ) ol

Case 2. If ([on V()| f(v)|P dx) lr <1, by (2.3), we have

that is,

211) vl =[Vollze + [olf

> Vo]l + min {1, (l’;z)/} ( /. v<x>f<v>|pdx)2/p.
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When ||Vo||» <1, by (2.11) and the inequality a? + b? < (a + b)? for a,b > 0,
we deduce that

e = (190t +min {1, (152) V([ versra) )"
> (IIWHQM + min {1, (1’;2)%’} (/RN V<x)f(v)|f’dx>2/p>p/2
- (min{L (p22>2/p}>p/2<wl’£p +/RN V(x)|f(v)|pd:z:>.

That is,

@12) Vol + [ V@O e < s ol

When ||Vv||z» > 1, by (2.11) and the inequality =P + 2P/2yP/2 < (x + y)? for
x,y > 0, we have

i 2 (19t +min {1 (252) V([ veonsoras) )
> (i {1 (252) 1) (1ot w9tz [ vonsoras)
> (min {1 (22)2“0})“2<|W||’zp w [ vl ds).

That is,

3

! P
(min {1, ((p — 2)/2)2/P})r/2 [[v]P-

213) Vol + [ V@If@)Pdo <
RN
Therefore, it follows from (2.10), (2.12) and (2.13) that
IVollZ, + /RN V(@)|f ()" dx < Comax{]|v]["/2, [|v]|"},

where C; > 0 is a constant depending only on p. O

REMARK 2.9. From (f3) of Lemma 2.2, it is easy to check that

£ = [ (VHP + V@IS0 do < [0l + [ Vi e

COROLLARY 2.10. Let (V1), (Vz2) hold, then there holds

lolfyn < 0 [ V@l [ vopar) < Cmax o2 o).
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PRrOOF. By hypotheses (V1) and (V3), using Holder’s and Young’s inequal-
ities, we have

/ \U\pdx:/ |v|pdm+/ |v|P da
RN l|<1 [v|>1

1

= — Viz)|lv|P dx
i) ven

+/ V()= =P/ (e =)y () (7 =)/ (p(P"—1))
[v|>1
. |U|p*fp/(p**1)|U|(p*(p*1))/(p**1) dr

1
<— Viz)|f(v pder(/ V(z) V@D gy
o [ v [ v

(p"—p)/(p(p*—1)) i (p—1)/(p*-1)
. </ V(z)lv? dx) (/ [v|? dm)
|v|>1 RN

<o [ V@l

(p"—p)/(p(p" 1)) p"(p—1)/(p(p™—1))
+ C(/ V(x)|v|?? dm) (/ |Vo|P dm)
[v]|>1 RN

1 p
<G [ v@lsop

(p"—p)/(p(p™—1)) p*(p—1)/(p(p*—1))
+c(/ V(x)f(v)|pdx> (/ |Vv|pd3:)
RN RN

sc(/RN V(x)|f(v)|”dm+/RN |Vv|pdm>.

LEMMA 2.11.

> (p—=1)(p"—p)/(p(p"—1))

(a) There exists a positive constant C such that for allv € E,

/ V(@) ()P da
RN

([ velrore) (HW]

(b) If v, = v in E, then

< C(loll + [[v]P’?).

| @Iy = 1fe)plde o
and

[ V@) - fpdr o
(¢) If vy — v almost everywhere, [on V()| f(vn)[P dz — [on V(z)|f(0)P d
and [on V(2)|f(v)|P dz < 400, then v, —v|f = 0 as n — co.
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(d) If (V1) and (V3) hold, the map v — f(v) from E into L*(RY) is contin-
uwous for 1 < s < 2p* and compact for 1 < s < 2p*.

PROOF. (a) Let us define, for v € E and £ > 0,
Ae ={z e RN : ¢7 o) < 1}.

From properties (f3) and (fg) in Lemma 2.2, we have

[ v@isera= [ valrrds [ vl

Ag Ag

x )P~ ol dx 2)|vlP/? dz.
sAEv<>|f<>| o] d +c/ V(@) [o]?/? d

c

By Holder’s inequality and (fg) in Lemma 2.2, we have

/ VISPl de < (/ 5 VP d) (p_wp( / | v<x>|v|pda:)1/p

< ( N V(z)|f(v)[? dx) (pl)/pcg(/A£ V()| f(E )P dx) Y

<(/ | Vs ds ) Mpca[l “f. V@IS o],

where we used the inequality s'/? <1+ s for all s > 0.
By (fy) in Lemma 2.2, we get

/ V(@)[o]? de = € / V(@) oP/> e o] da
Ag Ag

(r-2)/ 2/
< 5( / RCIG da:) ’ ( / Rl dx) ’

(r—2)/p 2/p
< ( V (a)v]P/2 dm) og( / V()| f(f_lv)|pdm) ,
Ag Ag

which leads to

/

Thus, conclusion (a) follows.
(b) Assume that v, —v in E, then v, = v in DM?(RY) and |v,, — v|f — 0.
From (2.3), it follows that

/ V()| f(vn — 0)|P dz — 0,
RN

p/2
V(@)[o[P/? do < CP/P¢P/? [1+/AC V(x)|f(g1v)|pdx] :

c
3 3

which implies that, up to a subsequence, there exists k € L' (RY) such that
(2.14) V(x)|f(v, —v)|P < k(z) ae. in RY.
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Moreover, we can obtain that there exists a constant C' > 0 such that
/ V()| f(vn)|P dx < C.
RN

Since v, — v in DMP(RY), it is enough to verify that v,, — v almost everywhere
in RY. By Fatou’s lemma, we see that

@) [ V@I <imit [ Vel <c.

