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ON A CLASS OF QUASILINEAR ELLIPTIC PROBLEMS
WITH CRITICAL EXPONENTIAL GROWTH
ON THE WHOLE SPACE

Jost FRANCISCO DE OLIVEIRA

ABSTRACT. In this paper we prove a kind of weighted Trudinger—Moser
inequality which is employed to establish sufficient conditions for the exis-
tence of solutions to a large class of quasilinear elliptic differential equations
with critical exponential growth. The class of operators considered includes,
as particular cases, the Laplace, p-Laplace and k-Hessian operators when
acting on radially symmetric functions.

1. Introduction

In this paper we deal with a general class of quasilinear operators in radial
form which includes perturbations of p-Laplace and k-Hessian operators. Let us
first consider the following p-Laplace equation:

(1.1) div(|VulP2Vu) + f(u) =0 in QCRY, wypg =0.

In the seminal work [20], Gidas, Ni and Nirenberg proved that all positive so-
lutions u € C? of the above problem are necessarily radially symmetric when
p=2, f € Ctand Q = By is the open ball with center 0 and radius R > 0 in
RN, N > 2. Also, in [21], they proved symmetry of solutions when Q = RY,
N > 3, is the whole space. This kind of results for p # 2 was established by
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Felmer et al. in [19] and Damascelli et al. in [7], [8]. In view of this, if Q = Bp,
for a wide class of nonlinearities f we can reduce problem (1.1) to the following:

(1.2) PN EN T P2 4 f(u) =0 in (0, R),  u/(0) = u(R) = 0.

Another interesting problem investigated in this paper concerns the k-Hessian
equation

(1.3) Si(D*u) + f(u) =0 inQCRY, wupg=0,

where 1 < k < N and Sk(Dzu) is the the sum of all principal k& x k& minors of
the Hessian matrix D?u, see [28]. For instance, S1(D?*u) = Au and Sy (D?u) =
det (D?u) is the Monge-Ampere operator. As noted in [22], when = Bpg is
an open ball in RY and f satisfies suitable conditions, the Alexandrov-Serrin
moving plane method [27] used in [20] extends to (1.3) (see [11] for the Monge—-
Ampere case) reducing it to following equation:

(1.4) PN EN R )P f(u) =0 in (0,R),  u/(0) = u(R) = 0.

Therefore, under the previous discussion, for a wide class of functions f all of
the above problems are special cases of a more general family of problems

O o P 4 f(ru) =0 for 7 € (0, ),
(1.5) u>0 for r € (0, R),

where certain conditions are to be imposed on the parameters «,p and 6. In
recent years, several authors [5], [10], [17], [23], [24] have studied this class of
problems under different conditions on parameters a, p and 6 and on the nonlin-
earity f. In [5], de Figueiredo et al. introduced suitable function spaces to study
problem (1.5) variationally. In particular, a critical exponent was found which
allows to treat the Brezis—Nirenberg type problem [4]. More recently, in [17] the
existence of non-trivial solution was established when f has critical exponential
growth that represents the counterpart to [5].

All foregoing results on problem (1.5) were established for the bounded case
R < 0o. The main goal of this article is to study the class of problems (1.5)
for critical exponential growth on the whole space, that is, R = 4oc0. In order
to formulate our results, let us present the framework for the function space
setting suitable to study these problems. Let X}%’p (v, 8), or more simply Xg, be
the weighted Sobolev spaces defined as follows: For 0 < R < oo and 6 > 0, let
L{ = L}(0, R) be the weighted Lebesgue space defined as the set of all measurable
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functions u on (0, R) for which

R 1/q
(we/ T9|u(r)|qdr) <oo ifl1<g<oo,
lullg = 0

esssup |u(r)| < oo if ¢ = o0,
0<r<R

where wy is a normalising constant defined by

2 (0+1)/2 0o
T ; with F(x):/ t7=le=t gt.
0

(16) Wy = m

Let ACioc(0, R) be the collection of locally absolutely continuous functions in
(0,R) and denote by W (a,6), with p > 1 and o, > 0, the space of all
u € ACioc(0, R) such that v’ € L?, and uw € L§. The weighted Sobolev space
W}c’p has a Banach property equipped with the norm

(1.7) lullyre = (I, + [l )2
In this way, X ;7 (a, ) is the closure of the set

X={ue W}%’p(a,e) : lim u(r) =0},

r—R

under the norm (1.7). As noted in the previous papers [12], [13], [17], we can
distinguish two cases with particular characteristics:

a—p+1>0 (Sobolevcase) and a—p+1=0 (Trudinger-Moser case).

In this paper we are interested in the study of Trudinger—Moser case when
R = +o00. However, firstly we discuss (briefly) some results for the case R > 0
finite which will be used for our purpose. As a consequence of a Hardy-type
inequality [5, Proposition 1.0], for the Sobolev case, we can prove continuity of
the embeddings

(1.8) XpP(a,0) = LY ifge (1,p*] and min{f,v} >a —p,

where p* := p*(a,p,v) = (v+ 1)p/(a — p+ 1) is the Sobolev critical exponent
for this class of spaces, see [5]. Also, the embeddings (1.8) are compact if ¢ < p*.
On the other hand, in the Trudinger—Moser case we have compactness of the
embeddings

(1.9) XpP(,0) < LY forall ge (1,00) and v > 0.

