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ABSTRACT. A second order semilinear neutral functional differential inclu-
sion with nonlocal conditions and multivalued impulse characteristics in
a separable Banach space is considered. By developing appropriate com-
puting techniques for the Hausdorff product measures of noncompactness,
the topological structure of C'l-solution sets is established; and some inter-
esting discussion is offered when the multivalued nonlinearity of the inclu-
sion is a weakly upper semicontinuous map satisfying a condition expressed
in terms of the Hausdorff measure.

1. Introduction

In this paper, we are concerned with the sets of C'-solutions defined on
a compact real interval for second order semilinear neutral functional differential
inclusions with nonlocal conditions and multivalued impulse characteristics in
a separable Banach space. More precisely, we will consider the following second
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order semilinear differential inclusions:

d ['(t) — g(t,x;)] € Ax(t) + F(t,x;) ae. t €I\ {tr,...,tm},

dt

(FIP) () —z(ty,) € or(z(ty)) for k=1,...,m,
() — 2/ () € Yi(a(ty)) fork=1,...,m,
x(t) + hi(x) = ¢(t), «'(0) =ho(z) forte Iy,

where I = [0,a], Ip = [-1,0], 0 < r,a < oo and 0 = t) < t1 < ... < b, <

tm+1 = a. The linear operator A: D(A) C X — X is the infinitesimal generator
of a strongly continuous cosine family {C(¢)} in a real separable Banach space
X with the norm || -||. The nonlinearity F': I x A — X is a multivalued map,
A ={u: Iy — X : u is continuously differentiable everywhere except for a finite
number of points at which u(s*),u(s™),u (s7) and «/(s7) exist and u(s) =
u(s7)}. The neutral item g: I x A — X is a single valued mapping such that
t — g(t,x) is absolutely continuous. For impulsive conditions, g, g : X —o X
are all multivalued maps, z(¢;) and x(¢; ) represent the right and left limits of
z(t) at t = ty, respectively. For nonlocal conditions, hi, he are two single valued
mappings such that hy(z),ha(z) € X; ¢ € A. For any function z defined on
[-r,a] and any ¢t € I, z; € A is defined by

x(0)=z(t+0), 0¢cly=][-r0.

Here z( - ) represents the history of the state from ¢ —r, up to the present time ¢.

Recently, the problems of existence of solutions and controllability for some
abstract first order or second order semilinear functional differential inclusions,
with or without impulsive conditions, have been studied by several researchers
(see [1], [5], [6], [10], [14], [15], [19] and the references therein). By relying on the
theory of semigroup or cosine families and fixed point theorems for multivalued
maps, some existence and controllability results were obtained. Let us mention
that some results often contain the assumption of compactness of the semigroup
or cosine families generated by the linear part of the inclusion. It was pointed out
in [17] that, in infinite-dimensional case, these hypotheses are in contradiction
to each other.

In the present paper we assume that the linear part of the inclusion generates
a cosine family which is not necessarily compact; and the multivalued nonlinear-
ity of the inclusion is a weakly upper semicontinuous map satisfying a condition
expressed in terms of the Hausdorff measure. At the same time, we consider
nonlocal initial conditions and impulsive inclusions with multivalued jump oper-
ators. To the best of our knowledge, there are very few results for these aspects.
Our goal in this paper is to establish the topological structure of the C''-solution
set for problem (FIP), by developing appropriate computing techniques for the
Hausdorff product measures of noncompactness.
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2. Preliminaries

Throughout this paper, R is the set of all real numbers and Z* the set of all
positive integers. Moreover, R* = [0, +00), I = [0,a], I; = [0,t1], I = (tx—1, tx),
and Iy = [tp_1,tx), k = 2,...,m+ 1. Let (X, -||) be a real separable Banach
space. For U C X, the notations U and co U stand for the closure and the convex
hull, respectively. Let J, be a compact interval in R. Then C(J,, X) denotes the
Banach space consisting of continuous functions from J, into X with the norm

lzlle = sup [|=(#)]|
ted

*

and C1(J,, X) denotes the Banach space of continuously differentiable functions
from J, into X with the norm

lzller = sup [lz(®)] + " (©)II}

*

Let tq1,...,t,, be fixed in I. We will consider the space of piecewise continuous
functions