By (f10), (2.14) and (2.15), using the convexity of | f|?, we have

vl < “8 pe, - o+ L
<2 (V@) ([ — )P+ VI 0)P)

< 27 (k(x) + V(2)| f(0)[?)

and

V@)~ S <27 (V@) + V@I F0))

<27 (U2 oo - o + D 20 + Vo0 )
<P @V @)~ 0P + 2 V@ P + V@ F0))
<27 k() + V@),

By the Lebesgue Dominated Convergence theorem, the proof of (b) is completed.
(¢) In virtue of (2.2), it is sufficient to prove that

/ V(@) (on — v)[P dz — 0.
RN

Indeed, since [pn V(x)(|f(vn)[P — |f(v)[P)dz — 0, up to a subsequence, there
exists k1 € L*(RY) such that

(2.16) V(@) (|f ()P = [f(0)|P) < ki(x) ae. in RY.
Using the convexity and evenness of |f|P, by (f19) and (2.16), we have

Vi(z)

V(@) f(on = o)l < = 1F@0a)P + =7 |F20)P

<P V@@ + V@) 0)F) < 2°(ka(x) + V(@) F(0) ).

Vix)

Since ki(z) + V(z)|f(v)[P € LY(RY), due to v, — v almost everywhere in RY
and the Lebesgue Dominated Convergence theorem, we can get the conclusion.
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(d) From Remark 2.9 and Lemma 2.1, it follows that

Cls@; < 1l = [ 1vfePde+ [ V@l ds

RN

= [ ol @rdes [ Vilsop ds

< / Vol de + / V(@) f(0)P dz < Comax {[o]P’2, o]},
RN RN

for all v € E, which implies that f € LP(RY). On the other hand, by (f2), we
see that

(2.17) ([ ror dx>w <o, |Vf2(v>|wx)1/p
gc(/ﬂw Vv|pdx>1/p

sc(/RN \W|de+/RN V(x)|f(v)|pdas>1/p

< Cmax{||v| "2, ||v||},

for all v € F, which implies that f € L2 (RY). By a standard interpolation
argument, we obtain that f € L¥(RY) for s € [1,2p*].

Let {v,} be a sequence in E such that v, — v as n — co. We will show
that the map f is continuous. That is, we need to show that f(v,) — f(v) in
L#(RY) for s € [1,2p*]. In fact, since v, — v in E,

Ung, — Ug, ID LP(RN) fori=1,...,N,

and from conclusion (a), we see that

(2.18) . V(z)|f(vy) = f(v)|Pdz — 0.

Thus, up to a subsequence, there exists h; € LP(RY) such that

(2.19) [Ung, ()| < hi(z) ae. inRY, fori=1,...,N,
and
(2.20) U (1) = v(2), Vg, (¥) = vy, (2) ae inRY, fori=1,...,N.

Hence, by (f1), (f2), (2.19) and (2.20), we have

Of(vn /

’ J(;S) 2 1 0n)ona] < on, @] < i)
and

a‘];(xvzn) = f/(’l)n)vnzi - f/(’U)'Uwi = agij)’
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almost everywhere in RY for i = 1,2,..., N. Therefore, by the Lebesgue Domi-
nated Convergence theorem, we conclude that f(v,) — f(v) in DVP(RY). Thus,
by (2.18), we see that f(v,) — f(v) in X, which implies that

(2.21) f(v,) = f(v) in L*RY), for 1 < s < p*.
Next, we will show that f(v,) — f(v) in L?" (RN). From (2.17), we see that
fAvn —v) =0 in LP (RY).

Thus, up to a subsequence, we conclude that v,, — v almost everywhere in RY
and there exists h € L?” (RY) such that

F2(vp —v) <h(z) ae. inRY.
Using the convexity of f2 and (fip), we deduce that
[f(0a) PP < 2P 4 |7 € LNRY)
which together with the Lebesgue Dominated Convergence theorem implies that
f(va) = fv) in L*"(RY).

