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HENON TYPE EQUATIONS
WITH ONE-SIDED EXPONENTIAL GROWTH

JoAo Marcos po O — Eubes MENDES BARBOZA — BRUNO RIBEIRO

ABSTRACT. We deal with the following class of problems:
—Au=u+t |elog(us) + f(z) in By,
u=20 on 0B,

where Bj is the unit ball in R?, g is a C'-function in [0, +occ) which is
assumed to be in the subcritical or critical growth range of Trudinger—
Moser type and f € L*(Bj) for some p > 2. Under suitable hypotheses
on the constant A, we prove existence of at least two solutions to this
problem using variational methods. In case of f radially symmetric, the
two solutions are radially symmetric as well.

1. Introduction

In this paper we study the solvability of problems of the type

—Au=Au+ |z|%g(us) + f(x) in By,

(1.1)
u:o on 831,

where \,a > 0 and B; = {# € R? : |z| < 1}. Here we assume that g has
the maximum growth which allows us to treat problem (1.1) variationally in
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suitable Sobolev spaces, due to the well-known Trudinger—-Moser inequality (see
[18], [28]), which, in two dimensions, is given by

(1.2) sup / et gy { <00 D<A
u€H}(B1) Y/ B1 =+4o0 if 8> 4m.
IVull2=1

Working with a Hénon type problem in H&,rad(Bl) C H}(By), we observe
that the weight |z|* changes this fact. Indeed, one has

(1.3) sup / |z|*eP* dx <too i <22+ a),
wEH} ,aq(B1) Y B =400 if 8>27(2+ a),
[[Vull2=1

see [3] and [8]. Motivated by (1.2)—(1.3), we say that g has subcritical growth
at oo if

(1.4) lim 9(t) =0 forall 3,

totoo ePt?

and g has critical growth at +oco if there exists Sy > 0 such that

(1.5)  lim @ =0 forall 8> fBy; lim @ = +4oo for all 5 < Sy.

t=+oo ePt? t—+oo eBt?
1.1. Hypotheses. Before stating our main results, we shall introduce the
following assumptions on the non-linearity g:

(g0) g € C(R,RT), g(s) =0 for all s <0.
(g1) There exist sg and M > 0 such that

0<G(s) = / g(t)dt < Mg(s) for all s> sq.
0

(g2) |g(s)| = o(|s|) when |s| — 0.

Following the well-established notation in the present literature, we denote
by A1 < A2 < ... < ); <... the sequence of eigenvalues of (—A, H}(B1)), and
by ¢; a j* eigenfunction of (—A, H}(By)).

We observe that, using assumption (gp), one can see that v is a non-positive
solution to (1.1) if and only if it is a non-positive solution to the linear problem

—AY =X+ f(x) in By,
=0 on 0Bj.

(1.6)

In order to get such solutions to (1.6), let us assume that
(f1) f(z) = h(x)+t1(x), where h € L*(B1), p > 2 and [, héidr = 0.

For that matter, the parameter ¢ plays a crucial role. We shall use this hypothesis
in the first theorem of this paper.
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1.2. Statement of main results. We divide our results in four theorems.
The first one deals with the first solution to the problem, which is non-positive
and is obtained by a simple remark about a linear problem related to our equa-
tion. The other theorems concern the second solution and are considered de-
pending on the growth conditions of the non-linearity. In the critical case, since
the weight |z|® has an important role in the estimate of the minimax levels,
mainly because of the difference between the versions (1.2) and (1.3) of the
Trudinger—Moser inequality, the variational setting and methods used in H}(B)
and Hj ,q(Bi) are different and, therefore, are given in separate theorems.

THEOREM 1.1 (Linear problem). Assume that A # X\; for all j € N and (f;)
holds, then there exists a constant T = T(h) > 0 such that:

(a) If A < Aq, there exists ¥ < 0, a solution to (1.6) and, consequently, to
(1.1), for all t < —T.

(b) If XA > Ay, there exists ¢y < 0, a solution to (1.6) and, consequently, to
(1.1), for all t > T.

Furthermore, if f is radially symmetric, then ), is radially symmetric as well.

THEOREM 1.2 (Subcritical case). Let f € L*(By) with pn > 2 be such that
there exists a non-positive solution v to (1.1). Assume (g0)—(g2), (1.4) hold and
A # A; for all j € N. Then, problem (1.1) has a second solution. Furthermore,
if ¢ is radially symmetric, the second solution is also radially symmetric.

THEOREM 1.3 (Critical case). Let f € L*(B;) with p > 2 be such that
there exists a non-positive solution ¢ to (1.1). Assume (g9)—(gz2), (1.5) hold and
A # A; for all j € N. Furthermore suppose that for all v > 0 there exists cy > 0
such that

(1.7) g(s)s > 'ye(BOSQ)h(s) for all s > ¢,
where h: R — R is a continuous function satisfying

(1.8) lim inf log(h(s))

s——+o0 S

> 0.

Then, problem (1.1) has a second solution.

THEOREM 1.4 (Radial critical case). Let f € L*(B1) with pn > 2 be such that
there exists a radial and non-positive solution ¢ to (1.1). Assume (go)—(g2),
(1.5), (1.7) hold with h: R — R being a continuous function satisfying

(L9) tim inf 2B > g1

s——+o0o S

where By is given in (1.5). If A # A; for all j € N, then problem (1.1) has a
second solution which is radially symmetric.
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ExamMmPLE 1.5. For examples of non-linearities with critical growth satisfying
the assumptions of Theorem 1.3, one can consider

P’ TRt (9843 4 Kot2 4+ 2t) if ¢t > 0,

g(t) =
) 0 if t <0,

with h(s) = efo® and Ky > 0. If Ky > 4f]1)||sc, then g also satisfies the
hypotheses of Theorem 1.4.

REMARK 1.6. We notice that if A < A1, we shall use the Mountain Pass
Theorem in the proofs of Theorems 1.2-1.4. On the other hand, if A > A{, we
need to use the Linking Theorem.

REMARK 1.7. We also must point out an important fact: hypotheses (1.8)
and (1.9) are definitely stricter than the one used in [7], since they do not require
the additional function h. What happens is that, as far as we know, it is not
proven, nor we were able to prove, that the estimate given in Lemma 3.5 of [7]
is uniform in m = m(n). That estimate concerns the minimax level ¢(k) and,
although it was not clear in [7], this level actually depends also on the parameter
n, which surely changes with the considered terms of the Moser functions 2y, ,.()-
So, a uniform estimate in this level must be proven in order to conclude that the
weak limit of the associated PS sequence is actually non-trivial, as established
in Proposition 3.4 of [7].

In Theorems 1.2-1.4, we assume that f is such that (1.1) admits a non-
positive solution ¥. Then, a second solution will be given by u + ¢, where u is
a non-trivial solution to the following problem:

—Au=Au+ |z|%(u+ )+ in B,

(1.10)
u=20 on OBj.

This means that we will focus our attention on looking for a non-trivial solution
to problem (1.10), considering each of the cases listed above. This translation has
an advantage of working with a homogeneous problem, without a forcing term
that could hinder the desired estimates on the minimax levels. On the other
hand, the function v plays this role in complicating the estimates, but we could
handle them by performing some delicate arguments involving the additional
hypothesis (1.7), with h satisfying (1.8) or (1.9).

1.3. Backgrounds. We intend to establish a link between Ambrosetti—
Prodi problems and Hénon type equations. The first ones begin with the cele-
brate paper by A. Ambrosetti and G.Prodi [1] in 1975. This kind of problems
has been studied, explored and extended by an enormous number of authors.
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For a brief review, we refer the reader to [12], [9], [22]. In short, it deals with
non-homogeneous problems such as

—Au=g(z,u) + f(z) inQ,
u =0 on 0f,

where “g jumps eigenvalues”, meaning that the limits

lim @< lim @

s—H—00 8 s—+o0o 8§

form an interval that contains at least one eigenvalue of (—A, H}(Bj)). More-
over, the existence of multiple solutions depends heavily on a usual hypothesis
regarding a suitable parametrization of the forcing term f, which is extensively
considered in almost all Ambrosetti—-Prodi problems starting from the work of
J.Kazdan and F. Warner in [15].