PC* ={x: I — X : 2'(t) is continuous at ¢ # i,
and z(t) is left continuous at t = ¢y,
and x(t)), o' (t]), 2/ (t;) exist, k=1,...,m}.
Endowed with the norm

— /
lollo =, s sup la(t)] + (1)1

PC" is a Banach space. It is evident that
[z]lo = sup [[[=()]| + [lz’()]]]-
tel

Note that for z € PC' we have 2’ (t;) = 2/(t;, ), where @’ () is the left deriv-
ative of z at t = ;. Hence we can think that 2’ is also left continuous at each
t = tg.
Set J = IyUI = [-r,a], and PCY(J) = {z: J - X : 2 € AN PC'}. For
u € A, the norm of u is defined by
l[ulla = Sup (O] + [l (©)]]]-

€lo
For z € PC*(J), the norm of x is defined by

]l = sup [z + 2 (1] = max {[|z[|a, llz]lo}-

A and PC'(J) are Banach spaces. It is evident that if {x,,}>°, C PC'(J), then
r, — xo in PCY(J) if and only if ,, — 2o in A and in PC*.
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We denote by P(X) the family of all nonempty subsets of X and put

(X) (X) : Z is closed},
(X) (X) : Z is bounded},
Pep(X) ={Z € P(X) : Z is compact},
(X) (X) : Z is convex},
(X) (

={Z € P(X) : Z is weakly compact}.

Let Y be a metric space. For a multivalued map T': Y — X we mean that it has
at least nonempty values, i.e. T:Y — P(X). A multivalued map T is said to
have convex (bounded, closed, compact, weakly compact) values if T(y) is convex
(bounded, closed, compact, weakly compact) for every y € Y. For Z € Pgj pa(X)
we mean that Z € P (X)NPra(X). A point u € Y C X is called a fized point of
T if u € T'(u). The fixed point set of T' will be denoted by Fix(T'). T is a closed
graph map if the graph of T, i.e. Gr(T) = {(y,u) € Y x X : u € T(y)} is closed
inY x X. T is called (weakly) upper semicontinuous (u.s.c. for short) if for each
nonempty (weakly) closed set U C X,

THU) = {y e Y : T(y) N U # 0}

is closed in Y. Evidently, if T is u.s.c., then T is weakly u.s.c. If T has weakly
compact and convex values, then T is weakly u.s.c. if and only if for each sequence
{yn} C Y with y, = yo € Y and 2, € T(y,) it follows that there exists a
subsequence {z,,} of {z,} such that {z,,} converges weakly to zo € T(yo)
(see [7]). T is said to be quasicompact if T(B) is relatively compact in X for
each relatively compact subset B of Y. If T is u.s.c. with closed values, then
Gr(T) is closed (see [3], [18]). Conversely, the following assertion holds (see
Theorem 1.1.12 in [12]).

LEMMA 2.1. IfT:Y — X is a quasicompact map with closed graph, then T
1S @ Uu.S.c. Mmap.

For Z CY and y € Y, we denote d(y, Z) = ing d(y, z), where d is the metric
zZE

function. For By,By C Y, we denote by H(Bi,Bs) the Hausdorffl-Pompeiu
distance between B; and Bs, that is

H(By,Bs) = max{ sup d(z, Bz), sup d(yaBl)} .
reB, yEBs

T:Y —o X is called an L-Lipschitz map if there exists L > 0 such that
H(Tz,Ty) < Ld(z,y), forallz,y€Y;

and is called a contraction if L < 1. Let Sy be the Hausdorff measure of
noncompactness defined on a collection of nonempty, bounded subsets B of X
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or Y by

Bu(B) = inf {¢ > 0 : B has a finite ¢ -net}.
T is said to be By -condensing if, for each bounded nonrelatively-compact subset
BofY,T(B) is bounded and satisfies Sy (T(B)) < Bu(B). If T is an L-Lipschitz
map with compact values, then Sy (T(B)) < LS (B) for each bounded B C Y
(see [20]). The key tool in our approach is the following fixed point theorem.