Combining the above with (2.21), by an interpolation argument, the part one
of conclusion (c) follows. Next, we will show that the compactness is true. Let
{vn} C E be a bounded sequence. By Corollary 2.10, we see that {v,, } is bounded
in DVP(RY) and [;x V(2)|f(vn)|P da is bounded. Using Remark 2.9 and (2.17),
we have that {f(v,)} is bounded in X and L?*" (R™). By Corollary 2.8, we have
that {v,} is bounded in W1P(R¥Y). Hence, up to a subsequence, there exists
v € WHP(RVN) such that v,, — v almost everywhere in RY. On the other hand,
it follows from Lemma 2.1, that up to a subsequence, there is w € X such that
f(vn) = w in LP(RY). By the uniqueness of the limit, we see that w = f(v)
almost everywhere in RY. By Fatou’s lemma, we see that f € L?" (RN). Thus,
using the interpolation inequality, we have that

1 (vn) = F()lls < 11F (wn) = F)IIp 1 (vn) = f(0) 1257,

where s € [1,2p*) and 6 € (0,1] such that 8/p+ (1 — 0)/2p* = 1/s. Hence, the
proof is completed. O

COROLLARY 2.12. Let {v,} C E be a bounded sequence. If (V1) and (V3)
hold, then there exists v € WHP(RN) such that v,, — v in L*(RN) for 1 < s < p*.

PROOF. We only show that the part one of the conclusion holds, the other
one is similar so we omit it. By Lemma 2.11, up to a subsequence, there exists
v € WHP(RY) such that f(v,) — f(v) in L*(RY) for 1 < s < 2p* and v, — v
almost everywhere in RY. Then, up to a subsequence, there exists ke L*(RN)
such that

|f(on) — f(0)| < k(z) ae. in RV,
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Using the convexity of f2 and (fig), we deduce that
[f (v —0)]* < 2°(k° + [ f(v)]") € L'(RY)
which together with the Lebesgue Dominated Convergence theorem implies that
f(v, —v) =0 in L¥(RY), for 1 < s < 2p*.

Using (f12) of Lemma 2.2, we have that
[ oo [ - ordns [ s, - op i)
RN RN RN
which implies that v,, — v in L*(RY) for s € [1,p*). O

To prove our main results, we also need to introduce the following Sobolev
space. For a nonnegative measurable function w and a real number ¢ > 1,
denote by L2 (RY) the weighted Lebesgue space of all measurable functions u
which satisfy [y w(z)[v]?dz < oo, with the associated seminorm

1/q
g = [ w@lblra)
]RN
We introduce two sets

Q={zecRY:K(z) =0}, E={veE:v(z)=0ae zeQ}

then F is an infinitely dimensional Banach space with the norm of ||-||. Therefore,

i = (/RN K(x)|v|qu>1/q

is a norm on E. Indeed, by (f3), (fy), Holder’s and Sobolev’s inequalities, for

the seminorm

|v

every v € E, we deduce that

K(x)v|?dx < /

{lvl<1}

< / K(@)[o]/? de + || o / jof?" de
{lv|<1} {|v|>1}

p*/p
S/ K($)|f(v)Q/de+|K|oo55*/p(/ Vvl””)
RN RN
i q/(2p™)
<||K||L(2p*—q)/<2p*>(/ |f(v)[*? dx)
RN
. p*/p
+ | Ko Sp /P(/ Vv|pdx>
RN

N q/(2p") . p*/p
SIIKIIqu)/(zp*)(/RN I dx) + 1K [ SP “’(/RN |Vv|pd:1:>

a/(2p)
<Kl ep —a /2y SY/CP) (/N |Vu|? dm)
R

K(x)|v\qu+/ K(x)|v|? dz

RY {lv=1}
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§ p*/p
+ K oo S /p(/ Vv|pdx)
]RN

which implies that |v|, & is well defined. It remains to verify that v € E and
|v|q.x = 0 implies that v = 0 almost everywhere in RY. Since

O:/ K(:L’)\v|qu:/ K(z)v|? dz,
RN {K(2)>0}

this implies that v(z) = 0 almost everywhere on {z € RY : K(x) > 0}. From
v € E, it follows that v(x) = 0 almost everywhere in RV,

2.1. Variational framework. The energy functional I: F — R corre-
sponding to problem (2.1) is given by
1
Do) = 3 [ (Vo + V@)l f0)P) de

P JrN

A
-2 [ K@l g [ Gl f) de,

q JrN RN

where G(z,t) = fot g(z,s)ds. Under assumptions (V1)-(Vs), (Ko)-(K;i) and
(80)—(g2), we infer the following properties of the functional Iy ,:
PROPOSITION 2.13.
(a) Ix, is well defined in E,

(b) Iy, is continuous in E,
(c) I, € CY(E,R) and for any v,y € E, there holds:

<I$\,/,L(U)7SD> :/ |Vv|p_2VvV<p dxr
RN

* / V(@) f@)P2f(0) [ (v)p dz — (¥ (v), @),
RN
where

W) = A [ K@U 0 Opdatp [ gl fo)f ©)pds.

RN
PRrROOF. The verification of (a) and (b) is trivial. For conclusion (c), we need

to show that:
(i) In,, is Gateaux-differentiable on £ and

(DI,.(v), ¢) :/RN |Vo|P~2VuVe de
+/ V(@) f()P2f(0) f'(v)p dz — (DU (v), p)
RN

and

(D¥0).e) = A [ K@U pdatp [ e f0)f pds

RN
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where DI, ,(v) and D¥(v) are the Gateaux-derivatives of I, and ¥ at v,
respectively.
(ii) For v € E, DI ,(v) € E', and if v, = v in E, then

[ DIy (vn) = DI u(v) || = Su%wh,u(vn) = DI u(v), ) = 0.
o€

If (i) and (ii) are verified, we conclude that I , is Frechet differentiable on
E and so DIy ,(v) = I} ,(v). Consequently, I , € C'(E,R).