Since our work deals with non-linearities in critical growth range, let us fo-
cus our discussion on more specifically related studies. As far as we know, the
first paper that addressed an Ambrosetti—Prodi problem involving critical non-
linearities was the work of D.YinBin [29]. There, the author considered a func-
tion that was superlinear both in 400 and —oo and, so, asymptotically jumping
all the eigenvalues of (—A, H}(£2)). In [12], D. Figueiredo and J. Yang dealt with
one-sided critical growth, which allowed to explore more jumping possibilities.
Due to natural limitations on the techniques they used, the existence of multiple
solutions was investigated in dimensions N > 7 only. In [6], M. Calanchi and
B. Ruf extended their results and proved that the same problem has at least two
solutions provided N > 6. They also added a lower order growth term to the
non-linearity, which guaranteed the existence of solutions in lower dimensions
as well.

If we turn our attention to problems on domains in R?, where the critical
growth is well known to be exponential, we find the paper of M. Calanchi et al. [7],
which considered the following problem:

—Au= A u+g(us) + f(zx) inQ,
u=20 on 0},

where (2 is bounded and smooth in R? and g has a subcritical or critical Trudin-
ger—Moser growth. They proved the existence of two solutions for some forcing
terms f, depending on the usual parametrization f(z) = h(x) + t¢1(z). This
result was a natural extension of the ones found in [6], [12].

Here we consider a similar problem with the weight |z|* of the non-linearity.
This term is proper for Hénon equations, originally introduced by M. Hénon
in [14], which stems from the study of rotating stellar structures. In [19], W. Ni
worked with this kind of problems in the context of the elliptic equations. For an
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idea about the rapidly increasing literature on Hénon type problems, see [2], [3],
[16], [26], [27] for a non-linearity of Sobolev type, and [25], [8] for a non-linearity
with Trudinger-Moser growth.

We prove existence of at least two solutions to the Ambrosetti—Prodi problem
for a Hénon type equation with exponential growth using variational methods.
We get a first solution t using the Fredholm Alternative in a related linear
equation. A second solution is obtained via the Mountain Pass Theorem, if
A < A1, or the Linking Theorem, if A > A;. In order to use these well-known
critical point results, we need to prove some geometric conditions satisfied by
the functional associated to the problem and, for the critical case, we need to
estimate the minimax levels, which have to lie below some appropriate constants.

Under certain condition, we can see that the first solution we obtained is
radially symmetric, due to a celebrated result of R. Palais known as the Principle
of Symmetric Criticality (see [20]). After that, we get a second solution that is
radially symmetric as well. In the subcritical case, we obtain this second solution
with almost the same arguments regardless the space we consider, H}(Bj) or
H&md(Bl)- However, in the critical case, we must consider the Trudinger—Moser
inequality as given in (1.2), when we work in H}(B;), or as in (1.3), in H&,rad(Bl)a
which will dramatically change the arguments. In the last case, the minimax
levels have a higher upper boundedness, that should indicate an easier task, but,
since we can only work with radial functions, it is impossible to follow the steps
we give in the Hg(B;) framework.

1.4. Outline. This paper is organized as follows. In Section 2, we study
a linear problem related to our equation. This is an important step to guarantee
a first solution to the problem, which will be denoted by v and is non-positive.
This case is almost identical to the previous results in [24], [7], [6], [12], but we
give a little remark concerning existence of a radially symmetric solution when
the forcing term is also radial. In Section 3, we introduce a variational frame-
work and prove the boundedness of Palais—Smale sequences of the functional
associated to problem (1.10). We also show that this functional satisfies the
(PS) condition, in the subcritical case. In Section 4, we obtain geometric condi-
tions for the functional in order to prove the existence of a second solution to the
problem, considering the subcritical growth both in H}(B;) and H§ voa(B1). In
Sections 5 and 6, we consider the problem in the critical growth range and guar-
antee the existence of a second solution in Hj(Bi) and Hy ,q(B1), respectively.
In these cases, we also show that geometric conditions are satisfied and we prove
the boundedness of the minimax levels by appropriate constants depending on
Bo when we consider the functional defined in H}(B;) and on 3y and o when
the functional is considered in H&,rad(Bl)’
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2. Linear problem

In this section, we prove Theorem 1.1, for that we consider the linear problem

~AY =X+ f(z) inBi,

2.1
( ) ’lﬂ =0 on 831

It is easy to see that if f is such that this linear problem admits a non-positive
solution, then it will also be a solution to problem (1.1). Considering f decom-
posed as in (f;), we will see that the sign of the (unique) solution to (2.1) can be
established depending on t. Moreover, we give an idea on how to obtain radial
solutions as well.

PRrROOF. Up to the point where we discuss the radial case, this proof follows
exactly the same arguments found in [24], [7], [6], [12], but we bring it here for
the sake of completeness.

Since A # A; for all j € N, we obtain, by the Fredholm Alternative, a unique
solution 1 to (2.1) in H}(By). Using (f1), we can write ¢ = ¢, = w + s;¢1, with

ot
VDY

/ wprdr =0 and s
B

We recall that f € L*(By), with p > 2. Thus, by the elliptic regularity, we have
w € CY for some 0 < v < 1. Then
H AL — A AL — A
t

Y — 1

\|w01.
Cl

Let ¢ > 0 be such that v > 0 for all v € C* such that ||v — ¢1]|c1 < e. Since
we want ¢ < 0, we must have

)\_t)\l >0 and A=A
So there exists T' > 0 such that for A < Ay and ¢t < —T orfor A > A\ and t > T,
we have 1 < 0.
Now we notice that 1 is a solution to (2.1) if only if it is a critical point of
the functional I: H}(B1) — R, given by

I(y) ::%/B |V1M2dx—)\%/3 2 dx — ; f(z)y de.

lwller < e.

When we restrict I to HOI,rad(Bl)? we also obtain a critical point of this functional
on this subspace. If f is radially symmetric, by the Principle of Symmetric
Criticality of Palais (see [20]), we can see that all critical points on Hj ,q(B1)
are also critical points on Hg(B1). So, due to the fact that I admits only one
critical point in the whole space, we get that v is also radially symmetric. This
completes the proof of Theorem 1.1. O
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3. Variational formulation

We consider a real C'-functional ® defined on a Banach space E. When
looking for critical points of ® it has become standard to assume the following
compactness condition:

(PS). any sequence (u;) in E such that
(3.1) P(u;) ¢ and P'(uj) -0 in E*
has a convergent subsequence. A sequence that satisfies (3.1) is called a

(PS) sequence (at level c).

We shall use two well-known critical point theorems, namely, the Mountain
Pass and Linking Theorems, to A < Ay and A\; < A < \j41, respectively, both
without the (PS) conditions in the case of critical growth range. Let us state
them here, for the sake of completeness. For the proofs we refer the reader to

[4], [5], [10], [17], [21].
THEOREM 3.1 (Mountain Pass Theorem). Let ® be a C*-functional on a
Banach space E satisfying:

(®1) There exist constants p,d > 0 such that ®(u) >0 if u € E and ||ul| = p.
(®2) ®(0) < ¢ and ®(v) < for some v € E such that ||v|| > p.