For this case, p* ~» oo (formally) which suggests that X C L°, but it is not true
(see [12]). Consequently, the question arises to determine the maximal growth
for a function g such that g(u) € L. whenever u € Xg. To answer this question,
in [12] there was proved a Trudinger—Moser type inequality (see, [26]) for spaces
X g which ensures that exponential growth is available. More precisely,
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THEOREM 1.1. Let 0 < R < oo, a« > 1, 8,v > 0 be real numbers and
a—p+1=0. Then, for any p >0 and u € X}{p(a,G) we have exp (plul?’) € LY.
Moreover, there exists ¢ > 0 depending only on a,p,v and R such that

R , )
(1.10) sup / Ferlel” g, <c z.fu < tau,
ull g <170 =00 ifp> Mo,y

where iy, = (V+ 1)0-2;/0( and p' =p/(p—1).

In [17, Theorem 1.2], the authors offer a complete answer proving that the
exponential growth is optimal. Moreover, in view of (1.10), we have the continu-
ity of the embedding Xp < L4 (v), where L4 (v) is the a weighted Orlicz space
defined by the Young function A(s) = exp(|s[?’) — 1. However, this embedding is
not compact, as showed in [17, Corollary 2.1]. So, in this sense the exponential
growth is critical for the study of this class of problems (1.5).

At this point we turn our attention to the case R = +o0o0. Note that R > 0 is
finite in Theorem A and, thus in order to study problem (1.5) for critical exponen-
tial growth on the whole space, we must prove a corresponding Trudinger—Moser
type inequality. For this purpose, let us denote

ko—2 k
(1.11) o(s) =¢° — Z %, with kg = min{z € N: z > p}.
k=0

We shall prove the following weighted Trudinger—Moser inequality

THEOREM 1.2. Suppose 8 >0, « > 1, p=a+ 1 and ¢ is defined in (1.11).
Then, for allu € XLP(a,0) and p > 0 we have (ulul?") € Lh(0,00). Moreover,
if llullz < M and p < pap = (0 + 1)wi/a, then there exists ¢ > 0, independent
of u, such that

sup / ro(ulul”) dr < c.
lwllpp<1Jo

We observe that this kind of Trudinger—Moser inequality has been investi-
gated by several authors for the classical Sobolev spaces W~ (R™V). The pioneer
work is due to Cao [6], for N = 2, which was extended by do O [16] to N > 3
and, more recently, in the presence of a singular term by de Souza [14].

In this note we apply the above result to establish existence of non-trivial
weak solution for the class of quasilinear elliptic equations (1.5) when f has
exponential growth on the whole space. More specifically, we shall consider the
problem
(1.12) =0 [ [PPu) + V() ufPPu = f(ru), w> 0 in (0,00),

i ulr) =0
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where we assume that the parameters satisfy
(1.13) a>1l, >0 and a—p+1=0

and some conditions on the functions V and f are imposed. Namely, V': [0, 00) —
R is a continuous function satisfying:

(V) for some Vy > 0, we have V(r) > Vj for all r > 0,
(V2) V(r) — oo as r — oo (coercive);

and concerning f: [0,00) X R — R we assume that

(f1) it is continuous and there exist positive constants g, a; and ag such that
£ (r )] < axulP™" + azp(polul™),

where ¢ is given by (1.11),
(f) there exists a constant ¢ > p such that, for all r € [0,00) and u > 0,

0 < qF(r,u) <uf(r,u), where F(r,u)= / f(r,s)ds,
0
(f3) there exist positive constants L and My such that
0 < F(r,u) < Myf(r,u) for all r € [0,00) and u > L,

(f4) for I' as in (1.6), there exists p > 0 such that

0 +1)eS (0+1\7"
G B U VS (R A L
u—oo0 ehto|ul? P +1 o

0+1

P I'(p+1)
V(s).

ESAFESE: i

with S, =

uniformly on compact subsets of [0, c0).

Now, we consider the subspace E C X%P(a, ) given by

E= {u € X1P(a,0) : / OV (r)|ulP dr < oo}
0
endowed with the norm
o0 o0
% = / r|u’|P dr +/ OV (r)|ulP dr.
0 0

From (Vi), E is a Banach space continuously embedded in X1? and, further-

more,
(114) A1 ::Al(a,p,H,V)
/ r|u’|P dr —|—/ OV (1) |ulP dr
= inf 0 20 > Vo > 0.
ueE\{0} / Tg\u|p dr
0

Now, our existence result reads as
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THEOREM 1.3. Suppose (V1)—(Vz) hold and f satisfies (f1)—(f4). Further-
more, assume

F
(1.15) lim sup 22 )

Ful? < A1 uniformly in r € [0, 00).
u—0t

Then, problem (1.12) has a non-trivial weak solution.

It is worth to emphasize that this type of existence result was established by
do O [16] for the N-Laplace operator in the context of classical Sobolev spaces
WY (RY). Some extensions of do O’s result can be found in [1], [14], [18], [25]
and references therein. Our results improve and complement those results by
considering non-integer parameters «, 8 and including the k-Hessian operator.