LEMMA 2.2 (see [12, Corollary 3.3.1]). Let X be a Banach space, D a bounded
convez closed subset of X and T: D — Pop ov(D) a u.s.c. Bu-condensing multi-
valued map. Then Fix(T') is a nonempty compact set.

Let £(I) be the Lebesgue o-algebra of I. A multivalued map T: I — X is
said to be Lebesgue measurable if for each closed set U C X, TH(U) € L(I).
If T is measurable and has closed values, then T admits a measurable selector
(see [2], [3]). By L*(I, X) we denote the Banach space of all Bochner integrable
mappings from [ into X with the norm

]|z = /Oa lx(®)|| dt.

If « € L'(I,RT), then a(t) > 0 for almost every ¢ € I and

lall :/ a(t) dt < +oo.
0

The following lemma is a generalization of the Dunford—Pettis weak compactness
criterion.

LEMMA 2.3 (see [22, Proposition 11] or [8, Corollary 2.6]). Suppose the func-
tion po € L*(I,RT) and the sequence {f,(t)} C L*(I,X) are such that:
(@) [[fn(O)| < po(t) for almost every t € I and all n € Z*;
(b) for almost every t € I the sequence {f,(t)} is relatively weakly compact
in X.
Then the sequence {f,} is relatively weakly compact in L*(I,X).

LEMMA 2.4 (Corollary to Mazur’s Theorem, see [11]). Suppose that { fn}52,
is a sequence which converges weakly to fo in LY(I,X). Then there exists a se-
quence {gn 152, with g, € co{f; 11 > n} such that {g,(t)} converges to fo(t) in
X for almost everyt € I.

LEMMA 2.5 (see [12], [17]). Let X be a separable Banach space andT: I —o X

an integrable map. If there exist po, € L*(I,RT) such that sup |z]| < po(t)
z€T(t)
and B (T(t)) < a(t) for almost every t € I, then

ﬂH(/{)tT(S)deS) < /Ot a(s)ds, foralltel.
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Let F: I x A — X be a multivalued map. F is said to be locally integrably
bounded (or px-locally integrably bounded) if for each A > 0, there exists py €
LY(I,R") such that

lulla <A = sup{|lz|:z € F(t,u)} < px(t) forae. tel.

For z € PC*(J), we use the notation Sk(x) to denote the set of integrable
selectors (possibly empty), i.e.

(2.1) Sp(x) ={fe€L"I,X): f(t) € F(t,z,) for a.e. t € I}.

In what follows, {C(¢) : t € R} will denote a strongly continuous cosine family
of bounded linear operators and {S(¢) : t € R} is the associated sine family
defined by S(t)z = f(f C(r)zdr, v € X, t € R. The infinitesimal generator
of {C(t) : t € R} is the linear operator A: D(A) C X — X, where D(A) =
{zr € X : C(t)z is twice continuously differentiable in ¢}. Also, E denotes the
space E = {x € X : C(t)z is once continuously differentiable in t}; B(FE, X)
stands for the Banach space of bounded linear operators from E into X with the
norm | - |«, and we abbreviate this notation to B(X) when F = X.

LEMMA 2.6 (see [21]). Let {C(t) : t € R} be a strongly continuous cosine
family in X with infinitesimal generator A. Then the following assertions are

true.
(a) A is a closed linear operator in D(A); D(A) C E; D(A) is dense in X,

i.e. D(A) = X.
(b) St+71)+ St —71)=250t)C(r), for all t,7 € R.
(c) There exist My > 1 and w > 0 such that for allt € R, |C(t)|, < Mge“!!l,
IS(t)]s < Mplt|e!t].
) Ct+71)—C(t—1)=24S5(t)S(7) for all t,7 € R.
e) L 5(t)x =C(t)x, forallz € X andt € R.
f) 4 C(t)x = AS(t)z, for allz € E and t € R.
g) If v € E, then }1_{% AS(t)x = 0.