Consider T := {n € C([0,1], E) : n(0) = 0 and n(1) = v} and set

— inf d(n(t)) > 6.
¢ = Inf max (n(t)) =

Then there exists a sequence (u;) in E satisfying (3.1). Moreover, if ® satisfies
(PS)., then c is a critical value for ®.
THEOREM 3.2 (Linking Theorem). Let ® be a C'-functional on a Banach
space E = Ey ® Fy such that dim Eq is finite and:
(®1) There exist constants 0, p > 0 such that ®(u) > ¢ if u € Ey and |Jul| = p.
(D2) There exists z € Ey with ||z|]] = 1 and there exists R > p such that
O(u) <0 for allu € 0Q,

where Q :={v+sz:v e Ey,|v]| <R and 0 < s < R}.
Consider T := {n € C(Q, E) : n(u) = v if u € 0Q} and set

= inf max ® > 6.
¢= inf max (n(u)) =

Then there exists a sequence (u;) in E satisfying (3.1). Moreover, if & satisfies
(PS)e, then ¢ is a critical value for ®.
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We will denote H = HJ (B;) or H = H&}rad(Bl), depending on which theorem
we are considering, with the Dirichlet norm

1/2
lul| = (/ |Vul? dm) for all u € H.
B,

Recalling that our efforts are searching for a non-trivial weak solution to problem
(1.10), we define the functional Jy: H — R as

(3.2) JA(u)zl/ |Vu\2dx—é/ |u\2d$—/ |z|“G(u+ )4 dx,
2J)p, 2 /B, B

where a, A\ > 0 and A # A; for all j € N. By (go), (g1) and (1.4) or (1.5), we
have that the functional Jy is C' and we can see that its derivative is given by

(3.3) (Jy(u),v) = VuVvdr — A | wodz — / |z|“g(u + ) 1v de,
B, By B

for all v € H and the critical points of J\ are (weak) solutions to (1.10). We

observe that u = 0 satisfies J4(0) = 0, which corresponds to the negative solu-

tion ¢ to (1.6). To find a second solution to (1.1) we shall look for critical points

of the functional J, with critical values ¢ > 0.

3.1. Palais—Smale condition. Initially, from (g1), we can see that for ev-
ery o > 0 there exists s, > 0 such that

1
(3.4) 0<G(s) < —g(s)s forall s> s,.
o

The proof of the Palais—Smale condition for the subcritical case is essentially
standard. For the reader’s convenience, we sketch the proof in the next lemma.
We must point out that it is not necessary to suppose that g(s) is O(s?) at s =0
as required in [7]. The well-known techniques we use here can also be handled
in case o = 0 and for that it is sufficient to admit that g(s) = o(s) at s = 0,
following usual assumptions.

LEMMA 3.3. Suppose (g0)—(g2) hold. Let (u,) C H be a (PS), sequence of
JIx. Then (uy) is bounded in H.

PROOF. Let (u,) C H be a (PS). sequence of Jy, that is,

1 A
(3.5) ‘2 lunll* = 5 T3 = / |2|*G(un +¢)4 dz—c| =0
B
and
(3.6) ‘ Vu,Vudzr — A Upv dT — / |z|“g(un + ) vde | < ep|lvl
Bi By B

for all v € H, where &, — 0. By (3.4), let us take sy > 0 such that

(3.7 G(s) < —g(s)s forall s > sq.

AN
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Using (3.5)—(3.7), we get

Enllun| > 1

ct—9 27

[l gt + )+ ) d = G

1

Thus, we have

(3.9) /B 1%t + )4 (tn + 1)1 dz < C + enl|un||  with C > 0
1

and, consequently,

(39) [ lalgtun + 01 do < O+ .

First, we consider the case 0 < A < A;. Using (3.6) and (3.8), we have
A
callinl 2 (1= 5 Y unl? = (€ + el

Thus, (uy) is a bounded sequence.
Now we consider the case: Ay < A < Agy1. It is convenient to decompose H
into appropriate subspaces:

(3.10) H = Hy @ H{,

where Hj, is the finite dimensional subspace spanned by first k& eigenfunctions,
precisely,

(3.11) Hy = (¢1,...,d%).

This notation is standard when dealing with this framework of high order eigen-
values, and we will use it throughout this paper.

For all u in H, let us take u = u* 4+ u*, where u* € Hy and ut € Ht. We
notice that

(3.12) VuVuk dz — ) uuf de = |[uF||* — \|u”|2
Bl Bl
and
(3.13) VuVut de — X\ [ uut de = |Jut]]? — MNut|3.
Bl Bl

By (3.6), (3.12) and the characterization of Ay, we can see that

—6n||uf1|| §/B VunVuflda:—/\/B u,Lquda:—/B |x|°‘g(un—|—w)+uﬁda:
1 1 1

A
< (1 )1diP = [ felatun + sk
k B:

Therefore,

(3.14) Ol |12 < enfuif]| - / 2% (up + )10 do with C > 0.

By
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Similarly, we get

(3.15 Cllut | < et + [ lal*g(un + )t o

1

Then, since Hy, is a finite dimensional subspace, by (3.9) and (3.14), we obtain

(316)  Cllupll® < enllunll + IIUiiHoo/ |z[*g(un + ) dx

By

< enllupll + Cllunll(C + enllunl)) < C + Cllun|l + Cenlluall*.

Using (3.8), (3.9) and (3.15), we have

(3.17)  Clluy||? §5n||u,ﬂ\+/ g (un + )4t dz + [|ug oo (C + €nlunll)

B

< enllut] + / 1219 (tn + ) 4 (e + ) d

By
il /B 1219 (tn + )4 d + | ]| (C + enltn])
<epllut|| 4+ C + en|un|
4 1l /B 9(tn + )4 4z + Cllun]|(C + enllun])

< C + Cllug || + Cepllunl?.
By summing the inequalities in (3.17) and (3.16), we reach
[un]l* < €+ Cllunl| + Cenllunll?,
proving the boundedness of the sequence (u,) as desired. O

REMARK 3.4. In the proof of Lemma 3.3 there is no difference between
assuming subcritical or critical growth or considering the radial case or not. So
we can conclude that even in the case of critical growth, every Palais—Smale
sequence is bounded.

In case of subcritical growth, we can obtain the (PS). condition for all levels
in R.

LEMMA 3.5. Assume (go)—(g2) and (1.4) hold. Then the functional Jy sat-
isfies the (PS). condition for all ¢ € R.

PRrOOF. Let (u,) be a (PS). sequence. By Lemma 3.3, we know that (u,)
is bounded. So we consider a subsequence denoted again by (u,) such that, for
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some u € H, we have
Uy — U weakly in H,
unp(x) — u(z) almost everywhere in By,

Up — U strongly in LY(B;) or LY

rad

(|z|*By) for all ¢ > 1,

Notice that there is nothing else to prove if ||u,|| — 0. Thus, one may suppose
that ||u,|| > k > 0 for n sufficiently large.
Tt follows from (g7) and [11, Lemma 2.1] that

(3.18) / |2|*G(up + )4 dz — |z]*G(u + ¥)+ dz.
B1 Bl
We will prove that
(3.19) [ lalgtun 4 w)snda [ Jalgut v ude
Bl Bl

In fact, we have

\ [ttt ) cumde = [ el v)sude
Bq By

< ‘ /B oo )+ -+ Jude

+' / ol ) o ) |

First, let us focus on the second integral in the left side of this last estimate. By
(1.4), we get

<C ePun
By

‘ / |2|“g(un + )4+ (U, — u) dx U, —u|dr for all 3> 0.
By

Using the Holder inequality, we obtain

1/q
/ Py, — uldx < </ @B Cun/lfun ) ln 1 dm) |tn — ullq s
Bl Bl

where 1/g +1/¢' = 1. We take ¢ > 1 and by (1.4) and Lemma 3.3, we can
choose 3 sufficiently small such that gf3|/u,|* < 47. Thus by the Trudinger—
Moser inequality, we have

(3.20) / eﬁui|un —u|dx < C1|lup — ullq .
By
Since u,, — u strongly in Lq/7 one has

\ [ gt ) — ) d

— 0.

It remains to prove that

/B |2|“[g(un + )+ — g(u+ )+ ]udx

—0
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as well. Indeed. Let € > 0 be given. By analogous arguments used to prove
(3.20), there exists Cy such that

9(un + )+ — g(u+¥)+ |2,z < Ca.