The proofs of (i) and (ii) are similar to Proposition 2.5 in [13]. For the
readers’ convenience, we only need to verify that there hold

(2.22) lim V(@)[|f (v +te)|” = | (v)["]

dz
t—0 Jpn t
= [ V@I@P o) f @pde. ¢ <.
(2.23) /]RN V(@)|f()P2f () f'(v)pn dz — 0, as @, —0in E

and, for every ¢ € F, there holds
(2.24) (DI, (vn) — DIy ,(v), ) -0 asv, - vin E.

Verification of (2.22). By the mean value theorem, we have

i L [ V@IS + 2P = @)
t—=0p Jpn t

dzx

=1lim [ V(2)|f(E)P2f()f (&)pdz,

t—=0 JpN
where min{v(z),v(z) + tp(z)} < &(x) < max{v(z),v(x) + te(z)}.
Using (f2), (f11), (fi2) and (f13) of Lemma 2.2, we infer that for |¢| < 1, there
holds:
V(@) f©OF2FE)f ()¢l
< CV@F@IP2FEF I (el) + C2V@)IF P2 FEF (I (D)
< V@) (ol + [eDIP2 (ol + lel)f (ol + [eD £ (e

(
+ GV (o] + DI ((ol + o) (ol + e £2(])
< CV@)IF (] + 1D o) + Sl | (ol + D=2,
where the right hand side belongs to L' (RY). Since
V@IFOPHOF O » VEIF@P o) (0)p for ac. 2 € R,

as t — 0, by the Lebesgue Dominated Convergence theorem, we conclude that
(2.22) is true.
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Verification of (2.23). From ¢,, — 0, we see that

[ v@lftenrds o
RN

From (f2), (f12) of Lemma 2.2, by Holder’s inequality, we deduce that

\/v @21 (0) () da

<Cu [ VE@U@P@f 0l (e.) da
+Co [ V@IS0 010 da
<au [ V@I e o+ Ca [ V@l @P 2 e de

<ai( [ vewors) ([ veueors)”
oo [ versora) ([ veueors)”

which implies that
| @I 210 0)pnds 0,

Verification of (2.24). Let v, — v in E, then v, — v in DVP(RY) and
f(vn) = f(v) in L¥(RY) for s € [1,2p*] and v, — v almost everywhere in RY.
By Holder’s inequality, we have

‘/ (|Von P2V, — |[Vu[P~2 Vo)V d
RN

(p—1)/p 1/p
< (/ ||V, [P~ 2V, — [Vo[P~2Vy|P/(P~1) dx> </ |V|P dm)
RN RN
(r—1)/p 1/p
<(p- 1)(/ (|Von| + |Vo|)P~2|Vu, — V| dx) (/ |V|P dm)
RN RN

(p—1)/p 1/p
SC(/ <|vvn|p—2+|w|p-2>|wn—wldx> </ 'de)
RN RN

(p=2)/p (p=2)/p
C’((/ |Vo,|P da:) + (/ |[Vol? dx) )
RN RN
1/p 1/p
. (/ |V, — Vu|? dm) (/ [Vol|? dx) -0
RN RN

as n — oQ.

IN

By Lemma 2.11, we have that

V(@) f(vn) — f(v)|P dz — 0.

RN
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Then, up to a subsequence, there exists h € L'(RY) such that V(z)|f(v,) —
f(v)|P < h almost everywhere in RY. Thus, by (f2), (f11) of Lemma 2.2, using
Young’s inequality, we have

()(If(vn)lp 2f@n) f'(vn) = [F )P F(0) ' (v)) 0
V(@) (1 @n)lP 72 f a) £ (wa) | + [ £ () P2 f(0) £ (0)])
V(@) (| f (o) P21 n) ' (va)| + [ f(0)[P72] f (0) f

SC( @) f (n) [P + V(@) f(@)IP + V()| f(0)[")

< C(h(x) + V(@) f (I + V(2)|f(0)]) € L'RY).

Therefore, if follows from the Lebesgue Dominated Convergence theorem that

|l
"WN(C1f(lel) + C2f2(lel)

(2.25)

2)(1f Wn) P72 f (vn) f (va) = [F ()PT2f (0) ' (v)) dx| — 0.

Similarly to the proof of (2.25), we can deduce that (D¥(v,) — D¥(v), ) — 0,
for any ¢ € F. O

In order to establish our main results, we need the symmetric mountain pass
theorem in [27] and Clark theorem in [11] which are stated as follows.

THEOREM 2.14 ([27]). Let E be an infinite dimensional Banach space. We
assume that the functional I € C*(E,R) satisfies the following conditions:
(a) I(0) =0 and I(u) = I(—u),
(b) I satisfies the (PS) condition,
(c) there exist p,a > 0 such that I(u) > « for u € E and ||ul| = p,
(d) for any finite dimensional subspace of E C E, {u € E : I(u) > 0} is
a bounded set.

