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GLOBAL WELL-POSEDNESS AND ATTRACTOR
FOR DAMPED WAVE EQUATION
WITH SUP-CUBIC NONLINEARITY
AND LOWER REGULAR FORCING ON R?

Cuncal Liu — FENGJUAN MENG

ABSTRACT. The dissipative wave equation with sup-cubic nonlinearity and
lower regular forcing term which belongs to H~1(R3) in the whole space R3
is considered. Well-posedness of a translational regular solution is achieved
by establishing extra space-time translational regularity of an energy solu-
tion. Furthermore, a global attractor in the naturally defined energy space
HY(R3) x L2(R3) is built.

1. Introduction

In this paper we study the following weakly damped wave equation defined
on R3:
gt + yur — Au+mu + f(z,u) = g(z) for (t,z) € Ry x R?,

(L.1) .
u(x,0) = ug, we(x,0) =uy for z € R3.

Here v,m > 0 and the initial data (ug,u;) belongs to the energy space H =
HY(R3) x L?(R3), g € H~1(R3) is independent of time, f € C*(R*), f(0) = 0
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and satisfies the following conditions:

(1.2) [0:f (2, 5)] < C(A+[sP7),
(1.3) lim inf f@s) >0,
|z|+|s]— o0 S

where 3 < p < 4. Here (and throughout) the symbol C' stands for a generic con-
stant indexed occasionally for the sake of clarity, the different positive constants
C;, 1 € N, are also used for special differentiation, and for the convenience, we
denote u(t) = u(x,t) and us(t) = us(t, ) throughout the paper.

When the spacial variable x belongs to a bounded domain, the existence of
global attractors for weakly damped wave equations (1.1) has been studied ex-
tensively, see [1], [2], [4], [7]-[9], [17]-[19], [23], [26] and references therein. In
the case that the spatial domain is unbounded, the typical Sobolev embedding
is continuous but no longer compact, and the spaces LP (RN) are not nested, so
there is a substantial difficulty in dealing with the compactness of the corre-
sponding operator semigroup, which is a key point to obtain the existence of
global attractor. To overcome this difficulty, several classical methods have been
established. For example, in [14], Karachalios and Stavrakakis have employed
weighted Sobolev spaces to deal with (1.1). However, when working in weighted
spaces we have to impose an additional condition that the initial data and forc-
ing term also belong to the corresponding weighted spaces. Combining with
the idea of “tail estimate” in [27], Djiby and You proved that solutions of (1.1)
are uniformly small for large spacial and time variables, and then obtained the
asymptotic compactness in [10].

On the other hand, mathematical properties of (1.1) including well-posedness
and asymptotic behavior also depend strongly on the growth rate of the non-
linearity f. For a long time, exactly the cubic growth rate of the nonlinearity
f has been considered as critical in bounded domains, see for instance [2], [3],
[23] and the literature cited therein. Based on the recent progress in Strichartz
estimates for bounded domains (for the dimension N = 3), Burq et al. [6] proved
the global well-posedness of weak solutions with quintic nonlinearity growth of
hyperbolic equation, Kalantarov et al. [16] established the corresponding attrac-
tor theory for the dissipative wave equation in bounded domains. For the case
of unbounded domains, since the Strichartz estimates have been known a little
earlier, based on that, Kapitanski and Feireisl constructed global attractors in
[15] and [11], [12], respectively.

Concerning regularity of the external force term g, all papers mentioned
above require g € L? or specially g = 0. Still, a larger range of g, i.e. g € H™!,
can also be considered. We refer the reader to [22], [25], [28], in which the
existence and asymptotic regularity of global attractor have been discussed for
the strong damping wave equations. As mentioned in [28], the strong damping
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term —Aw; brings many advantages which can counteract the unfavorable effect
of g € H~'. However, for the weakly damped wave equation (1.1), it seems
difficult to apply the corresponding method to verify asymptotic compactness of
the solution semigroup. Just recently, in [20], we presented a new method about
decomposition of the solution to deal with the case g € H~1(Q) in bounded
domains. In [21], by proper decomposition of the solution and using finite speed
of propagation for the wave equation, we built a global attractor for (1.1) in the
unbounded domain with cubic nonlinearity and lower regular forcing.