Consider § € C§°(B) such that [|§ — ull2 < e/2C3. Now, since

[ allatu+ ) = otu+0)1do =0,
1
for this ¢, there exists n, such that

/ 2] (un + )4 — glu+ )4 | do < ———
B 2[|€ oo

for all n > n.. Therefore

\ [ letltun + 04 = glu+0)Juds

< / 2llg(aun + )1 — glu+ )4 |IE] de
By
+/ 21®lg(un + )5 — g(u+ )4 lIE — ul de <
By

for all n > n,, as desired. Consequently, we conclude that (3.19) holds.
Now taking v = u and n — oo in (3.6), we have

Jull? =Ml + [ laf*g(u-+ ) suda.

By

On the other hand, if n — oo in (3.6) with v = w,,

leam 12 = Al + / l2lg(u + )1 ude

B1

again by (3.19). Consequently, |lu,| — |u| and so u,, — u in H. O

REMARK 3.6. Notice that (3.20) holds because, since we are supposing (1.4),
we can choose 8 small enough. This fact is not true if we assume (1.5). Thus,
only in the subcritical case, we can conclude the (PS), condition is satisfied for
allceR.

4. Proof of Theorem 1.2. Subcritical case

This section is devoted to the proof of Theorem 1.2. Here, we consider
radially symmetric and H = H&rad (B1). In the case that % is not necessarily
radial and H = H}(By), the proof uses the same arguments.



796 J.M. po O — E.M. BARBOzA — B. RIBEIRO

4.1. Geometric condition. First, we consider A < A\;. We will show that
the hypotheses of the Mountain Pass Theorem hold for the functional J).

PROPOSITION 4.1. Suppose that A < A1, (g0)—(g2) and (1.4) hold. Then
there exist p,a > 0 such that Jx(u) > a if ||u]| = p.

PROOF. Initially, we notice that from (gg)—(g2), we can see, for all £ > 0 and
B >0, if g satisfies (1.4) or 8 > By if g satisfies (1.5), that there exists K. such
that

(4.1) G(u) < eu® + K.ute?™  for all qg>1.

From (4.1), with ¢ = 3 and the variational characterization of the eigenvalues,
we obtain

2
In(w) = Cllul]? — / 2l (ut )2 de— K. [ o2 (0 1 )2 d.
Bl Bl

Moreover, due to the Holder inequality, we have

1/2 1/2
/ |2|*(u + )% da < (/ |x|2“dx> (/ (u+)% dm) < Cul?
B, B By

and

1/2
/ |x|aeﬁ(u+w)i(u+¢)i dr < C(/ e2ﬁ\|u|\2(u/|\u\|)2 dx) ||uH3.
B B

Let us choose § small enough such that ||ul|? < 6, 8§ < 47, and
Ia(w) = Cllull® = Cllul® >0
for all w € H with |ju| < min{1,6*/2}. The second constant comes from the

Trudinger—Moser inequality. Therefore, take p = ||u|| and a = Cp? — Cp3. O

PROPOSITION 4.2. Suppose (go)—(g2) and (1.4) hold. Then, there exists R >
p such that Jyx(R¢1) < 0, where ¢y is a first eigenfunction of (—A, H) (with
¢1 >0 and ||¢1]| = 1) and p is given in Proposition 4.1.

PrOOF. We fix Ry > p and 0 < r < 1 such that

2l
0

We observe that (3.4) gives us

o1(x) almost everywhere in B,.
(4.2) G(t) > Cyt” — D,

for ¢ > 2 and C,, D, > 0. Thus, we obtain

R2 o a ¢ 7 2
I(Rd1) < — —R°Co | 2| ¢1+ 5| de+7r Dy
2 B, R I
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Let R > Ry. We estimate the last integral

v\° [lloo \ 7 202t
« =) dz> =7>0.
/Brm| <¢1+R R 2%ta |

It follows that

R2
Jn(R¢y) < 5 - CoR°T +7r?D,.
Since o > 2, we can choose R > p such that Jy(R¢1) < 0, which is the desired
conclusion. (]

Next, we consider A\ < A < Apy1. Before we proof geometric conditions
of the Linking Theorem for Jy, we need to split H ., 4(B1) into two orthogo-
nal subspaces as we have done with H{(Bj) in (3.10). Recalling the notation
introduced in (3.11), we observe that since ¢, is radially symmetric, we have
Hi=H N H&md(Bl). Now, we set

Hj = Hy N Hj,\q(B1) forallkeN

and, analogously with H}(B1), we can write
(43) H(%,rad(Bl) = U HZ;
k=1

Moreover, it is straightforward to prove that the spectrum of (=A, Hy .,4(B1)) is
a subsequence of (A;) that we willdenote by AT = A1 < A5 <A <. . <Ap <.
where A7 > A; forall j =1,2,...

REMARK 4.3. In the proof of Lemma 3.3, when we consider the radial case,
we use the decomposition given by (4.3).

For Ay < A, we consider the corresponding subspace Hjp and we write
H(},rad(Bl) as

(44) H = HOI,rad(Bl) = Hl* @ ((I—Il*)l N H&,rad(Bl))

where H; C Hy, with [ = max{j : H; C Hy}. Since Hf C Hy, we notice that
(Hf)* N Hj,q(B1) C Hif. This decomposition will allow us to use the same
variational inequalities that characterize Ay and Ag4; in the H&(Bl) environ-
ment.

PROPOSITION 4.4. Suppose that A\, < A < Aiy1, (80)—(g2) and (1.4) hold.
Then there exist p,a > 0 such that Jy(u) > a for all w € (H;)t N H&rad(Bl)
with |Jul| = p.

PROOF. We use the variational characterization of Ay and (4.4), and the
proof of this proposition is similar to that of Proposition 4.1. O
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PROPOSITION 4.5. Suppose that A\, < A\ < Agy1, (80)—(g2) and (1.4) hold.
There exists z € (H;)* N H§7rad(31) C Hit and R > 0 such that R||z|| > p and
Ia(u) <0 for all w € 0Q), where Q :={v € H : ||v|| < R} & {sz:0< s < R}.

Proor. We fix Ry > p and choose z € (H;)* N Hj 4(B1) C Hj and
xo € Bi such that

(@) [lzl* <A/ A = L;
(b) By(zo) C By and z(x) > (K + 2||¢)]|ec/Ro) almost everywhere in B, (z¢)

with K > 0 satisfying ||v||cc < K||v|| for all v € Hy. This choice is possible

because (H;)* N Hj§ ,0q(B1) contains unbounded functions and Hj, has finite
dimension.
We consider a usual split 0Q = Q1 U Q2 U @3, where
Q1 ={veHj :|v| <R},
Q2 ={v+sz:ve H,|v| =Rand 0<s <R},
Qs ={v+ Rz:v € H and |jv|| < R}.

Let u be on Q1, by (g9) and characterization of Az, it follows that
1 A
< (1-=2 2 <
) < 5(1- )l <o

independently of R > 0.
For Q2, from (go) and since v € H} and z € (H)* N H} .4(B1), we get

1 1 A 1 A
Io-+52) < 3P+ 3217 - 5 ol < 5 R (1= 5+ 1a12) <o,

independently of R > 0.
Now for Qs, using (4.2), let R > Ry and so, we can see that

R? 7
Ia(o+ R2) < B |22 - R"C[,/ ] <z+ 4 +”> de + 7D,
2 B: R +
RQ
< -5 |z||*> = CoRT + 7D,
where
o 24«
(Wl 2w
RQ 24+«
Since o > 2, we finish the proof. O

4.2. Proof of Theorem 1.2. We have proved that J) satisfies geometric
and compactness conditions required in the Mountain Pass Theorem when A <
A1 and in the Linking Theorem if A\, < A < Ag11. Thus there exists a non-trivial
critical point for Jy and thus a solution to (1.10). 0
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5. Proof of Theorem 1.3. Critical case in H}(B)

It is well known that for non-linear elliptic problems involving critical growth
some concentration phenomena may occur, due to the action of the non-compact
group of dilations. For problems (1.2) and (1.3) there is loss of compactness
at the limiting exponent § = 47 and 8 = 27(2 4+ «) respectively. Thus, the
energy functional J) fails to satisfy the (PS). condition for certain levels ¢. Such
a failure makes it difficult to apply the standard variational approach to this class
of problems. Our proof here relies on a Brezis—Nirenberg type argument: We
begin by proving the geometric condition of the Mountain Pass Theorem when
A < A1 and the geometric condition in the Linking Theorem if A\ < A < Agy1.
In the second step we show that the minimax levels belong to the intervals where
the (PS) condition holds for the functional Jy.

