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MULTIPLE POSITIVE SOLUTIONS
FOR A CLASS OF VARIATIONAL SYSTEMS

ALFONSO CASTRO — DAVID COSTA — RATNASINGHAM SHIVAJI

ABSTRACT. We consider the variational system —Au = A(VF)(u) in Q,
u = 0 on 9, where Q is a bounded region in R™ (m > 1) with C?!
boundary, A is a positive parameter, u: @ — RY (N > 1), and A denotes
the Laplace operator. Here F': RN — R is a function of class C2. Using
variational methods, we show how changes in the sign of F' lead to multiple
positive solutions.

1. Introduction

We study the existence of positive solutions to the variational system

—Au=AVF)(u) in Q,

1.1
(L1) u=20 on 012,

where Q is a bounded region in R™ (m > 1) with C* boundary, A is a positive
parameter, u:  — RY (N > 1), and A denotes the Laplacian operator. Here
F:RY — R is a function of class C2. By a positive solution to (1.1) we mean
a function u = (uy,...,uy) with each u; € C%(Q) N CY(Q), u;(z) > 0; Q,
uj(z) = 0; 0Q and w;(xo) > 0 for some [ € {1,..., N}, 2y € Q.
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Let X ={z=(z1,...,2n) | z21+...+2y =1 with z; >0 foralli=1,...,N}
and Q = {2z = (21,...,2n) | zz >0 foralli=1,...,N}. For z € RY we will
denote |z|; = |z1] 4+ ... + |zn| and P(z) = z/|z|1, for z # 0. We assume:

(H1) F(z1,...,2ny) =01if zy...2xy =0, and F(z1,...,2y) < 0if 2; <0 for
N.
(H2) There exist concave functions py, ..., p2r: £ — [0,00) such that

some i =1,...,

0 < pi(2) < pit1(z), i=1,...,2k—1.

(H3) For z € Q, F(2) > 0if [z]1 € (p2i+1(P(2)), p2(i+1)(P(2))), and F(z) <
0 if |z]1 € (p2(P(2)), p2i+1(P(2))) for i = 0,2,...,k — 1 or |2y >
p2r(P(2))-

(H4) Fori =0,...,k—1 there exists 2" € Q such that |2 |; € (paip1(P(2")),
pagirn (P(=0))) and F(z0) > max{F(2) | |2}y < pais1 (P(=0)}.

Our main result is the following:

THEOREM 1.1. There exist A\ < ... < Ap such that if A\ > X\;, for i =
1,...,k —1, then the boundary value problem (1.1) has i positive solutions.

In the single equation case (N = 1) there is a rich history on the study of
such boundary value problems where the analysis of how the changes of sign of
the nonlinear term give rise to the existence of multiple positive solutions. In
particular see Brown—-Budin [1] where a combination of variational and mono-
tone iteration methods is used, Hess [8] where a combination of variational and
topological degree arguments is applied, and De Figueiredo [7] where only varia-
tional methods are used. Clement and Sweers in [3] proved that if f: [0,00) — R
satisfies

f(s) <0 for0<s<syors>ss,
1.2
(1-2) f(s) >0 for sy <s< sg,

for some 0 < s1 < s9, then the (possibly semipositone) problem
(1.3) —Au=Af(u) in Q, u(z) =0 for z € 99,

has a positive solution u for A large with ||u|lec € ($1,s2) if and only if

(1.4) /082 f(s)ds > 0.

Also, Dancer and Schmitt in [5] used sub-supersolutions to show that (1.4) is
necessary for existence of a positive solution to (1.3). In [6], De Figueiredo
showed that for f(u) = sin(u) and A > 0 in (1.3) this equation has only one
positive solution. However, to date no extension of this study has been achieved
for the system case (when N > 1), which we establish in this paper via variational
methods.
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For related results on 2 x 2 systems the reader is referred to [2] and [4]. In [2],
extensive use of regularity properties of elliptic operators and the Krasnosel’skii
compression-expansion theorem is made to prove the existence of positive solu-
tions. In [4], variational methods are employed in proving existence of solutions
for non-cooperative systems.

In Section 2 we establish auxiliary lemmas needed for the proof of Theo-
rem 1.1 in Section 3.

2. Auxiliary results

For j = 1,...,k let S; be the closure of {z € Q | |z]1 < p2;(P(2))}. Also,
let Sp be the closure of {z € Q| |z|1 < p1(P(2))}. From (H2) it follows that S;
is convex. We will denote by P; the projection of RY onto the convex set S;.
Hence P; is locally Lipschitzian. Let

0 ifud¢ls;,

(2.1) Fj(u) == ' # 5
F(u) ifuels;.