The case of sup-cubic growth rate with forcing term belonging to H ~!(R3) is
indeed much more delicate, in contrast to [12], the crucial difficulty here is related
to the fact that multiplying formally (1.1) by u, directly to obtain the necessary
energy equality fails, since g € H™ !, u; € L?, fQ gut dr may be meaningless (in
the cubic or sub-cubic case, we overcame the difficulty by rewriting the equation
as Uy +yus — Au+mu—g(x) = — f(x,u) and observing that f € L?, see [20], [21]
for more details. Unfortunately, this argument does not work in the sup-cubic
case. It appears that to get well-posedness one needs some extra regularity (see
Definition 3.2).

In the present work, we give a positive answer to the well-posedness and
asymptotic behavior of equation (1.1) in the above case. In detail, the aim of this
work is two fold. The first one is to establish and prove existence and uniqueness
of a translational regular solution (see the rigorous definition in Section 3) for
weakly damped wave equation (1.1) in R? with super-cubic nonlinearity and
g € H7*(R?). The second one is to build the corresponding global attractor
for (1.1).

The rest of the paper is organized as follows. The preliminary things, includ-
ing the key Strichartz estimates for the damped wave equation and properties of
the elliptic equation are discussed in Section 2. The global well-posedness for the
translational regular solution is verified in Section 3. The existence of a global
attractor is established in Section 4.

2. Preliminaries

We begin with the Strichartz estimate for the Klein-Gordon equation [5]
and [13]:

PROPOSITION 2.1. Suppose 2 < r < oo, if u is a finite energy solution of the
Klein—Gordon equation

ugg — Au+mu = G(t), u(0) =wug, u(0)=1uy,
then u € L™(0,T; LY(R3)) and the following estimate holds:
21)  ul
where C' is independent of T, up,u1 and G, provided (r,q) satisfy 1/r+3/q =1/2.

cro.szaee)) < O(lluollg@sy + luillz2@sy + IGllLro,7522 ®2)) ) »
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For (ug,u1) € H, since the weak solution u(t) of the damped wave equation
(2.2) uge +yur — Au+mu = G(t), u(0) =wug, u(0)=uq,

satisfies that (u,u;) € L>®(0,T;#H), the damping term u; can be dominated via
energy estimate, i.e. u; € L°°(0,T; L*(R3)). Therefore we obtain the following
Strichartz estimate.

COROLLARY 2.2. For (ug,u1) € H, suppose that u(t) is a solution of (2.2)
satisfying (u,uz) € L°(0,T;H). Then u € L*®=2(0,T; L'?/(4=P)(R3)) and we
have the following estimate:

(2.3)  ullLarw-2 07,12/ 4-0) (m3))
< C(fluoll mrrey + lluallLze)y + |Gl Lo, 102 r2Y)),

where C' is independent of T, ug,uy and G.

The next elementary fact will be used to establish the well-posedness of (1.1)

in some sense.

LEMMA 2.3. Assume that f satisfies (1.2), (1.3), then there exists a solution
h € HY(R3) for the following elliptic equation:
(2.4) —Au+mu+ f(r,u) =g(z) € H '
On the other hand, if hy and hy are two solutions of (2.4), then hy—hg € L4(R3),
for all g < .

PrOOF. The energy functional corresponding to elliptic equation (2.4) is
weakly lower semi-continuous and bounded from below on H!(R?), thus existence
of h can be guaranteed. Suppose that hq, ho are two solutions of (2.4), denote

1
a(z) = /0 Osf(x, (1 — 1)hy + The) dr,

then hy — ho satisfies —A(hy — ha) +m(h1 — ha) = a(x)(h1 — ha). Due to (1.2),
a € L*(R3), and by the de Giorgi-Moser iteration, we have h; — hy € L(R3),
for all g < co.