Then I possesses an unbounded from above sequence of critical values.

THEOREM 2.15 ([11]). Let E be a Banach space. We assume that the func-
tional I € C*(E,R) satisfies the following conditions:

(a) I(0) =0 and I(u) = I(—u),

(b) I is bounded from below and satisfies the (PS) condition,

(¢) for any k € N, there exist k-dimensional subspace Ey and py > 0 such

that sup I <0, where S,, ={u€ E:|ul|| = px}.
EkﬂSPk

Then I possesses a sequence of critical values cy, < 0 such that ¢, — 0 as k — co.

3. Main results and proofs

In this section, we will apply the symmetric mountain pass Theorem 2.14
and Clark Theorem 2.15 to prove our main results: Theorems 1.3 and 1.4. First
we verify all the conditions of Theorem 2.14.
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LEMMA 3.1. Assume that (go)—(g1) hold, then for every p > 0, there exist
Pusr 0y > 0 such that for any X € (—oo,qﬁﬂpfip_Q)/Z/QCgHKHOO], I, (v) > a,
for every v € E with ||v|| = p,.

PROOF. By (go) and (g1), for any £ > 0, there exists C. > 0 such that
€ C
(31) gl )] < ’ P+ = (G )] < et + Cefel
for all z € RY, t € R. For any v € E with ||v|| <1, by (3.1), Lemma 2.8 and (c)

of Lemma 2.11, we have

1 P )| f(v)|P) dx
32 @ = [ (9P +V@lwP)d

A
-2 [ K@U a—p [ G sw)ds
> Sin o), o} = 21K [ 1F0]ds

—EM/RN F ()P da — CEM/RN F ()" do

a
p
— epCymax {|[o][P/2, [[v]"} — Csppmax {2, o]}

C —~ —~ _ A
e <pl loll?/? - Gre - Calo][© W) - 2 Kl Callo”

A
z ol = 2 1KllCs max {||v]| /2, |[]| 7}

where C; = 1/2%P=1 Cy, C3,Cy > 0 and Cs>1 (can be chosen).

Let £(t) = CytP/2 /p— Cye— Cst"=P)/2 ¢ > 0. Obviously, C1 /p < 1, £(0) < 0,
&(t) < 0 for any t > 1 and by computation, we see that &'(t,) = 0, where
ty = (C1/(Cs(r — p)))?/("=2P) Thus, we have

Cy ( Cy >p/(f’—2p) N ~< 4 >(T—P)/(T’—2P)
t,)=—|=——— —Cye = C5| =———
f( H) 05( ) 4 5 05(7"—]7)

p r—p
B C{rfp)/(rﬂp) r—2p o
C~,5p/(T*2p) p(r — p)(T*}))/(T*Qp) 4
which implies that choosing
e oo C{T*p)/(rﬁp) r— 2
~ ~p/(r—2p) p(r — p)(r—p)/(rﬁp) )

CyCs
there holds that £(t) > 0 for ¢ belonging to some neighbourhoods of ¢,,. Hence,
there exists 0 < p,, < 1 such that
C —~
By = ?1 pr/% — Cie — Cspl/? > 0.
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Therefore, by (3.2), we get
A
Du(v) = Bupf!? — 4 1K (| Capl/?  for all [[v]| = py-

Taking «, = Bﬂpﬂ/z/Z, then for any A € (—oo,qﬁ“p,(f'_q)/z/(QHKHOOC;;)], we
have that
Lu(®) 2 0, for all v = p,
and the proof is completed. O
LEMMA 3.2. Assume that (go)—(g2) hold, then for any u > 0 and A < 0,
{ue E:1I,, >0} is bounded, where E is a finite dimensional subspace of E.
PROOF. By (g2), there exists Cg > 0 such that
(3.3) G(x,t) > Cglt|?, for all z € RN and u € R.

Observe that it is sufficient to show that for any v € E with ||v|| > 1, the
conclusion holds true. Hence, let v € E with |[v|| > 1, by (3.3), Lemmas 2.2 (f3),
2.8 and 2.11 (c¢), we deduce that

1 P P do
0< D) <5 [ (9ol + V@)

I [ 1) de =G [

|v\9dz
.
< % max {[[o], o]/}
NI [l Cr max {0272, w17} — Cs o]
=22 olP + NI o Crlo]? = Callo* < CallolP” = Callo]”

which implies that {v € E : I, (v) > 0} is bounded in E. O

LEMMA 3.3. Suppose that (g0)—(g2) hold, then I, ,(v) satisfies the (PS)-
condition in E if p,q, u, X verify one of the following conditions:

(a) u>0,A<0,p>g;

(b) u>0,A>0,p>2q.