Since F' is differentiable, F} is locally Lipschitzian and the functional

Tt H = (H* Q)N = R

defined by

(2.2) Ta(u) = /Q (; i IV )\Fj(u)) iz

attains its minimum value. Indeed, J;  is bounded below because F} is bounded.
If {J; x(vk)} converges to inf{.J; x(u) | v € H} then {v;} is bounded in H. Hence
it has a subsequence (call it {v;} again) that converges in L?(2) to some ;.
Hence { [, Fj(vx) dz} converges to [, Fj(@;) dz. This and the convexity of the
norm gives J; »(u;) = min{J; x(u) |u € H}.

LEMMA 2.1. If @; = (Uj1,...,0;N) is as above, then w;(¢) € S; for all
¢ e

PROOF. For the sake of simplicity in the notation, throughout this proof we
denote u; = u, U;; = w;, and J; x = J. Suppose first that v = (u;)_ is not zero
for some [ € {1,..., N}. Hence, there exists ¢ > 0 such that

/ |Vv|2dac</|Vv|2dx,
Q. Q

where Q. = {z € Q| v(z) < ¢}. Let w = min{v, ¢}. Thus

w=(U1,...,U—1,V,U41,...,uN) € H.
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By the definition of F; we have F;(u(z)) = F;(w(x)) for all x € Q. Therefore,

N
1 1
J(w)zi/ﬂ > |Vuk|2dx+§/Q|Vv\2da:—)\/QFj(w)da:

k=1, k£l
1 N
< f/ Z|Vuk|2dx—)\/ Fj(u)dz = J(u),
2Jeim L

which contradicts the definition of u. Hence u; > 0 for alll=1,..., N.

Suppose next that the Lebesgue measure of W = {z € Q | u(z) ¢ S;} is
positive. Since S; is convex there exist 71 € RV, 1 € (0,4+00), such that the
Lebesgue measure of Wy = {z € Q | u(x) - ;1 > p} is positive. Hence

(2.3) /w1 Jg (gzl (x)>2d:c>0.

1=1,i=1

Let w(z) = u(x) — ((u(z) - m) — p)m for (u(x) -n1) > p and w(x) = u(z) for
(u(z)m) < p. Thus w € H. Since Wi is a subset of the complement of Sj,
Fj(w(z)) = Fj(u(x)) for all x € Q. Let n9,...,nn be such that {ni,n2,..., 19~}
is a complete orthonormal set in RY. Since

u(z) = (u(z) -m)m + ...+ (u(@) - n)nw,

we have for ¢ = 1,..., N that

%(m) = (g;i(x) ~771>771 T+ (SJZ () ‘77N)77N~

Also, from the definition of w, for x € Wi and i = 1,..., N we have

g:i(m) = (g; (z) -772)772 NI (g;i () '77N)77N-

Hence, letting w1, ..., wy denote the components of w,
> ()= Y ()
x T = e |,

I=1,k=1 O I=1,k=2 O

for al x € W7. Since W is a set of positive measure,

Yoo \?
/ Z( J -7)1> dx > 0.
W Ox;

14=1
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Thus
N,N 2 N 2
: Ouy, ou
(2.4) / < ) dxr = / dx
Wi “Th=1 8331' Wwh ; 83?2
N,N ou 2 N,N o 2
= . nk dz’ > . nk- d.x
Wi i=1,k=1 axi Wi i=1,k=2 axl
2 N,N

; 2
do = / ( gw’“) da.
Wi =1 k=1 Li
Also, from the definition of w,

/ (Vw; - 771)2 dr =0
W1

foralli=1,..., N. Letting Wy = Q — Wj, we have by (2.4) that
N

sy = [ (G2 = amw)) e+ [ (3 3 Vo) ds

k=1 k=1

—/ (1Z|Vu |2—/\F-(ﬂ-)> dx+1/ i (a“i)de
wa \2 § ' Y 2 Jws 52 \ Ok

=1

N
1 ~
< f/ > Vg |? do — /\/ Fi(u;) dz = J(1y),
2JaiD @
Since this contradicts the definition of u, (2.3) is impossible. Therefore the

Lebesgue measure of W is zero, which proves the lemma. O

LEMMA 2.2. If @ := (Uj1,...,U;n) is as above, then u; is a solution to

system (1.1).

PROOF. Let ¢: Q — RY be a function of compact support and class C.
By (H1) and Lemma 2.1, for |¢| sufficiently small we have

Fi((@; +t9)(C) = F((u; +t)(C))
for all ¢ € Q. Therefore,

Tolt) = I +10) = 5 [ 9@ + o) dc = [ PG, +19)dc

> 1 / V(@ + to)? d¢ — A / Fy(@; + 1) dC = J;(@) = Ja(@;) = I,(0),
2 Jq Q
where )
_ = 2 o
B =5 [ V@R [ P

Therefore I, has a local minimum at ¢ = 0. Thus 0 = I},(0) = (VJ\(;), ¢),
which proves that @; is a weak solution to (1.1). Since VF is bounded in S}, by
elliptic regularity for second order equations, @; is actually a solution to (1.1).00
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3. Proof of Theorem 1.1