5.1. Geometric conditions. Initially we consider A < A;. We will prove
the geometric condition of the Mountain Pass Theorem.

PROPOSITION 5.1. Assume (g9)—(g2), A < A1 and (1.5) hold. Then, there
exist a, p > 0 such that Jy(u) > a if ||u|| = p.

PROOF. We can now proceed analogously to the proof of Proposition 4.1.01

Now, let us introduce the so-called Moser sequence. That is, for each n, we
define

(logn)t/?  for 0 < |z| < 1/n,
(5.1) zn(z) = o log(1/|z])

(logn)1/? for 1/n < |z| < 1.

It is known that z, € H, ||z,]| = 1 for all n and ||z,|2 = O(1/(logn)'/?). For
details see [18].

In order to apply our techniques, we shall consider a suitable translation of
Moser’s functions in a region of B; far from the origin where the presence of |z|*
can be neglected. We begin by noticing that, from (1.8), we obtain gy and s
such that

log(h(s))

(5.2) ;

>eo forall s> sg.
Since ¢ = 0 on 0By, we can fix r > 0, small enough, and xzq sufficiently close to
0Bji, such that

€0

(5:3)  ¥lloor = [¥l5,2 o) lloe < 55 and o] = 5 in Bya(zo),

N =

with B,(z9) C B.
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Let us take the following family of functions:
(logn)*/? for 0 < |z — xo| < 7?/n,
1 log(r?/|z — x0|)
Vor (logn)t/?

0 for |z — xg| > r2.

(5.4) z(z) =

. for 72 /n < |z — xo| < 72,

We notice that supp 2z, = B,2(z) and, for all n € N, one has

2
(55 |l)? = /B 3

=1

2

azr\? 1 (S T
“n ) dr = on / —rdr=1,
ox; 2mlogn /.2, 72

This sequence will be used to guarantee the existence of a minimax level lying

where 7 = |z — x¢].

under an appropriate constant which will allow us to recover the compactness
properties for Jy that are lost when dealing with critical growth ranges. Before
that, we see in the next proposition that for large n we still have the same
geometric condition proved in Proposition 4.2 with z; taking the place of ¢;.

PROPOSITION 5.2. Suppose that (go)—(g2) and condition (1.5) hold. Then,
there exists R, = R(n) > p such that J\(Rpz]) < 0.

ProOOF. We fix Ry > p and N € N, such that for all n > N, we have
2
ey > 2l

0
Using (4.2), let us take R > Ry. We get

almost everywhere in B,z /,, (70).

Irn(Rz]) < 5 C,R°T + ETFDU,

where

l]ls0 \7 2 (2(2+a))
T=7(na) = ( o ) e
Since o > 2, we can choose R, > Ry such that Jy(R,z.) < 0 and the proof is
complete. 0

Now consider A\, < A < A1 and H = H}(B;). Before proving the geometry
of linking let us split the supports of the Moser sequence and of k eigenfunctions,
thus simplifying the proof.

Let us take g and B, (z¢) as in (5.3) and set ¢,: By — R be

0 in BTZ (CC()),
— x| VT — P2V
T €T r .
Cr(z) = | T\/g'_ S in B,,,(s(:()) \ B2 (550),
1 in Bl \BT((E())

Define ¢} = (,¢; and consider the finite-dimensional subspace Hj, = [@1,..., 0%
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Now we will prove the next result, which is a two-dimensional version of [13,
Lemma 2].

LEMMA 5.3. Ifr — 0, then ¢ — ¢; in H forall j =1,... k. Moreover, for
each r small enough, we have that there exists cx such that

[0l < (A + erci)llvll5 for allv € HY,
where lim g, = 0.
r—0
ProOOF. For j € {1,...,k} fixed, we have
I R MR
= [ 1V6,0-6) = 6,V P da
By
< [ 1o -G o
B,

+2/‘ |V@M1—n»WMVQMM+1/ 16,121V, de
By \B,2

+\B, 2

r2+2vr
(V=2
T2+2ﬁ+1/2 ) 7‘2+2\ﬁ*1
T _ 2 r2+03||¢j||°° NS NGY
(rv7 —r2vr) (rv7 — r2vr)

< C1||Vesll%,

+ G2l 5l o0 [V 5o

r
<C————.
T (1 —rV7)2
It is straightforward to prove that
. r -
M

Consequently, [|¢; — @7 — 0.
Now, let us take v, € H}, such that ||v,||2 = 1. Notice that

k

k
Vp = ch<r¢j = Crf where v = ch¢j € H;
7j=1

j=1
and ||v, —7|| = o(1) when r — 0. Thus,
loelI? = (lorl* = 11311%) + 1711* < Cror + Ae]17l13
<Cror + Ml (19113 = llvrl13) + llor13] = cror + Ak,
as desired. O

As usual, we must continue by choosing an appropriate decomposition for H.
Notice that for r small enough, we can split the space H as H = H|, ® H,ﬁ-
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First of all, we need to do some estimates which will be used to prove the
geometric conditions of the Linking Theorem. Since A > A, the previous lemma
guarantees that there exists r small enough in order to have

A
5.7 — —1>0.
(5.7) Ak + CrOr
Now we choose § sufficiently small such that
A
5.8 R ——
(5:8) Ak + Cror

The next two propositions regard geometric conditions of the Linking Theorem
using this non-orthogonal direct sum.

PROPOSITION 5.4. Suppose that A\, < A\ < Aiy1, (80)—(g2) and (1.5) hold.
Then there exist p,a > 0 such that Jx(u) > a if u € Hi: with ||ul| = p.

PRrROOF. We can now proceed analogously to the proof of Proposition 4.4.01

For the next proposition, let us remark that, since
(5.9) |supp z;, Nsuppv| = |0B,2(x0)| =0 for all v € Hy,
one has 27 € (Hp)*.
PROPOSITION 5.5. Suppose that A\, < A < A\py1, (80)-(g2) and (1.5) hold.
For each n large enough, there exists R,, = R(n) > 0 such that
Ia(u) <0 for all u € 0Q°,
where Q2 = {v + 58z :v € H, ||v]| <R, and 0 < s < R, }.

PRrOOF. Fix Ry > p and N € N such that for all n > N, we have

2 oo, T .
(5.10) 2 (x) > % in B2/, (o) for all R > Ry.

Let us take R > Ry and as in Proposition 4.5 we split 9Q° as follows:
Qi =1{veH]: |v| < RY:
Q2 ={v+sdz, :ve H.,|v| =Rand 0 < s < R};
Qs ={v+ Réz, :v e H,|v| < R}.

If v € @1, from Lemma 5.3, we obtain

1 A
J < ({1-— 2 for all H.
(0= 5(1- o el forative g

Since A > A;, and due to the choice of r in (5.7), we can take C; > 0 such that
(5.11) Ia(v) < =Cillv]? <0

for all v € H}, independently of R > 0. Using (5.9), we observe that

(5.12) In(v +s6z)) = Jx(v) + Jx(sdz,) for all v e H.
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For @2, using (5.5), and the choice of ¢ in (5.8), we get

1 A
J 62r) =J IN(R6zI) < —R*(1— ——— +4§%) <0,
o s8) = ) + (R < g (1= A )
independently of R > 0.

For @3, using (4.2), (5.11) and (5.12), we obtain
In(v+ Roz;) < Jx(v) + Jr(Roz])

52 R?
<

o 4
~R°C, |x“(5z;;— W’”“) dr+ - D,.
BTZ/n(IO) R + n

Using (5.10), we can choose n sufficiently large and R,, > Ry such that

R25? !