PrROOF. Let {v,} C E be a (PS)-sequence verifying
(3.4) I ;.(vn) is bounded and I3 ,(v,) — 0.
We will show that {v,} is bounded in E. By computation, we deduce that

s s (S

and thus
f (Un)

f'(vn)

< 2[[Vonlp.
P

I
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By (fs) of Lemma 2.2, there holds 1 < f(¢)/(tf'(t)) < 2 for any t # 0. Hence,

we can use (f10) to get
‘f (<'50) - ‘f (') E (770

for any £ > 0, t € R. Thus, using the above estimate, we have

iyl =1 [ vl (e i)

f/(vn)
< 2p||vnH-

P
) FEDP < 2,

P
das) < 2P|y |y

Accordingly, we have proved that

f(vn)
f'(vn)

By (g2), and (c) of Lemma 2.11, we have

B0 Do)~ 5 (B, L2

(3.6) ’

f/(vn)
- (2 N é) /RNW%IP + V(@) f(vn)|P) dz
1 201 £ (v,) [P oo do

0 Jan T+ 2071 f (v

#2(G-7) [ K@l
o [ (Gt s - Gate o) ) ds

>(5-3) 070 + V@l de

p

+ A(; - ;) /RN K ()| f(vn)]? dz.

If A <0, it follows from (3.4), (3.7) and Lemma 2.8 that
1 2
M+ enllon]) ( - ) [ (090P + V@) da
p o RN

1 2
> (5= 2 ) minflonlP. o P72}

where M > 0 is a positive constant, 0 < &, < 1 and ¢, — 0 as n — oo. The
above inequality implies that {v,} is bounded in E.

If A >0, by (3.4), (3.7), Lemma 2.8 and (c) of Lemma 2.11, using (3.5), we
have

12 .
(p - 0)01 min {|[vn [P, on [P/} = Co max {[Jon |9, [[0a]|92} < [Jvn]l + M,

where Cy > 0 is a constant. Clearly, {v,} is bounded in E for p > 2q.
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Next, we will show that {v,} possesses a convergent subsequence in E. In
fact, by Lemma 2.11 and Corollary 2.12, up to a subsequence, still denoted
by v, there exists v € WHP(RY) such that v, — v in L¥(RY) for s € [1,p*)
and f(v,) — f(v) in L*(RY) for s € [1,2p*).

Using the convexity of [px [Vo[? + V(z)|f(v)|” dz and (3.4), we have that

L p p x—l g |P )| f(vp)|P) dx
=LV V@I e = [ (Vo + V@ e)P) d
1

> > /RN(anIP— Vo, (Vo — Vup) 4+ V(@) f(0) P72 f (0n) f/(0) (v — v,)) da

A [ E@I )0 ()0 =) da
i [ gl ) ()0 =) do + (13 (0).0 = )
Since
[ K@U 0 (0) (0 = vn) o < Kl (0l = vl 0
as n — oo and
[ 9@ Fw ) ) =) da < Crollon = ol + 1) = vll) 0

as n — 00, S0 we get
/ |[VolP + V(z)|f(v)|P dx > lirginf/ Vo |? + V(x)|f(vn)|? dz
RN n—oo RN
> liminf |V, |P dz + lim inf/ V()| f(vn)|P dz
n—oo RN n—oo RN

By the semicontinuity of seminorm and Fatou’s Lemma, we have

/ [VolP dx < liminf/ |V, |P dz,

RN n—oo JpN

/ V()| f ()P dz < liminf/ V(@) f (o) da.
RN n—roo RN

Therefore, we have

/ |VolP dz = lim / Vo, |P dz,

RN n—oo RN
/ V(z)|f()|P de = lim / V()| f(vn)|P da.
RN n—oo RN

By the Radon theorem and (b) of Lemma 2.11, we conclude that
Vv, —Voll, =0, |v,—v[f =0 asn— oo

which implies that ||v, — v|| = 0 as n — oc. O
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ProoF oF THEOREM 1.3. By hypotheses (go) and (g3), obviously, I , is an
even functional and I ,(0) = 0. From Lemmas 3.1, 3.2 and 3.3, it follows that
all the conditions of Theorem 2.14 are verified. Hence, there exists a sequence
of unbounded critical values, which implies that there exists {v,} C E such that
I ., (vp) — 400 as n — oo and the proof is completed. O

Second, we shall use the Clark theorem 2.15 to give the proof of Theorem 1.4.

PROOF OF THEOREM 1.4. By (go) and (g3), we see that I, is an even
functional and Iy ,(0) = 0. Using (g2), Lemma 2.8, Sobolev’s inequality and
1 < 0, we have that

D) = [ (9o + V@) da

) :
-2 | K@@=y [ G0 da

L p P dx
>~ [ (9oP + V@)

A o q/(2p")
— = | K[| 2pr2p= ) |f(0)[? dx
q RN

> Cymin{|lv][”/2, ||o]["} — Cualfo]| /2.

Owing to ¢ < p, we conclude that I , is bounded from below on E and any (PS)
sequence is bounded in E. Similarly to the proof of Lemma 3.3, I, , satisfies the
(PS) condition.