PRrROOF. By Lemma 2.1, it is sufficient to show that
(A) There exists A;, ¢ = 1,...,k, such that A\ < ... < X; and J; A (@) <
e < Jg)\(ﬁg) < JL)\(ﬂl) <0 for A > Ai-

Let N(x) denote the inward unit normal to 9Q at = € 9. Since 99 is C!
there exists € > 0 such that {x + sN(z) | s € [0,¢)} is an open neighborhood
of O relatively to Q and = + sN(z) # y + tN(y) for (z,s) # (y,t), z,y € 09,
s,t € [0,¢). Letting Qs = {z € Q | dist(x,9Q) < 6} with § € (0,¢), we see that
there exists a constant M > 0 such that

(3.1) Q5] < M.

Let u; be as in Lemma 2.1. Let us first see that there exists A\; > 0 such
that Jy x(u1) < 0 for A > A;. Using (H4) there exists 20 ¢ Sy such that
F(zM) > max{F(u) | u € So}. Let ¢ = F(z(Y)) — max{F(u) | u € So}. Now
fix 6 € (0,min{e,c|Q/(2M[c+ M,])}) where M; = IuréaS>I<|F(u)| and let v be
defined by:

P if dist(x, 0Q) > 4,

5 2 if dist(z,00) < 6, x =y + sN(y), y € 9Q, s € [0,6).

Since 9Q is C*, v is a Lipschitzian function and there exists K > 0 such that

N
(3.3) / %Z (V> de < K671
Q%=

Then
1y
Jia(v) :/ <2Z |V |2 — /\Fl(v)) dx
Q i=1

<K§ ' - A(/ Fi(zW) dz +/ Fi(v) dx)
9795 Qé
<K' = Ne(19] - [95]) — [925]M1]

¢l
A5

since 0 < ¢|Q]/(2M[c+ Mi]) < 0 for A > Ay = 2K /(c||d). Hence J1 A (1) <0
for A > Aq.

Next we show that there exists Ay > \; such that Jia(Ur) > Joa(Ug) for
A > Xy, Using (H4) there exists 22 € S, such that F(2®) > max{F(u) |
u € S1}.

<K& ' — Ne|Q —eMé — MoM,) < K6~ ! —
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Now let ¢ = F(2®)) — max{F(u) | u € S;}. Fix § € (0,min{e, (c|Q|/
(2M[c+ My + Ms])}) where My = max |F(u)| and let
uesSy

2(2) if dist(x, 0Q) > 4,

(34) U(‘,I") = S 2 . .
5 22 if dist(z,00) < 6, x =y + sN(y), y € 9Q, s € [0,6).

Again, using that 99 is C!, we have a constant K > 0 such that

N
/ %Z |V 2 de < K671,
Q2

Then
1 N
To(v) :/ (22|w,-|2 _ AFQ(U)) da
Q2 \%i=1
<K& ! —)\(/ Fy(2?)dx + Fg(U)d:U)
Q—Qs Qs

<K& ! —A(/Q_QS[Fl(ﬂl)—i-c] dx+/96 Fy(v) dm)
— k8 = A( [ Fi@ds+ o) 10s)+ [ 170 - @) de)

<K§ '+ Jia(un) — Me[[Qf — (€] — [Q5[My + Mo}
<K&+ Jia(in) = MelQ| — M6 — M3[M; + Mo}

N o
o _d9
RO Jalin) = ATSE since 8 < S ]
-~ 2K
—~ f = —.
< Jia(@) orA= A= ol

Hence Jaa(u2) < Jya(uy) for A > X2. Now choosing Ao = max{A;, Ao}, for
A > Ay we have Jo \(Uz2) < J1 x(U1) < 0. Iterating this argument k times, (A) is
proven and so is Theorem 1.1. O

Finally, in order to state a consequence of Theorem 1.1, we consider the
following extensions of (H2)—(H4):

—

(H2) There exist concave functions p;: ¥ — [0,00) such that 0 < p;(z) <
pit1(z) for i € N.

(T—I?) For z € Q, assume F'(z) > 0 if |z]1 € (p2i41(P(2)), p2ii+1)1(P(2))), and
F(z) <0if |21 € (p2:(P(2)), p2i+1(P(z))) for each i = 0,1, ...

(T{Z) For each i = 0,1, ... there exists (¥ € Q such that

|Z(i)|1 € (P2i+1(P(Z(2(i+1))))7P2(1+1)(P(Z(i))))
and F(z0) > max{F(2) | |2]1 < pais1(P(z))}.

The following result is an immediate corollary of Theorem 1.1:
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—_—

THEOREM 3.1. Assume (H1) and (H2)—(H4). If we let N()\) denote the
number of positive solutions of (1.1) then N(\) = 00 as A = oo.
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