Jn(v+ 6R,2T) < — CLR%T + % D, <0,

where

>0

_ _ H¢||oo,r 7 2mp2(2te)
T = T(n, a) = Ro (2 4 a)n2+a

and this completes the proof. O

5.2. Control of minimax levels. For the Mountain Pass case, we define
the minimax level of Jy by

5.13 ¢=¢n) = inf J
(5.13) ¢=¢(n) inf | e A(w)

where I' = {v € C([0,1],H) : v(0) = 0 and v(1) = R, 2]}, with R,, such that
Jr(R,2") <0 as in Proposition 5.2.

PROPOSITION 5.6. Let ¢(n) be given as in (5.13). Then there exists n large
enough such that ¢(n) < 2w /By.

PROOF. We claim that there exists n such that

- 2m
(5.14) max Ia(tz)) < %

Let us fix some constants that we shall use in this proof. We can assume,
without loss of generality, that there exists Cy > 0 such that

(5.15) €o < M <Gy

for all s large enough, where g¢ is given in (5.2).
Indeed, note that if h satisfies (1.8), there exists h such that h(s) > h(s) for
all s large enough and
(h(s)) log(h(s))

1
(5.16) 0 < liminf 2V < i gup 28V
s—r+oo S s—+00 S

By (5.3), we have

€0
(5.17) [¥llocr < 53
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Finally, we consider ~ given by (1.7) such that
22+a (C >
5.18 > S —ex 0
(5.18) 7> g o | 15
Now suppose by contradiction that (5.14) is not true. So, for all n, this

maximum is larger than or equal to 27/8, (it is indeed a maximum, in view of
Proposition 5.2). Let t, > 0 be such that

1 T = ™.
(5.19) Ia(tnzy) = max Jx(tz,)
Then

27
(5.20) In(tnzy) > % for all n € N,
0

and, consequently, from (5.5),

(5.21) t2 > 21 for all n € N.
0

Let us prove that t2 — 4m/By. From (5.19) we get

)l =o.

t=ty,

dt(

So we have

tgl Z/ |$|ag(tn2:£ =+ ¢)+tnz»:; dz
B 2/n(10)

> / 1219 (b2l + )+ (a7 + )+ d
B2, (z0)

Then, (1.7) and (5.3) imply that there exists so large enough such that

1 t 2
2> — 7/ h( n+¢)exp(5 <"log1/2n+w> >d1:
2« B,2,,(z0) V2T 0 V2T

where we have taken n sufficiently large such that

1og n—+ Qﬁ) ( log n — Y] oo, T) >80 in Bpz/,(zo).
<¢2 oz /
We still have

>, 1 o [ (los(h((tn/v2m) log!? n + )] \*
= /B 2/, (%0) P [ ( VBo((tn/V27) 10g1/2n + 1/’)>

log (£ /v/2) 10g"/* n + w])z] o
2v/Bo((tn/V2r) log' 2 n + 1))

and taking an even larger n, (5.16) shows that

1 4 C2 2
2 o e~ Y exp (B S tog! 20— il + 23 ) ):

2
+ Bo ((tn/\/ﬂ) log'/?n + 1 +
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By (5.17), we see that

1 C? mrd t2
2 0 n
(5.22) t o €XP < A > Yy eXP <60 2 log n)

1 C? 1 t2
2anp<_450>77W exp ﬂo%_Q logn |,

which implies that ¢, is bounded. Moreover, (5.22) together with (5.21) give
t2 — 4m/By. Letting n — oo in (5.22), one gets

22+a ( Cg >
< exp| — |,
7= 518, P\ 45,

which contradicts to the choice of v in (5.18). This contradiction happens be-

v

cause we are supposing ¢(n) > 27/, so we conclude this proof. O

Now we can define the minimax level for the linking case as

5.23 ¢=72(n) = inf J
(5.23) c=2¢(n) Inf, max (v (w))

where I' = {v € C(Q%; H) : v(w) = w if w € 9Q}.

PROPOSITION 5.7. Let ¢(n) be given as in (5.23). Then there exists n large
enough such that ¢(n) < 2m/By.

PRrROOF. From (5.9) we see that we have split the support of the functions in
Hj of the support of z,. Therefore, we have
c(n) <max{Jy(v+tz,):veHy, |v|] <R, andt>0}
= max{Jy(v) + Jr(tz;) : v € H, ||[v]| < R, and ¢t > 0}
<max{Jx(v) : v € Hj, and ||v|| < R, } + max{Jy(tz));t > 0}.

By (5.11), we see that Jy(v) <0 for all v € H,. It follows that
c(n) < max{Jy(tz,) :t > 0}.
From now on, we can proceed analogously to the proof of Proposition 5.6. [

5.3. Proof of Theorem 1.3. Let us take n such that c(n) < 27/8y, where
c¢(n) = ¢én), if A < A or ¢(n) = ¢(n), if A > A;. Let us consider (u,),
a (PS)-sequence at level ¢(n). Since it is bounded by Lemma 3.3, then, up to
a subsequence, we may assume that u,, — u weakly in H, u,, — u strongly in
LP(By) for all p > 1 and almost everywhere in By. Therefore, we notice that u
is a solution to (1.10). Indeed, for each v € C¢°(B;) we have

0« (J5(um),v) = Vi, Vode — X | unvde — / |z g(wm + ) +v dz.
B1 B, By
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To see this fact we use that

Vu,Vodr — VuVudz,
Bl Bl

/ Upvdr — uv dx,
B, B,

/ @]9t + )40 de — [ |2]%g(u+ )40 de
Bl Bl

(the last one is due to (3.8), and using Lemma 2.1 in [11] and (g1)). Thus, we
can easily conclude that (J}(u),v) = 0 for all v € C2°(B1). Consequently u is
a weak solution to (1.10). We still need to ensure that u # 0.

Suppose, instead, that w = 0. So, we must have ||u,,||2 — 0 and, again using
(3.8), (g1) and Lemma 2.1 in [11], we have

/ 21t + )1 dz = [ 2] Glu+ )4 da = 0.
Bl Bl

Moreover, since
. 1. 2
e(n) = lim () = 5 Tim [,

and c(n) < 2w /B, one can find § > 0 and myg such that

4
(5.24) |t ||? < 6—71- — ¢ for all m > my.
0

Consider a small € > 0 and p > 1 (sufficiently close to 1) in order to have
p(Bo +¢e)(dm /By — 6) < 4m.

By (1.5), one can take C' > 0 sufficiently large such that

(5.25) g(s)P < PBote)s® L 0 for all s > 0.

From the fact that (J5(um), um) = €m — 0, we can see that

letmll? < Autm12 + / 1219t + ) 1t d + 1.

B,

We need to estimate the integral on the right of this last inequality. The Holder
inequality and (5.25) give

1/p , 1/p’
/ |x|ag(um+w>+umdws( / <g<um+w>+>f’dx) ( [ el dx)
B By By

1/p
< [(/ exp(p(Bo + E)u?n d:c) + Cwl/p] [t ||
B,
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and then we have

a2 < Mt 13 + £m

1/p
+ [(/ 6(]”(3“*5)(4’*/506)(um/|um|)2)dx) +C771/p] [t
B,

1/p
< M3 + £ + [( / 6(4”(”’"/|"m||)2)dx> +o7r1/P} el
By

Since the last integral in the estimates above is bounded (because of the Trudin-
ger-Moser inequality), we get |[um,|| — 0. Hence u, — 0 in H and then
Ix(um) = 0 = ¢(n). This is impossible since ¢(n) > a > 0 for all n. Thus
u # 0 is the desired solution. O

6. Proof of Theorem 1.4. Critical case in Hj ., (B1)

In this section, we treat the radial case with g having critical growth. In this
case, a solution u to problem (1.10) is in H = Hj,4(B1), which will force us to
change some calculations.