REMARK 1.4. In accordance with (1.2) and (1.4), our assumption on param-
eters (1.13) allows to include the p-Laplace operator for p = N > 2 and the
k-Hessian operator for k = N/2.

We organize this paper as follows: In Section 2 we prove some preliminary
material on the spaces Wll%’p , Xr and F including extensions of the embeddings
(1.8) and (1.9). In Section 3, we establish a Trudinger—Moser type inequality
on the whole space, see Theorem 1.2. In Section 4, we give the variational
formulation of problem (1.12) and show that the associated functional satisfies
the conditions of the mountain-pass theorem due to Ambrosetti-Rabinowitz.
Finally, the proof of existence result stated in Theorem 1.3 is given in Section 5.

2. Weighted Sobolev embedding

This section is devoted to proving some preliminary results on the weighted
Sobolev spaces W};’p , X }1%”) and E. Throughout this section we shall assume that
the parameters «, 8, v are non-negative and p > 2. We start by establishing the
existence of an extension type operator.

LEMMA 2.1. Let 0 < L < oo satisfy L > 2R. Then there exists a linear
extension operator

T: WEP(e,0) — X7 (a,0)
such that for any u € W}{’p(a,Q), we have Tu = u in (0,R) and suppTu C
[0,2R). Furthermore,

(2.1) [Tullys0 < Clullyre
where C' > 0 depends only on a,p, R and 6.

PROOF. Fix an auxiliary function n € C'[0,00), 0 <7 < 1, such that

1 if0<r< R/,

n(r) =
0 ifr>3R/4.
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Given u € WP (e, 0), set vi,v9: [0, L] — R be defined by

nu if0<r <R,

vi(r) =
0 fR<r<IL,
and
1-n)u if 0 <r <R,
va(r) = ¢ (1 = (2R —r))u(2R —7r) if R<r <TR/4,
0 if TR/4<r<L.

Clearly v1,v9 are locally absolutely continuous functions on [0, L] and v1(L) =
ve(L) = 0.

Set Tu = v + v3. By construction, T is a linear operator and, obviously,
Tu = u on (0,R) and suppTu C [0,7R/4]. It remains to prove (2.1). Since
0<n<1andv; =0on (R, L], we obtain

L R
(2.2) / O |vy|P dr < / 70 |ulP dr.
0 0
Moreover,
L R TR/4
(2.3) / 0 |vg|P dr < / 70 |ulP dr + / r|u(2R — r)|P dr.
0 0 R
Since s +— (2R — 5)? /5% is bounded on (R/4, R), making the change s = 2R — r
we get

TR/4
(2.4) / r9|u(2R —r)|Pdr
R

R R
= / s (2R — 5)?5%|u(s)|P ds < C’/ s%|ulP ds.
R/4 0

Combining (2.4) and (2.3), we have
L R
(2.5) / 70 |vg|P dr < C’/ 70 |ulP dr.
0 0
From (2.2) and (2.5),

(2.6) [Tullzz 0,2y < Cliullzzo.r)-

On the other hand, using [v] [P < 2P(|n'ulP 4 |nu/|P) on (0, R) and v} (r) = 0 for
r > R, we obtain

L R
/ Pt P dr <27 / Pl ul? + ) dr
0 0

R R
:27’(/ ro‘_9|n’|pre\u|pdr+/ [n|Pre|u|P dr).
R/4 0
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Thus, since r +— r*~?|n/| is bounded on (R/4, R), we get

(2.7) [villzz0,2) < Cllully -

Analogously, [v4P < 2P(|n'ul? + |(1 — n)u'|P) on (0, R), v4 = 0 for » > TR/4 and
o[” < 27(|n' (2R — r)u(2R — 7)|P + (1 = n(2R — r)u' (2R = )|?)

on (R,7R/4). Therefore, arguing as in (2.4) and (2.7), we can write

(2.8) 03]z 0,0y < Cllullyne-

Finally, using the definition of T and combining (2.6)—(2.8), we obtain (2.1). O

LEMMA 2.2. Let R > 0 be finite. Then:

(a) Ifa—p+1 >0 andmin{f,v} > a—p, we have the continuous embedding
WyP(,0) < L(0,R) for any q € (1,p*]. Further, in the strict case
1 < g <p* it is compact.

(b) Ifa—p+1=0, we have the compact embedding W}%’p(a, 0) — L1(0, R)
for all g € (1,00).

Proor. Fix L such that 2R < L < oo. Let T be the linear extension
operator given by Lemma 2.1. Using (1.8) and (1.9), under these assumptions
in either case (a) or (b), we can consider the following chain of operators:

Wi (o, 0) 5 X, (@, 6) —-+ LI(0, L),

where i is the inclusion operator. Since i o T'(u) = w on (0, R), the result follows
from (1.8) and (1.9) again. O

LEMMA 2.3. For any u € X1P(a,0), we have
[u(r)] < % |ullyyap  for allr >0,
where x = (a+ (p — 1)8)/p* and C > 0 depends only on a,p and 6.
PROOF. By density, we can assume u(r) — 0 as r — oo. Thus, for p > 2
)l = =p [ WGl us) ds.
Hence, from Young’s inequality, '

lu(r)? Sp/ s~ o/p=0/p' (s/P|u(s) - se/p'|u(s)|p*1) ds
SpriO‘/P*WP'/ sa/p\u’(5)| . Sa/p’|u(s)|p,1 ds