By (fy) of Lemma 2.2, we can verify that

SO P
Ca Cc?r
In fact, using (fg) in Lemma 2.2, if |t| < 1, we get that [¢t|9 < |f(¥)]|?7/CY; if

[t| > 1, it follows that [t|7 < [t|P < |f(t)|*?/C?". Thus (3.8) is proved.
For Q = {x € RY : K(x) = 0}, we denote by || the Lebesgue measure.
Case 1. Assume that |Q| = 0, that is K(z) > 0 almost everywhere in R,

By (3.1), (3.8) and Lemma 2.8, we deduce that

D@ < [ (VP V@I de -5 [ K@)

(3.8) [t]9 < , forallteR.

Pd Ce 2rd
e [ 1@P ot juiC [ 1P do
p M v p 75 q ’Uq
<[, (wor+ (14 He)v@rror)a- 2o [ K@l
+Cn [ K@) do+ Cramax (ol o]}

< Cramax{|Jo[[*’?, Jv]"} — 012/ K(x)[v|* dz
RN
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+ Cys max {[[o]|”, [[o[|*"} + Crs max{[jv]|", [lv]*"},

where C1s,C13,C14,C15 > 0 are constants. For each k € N, we can choose a k-
dimensional subspace Ej, of E, and |- |4,k is a norm of Ej. Then for v € Ej, with
lv]] <1, using the fact that all norms on finite dimensional space are equaivalent
and 1 < ¢ < p/2 < r, there exists py > 0 small enough, such that

Inu(v) < Cra|[o]|P/? + Crs|[o||P + Cusllv]|” — Cullv]|? < 0, if [[v]| = p.

Case 2. If || > 0, by the argument in Section 2, the seminorm |- |, x is a
norm on the E. Given k € N, let E} be a k-dimensional space of E, then for
v € Ek, using the fact that all norms on finite dimensional space are equivalent
and 1 < ¢ < p/2 < r, there exists p; > 0 small enough, we have that

Inu(v) < Crgmax{[|v]|P/?, |jv||"} — 012/ K(z)|v|? dz
RN
+ C1s max{|[v]|?, [[v]|*"} + Cys max {|[v||", ||v]|*"}
< Cua||[P”? + Cis|[v]|P + Cusllv]|” — Caz|lv]|? < 0

for all ||v|| = pk.

Finally, using Theorem 2.15, I , possesses an sequence of critical values
¢, < 0 verifying ¢, — 0 as k — oo. Therefore, there exists {v;} C E such that
I u(vg) =cp — 0 as k — oo. O

Acknowledgements This work was done when the first author visited De-
partment of Mathematics, Texas A&M University—Kingsville under the support
of China Scholarship Council (201508140053), and he thanks Department of
Mathematics, Texas A&M University—Kingsville for their kind hospitality.

REFERENCES

[1] M.J. ArLves, P.C. CARRIAO AND O.H. MIYAGAKI, Non-autonomous perturbation for
a class of quasilinear elliptic equations on R, J. Math. Anal. Appl. 344 (2008), 186—203.

[2] C.O. ALvEs AND G.M. FIGUEIREDO, Multiple solutions for a quasilinear Schréodinger equa-
tion on RN, Acta Appl. Math. 136 (2015), 91-117.

[3] C.O. ALvEs, G.M. FIGUEIREDO AND U.B. SEVERO, Multiplicity of positive solutions for
a class of quasilinear problems, Adv. Differential Equations 14 (2009), 911-942.

[4] A. AMBROSETTI, J. AZORERO AND I. PERAL, Multiplicity results for some nonlinear elliptic
equations, J. Funct. Anal. 137 (1996), 219-242.

[5] A. AMBROSETTI, H. BREzZIS AND G. CERAMI, Combined effects of concave and convex
nonlinearities in some elliptic problems, J. Funct. Anal. 122 (1994), 519-543.

[6] A. AMBROSETTI AND Z.Q. WANG, Positive solutions to a class of quasilinear elliptic
equations on R, Discrete Contin. Dyn. Syst. 9 (2003), 55-68.

[7] T. BARTSCH AND M. WILLEM, On an elliptic equation with concave and conver nonlin-
earities, Proc. Amer. Math. Soc. 123 (1995), 3555-3561.

[8] A.V. BOROVSKII AND A.L. GALKIN, Dynamical modulation of an ultrashort high-intensity
laser pulse in matter, JETP 77 (1993), 562-573.



[9]

[10]
[11]
[12]
[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]

[26]

27]

(28]
29]

(30]

QUASILINEAR EQUATION WITH A COMBINATION OF CONVEX AND CONCAVE TERMS 331

P.C. Carriao, R. LEHRER AND O.H. MIYAGAKI, Ezistence of solutions to a class of
asymptotically linear Schridinger equations in RN wvia the Pohozaev manifold, J. Math.
Anal. Appl. 428 (2015), 165-183.

S.X. CHEN, Ezistence of positive solutions for a class of quasilinear Schridinger equations
on RN J. Math. Anal. Appl. 405 (2013), 595-607.

C.D. CLARK, A wvariant of the Lusternik—Schnirelman theory, Indiana Univ. Math. J. 22
(1972), 65-74.