—~
(oW

T~

LEMMA 2.7 (see [4], [14], [23]). Each of the following conditions is equivalent
to the norm-continuity (or uniform continuity) of C(-):

(a) 71111(1J |C(t) — Ix|« = 0, where Ix is the identity operator in X ;
—
(b) the infinitesimal generator A is bounded (i.e. D(A) = X).
It is known from Kisiisky [13], that E endowed with the norm
[zl e = [zl + sup [|AS(£)z]
tel

is a Banach space. From this definition it follows that M4 = sup [AS(¢)]« <1
tel

in B(E,X). If an operator W € B(X), then we have W € B(FE,X) and
WlisE,x) < IWlipx) since || - || < || - [|g. Clearly, if {AS(t) : t € I} C B(X)
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and M4 < o0, then from Lemma 2.6 (c) (d) and Lemma 2.7 we see that A is
bounded and D(A) = E = X. For the sake of simplicity, the space F mentioned
in the sequel means (E, | - ||g). For t,s € I, 7 € [0, min{t, s}], from Lemma 2.6
we have

[S(t—7)—S(s—7)]« <2Mpe“?|S((t—s)/2)|. in B(X),
[Ct—7)—C(s—7)|« <2M4lS((t—9)/2)]|« in B(E, X).

3. Several auxiliary results

LEMMA 3.1. Let A be the infinitesimal generator of a strongly continuous
cosine family C(t) and let f € L*(I,X). If x € PCY(J) is a solution of the

problem

d [/ (t) — g(t, )] = Ax(t) + f(t)  forae. t € I\ {t1,... , tm},

dt
(FIP)* x(t—k‘r)_-r(t];) = Uk fork=1,...,m,
() — 2/ () = v fork=1,...,m,

x(t) + hi(z) = ¢(t), 2/(0) = ha(z) fort € Iy,
then it is given by x(t) = ¢(t) — hi(x) fort € Iy; and

(3.1)  a(t) =C[1)[¢(0) — hi(2)] + S(t)[ha(2) — 9(0,¢)]
+ ) (Ot — te)ur + S(t — ti)vr]

0<tn<t
C(t— ) d St — dr, 1.
+/0 (t—7)g(r,z;) T+/0 (t—7)f(r)dr, forte

PROOF. Suppose that x € PC1(J) is a solution of problem (FIP)*, p(r) =
C(t—7)x(r) and g(7) = S(t — 7)[2'(7) — g(7,z,)] for fixed ¢t € I. Then z(t) €
D(A). For 7 € I'\ {t1,...,tm}, we have

(3.2)  p(r) = — S(t — 7)Az(r) + C(t — 7)2' (7);

(3:3)  d(r)=-Ct—7)a'(r) —g(r.z:)] + S(t —7) % [2'(7) — g(7, z-)].
For almost every 7 € I, from (3.2) and (3.3), it follows that

(3.4) p(r) +d(r) =C(t - 7)g(r,27)

+5(0=7)( =~ delr) + 4 [(7) - alr)])
= C(t - m)g(r.a,) + S(t - D)f (7).
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Integrating equation (3.4), for 0 < t < ¢1, we have

méCW*TMU@JMWZLS@*ﬂfﬁﬂT:Mﬂ+dﬂfM®fq®)
— 2(t) — CO[H0) — b ()] — S(®)[hal) — 9(0, ).

More generally, for t;, <t < tx41, we have

/OtC(t—T) (7.2 dT—|—/ S(t—7)f(r)dr

fZ/ nw+£mm+wﬂm

—2(t) - COI(0) — (@) — SO [ha(2) — 9(0,6)]
- Z [C(t — ti)uk + S(t — ty)vg].