, (eS) al,,! P 6 p
<pretr-ars [ ( W), s lu(s) ) o

p P’
SO,,,*Q/P*G/ZJ’(Hu/”ig + Hu”ig)

which completes the proof. O
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LEMMA 2.4. Suppose R = oco. Then:

(@) fa—p+1>0 and 8 > a — p, we have the continuous embedding
XLP(a,0) < L for any q € [p, p*]. Moreover, in the strict case p < q <
p* it 1s compact.
(b) Ifa —p+1=0, we have the continuous embedding X P («,0) — L for
all g € [p,00). In the strict case q > p, this embedding is compact.

ProoF. From Lemma (2.3), given L > 0 (finite), we can write for any
ue XLP

C C
(2.9) lu(r)| < ~ [ullyae < I~ [ullyyrr forallr>L,

where x > 0. Thus, for all ¢ > p,

(oo} Cq—p _ oo
we O lu|? dr < [|lu Hq P we o |ulP dr ).
I Lla—p)x .

Hence, since wy [~ r°|uP dr < Hu||€vl,p7 it follows that

[o ] Cq—
(2.10) o [ hultdr < o Tl

for all ¢ > p. We proceed with showing continuity of the embeddings. Obviously,
we have the continuous embedding X 17 («, ) < LP. Thus, we can assume ¢ > p.
Using Lemma 2.2, there exists C' > 0 such that

(211) < C”u”q 1p7

ol 0.1

where 1 < ¢ <p*ifd >a—pand a—p+1 >0, and for 1 < ¢ < oo when
a—p+1=0. Under these conditions, combining (2.10) and (2.11), we obtain

ol oy < Cllulfy

for some C' > 0. This completes the proof of continuity. In order to prove
compactness we will show that, up to a subsequence, u,, — 0 strongly in L (0, co)
whenever u, — 0 weakly in X;P(a, ). The weak convergence gives ||un 1.0 <
¢ for some ¢ > 0. Thus, fixed ¢ > p, from (2.10), given € > 0, we can take Ly > 0
such that

(2.12) / 7 |u, | dr < g for all n € N.
L

0
On the other hand, since that the restriction operator u — u(g,1,) is continuous
from X1P(a, ) into WLlép(a, 6), we also have that u,, — 0 in Wng)p(a, 6). There-
fore, due to compactness of the embeddings in Lemma 2.2, we can take ng for
which

Lo
(2.13) / %, | dr <
0

for all n > ng,

w\m
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where l < g<p*ifd >a—panda—p+1>0,andl <g< xwifa—p+1=0.
Hence, combining (2.12) and (2.13), we get the result. O

We observe that inequality (2.10) holds under the strict condition ¢ > p.
Thus, we cannot conclude that the embedding XXP(a,0) — L} is compact
when ¢ = p. However, for subspace E C X1P(a,6) the compactness holds for
p = q. Namely,

LEMMA 2.5. Suppose (V1)—(Vz) hold. Then:

(a) Ifa—p+1>0 and 6 > o —p, we have the compact embedding E — L}
for any q € [p,p*).

(b) If « —p+1 = 0, we have the compact embedding E — Lj for all
q € [p,00).

PROOF. Due to continuity of the embeddings E < X 1:P(«, §) and Lemma 2.4,
we have the result for the strict case ¢ > p. We will restrict our attention to the
case p = q. Let (u,) be a sequence in E so that u,, — 0 weakly in E. It follows
that ||un||g < c for all n € N. From (V3), given € > 0, it is possible to choose
Ly > 0 such that V(r) > 2¢P /e for r > L. Therefore,

e e [ 5
(2.14) / 70|, [P dr < — OV () un|P dr < =.
Lo 2cP Lo 2

Now, applying continuity of the embedding E < X1P(«, ) and of the restriction
operator u — uj(,r,) from XLP(a,0) into WLlf(a, ), we get u, — 0 weakly in
Wéf(a,@). But, in both cases (a) and (b), compactness of the embeddings in
Lemma 2.2 implies (note that, by definition, 8 > « — p gives p < p*) that

(2.15) / 70|, [P dr < 3 for all n > ny,
0

for some ng. Combining (2.14) and (2.15), we get the result. d

3. A Trudinger—Moser type inequality

In this section, we prove the Trudinger—Moser type inequality stated in The-
orem 1.2. We have divided the proof into two lemmas.

LEMMA 3.1. Let R > 0 be finite. Then erlul” ¢ Ly(0,R) for any u €
X1P(a,0) and p > 0. Moreover, if p < piap and ||t/||zr <1 and ullzy < M,

then fOR rlerlul” dr < ¢ for some ¢ > 0 independent of w.

PROOF. Let us begin by recalling the following two elementary inequalities:
For p > 2,4 > 0 and p’ and 4/ such that 1/p+1/p’ =1 and v+’ = 1, we have

(3.1) (s+ 1) < s +p's/P D4 forallt,s>0,
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and for any € > 0
(3.2) s7t <es+ e/t for all t,s > 0.