3. Well-posedness

The aim of this section is to introduce and study translational regular solu-
tions of problem (1.1), i.e. weak solutions satisfying some translational regularity.
We begin with recalling the definition of weak solutions.

DEFINITION 3.1. For any T > 0, a function u(t), ¢t € [0,T], is a weak solution
of (1.1) if (u,us) € L*(0,T;H), and equation (1.1) is satisfied in the sense of
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distributions, i.e.

- ) d 7d V,V d
/0<Ut¢t> t""‘//o (ue, @) t—l—/0<u o) dt

+m/0 (u, 6) dt+/0 (F (), ) dt:/o (9, ) di
for any ¢ € C§°((0,7) x R3).

DEFINITION 3.2. A weak solution u(t), t € [0,T], is a translational regular
solution of problem (1.1) if the following additional regularity holds:

u(t) — h € LY®=2(0,T; L'*/4-P)(RY)),
where h is any solution of elliptic equation (2.4) .

REMARK 3.3. By Lemma 2.3, the above definition is independent of the
choice of h, hence it is well-defined.

Define the energy functional
1

1 m
B(w) = 5 [l + 5 19l + 5 ulP + [ Fla,u)dz - (g0,
R3

where F(z,s) = [; f(z,7)dr. Here and below, (-, -) and || - || stand for the
inner product and norm of L?, respectively.
Due to condition (1.3),

E(u) = Ci(|[ull* + [ Vull®) = Ca(llglF - + 1)

THEOREM 3.4. Let g € H™1(R3) and the nonlinearity f satisfy conditions
(1.2) and (1.3). Then for any initial data (ug,u1) € H, problem (1.1) possesses a
global translational regular solution u(t) satisfying the following energy estimate:

31 N(u(®), ue (@)l + 1w = hll /-2 ¢ 1500200 (r2))
< Q([[(wo, ua)ll + llgll 1),

where the positive monotone increasing function @ is independent of u and t.

PROOF. In order to construct the solution, we adopt an approximating
scheme. Choose a regular approximating sequence {(u?,u})} C HZ?(R?) x
HY(R3) and {¢g"} C L*(R3), satisfying (uf,u?}) — (ug,u1) in H and g" — g in
H~1(R?), as n — oo. According to Proposition 1.1 of [12], there exists a unique
strong solution u™ of the following approximating problem:

ugy + yu — Au” +mu” + f(z,u") = g" (x),

3.2
) u™(0) = ug, ug'(0) =uy,
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with u" € L (RT; H%(R3)). Furthermore, multiplying (3.2) by d,u"(t), we

loc
obtain the following energy estimate:

(3-3) 1™ (£), w ()12 < Qo([l(uo, ua)lla + gl 1),

where the positive monotone increasing function (Jg is independent of n and t.
Due to u" € LX (RT; H2(R3)), u"(t) € Li/P~2(R+; L12/4=P)(R3)), and

loc loc
we will make a more precise estimate for it in what follows. Denote v"(t) =

u™(t) — h™, where h"™ satisfies
—AR" + AR + f(z,h") = g"(2).
Then v™(t) solves the equation
(3.4) v + ol — Av™ + mo™ + f(z,u™) — f(x, h™) =0,
v™(0) = uy — A",  v7(0) =ul.