M. CoLIN AND L. JEANJEAN, Solutions for a quasilinear Schrodinger equation: a dual
approach, Nonlinear Anal. 56 (2004), 213-226.

J.M. Do O anp U.B. SEVERO, Quasilinear Schrodinger equations involving concave and
convez nonlinearities, Commun. Pure Appl. Anal. 8 (2009), 621-644.

Y.X. Guo AND Z.W. TANG, Ground state solutions for the quasilinear Schrédinger equa-
tion, Nonlinear Anal. 175 (2012), 3235-3248.

A.M. KosevicH, B.A. IvaANov AND A.S. KOVALEV, Magnetic solitons, Physics Reports
194 (1990), 117-238.

S. KURIHURA, Large-amplitude quasi-solitons in superfluid films, J. Phys. Soc. Japan 50
(1981), 3262-3267.

A.G. LitvAk AND A.M. SERGEEV, One dimensional collapse of plasma waves, JEPT
Letters 27 (1978), 517-520.

J.Q. Liu AND Z.Q. WANG, Soliton solutions for quasilinear Schrodinger equations I, Proc.
Amer. Math. Soc. 131 (2003), 441-448.

, Multiple solutions for quasilinear elliptic equations with a finite potential well,
J. Differential Equations 257 (2014), 2874-2899.

J.Q. Liu, Y.Q. WANG AND Z.Q. WANG, Soliton solutions for quasilinear Schréidinger
equations II, J. Differential Equations 187 (2003), 473-493.

, Solutions for quasilinear Schrodinger equations via the Nehari method, Comm.
Partial Differential Equations 29 (2004), 879-901.

J.Q. Liu, Z.Q. WANG AND Y.X. GUO, Multibump solutions for quasilinear Schridinger
equations, J. Func. Anal. 262 (2012), 4040-4102.

J.Q. Liu, Z.QQ. WANG AND X. WU, Multibump solutions for quasilinear elliptic equations
with critica growth, J. Math. Phys. 54 (2013), 121501.

S.B. Liu AND S.J. L1, An elliptic equation with concave and convex nonlinearities, Non-
linear Anal. 53 (2003), 723-731.

X.Q. L, J.Q. Liu AND Z.Q. WANG, Quasilinear elliptic equations via perturbation
method, Proc. Amer. Math. Soc. 141 (2013), 253-263.

M. POPPENBERG, K. SCHMITT AND Z.Q. WANG, On the existence of soliton solutions to
quasilinear Schrodinger equations, Calc. Var. Partial Differential Equations 14 (2002),
329-344.

P.H. RABINOWITZ, Minimax Methods in Critical Point Theory with Applications to Dif-
ferential Equations, CBMS Reg. Conf. Ser. Math.. vol. 65, Amer. Math. Soc., Providence,
1986.

M.M. RAO AND Z.D. REN, Theory of Orlicz Spaces, Marcel Dekker, 1991.

U.B. SEVERO, Multiplicity of solutions for a class of quasilinear elliptic equations with

concave and convex terms in R, Electron. J. Qual. Theory Differential Equations 5 (2008),
1-16.

, Existence of weak solutions for quasilinear elliptic equations involving the p-
Laplacian, Electron. J. Differential Equations 56 (2008), 1-16.




332

(31]

(32]
(33]

(34]
(35]

(36]

37)

K. TENG — R.P. AGARWAL

M.Z. SuN, J.B. Su AND L.G. ZHAO, Infinitely many solutions for a Schrodinger—Poisson
system with concave and convex nonlinearities, Discrete Contin. Dynam. Systems 35
(2015), 427-440.

S. TAKENO AND S. HoMmMA, Classical planar heisenberg ferromagnet, Complex Scalar
Fields and Nonlinear excitation, Prog. Theoret. Phys. 65 (1981), 172-189.

E. TONKES, A semilinear elliptic equation with convex andconcave nonlinearities, Topol.
Methods Nonlinear Anal. 13 (1999), 251-271.

M. WILLEM, Minimaz Theorems, Birkhauser, Boston, 1996.

C.X. Wu anp T.F. WANG, Orlicz Spaces and Applications, Heilongjiang Science and
Technology Press, 1983.

X. Wu anD K. Wu, Infinitely many small energy solutions for a modified Kirchhoff-type
equation in RN Comput. Math. Appl. 70 (2015), 592-602.

L.R. X1a, M.B. YanG AND F.K. ZHAO, Infinitely many solutions to quasilinear elliptic
equation with concave and convex terms, Topol. Methods Nonlinear Anal. 44 (2014),
539-553.

Manuscript received November 1, 2016

accepted March 17, 2017

KAmMIN TENG

Department of Mathematics

Taiyuan University of Technology,
Taiyuan, Shanxi 030024, R.P. CHINA

E-mail address: tengkaimin2013@163.com

RaAvi P. AGARWAL

Department of Mathematics
Texas A&M University—Kingsville
Texas, Kingsville 78363, USA

E-mail address: Ravi.Agarwal@tamuk.edu

TMNA : VOLUME 50 — 2017 — N© 1