Now, given u € X1P(a,0) and R > 0, the function v(r) = Uj o p (1) — u(R) for
0 <r < Rissuch that v € X}%’p(a, 6). From (3.1), we get

[u(r)l” < [o(r) [P+ pJo(r) [/ PP u(R)| + [u(R)[P" for all r € (0, R),

and by (3.2)
1/(p—1) _ l P’ Y /1/(p—1) p'\1/p'
o) = (L) e )
—1/(p—1)
g ’ I /
<l + (p) (R

It follows that

u()[” < 1+ ) + clu(R)|”,
where ¢ = ¢(g,p). Hence, from Lemma 2.3
(3.3) u(r)[P" < (1 + o)) + CHUH"';/V;C,W

where c¢ is independent of u. Hence, from Theorem 1.1 and (3.3)
i o clul?,, [ o
(3.4) / el dr <o wik? / PP+l ™I gr < 0o for all > 0.
0 0

If 4 < pa,9, we can take € > 0 such that u(l + ) < pq9. Moreover, since

v = on (0,R), we get [[V'|ro.r) < v]lzr0,00) < 1. Therefore, using
Theorem 1.1 and (3.4), for p < pa,e, [[u'|lz < 1 and |lul[pz < M we obtain

fOR rferlu(I” dr < ¢ for some constant c independent of u. O

LEMMA 3.2. Suppose R > 0 is finite. Then, for any > 0 and u € X1P(a, 0)
we have p(p|ul?’) € LY(R,00). Moreover, if W[z <1 and [lullLr < M, then
I= P o(p|ul?") dr < ¢, where ¢ does not depend on u.

PROOF. Fix an arbitrary element v € X1:P(c,0). From Lemma 2.4 (b), we
have u € L for any ¢ > p. Thus, the monotone convergence theorem implies

[e’e) oo k o)
[retuaryar= 35 G [t ar
R k=ko—1 YR

ko—1 o0 (ko—1)p ko oo
- - '/ 7 |ul = dr—l—L'/ 70| For/ (P=1) gy
(ko — 1! Jp kol Jg

o) k oo
o p/ (p—
+ E F/R 70 ulFP/ =) d,
k=ko+1
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Now, by definition of kg, we have kop’ > (ko — 1)p’ > p. Then, the embeddings
n (b), Lemma 2.4, imply

< o / prot (ko—1)p’
p 0~
(35) /R r (p(l"/|u| )d?” S 1 (kO . 1)' ||U’||W015P

Fal i, + >0 [ e ar

kk+1

Also, from Lemma 2.3,
> o0
/ PO u(r)|FP/ D) dr < (Cfu| o) B/ D / —xkp/(p—1)+0 g,
f R

Now, for any k& > kg + 1 we have k > p + 1. Thus, by the definition of y with
a=p-—1, we get

kpx P41 = (9+1)(1—k) <0, (9+1)<k—1) > (9+1)(p+—1) > 0.
p- P P P
Hence, for R > 0,

o 1 1 C
p—Xkp/(P=1)+0 g, — <
R 0+ 1)(k/p—1) RO+D(*/p=1) = RO+1k/p’

where C depends only on p, 6 and R. Using (3.5), we get

(ko—1)p’
5P
s

o) [ elulul)dr < e
R

Mk()*l
(ko = 1)
’ k
ko = (u(Cllullyyr)? R EFV/P)
k W3
_’_027”“” o ez Y o
k=ko+1

which proves the lemma. O

PROOF OF THEOREM 1.2. For any u € X1P(a,0), u > 0 and R > 0, we

have
o0 / R / o0 ’
|ttt yar = [ty dr [l ar
R o oo ,
S/ e g 4 / o (plulP") dr
0 R
and the result follows directly from Lemmas 3.1 and 3.2. (]

4. The variational formulation

This section is devoted to variational formulation of problem (1.12). In
particular, we prove that the associated functional satisfies the geometry of
mountain-pass theorem of Ambrosetti-Rabinowitz [2] and we estimate the mini-
max-level. Firstly, since we are looking for non-negative solutions, it is convenient
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to define f(r,u) = 0 when u < 0. From (f;), there are positive constants ¢ and
w1 for which

(4.1) |F(r,u)| < cp(pr|ulP’)  for all (r,u) € [0,00) x [0,00).

Therefore, by Theorem 1.2, we get F(r,u) € L}(0,00) whenever u € X1P(a,0).
Thus, the functional J: E — R given by

_ Ml [
J(u) = r’F(r,u)dr
p 0

is well defined. Moreover, using standard arguments (see [3, Theorem A.VI] and
[18, Proposition 1]), we see that J is a C! functional on E and

oo
J (u)v = / ! P20/ dr + /
0 0
Consequently, critical points of the functional J are precisely the weak solutions
of (1.12).
The next result concerns the mountain-pass geometry of J, it is a consequence
of (V1), (f;)—(f3) and (1.15).

oo

o0
TGV(T)‘UP_qudT —/ rgf(r, w)v dr.
0

LEMMA 4.1. The functional J satisfies the following conditions:

(a) For any u € E \ {0} with compact support and u > 0, J(tu) — —oo as
t — oo.
(b) There exist 6,p > 0, such that J(u) > 6, if |[ul|g = p.