According to the Strichartz inequality (2.3) on [t,t + 7| for some 7 > 0 to be
determined later, we get

(3:5) o™ lpas-2) (1t 412/ -2 (m3)) < Cs(Ju™(t) — B™|| g me)
+ g O + I f (@, u™) = fla K21 ez wey)) -

For the last term, by the mean value theorem, we obtain

1
o) = Fh =] [ ouptean + (1= ey a
<C(L+[u"P=t 4 [R"P Y™
Hence
(3.6) I f(z,u™) — flz, h")|| L1 (¢ 047502)
SONA+ [P+ (BP0 | L e pgm L2 @)
<C(1+ ||u"||i;l(t,HT;le(pfn/(up) (R3))
+ ||hn||1;21<p—1)/<2+p>(11@3)) 10" |2 (e miz 2 a0 (o)
<Cr®=p/t(14 ||Un||i;1(t,t+r;Hl(R3))
+ ||h"||§3i_1%Ra)) [0™ | L4722 (¢t 4rsL12/ 42) (R3)) -

Combining with the energy estimate (3.3), we derive

If(2,u™) = f(@, ™) L rsrz@ey) < Cat O P40 | Laseo-2 (14 rp12/a-m @8)).»

where Cy = Cy([|uoll s [[uall; [l -1)-
Choose 7 such that 7(6=P)/4C3Cy = 1/2, then (3.5) implies

B7) N sronsmpmamgsy < 20 (la"(0) = Bl gs) + laf ).
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Combining with (3.3), there exists a positive monotone increasing function
(@ which is independent of ™ and ¢ such that
(™ (@), ui (@)l + [[u™ = " Lar@-2 (1 147012740 (R2))
< QU (w0, ua) [z + llgll-1)-

Notice that {h"} is bounded in H!(R3), hence, without loss of generality we may
assume that

" —h in H(R?), u" S in LO(RY; HY(R?)),
u' — B = u—h in LR L2/ UP) (R)),
It is easy to verify that h and u solve
—Ah+mh+ f(x,h) = g(x)

and

uge +yur — A(u — h) + m(u — h) + f(z,u) — f(z,h) =0,
respectively. Therefore, u is a solution of equation (1.1), and satisfies the energy
estimate (3.1). The proof is completed. O

Next, we will verify the uniqueness of the translational regular solution.

THEOREM 3.5. Under the conditions of Theorem 3.4, the translational reqular
solution of (1.1) is unique and for the difference w of two translational regular
solutions u' and u® with the corresponding initial data (u$,ui), (ud,u?) € H the
following estimate is valid:

(3.8) 1@(t), @ (1)l < e (@(0), @ (0)) |, te[0,T],
where K is a positive constant depending on the H-norm of u'(t) and u(t),

t €1[0,T).

PROOF. Define R = sup {||(ul(t), ui ()2, | (u?(t), u2(t))||%}. The function
[0,7]

u(t) as the difference of two solutions u'(t) and u?(t) solves

Uy + vy — Au+mu + f(z,u') — f(z,u?) =0,

u(0) = ud —ud, u(0) = ut —ul.

(3.9)
For 0 < S < T, similarly to (3.6), we have
(3.10) Hf(fvul) - f(xau2)”L1(07S;L2(]R3))
—p)/4 -1 2 p—1
< OSC DAL+ [l T 0,501 o) + 14 1 0,5, (o)
X [Tl as -2 (0,7, 112/ (4-p) (3Y)

S C5Rp715(67p)/4HU”LM@—?)(O’S;L12/(47p)(R3)).



558 C. Liv — F. MENG
Applying the Strichartz inequality to (3.9), we gain

@l La/w-2) 0, 5; 112/ (4=p) (R3Y)
< Cs (1u(0) |l 1 ey + [ 0)| + [1f (2, u') = f (@, u®) || 1 (0,5:L2®2))) -

Combining the above two inequalities, we have

I1f (z,u') = f (2, u®) || L1 (0,5:L2®))
< CoCs RSP (|[a(0)| 11 o) + [[(0)
+ 1 f (@, ut) = fz,u) o o,siz2me)) -
Choose an appropriate S such that CgCyRP~156-P)/4 < 1/2, then we immedi-
ately get
1f(zut) = fla,u?) |21 0,5:22rs)) < [7(0)]| mrrrs) + [ (0)]]-