0<tp<t

i.e. (3.1) holds, which shows the lemma. O

DEFINITION 3.2. A function x € PCY(J) is said to be a C'-solution of
problem (FIP) if there exist f € LY(I,X), ugx € ¢r(x(ty)) and vy € ¥y (z(ty))
(k=1,...,m) such that f(t) € F(¢,z) for almost every ¢ € I and x(t) is given
by Lemma 3.1. Suppose that z € PC*(J) and f € L'(I, X). Let I': LY(I, X) —
PC1(J) be a linear operator defined by

fOI' t c IO7
3.5
o /St—r T)dr fortel.
Let Ao, A: PCY(J) — PC*(J) be single valued mappings defined by
(36)  (Ar)(t) = { 2 M@ for t € I,
C1)[#(0) — hy(x)] + S(t)[ha(z) — g(0,¢)] forte I,

0 for ¢ € I()7

(3.7) (Az)(t) = /t C(t—r71)g(r,x.)dr fortel.
0

Let U: PCY(J) — PC*(J) be a multivalued map defined by
ne€ PCHJ):

0, t e l,
(3.8) (z) = M= S (06— t)u + S — te)ol, tel,

0<tp<t

ug € o(x(ty)), vk € Yr(z(ty)), k=1,...,m.
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Let F: I x A —o X be a multivalued map and Sk (z) # () for all z € PC(J),
where Sk (x) is defined by (2.1). Now we define a multivalued map T': PC*(J) —o
PCY(J) by

(3.9) T(x) ={y € PC'(J) : y(t) = (Aox)(t) + (Ax)(t) +n(t) + (TF)(1),
n € ¥(x), f € Sp(x)},
ie. T=Ag+A+¥+ToSt.

It is clear that all C'-solutions of problem (FIP) are fixed points of the
multivalued map T in PC*(J).

REMARK 3.3. The notion of C'-solution is different from the one of mild
solution in [10], [19], [16].

LEMMA 3.4. Suppose that o, ¥ X — E are maps (k=1,...,m), hy, ho:
PCY(J) = E and g: I x A — E are mappings, $(0) € E and Sk(x) # 0 for all
x € PCY(J). Then, for each x € PCY(J), T(x) C PCL(J).

PROOF. Let I, Ag, A, ¥ be defined by (3.5)—(3.8), respectively. Suppose that
x € PCYJ) and f € Sk(x). If t € Iy, then it is clear that Agz € A and
(Aoz)'(t) = @' (t), everywhere except for a finite number of t. Suppose that t € I.
By the strong continuity of S(¢) and C(t), we see that I'f, Ag(z), A(x) € C(I, X).
Suppose that

() = x(t) if t € I, and T(1) = x'(t) ift e I,
z(t) ) ift=ty_1, () ift=tp_q.

It is clear that * € PC' if and only if # € C'(I,X) for k = 1,...,m + 1.
Hence, from the strong continuity of S(t) and C(t), it is easy to check that n(t)
is continuous in each Ij, and n(t{ ;) exists, for each n € ¥(z). Moreover, we
have, for t € I,

(3.10) / Clt - 7)f(7) dr,
(311)  (Aox)(t) = AS([B(0) — hy(x)] + C(8)[ha(x) — 9(0, 6)],
(312)  (A2)'(t) =g(t,z) + / AS(t — r)g(r,z,) dr,

0

and for t € I\ {t1,...,tm}, n € (),

(3.13) n'(t)= > [AS(t—tr)ur + C(t — tr)vg],

O0<trp<t
UL G(pk(.%‘(tk)), Vg E’L/Jk(.%'(tk)), k=1,....m

By Lemma 2.6 (b) (g), from the hypotheses it is easy to see that (I'f)’, (Aoz)’,
(Az)" in C(I,X) and 7/(t) is continuous in each I, and 7' (¢,

1) exists, for n €
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U(z). Hence, I'f, Aoz, Az € PC*(J), and ¥(z) C PC(J). From (3.9) we see
that T'(x) C PCY(J). O

LEMMA 3.5. Let Y be a metric space and X a Banach space. If T1,T5: Y —o
X are all closed graph maps and Ty is quasicompact, then Ty + T is a closed
graph map.

PROOF. Suppose that {y,}52, C Y,y — yo, xn € (T1+712)y, and x,, — xo.
Then, there exist 2, € Ty, and w,, € Tyy, such that x,, = z,+w, for alln € Z*.
Since T1{yn} is relatively compact, there exists a subsequence {z,, } of {z,}
which converges to zg. Thus, {w,, } converges to xo — zp. Since T1,T>: Y — X
are all closed graph maps, we have zg € Tiyo and xy — zg € Toyg. This implies
that xo € (T1 + T2)yo, and hence T7 + T is a closed graph map. O

LEMMA 3.6. Let X1, X5 be two Banach spaces and the norm in X1 X Xo be
defined by
(@1, z2)[| = |21 ]| + |22, for (z1,72) € X1 x Xa.