PrOOF. (a) From (f3) and (f3), for ¢ > p, there exist ¢; and ¢y for which
F(r,s) > c18% — cq, for any r € suppu and s € [0,00). Hence

tP || ul? o
J(tu) < 7||UHE —cltq/ roud dr—l—cz/ r? dr
p 0 supp u
which gives the result.

(b) Firstly, we prove that given ps > 0 and ¢ > p, there exists ¢ > 0
depending only on «, p, 6 and us such that

(4.2) / Pl otz uf? @) dr < clfull,
0
assuming that ||u||g < M holds for M sufficiently small. Indeed, for any R > 0
(4.3) / izl @) dr
0

R oo
_ / 0l ol D) dr + /R o gz P! D) di.
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The Holder inequality gives

R n /
/ rul "o (paful”) dr S/ P |ulder2l” dr
0 0

R , 1/n R , 1/n'
([ e a) " ([ et
0 0

with o’ =n/(n—1), n > 1. Arguing as in (3.4), Lemma 3.1, we get
R , R Jip! , ’
/ 0 enmzlul? dr:/ 0w I (ul /Nl )™ o <c
0 0

for any ||ul|p < M, if M is small such that nusMP? < . Thus, using the
continuity of the embedding £ — L} it follows that

R
(4.4) / Pl (palul?’) dr < clullt.

Moreover, for k > ko — 1, using Lemma 2.3 and the embedding E < XLP, we
get

/Oo 70 u| |/ PV dr < (c||ul|g)*P/ 1) /Oo P XkR/(P=1) 01 )4 g
R R

kp/(p—1) S
< <C||U||E> (/ 70 |ul? dr).
ST -

Thus, choosing ||u||g < M, with M such that ¢cM < 1 and R > 1, the embedding
E < L} implies

/ 70| u| P/ P dr < Cful|4,  for all k > ko — 1.
R

Hence
o0 ’
45 [ il ar
R
[e'e] ’uk oo
£ [t ot
k' Jp

k=ko—1
Combining (4.3)—(4.5), we obtain (4.2).
Now, by (f1) and (1.15), there exist A < Ay and g, ¢ > 0 such that

A
F(ryu) < = [ul? + clu|9p(ue|uP/ =YY for all (r,u) € [0,00) x R.
p

Therefore, from (4.2) and using the definition (1.14), we can write
[l /OO o ( )|U||p
J(u) = —& — r’F(r,u)dr > (1 — a
(W) == ; (ru) A cllulls-
Since ¢ > p and A < A;, we may choose d, p > 0 such that J(u) > § if |Jul|g = p.




QUASILINEAR ELLIPTIC PROBLEMS WITH CRITICAL EXPONENTIAL GROWTH 543

Now, in order to get a more precise information about the minimax level
obtained by the mountain-pass theorem, we consider the Moser’s sequence

log®=D/P if r < p/n,
(46) valr) = § (log(p/r))/(log""n) i p/n <7 < p,
0 ifr > p.

We observe that in order to have a less cumbersome notation for the sequence
(vn) we have omitted in it its dependence on p. For any p > 0, we have v, €
XLP(a,0) and [;° r*|v},|P dr = 1. Next, we summarize some useful properties
of Moser’s sequence.

S 941
. 0, . P 1 (T(p+1) 1
<1>/0 o P dr 9+110gn((9+1)p+on<> .

Indeed, we have

o0 1 [logPn pft! P p\?
Oy, |P dr = (10gZ ) @
/0 rfon|” dr logn<n9+1 911 +/p/nT o)

and making the change of variable s = (6 + 1) log(p/r), we get

+1

' p\" Pt logn®
£ — D5
/p/nr <logr> dr_(@—l—l)p“/o sPe™%ds

P! 00
= _(rp+1) - Pe—s
(0 + 1)p+1 ( (p - ) /logn9+1 e ds)

which implies (i).

(ii)/ POV (1) o P dr < 2
0

1V (T(p+1)
041 logn

G + On(1)>7

with V = max V(r).
r€[0,p]

_ _ 1 (e o) oo
(iii) [lvn 5" :1771/ TGV(r)|vn1’dr+on</ rGV(r)|vn|Pdr>.
p—=LJo 0

We have |[v, ||, =1+ [;° 7’V (r)|v,|P dr and from (ii) the last integral goes
to 0 as n — oo. Thus, using that g(t) = ¢g(0) + ¢’(0)t + o(t), as t — 0 for
g(t) = (1 +)~V®=1 we get the result.

(iv) Let wy, = vy /||vn||E. Then, there exists a sequence (d,,) satisfying
wﬁ/(p_l)(r) =logn+d, forr<p/n,
(4.7 dy/logn — 0 as n — 0o,
liminfd, > -S,/(0+1),

where .
PPHT(p+1)

TN

S, =
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Combining (ii) and (iii) and (4.6) , we obtain (4.7).

(v) Set oy, = ||vn||g. Then, we have o, — 1, as n — oo, and
o-1
(4.8) L= lim (60 +1)o, logn/ (7T —ans)(0+1) logn go >
n— o0 0
Note that 0% = 1+ [ r?V(r)|v,|P dr. Thus, from (i), o, — 1, as n — <.
Moreover, for any n,

-1

0+ 1)oy, 1ogn/ TPV —o,8)(0+1) logn g
0
o1
> (0+1)o, logn/ e son(0+D)logn gg _ 1 _
0

1
e(0+1)logn

from which there follows (4.8).