6.1. Geometric conditions. If A\ < \;, we observe that the geometric
conditions follow from Propositions 5.1 and 5.2, replacing 2!, given in (5.4),
with z,, given in (5.1). If Ay < A < Agy1, we use the same arguments devel-
oped in Proposition 5.4 in order to prove that 0 is a local minimum of Jy in
(H)E N Hj q(B1)). However, we cannot take the Moser sequence with sup-
port disjoint from the eigenfunctions, as we did in Proposition 5.5. Indeed, since
now we work in an environment of radial functions, we need to use the sequence
set in (5.1), instead of the one given in (5.4). This replacement brings some
difficulties because we lose the advantage of being close to the boundary, where
the interference of ¢ could be considered negligible.

Initially, let | = max{j : H; C Hy} and we set

Ti: Hg yaa(B1) = (H{)* N H oq(B1)
as the orthogonal projection. We consider (5.1) and define
(6.1) wp () = Tyzn ().
Since (H;): N Hj oa(B1) C Hi-, by [23, Lemma 2], we have that the following

estimates:

Ay 9
6.2 1— <flwa|? <1,
(6.2) ogn = [[wn |l
By,
69 ] (B or all € B,
' Ui (logn)'/? By,

— for all x € By /y,

Var  (logn)'”?
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where By, := {z € R?: |z| < 1/n} and Ay, Bj, > 0 are such that
llull < Agllullz and |Julleo < (Br/B)||ullz for all u € Hy,
and B satisfies ||z,||2 < B/(logn)'/? for all n € N.

PROPOSITION 6.1. Suppose that A\, < A < Aiy1, (80)—(g2) and (1.5) hold.
For each n large enough, there exists R, = R(n) > 0 such that, if

Q:={veH:||v|<R,}®{séw,:0<s<R,},
with
A

4 P<Z 1
(6.4) <L

then Jx(u) <0 for all u € 0Q; moreover, R, — oo when n — 0.

ProoF. Fix Ry > p and let us take R > Ry. As before, we split 9Q as
follows:

Q1 ={ve H v <R}
Q2 ={v+sdw, :v e H, ||v]| =R and 0 < s < R};
Qs = {v+ Row, : v € H, ||v|] < R}.

Recalling that G(s) > 0 for all s € R and considering v € @1, we get
A

(6.5) o)< (1= 2 )i <o
k

independently of R. For Qa, let us take § satisfying (6.4). By (6.2), we obtain

Ak 2 ’

independently of R > 0. For @3, we take § > 0 given in (6.4) and v+ Réw,, with
[lv]l < R and v € H}. Using (4.2), we obtain

2
Jxn(v + sdw,) < (1—A+52>R<0

1 (52 - [ee] o] 7
T (v + Réw,) < ~— RQ—R"/ |x°‘( (vlloo + f[4loo) +6wn> dz + D,.
2 B, R +
Since H; C Hy has finite dimension, it follows that ||v]c < CpR for some
Cr > 0. We can suppose that Ry, previously fixed, satisfies ||¢||co/Ro < Ck.
Then, by (6.3) and considering R > Ry, we have

Jr(v + Row,) < R? - C,R° + 1D,,

1+ 62
2

where

— (logn)'/? By 7 27
Cn=(-20,+56 - 0
( e ( Var (logn)'2) ), @+ apre ”
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Since ¢ > 2, the result is then proved by taking R, large enough so that
S||wn || Ry > p and, thus, we obtain

1+ 62

Ir(v+ Rpdwy,) < R, —C,R% + 7D, <0

and since C,, — 0 when n — oo, we can see that R,, — co. This concludes the
proof. O

6.2. Control of minimax levels. Here we can notice another important
difference between the cases studied in Hg(B) and in H ., 4(B1). Since, in the
radial case, we need to work with radially symmetric functions whose supports
have the center at 0 € R?, we cannot neglect the weight |2|* as we did in the
critical case. Actually, although the estimates are harder to obtain, it turns out
to be an advantage because the environment of symmetric functions changes the
boundedness of the minimax levels: in the critical case, we had that they were
bounded by the constant 27/8y. On the other hand, working in Hg ,.4(B1), this
boundedness can be obtained by a greater value that depends on 5y and «.

rad

For the Mountain Pass problem, we define the minimax level of Jy by

. ¢=2(n) = inf
(6.6) ¢=¢(n) = inf werg(%fl])JA(w)v

where I' = {v € C([0,1], H) : v(0) = 0 and v(1) = R,z,}, with R,, such that
J,\(ann) <0.

PROPOSITION 6.2. Let ¢(n) be given in (6.6). Then there exists n large
enough such that

2
(6.7) on) < 2T
Bo
PRrROOF. We claim that exists n such that
2+ a)r
(6.8) max Ia(tzn) < R

First of all, let us fix some constants that we shall use in this proof. Analogously
as we have done in Proposition 5.6, we can assume, without loss of generality,
that

log(h
(69) Ky < ) g
for all s large enough. By (1.9), Ky can be taken large enough in order to have
Ky
6.10 Ylloe < 57
(6.10 9l < 572

Finally, consider v such that

(2 + a)? (Cg)
(6.11) v > T exp )
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We suppose, by contradiction, that (6.8) is not true. In the same way as in
Theorem 1.3 with A < A1, we conclude that

2 2 2
NP Ch) <Co)
Bo 4Bo
It contradicts (6.11), then we have that (6.7) holds. O

REMARK 6.3. This last proposition explains why we had to assume (1.9)
instead of (1.8). In the H{(Bj) environment, we could control the L>°-norm
of ¥ by moving the supports of our Moser sequence far away from 0 and close
enough to 0B so that ||¢)||c would be sufficiently small and then it would not
interfere in the estimates. Since this could not be done in the radial case, the
interference was avoided by using (6.10).

REMARK 6.4. We also point out the different choices we have made for the
constant 7 in (5.18) and (6.11), which explains, in part, the role of || in the
radial case. Notice that v in (5.18) must be greater than the one given in (6.11).

Now, for the linking problem, we can define the minimax level

(6.12) ¢=2¢(n) = ;I,Elfl; wglﬁa(}é) Ir(v(w))
where I' = {v € C(Q, H) : v(w) = w if w € 0Q}.

We remark that since we did not separate the supports of the eigenfunctions
from the Moser sequence, the estimates done in Proposition 5.7 will not work in
the radial case. Therefore, we need do handle more delicate arguments in order
to achieve analogous results. This is done in the following proposition.

PROPOSITION 6.5. Let é(n) be given as in (6.12). Then there exists n large
enough such that

. 24+ a)m
é(n) < %.
PROOF. Suppose by contradiction that for all n we have ¢(n) > (24 «)7/Bo.
We notice that
¢(n) < max{Jx(v + twy) : v € H with ||v]] < R,,t > 0}
and it follows that for each n there exist v, € H; and ¢, > 0 such that
(6.13)  Jr(vn + thwy,) = max{Jy(v+tw,) : v € H with |Jv|| < R,,t > 0}.

Therefore, we have

2
(6.14) In(vp + thwy) > (—;a)w for all n € N.
0
So, since w,, € ((H;)* N H&rad(Bl)), from (6.5) we obtain
2(2
(6.15) t2 > 22+a)m for all n € N.

0
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Let us assume the following claims whose proofs we give later:

CLAIM 6.6. (v,) and (t,) are bounded sequences.
224 a)w
Bo

Since v, € Hjf, in view of Claim 6.7, we also get ||v,||cc — 0. However, we

CLAIM 6.7. t2 — inR and v, =0 in H.

have v,, + t,w, — oo uniformly in Bl/n.
As we also have done in Proposition 6.2, let us observe that we can assume,

without loss of generality, that

log(h(s))

S

(6.16) Ko < < Cy

for all s large enough. From (1.9), Ky can be taken large enough in order to

have
Ko
6.17 o <
(6.17) ¥l < 72
and, for n large enough,
Ko
[vnllee < 483,
0

Finally, consider v such that

(2+a)? 42+ a)rB,  C3

e (U )

From (6.13), using the fact that the derivative of Jy, restricted to H;* @ Ruwy,, is
zero at v, + tpwy,, We obtain

(6.18) v >

(6.19) ||vn+tnwn||2—)\an+tnwn||g—/|x|ag(vn+tnwn+w)+(vn—i—tnwn)d:c =0

and we can conclude that
2 2
et (detann G
Bo V2 450
which contradicts to the choice of v in (6.18). This contradiction follows from
the assumption é&(n) > (2 4+ a)w /By for all n € N, which concludes the proof. [

PRrROOF OF CLAIM 6.6. It is sufficient to prove that all subsequences of (t,,)
and (v,) have bounded subsequences. Let us suppose that this is not true. So,
we can find subsequences, which by convenience we still denote by (¢,,) and (v,,),
respectively, such that all of their subsequences are unbounded. That means, we
can assume that

(6.20) tn, + ||Un, || = oo for all subsequences (ny).