Multiplying equation (3.9) by u;, we obtain the following estimate:

[ ()1 + (@) 1 @)
< 2(|[a(0) | g1 rsy + [T (O)| + 1 f (@, ut) — f (@, u?)ll L1 0,522 w2)))
< 4([[a(0)] g sy + @ (0)])),

for any 0 <t < S. Iterating the above process on [s, s + S|, we have

e () + () rey < 4([a(s) [ 1 rey + ue(s)ll), s<t<s+S.
Therefore, we end up with the estimate

[T ()] + () sy < 4775 ([0 ]| sy + @ (O)]), 0 <t <T,
that completes the proof. O

Basing on the above discussion about well-posedness of (1.1), we are now
ready to define the solution semigroup S(t): H — H associated with equa-
tion (1.1):
S(t)(uo, u1) = (u(t), ue(t)).

where u(t) is a unique translational regular solution of (1.1). Then, according
to Theorems 3.3 and 3.4, the semigroup is well-posed and continuous.

4. Existence of global attractor

In this section, we prove the existence of a global attractor for problem
(1.1) under conditions (1.2) and (1.3) on the nonlinearity and forcing term
g € H71(R3). We start with stating the result about the dissipativity of the
semigroup.

Multiplying the approximating equation (3.2) by u}’ + au™, where « is a pro-
perly chosen positive constant, and integrating in x, the desired estimates are
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obtained by passing to the limit from the analogous estimates for the approxi-
mating solutions. By using of the Gronwall Lemma, the existence of the bounded
absorbing set for the semigroup S(¢) can be obtained. We only state the result
as follows:

LEMMA 4.1. Suppose g € H™1(R?) and f satisfies (1.2) and (1.3), then
{S(t)}1>0 has a bounded absorbing set By in H, that is, for any bounded subset
B C H, there exists Ty which depends on H-bounds of B such that

(4.1) S(t)B C By for allt > Ty.

For the convenience of the reader, we now recall the definition of the global
attractor, see [3], [26] for more details.

DEFINITION 4.2. Let {S(t)},-, be a semigroup on a metric space (E,d). A
subset &7 of F is called a global attractor for the semigroup, if &7 is compact and
enjoys the following properties:

(a) & is invariant , i.e. S(t)of = & for all t > 0;

(b) & attracts all bounded sets of E, that is, for any bounded subset B of E,

d(S(t)B,«/) — 0 as t — 0, where d(B, A) is the semidistance between
two sets A and B,

d(B, A) = sup inf d(z,y).
zeBYEA

Now we are ready to state our main result in this section.

THEOREM 4.3. Let g € H Y(R3) and f € CY(R*) satisfy (1.2) and (1.3),
{S(t)}1>0 be the semigroup generated by a solution of problem (1.1) in H. Then
{S(t)}+>0 possesses a compact global attractor o7 in H.

To prove Theorem 4.3, it is crucial to verify the following result.

PROPOSITION 4.4. For any positive invariant set B, i.e. B C E is bounded,

satisfying S(t)B C B for all t > 0, the w-limit set w(B) = [\ S(t)B is compact
>0
n I

The remaining part will be concerned with the proof of Proposition 4.4.
Decompose a solution u(t) as follows:

(4.2) u(t) = h + o(t) +w(t),
where h solves the elliptic equation

—Ah+mh + f(z,h) = g(x),

(4.3) h e HY(R3),
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v(t) solves the cutting-off equation

ver + yvr — Av +mo + p(lz| — 8)(f(x,v + h) — f(z,h)) =0,

4.4
44 v(0) =up —h, v(0) =uq,

with the cutting-off function p € C*°(R) defined by

pu(s) =0 for s <0,
(4.5) weC?(R), 0<pu<l, € [0,1] for s €[0,1],
p(s)=1 fors>1,

and the remainder w(t) satisfies

Wy + yw, — Aw + mw

(4.6) = f(z,h) — f(z,u) + p(|lz] = 0)(f(z,v +h) — f(z, h)),
w(0) =0, w,(0) =0,

where the parameter § > 0 will be determined later.