LEMMA 4.2. Suppose that (V1), (f1)—(f4) and (1.15) hold. Then for n large
enough and suitable p > 0

p—1
max{J(twn):t>O}<;<0:;1> ,

where w,, is the normalized Moser’s sequence given by (iv).

PRrOOF. Choose p > 0 as in assumption (fy) and by such that

. olul” 0+1)e% (0+1\"""
(4.9) u];n;ouf(r,u)e tolul 2bo>< p0+)1 ( " )

uniformly on compact subsets of [0,00). For v, in (4.6) corresponding to the

choice of p in (4.9), let w, = v,/|v.||lr be the normalized Moser’s sequence.
Suppose, by contradiction, that for any n € N

1 Pt
max{J(twn):t>0}>p<0:;1) .

From Lemma 4.1, for each w, there exists a corresponding t,, > 0 such that
J(tnwy) = max {J(tw,) : t > 0}. Thus, using that F'(r,u) > 0 and the definition
of J, we can write

0+1\"""
(4.10) "> ( ha ) .
Ho
On the other hand, using that ¢,, is a maximum point of the function t — J(tw,),
we get
o0 P

(4.11) th = / retnwnf(r, towy,) dr = / retnwnf(r, tpwy,) dr.

0 0

From (4.9), given € > 0, there exists L. > 0 such that for any r € [0, p]

(4.12) wf(r,u) > (b — &)el™” ™ for any Ju| > L.
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Therefore, for n large enough (4.11) and (4.7) imply

‘p/(p—l)

p/n
(4.13) > (by — 5)/ 0 aholtnwn dr
0

pln 0 _potn?’ P~ (log n+d,)
=(by —¢) rYeHotn ~) dr
0

0-+1
= (by — ¢) L ohotn® @D (log ntdn)—(0+1) log
0+1
Hence, we have
P0+1 H
4.14 1> (bg— "
(414) > (b —¢) o',

where
H, = potnp/(pfl)(logn +d,) — (0+1)logn — plogt,.

Now, we conclude that (¢,) is bounded. Indeed, otherwise, up to a subsequence
H,, — 400 which contradicts (4.14). Moreover, using (4.13),

0+1 ,
P P —1—0) log n+pott/ P4
P > (by — ) L olpoty g n+pot] n
nz(bo—e)gge
which implies (up to a subsequence)
0+1\""
(4.15) th — ( i ) , asmn — oo.
Ho

Next, we shall estimate ¢ by means of integral in (4.11). For this, let 4,, = {r €
[0, p] : thwy(r) > L} and By, = [0, p] \ A,,. Combining (4.11) and (4.12), we can

write

4 ’
(4.16) t? > (bg ,5)/ 0 aroltnwnl? g0,
0

),

Notice that w, — 0 and the characteristic function 1p, converges to 1 almost

Ot wn f(r, tywy) dr — (bo — 5)/ rferoltnwnl” gy,
B,

n

everywhere in [0, p]. Thus, the Lebesgue dominated convergence theorem implies

lim rtnwn f (7, tywy) dr = 0,
n—oo Bn

(4.17) / o+t
lim pOeoltnwnl” g — P

Also, using (4.7) and (4.10),

(4.18) /p rOeoltnwonl” gy > /P OO+ D wal” g
0 0

p/n p o
:/ T96(0+1)(10gn+dn)dr+/ @+ D)]wal® 1.
0 p/n
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and again by (4.7), we obtain (up to a subsequence)

p/n o+1 o+1
/ e+ (logntds) g — P (0+D)dn 5 P =S,
| 0+1 “0+1

Moreover, using the change of variable s = (log(p/r))/0o, logn we can write

0+1

14 ’ Tn
/ PO+ D |wnl” 7. p o877V —o,5)(0+1) logn g
p/n 0+1

@+ 1o, logn/

0

Hence,
0+1

P ’
/ rOe@+Dwnl” g, P
o/n 0+1

where £ > 1 is given in (4.8). Letting n — oo in (4.16) and using (4.15), (4.17)
and (4.18), we obtain

L, asn— oo,

0+1 p—1 pa+1 s p9+1 s
> (bo — TP+ L—1) > (by — o
(Z2) 2t p etz t-o g
which implies that
(0+1)eS (64+1\P"
(4.19) by < s o .
This contradicts to (4.9), and the proof is complete. t

5. The existence of solution to problem (1.12)

This section is devoted to the proof of Theorem 1.3. As mentioned earlier,
the approach here is variational and relies on the mountain-pass theorem [2].
Indeed, in view of Lemma 4.1, we can apply the mountain-pass theorem to get
a sequence (u,) C E verifying

(5.1) J(up) = ¢ and J'(u,) =0 asn — oo,
where the level ¢ is characterized by

= inf J(v(t) > 6
¢= inf max (v(t)) =

and ¥ = {y € C([0,1], E) : v(0) = 0, J(v(1)) < 0}. According to (5.1),
(5.2) |[J(un)| < C and  |J' (up)v| < epllv||p forallv € E,

where &, — 0 as n — oco. From (f2) and (5.2), we have

C+enllunlle > |J(un) — J/(un)un|

> (Z - 1) ”Un”% + Aw Te[f(r7 un)un - qF(Ta un)} dr = (Z - 1) ”u””%

Thus, since ¢ > p, we get

lunlle < C, / r f(r,un)u, dr < C and / r?F(r,u,) dr < C.
0 0
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Now, using the uniform convexity of the space E and compactness of the em-
beddings in Lemma 2.5, we obtain

Uy — U weakly in F,
(5.3) Uy — U in L,

un(r) = u(r) a.e. in [0, 00).