Let Ag: X1 — X5 be a bounded linear operator.

(a) If B C X; is bounded, then By (Ao(B)) < |Aol«Bu(B).
(b) If By C X1 and Bs C X5 are bounded, then By (B1 X Bs) < By (B1) +
Bu(B2).

The proof of Lemma 3.6 is easy, so we omit it.

LEMMA 3.7. Let J, be a compact interval in R, B C C'(J,,X) and t € J,.
Let B(t), B(Jy), B'(t), B'(J) be subsets of X defined respectively by
B(t) = {z(t) : « € B}, B(J.) ={z(t):x € B, t € J.},
B'(t) ={a'(t) : z € B}, B'(J,) ={a'(t):x € B, t € J.}.
If B is bounded in C'(J.,X) and B’ is equicontinuous in C(J., X), then:
(a) Ar(B(Jy) = max fy (B(t)) and fr (B'(J.)) = max S (B'(t)).
(b) max{Bu(B(J.)),Bu(B'(J:))} < Bu(B) < Bu(B(J.)) + Bu(B'(J.))-
PROOF. Since B is bounded, there is M > 0 such that ||z|c: < M for all

x € B. This implies that ||z(¢)|| < M and ||2’(¢)|| < M for all ¢ € J,. Thus, for
x € B and t1,ts € J,, we have
lz(te) — 2(t2)|| < sup ||l2’(s)[[tr — t2| < Mt1 — ta],
seJy
which shows that B is also equicontinuous in C(J,., X). Suppose that € > 0 is
given and J, = [ag, bo]. From equicontinuity it follows that there exist {s;} X, C
Je, a9 = 89 < 81 < ...< Sny_1 < Sy = by such that

(3.14) lz(t) —x(s)] <&, [l2'(t) —2'(s)]| <,
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forall z € B, all s,t € [s;_1,s5], 7=1,...,N.

(a) From the continuity of Sy (B(t)) it follows that max Bu(B(t)) exists.

€.
Since B(t) C B(J,) for all t € J,, we have ?%XBH(B(t)) < Bu(B(J4)). Suppose
€.
that B(s;) has (Bu(B(s;)) + €)-net {xij(sj)}fijl, j=0,...,N. Then for each
z(t) € B(J,) there exist j,i such that ¢ € [s;_1,s;] and [|z(s;) — xi;(s;)] <
Bu(B(s;)) +e. Thus, from (3.14) we have
(t) = @i (s)) | <[lw(t) = 2(s;)]| + ll(s5) — 2i; (s5)]]
<O (Bls,) + 2¢ < max B (B(D) + 2=
which shows that By (B(J,))< max Bu(B(t)). Hence B (B(Jy)) =max Bu(B(t)).
Similarly, we have Sy (B'(J.)) = max Bu(B'(t)).
.

(b) Suppose that B has (B (B)+¢)-net {z;}/,. We consider the set {z;(s;) :
i=1,...,K;j =0,...,N}. For x(t) € B(J,), there exist j, i such that t €
[sj—1,5;] and ||z — z;||cr < Bu(B)+¢e. Thus, from (3.14) we have