Then due to assumptions (1.2) and (1.3), the energy functional corresponding
to elliptic equation (4.3) is weakly lower semi-continuous and bounded from
below on H!(R3), thus the existence of h can be guaranteed.

In terms of v(t), in [21], by the dissipative condition on the nonlinearity f, we
have proved that for § large enough, there exists § > 0 such that the following
decay estimate holds:

(4.7) loell + llollzr < Cre™ (fuollzrs + luall + llgllm-2).

Note that the dissipative condition (1.3) on the nonlinearity f is the same to
that in [21], hence (4.7) also holds for v(t) here.

Next, we will discuss the w-component, which is strongly depending on the
growth rate of the nonlinearity, since the nonlinearity in this paper grows faster
than that in [21], although the proceeding steps are similar, for the convenience
of the reader, we also give its proof here.

LEMMA 4.5. Given T > 0, there is a compact set €p C H such that for any
0<t<T, it holds (w(t),ws(t)) € €, where w =u—h —v and h,v solve (4.3)
and (4.4) respectively, with the initial data (ug,u1) € PBo.

PROOF. Let us write u' = u — h, then u® satisfies the following equation:
(48) ugy +yup — Aut +mut + f(x,ut + ) — f(z,h) =0,

. ul(0) =up — h, uf(0) = uy.

Note that p(jz| — ) = 1, |z| > §, hence equation (4.4) coincides with (4.8) on
R3 \ B(J). Based on the finite speed of propagation property, observe that

(4.9) v=u—h on (R*\By(0+T+1)) x[0,T).
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Consequently, the difference w = u — h — v satisfies
(4.10) w=0 on (R*\ By(6+T +1)) x[0,7].

According to the continuous dependence of the solution on the right-hand side for
equation (4.6), it suffices to prove that f(-,u)— f(-,h) and f(-,v+h)— f(-,h)
belong to a compact subset of L1(0,T; L*(Bo(d + T + 1))).

By the energy estimate (3.1), u, v are bounded, both in L>°(0, T; H'(R?)) and
H([0,T] xR3). Then u, v belong to a compact set of C([0, T]; L*(Bo(6+T+1)))
via the Aubin—Lions lemma [24]. By the growth condition on f, we have

I1f(z,u) — f(2, )|l (b, e47502(Bo (5+T+1)))
SO+ [ulP~" + [hP~ ) (w = Bl L1 47502 (Bo (5+T+1)))
<O(1+ HUHLoo tt4+TL6(R3)) T Hh”Ls R3) Mw =Bl L@ egrpora-m (Bo(5+7+1)))

and

[ f(x,v+h) = f(@, h)||L1 e e41:02(Bo(5+T+1)))
SOOI+ P+ b~ + [P0l L arri2 (Bo(5+741))
<O(1+ v+ hHi:cl(t,HT;Le(Rs)) + ||h||L6 R3) Mol Lo e snor @9 (Bo (6474 1)) -
Due to the continuous embedding
L>(0,T; L) n LY ®=2) (0, T; L'?/U=P)y s L1(0, T LS/ 7P,

it is easy to see that f(-,u) — f(-,h) and f(-,v+h) — f(-q,h) are compact in
LY0,T; L*(Bo(6 + T + 1))). O

Consider the w-limit set of the absorbing set %, (obtained in Lemma 4.1),
without loss of generality, assume that % is positive invariant, then w(%y) =

N S(t)%y. From (4.7) and Lemma 4.1, for any ¢ > 0, there is t. > 0 such
>0

that the set S(t)%, admits a finite covering of radius e > 0 as t > t.. Hence
w(%Byp) is compact. Proposition 4.2 has been proved. Consequently, the existence
of a global attractor for (1.1) is guaranteed, i.e. the proof of Theorem 4.2 is
completed. O
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