Moreover, arguing as in [17, Lemma 5.5] (see also, [9], [15]), for any R > 0 we
have

f(ryun) = f(r,u) in L}(0, R),
(5.4) ul, (r) = u(r) a.e. in (0, R),

|ul,[P~2u!, — |u'|P~2u’  weakly in LE (0, R).

From (5.2), J'(u,)v — 0 as n — oo. Thus, (5.4) imply

/ ra|u’|p*2u’v’dr+/ TQV(T)|u|p*2uvdr:/ r f(r,w)v dr
0 0 0

for all v € E. Hence, u is a weak solution of (1.12). It remains to show that u
is non-trivial. Assume, by contradiction, that u = 0. From (5.4), there exists
g € Lj(0, R) such that | f(r, u,)| < g almost everywhere in (0, R) and (f3) implies
that F(r,u,) < My + Mo f(r,u,) almost every in (0, R) for some M; > 0. Thus,
by the generalized Lebesgue dominated convergence theorem, F(r,u,) — 0 in
L§(0, R). Now, combining (f;)—(f2), we can write

o0 o0 o0 ,
(5.5) / TQF(’I“, up)dr < ¢ / r9|un|p dr + 02/ r9|un|4p(u0|un|p ) dr.
R R R

From (5.3), the first integral on the right-side goes to 0 as n — co. Moreover, as

in Lemma 3.2

o0 , k‘()—l o0
(5.6) / 7n9|un‘90(/‘0|un|p ) dr = L / 709‘un|p(ko_1)/(p_l)—i_1 dr
R (ko —1)! Jp
ko e’} oo k fe%e]
+ %/ 7“9|un|pk°/(p_1)4rl dr + Z %/ re\un\pk/(p_l)H dr.
0 JR k=ko+1 = R

Now, by definition of kg, we have kop’ +1 > (kg — 1)p’ +1 > p+ 1. Then,
compactness of the embeddings in Lemma 2.5 implies (up to a subsequence)

(5.7)  lim 70|y, [PRo =1/ (P=D+L g — Jim 70|,y [PRo/ (=1 F1 g —
n—oQ R n—oo R
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Notice that for any k£ > kg + 1 and R > 1

/OO 0= (61) (0= 1) (kp/ (0~ 1)+ 1) /22 g,
R

1 1
0+ 1)[k/p+ (p—1)/p? — 1] ROFDIK/pH+(p=1)/p*~-1]
1 1
= (0 +1)(2p—1)/p? RE+FHEp—1)/p*"

Finally, using Lemma 2.3 and the last estimate,

e} k [e')

3 @/ PO iy [PR/ =D 1 g
kg

k=ko+1

el —1)\k
<c Y W/(p))/°°Te—<e+1><p—1><kp/p—1+1>/p2dr

k!
k=ko+1 R

<&
— R(6+1)(2p-1)/p?

for some C; > 0 depending only on p and 6. Hence,

o0 k 00
(5.8) lim ) %/ 70 |uy, [P/ P=D+ g = 0
- JR

R—o0
k=ko+1

uniformly on n. Thus, combining (5.5)—(5.8), we conclude that F'(r,u,) — 0 in
L}(0,00). This together with (5.1) imply

(5.9) lim ||, |% = pc > 0.
n—oo

Hence, it follows from Lemma 4.2 that

| 6+ 1\""
17, < wo lim sup [lun [, = wape < wa () |
n—00 "

Thus, for n > 1 sufficiently close to 1, we have that 77,uo||u;l||’2/p < fia, and
Theorem 1.2 implies

> 0 P’ > ] 1 |U'n| v
ro(ponlunl” ) dr= [ r%0( ponlluy 17, T | dr <c.
0 0 n L%,

Moreover, since ¢"(s) < ¢,¢(ns) for s > 0, from the Hélder inequality

/ 0 (pi0ftn|?') [in] dr
0

oo 0 , 1/n [e’e] p , 1/71,
< Cn(/ r w(uonlunlp)dr) (/ 7 | | dr) < CH“””Lg’-
0 0
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!
n

Hi]{; < fta,p and i’ =n/(n — 1) > p, the above

estimate and compactness of the embedding F — Lgl imply

o0

lim rego(u0|un|p’)|un|dr =0
0

n—0o0

which in combination with (f;) implies that

oo

lim 70 £ (r, un )y, dr = 0.
n—oo 0

Therefore, from (5.2) with v = wu,, we obtain |u,||g — 0 as n — oo, which

contradicts (5.9). Thus, u #Z 0 and we conclude the proof. O
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