2(t) = zi(s5)]| < llw(t) — x(s;)ll + [lx(s;) — zi(s5) |
< lz(t) — x(s;)|| + llz — ziller < Bu(B) + 2,
which shows that S (B(J.)) < fg(B). Similarly, we have B (B'(J.)) < Bu(B).
Hence max{8y (B(J.)), Bu(B'(J:))} < Bu(B). Set
G(t) ={(z(t),2'(t)) : @ € B}, te J,,
G(J.) ={(z(t),2'(t)) : x € B, t € J,}.
Since G(Ji) C B(J.) x B'(J.), using Lemma 3.6 (b) we have Sg(G(Ji)) <
Bu(B(Jx))+ Bu(B'(J.)). To prove S (B) < Bu(G(J.)), we suppose that G(s;)
has a (Bu(G(s;)) + €)-net {(xij(sj),xgj(sj))}fijl, j=0,...,N. Then for each
x € B and t € J, there exist j,¢ such that t € [s;_1,s;] and ||(z(s;),2(s;)) —
(zi(s5), 23 (s;)|| < Bu(G(s;)) + €. From (3.14) it follows that
l2(t) = i (DI + [l (t) — 23 ()]
<[l(@) = (sl + l2(s5) = @i ()l + ll2i5(s5) = 25|
+ 112" (@) = 2 ()l + Nl (s5) — @iy (si) || + 127 (s5) — (D)
< (s5), 2" (55)) = (wi5(s5), 275 (s5)) || + 4e
< Bu(G(s))) +5¢ < Bu(G(J.)) + 5e.
Hence ||z — z4j]|lcr < Bu(G(J)) + 5e, and so Su(B) < Bu(G(Jy)), which is the
desired inequality. O

LEMMA 3.8. Let F: I X A — Pycp,ev(X) be a map such that t — F(t,x;)
is measurable and w — F(t,u) is weakly u.s.c. and locally integrably bounded.
Then:
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(a) the map Sk: PCY(J) —o LY(I,X) has nonempty, closed, convex values,
(b) if T: LY(I,X) — PCY(J) is a continuous linear operator, then
Lo SL: PCY(J) — PCY(J) is a closed graph map.

PROOF. (a) Suppose that x € PCY(J) and ||z||. = A\. Then ||z(¢)|| < A for
all t € J, and so ||z¢||a < A for all ¢ € I. Since t — F(t,x;) is measurable and
F(t,x¢) is closed, there exists a measurable mapping fo: I — X satisfying fo(t) €
F(t,z;). Since F is locally integrably bounded, there exists py € L'(I,R*) such
that || fo(t)|| < pa(t), for almost every ¢ € I. This implies that fo(t) € L(I, X),
and so fo € Sk(x). Hence, Sk(z) # 0. By the convexity and closedness of
F(t,z;) for x € PCL(J) it is easy to check that Sk(z) is convex and closed.

(b) Suppose that {z,}>,; c PCY(J), x, — z0, yo = [(Sk(z,)) and
Yn — Yo. Then, for each n € Z*, there exist f, € Sk(z,) and A > 0 such
that y, =T'f, and

sup {[|zols [lznll« : m € ZF} < A.

Let 1 (0) = x,(t +0) and zo(0) = zo(t +0), for 0 € Iy. Then f,(t) € F(t,tnt)
for almost every ¢ € I and sup {||zn¢||a, [|Tocl|a : m € ZT} < X for each t € I.
Since ||z (t) — 2o(t)|| — 0 and ||z, (t) — 2((t)]| — O are valid uniformly on J,
we have z,; — xo in A for t € I. Since u — F(t,u) is weakly u.s.c. for
almost every t € I and F has weakly compact convex values, there exists a
subsequence of {f,(t)} which converges weakly to a point in F(¢,zq;) for fixed
t € I. This means that {f,(¢)} is weakly relatively compact for almost every
t € I; and also, for fixed ¢ € I, there exist a subsequence {f,, ()} of {f.(t)} and
a sequence {gi(t)} C F(t,x0¢) such that {f,, (t) — gx(t)} converges weakly to 0.
Since F' is locally integrably bounded, there exists px € L'(I,R*) such that
I/2(@®)] < pa(t). From this fact and Lemma 2.3 it follows that {f,} is weakly
relatively compact in L!(I, X), and so is {f,,}. Without loss of generality we
suppose that { f,,, } converges weakly to fo in L'(I, X), and so fo(t) is measurable
and integrable. In view of Lemma 2.4, there exists a sequence {P;}7, with
Py € co{fn, : i > k} such that {Py(¢)} converges to fo(t) for almost every
t € I. Since {fn, (t) — gx(t)} converges weakly to 0, there exists a corresponding
sequence {Q}52, with Qx € co{g; : i > k} such that {Qx(¢)} converges weakly
to fo(t). Hence, from the convexity and weak closedness of F'(¢,x:) it follows
that fo(t) € F(t,zo;) for almost every ¢t € I, and so fy € Sk(xg). Suppose
that I'* is the adjoint operator of I' and z* is any bounded linear functional on
PCY(J). Then we have