Therefore, one of the following two possibilities has to hold:

(i) either there exists a constant Cy > 0 such that ¢, /||v,| > Co, or
(ii) there are subsequences such that ¢, /||v,| — 0.
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Assume that (i) holds and using (6.20), we have that ¢, — oco. Now we can see
from (1.7) that

ti > / |7|%g(vn + tnwn + ) 1 (vn + trwy, + ) 4 da
Bl/n

2'7/ || h(vn + tnwn + 1) exp(Bo(vn + thwy +1/f)2) dzx
Bi/n

for n large enough and we can see from (1.9) that
(6.21) h(s) > C

for all s large enough. So we have

8290 [ ol explfufon + taw + ) d.
1/

We notice that since H; has finite dimension, we have that ||v, || /tr is bounded
for all z € By ,,. We also know that [|1)||o/ty is bounded. These facts together
with (6.3), give us

0 (@) + twn (@) + () = taw, (2) (1 L tnl) (@) 1)

tn Wp,
1/2 -1
> tn (logn)1/2 — V2n By, I C (logn)'/= By
V2T (logn)1/2 Von (logn)'/2
> tn 1 (logn)'/? — _V2rBr_
2 \or (logn)t/2

and taking n such that (logn)'/? — /27 By /(logn)'/? > (1/2)(logn)/?, we ob-
tain

v () + tpwp(z) +¥(x) > tn (log n)1/2

421
and by (6.21) it follows that
2
~ t
t2 >4C x|“ exp (ﬂ <n (logn 1/2) ) dx
Bijn | 0 4/ 27 )
2 t2
- — (2 1 .
24a P ((Bozm ( +O‘)) Og")

Consequently, t, must be bounded in case (i), which contradicts ¢, — oo in

case (i).
So (ii) occurs. Since lim ¢, /||v,|| = 0, by (6.20) we conclude that ||v, | — co.
n— oo
By (6.19), we get

tnwn + vp||* > / |z|% g(tnwn + vp + )4 (tnwn + vy )+ da.
Using (1.7) and (6.21), for n large enough, we have

||tnwn + U’!L||2 2 ’yé ‘x|o¢eﬂ0(tnwn+vn+w)2 dx
{tnwn+vn+p>cy}
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Since we are supposing (ii), it follows that

~ eBo(tnwn+vn+i)?
(6.22) 1> Cy/ 2] o du
{tnwn+vn+1p>cy} ||tnwn + Uﬂ”
~ Bo(tnwn+vn+1)?
2 {tnwn+vp+p>cy}t ||UTLH
On the other hand, we notice that
tnWy + vp + 1
i X{tawetvat>e,}
[[vnl]
_ U th tnwn+vnx n Y N
- - nWn n < nWn n > °
ol Toall 7" 7 Togll Mltmenteervsed T At rvze)
Hence, we can see that
tpwn + vp () + 1 —~ .
i + n () X{tnwntontvze,} (@) =0 ae in Hy(By),
[[on ()]
where U € Hy, with v,/||v,]| — © and ||9]] = 1. So using Fatou’s Lemma in

(6.22) and since we have assumed that ||v,|| — oo, we reach a contradiction. So
lvn ]l is bounded and, consequently, ¢, is also bounded. O

Proor or CLAIM 6.7. First, we notice that for some appropriate subse-
quences we have v, — vg in H and t,, — t9 and since z, — 0 we get w, — 0
and w, — 0 for all z € By. Then it follows

(6.23) Up + tnWy — Vg a.e. in Bi.
Moreover, in view of (6.19), we see that

(6.24) / 12[%g(0n + tntint)) 1 (Vn + b th) dz < [[vn + btwn]|?2 < C.
By

However, using [11, Lemma 2.1] and recalling (g1), (6.23) and (6.24), we have

(6.25) / 2]9G (0 + trtn + )1 dz — | |2]°Clvo + )+ da.
B B
From (6.14) and (6.25) we can see that
2 (2
(6.26) Jx(vo) + 9> ﬂ
2 Bo
and, since vg € HJf, in view of Jy(vg) < 0 we have
2> 202+ OZ)’]T.
Bo

Now we prove that t3 = 2(2 + a)7/By. Let us suppose that this is not true. We
have t3 > 2(2 + a)n/By. Thus we can take small enough £ > 0 so that
22+ a)m

2
t; > (1+¢) B
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for all large n. We consider

|vn () + ¢ ()]

€ = SU
" P tnwn (2)

Bl/n

clearly we see that &, — 0, which, together with (6.21), yields

C > 75/ |z|“ exp[Bo(vn + ¥ + tnwn)z] dx
Bi/n

> ’yé/ |2|* exp[Bo(—Entnwn + tpwy)?] da.
Bi/n

Using (1.7) and (6.24) and n large enough, we see that

~ 27‘1’ 2,2 1/2 1/272
C >~C (Bo(1—epn )=t [(logn)"/=/v2m—By/(logn)*/*]%)
=7 (2 + a)n?to c

ot 27‘( 2,2 2 2.9
= Bo(1—e,)?t2[BE /logn—2Bx /V27]) ,(Bo(1—e,)%t2 logn/(2m
V¢ (2 + a)e@+a)logn elPoli=en) "t [Bi/log k/V27)) (Bo(1—en) ty logn/(27))

We notice that e(o(1=n) 3B /logn=2B:/v27]) > ¢y for n large enough and some
C1 > 0, due to the facts that t2 > 27(2 + «)/By and &, — 0. Thus, using
t2 > (1+¢)2m(2 + «)/Bo, we have

2

e(ﬂo(lfen)gtilog n/(2w)—(24a) logn)
2+ a)

C > CiyC

> 0170 —2T_ (@) logn[(1-2,)*(14e)=1) _, o

which is a contradiction. Consequently, we must have t3 = 27(2 + a)/8y as
desired. So by (6.26) we get Jx(vo) > 0. But we know that vy € H, so by (6.5),
we have Jy(vg) = 0.

Now we must show that if vy € H; and Jy(v9) = 0, then vyp = 0 and we
finish the proof of Claim 6.7. Consider vg € H', then

1 A N
0= Ta(u) = 5 w0l = 5 ool = [ Jal"Gluo -+ ) da

A

(1= 5 ol = [ hat oo+ vysdo< = [ fafGon +0).
k B B,

>

0, we can see that [, [z[*G(vo + 1) dx = 0. Thus

1 A 1 A
0= Jx(vo) = 5 llvoll* = 5 llwoll3 < 5 (1 = ) llvol*-
2 2 Ak

1 A )
(1= >
(1 ) Il 2 0

which gives us vy = 0. O

So we can see
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6.3. Proof of Theorem 1.4. Let us take n such that ¢(n) < (2 + a)7/fo,
where ¢(n) =¢(n), if A < Ay or ¢(n) = ¢if A > A;. Consider u,, a (PS)-sequence
at level ¢(n), which is the minimax level is below (2 + «)7/By. Consider a (PS).
sequence (U, ), it is bounded by Lemma 3.3, so there exists a subsequence of

() and w € H such that u,, — u weakly in H, u,, — u in LY (Bj) for all

p > 1 and almost everywhere in B;. In the same way as in Theorem 1.3, we
conclude that u is a solution to (1.10) and u # 0. t
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