(L fp,) = T727) fo, = (I727) fo = 2" (T'fo),

which shows that {T'f,,, } converges weakly to ' fo in PC'(J). Letting k — oo in
Yn, = L' fn, under weak topology, we obtain yo = I'fy, which means that T o S%
is a closed graph map. O
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4. The solution sets

We first give an existence result for problem (FIP) when A is not necessarily
bounded.
THEOREM 4.1. Suppose that the following conditions are satisfied:
(HO) A is an infinitesimal generator of a strongly continuous cosine family
{Ct) : t € R}; {S(t) : t € R} is a sine family associated to the cosine
family, ¢(0) € E; and M4 = sup|AS(t)]. in B(E,X).
tel
(H1) F: I X A = Pyep,ev(E) is a map such that t — F(t,x;) is measurable
and u +— F(t,u) is weakly u.s.c. and it is py-locally integrably bounded,
and there exists a function o € L*(I,RT) such that

Bu(F(t,B)) < a(t)Bu(B), for each B € Ppa(A) and a.e. t € 1.

(H2) The maps i, i X — Pepev(E) are ag, by-Lipschitz (k =1,...,m).

(H3) The mapping h;: PC*(J) — E is o;-Lipschitz, where i = 1,2.

(H4) The mapping g: I x A — E satisfies that u — g(t,w) is l-Lipschitz for
almost every t € I.

If £+ 70 < 1 and limsup ||pxl|z/XA < (1 — €)/M, then the set of Ct-solutions of
A——+oo
problem (FIP) is a nonempty and compact set, where
M = max {Moe“? + Ma, Mpe“*(a+1)};
¢ =1(Ma+1)+M(oy+02) + MY (ar + bi);

k=1
Yo = Mlle|L.

Next we consider the multivalued maps I' o SL, ¥, T and the single valued
mappings Ag, A defined by Definition 3.2, respectively. To prove the result, we
need the following lemmas.

LEMMA 4.2. The mapping I': L*(I,X) — PCY(J) is a continuous linear
operator.

ProoF. For f € LY(I, X), from (3.5), (3.10) and Lemma 2.6 (c) we have
[Tl =ITflle = sup[ICADI + (IRl

which shows that I' is bounded, i.e. I' is a continuous linear operator. O

Sup /0 St —7)f(r)dr /0 Ct—1)f(r)dr

< Moe**(a+ D fllz < MIf]z,

"

sup{

LEMMA 4.3. SL(z) # 0 for each x € PCY(J), and T o SL: PCY(J) —o
PCY(J) is a closed graph map with closed, convex values.
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PROOF. From (H1) and Lemma 3.8 (a) we see that the map Sk: PC1(J) —o
L'(I, X) has nonempty, closed, convex values. Hence the assertion immediately
follows from (H1), Lemmas 4.2 and 3.8 (b). O

LEMMA 4.4. By(T o SL(B)) < vBu(B), for each bounded subset B €
PC(J).

PROOF. For each ¢ > 0, B has a finite (8y + &)-net {z1,..., 2}, where
Bo = Bu(B). Setting B, = {x; : © € B} for each 7 € I, we first show that
{z174.-+, 2k} is a (Bo + €)-net of B, where z;; is an element of A such that
zir(0) = z;(7+0) for 6 € Iy. In fact, if x, € B, then « € B, and so there exists
zi (1 <4 <k) such that ||z — 2]« < 8o + . Thus, we have

[#r = zirlla <l = zill« < fo +e
This implies that Sy (B;) < fy. Observe that
{f(r): f € Sp(B)} C {F(r,2;) :x € B} C F(r, By).
From (H1) and Lemma 3.6 (a), it follows that

(41) Bu({S(t—7)f(7):f € Sp(B)}) <|S(t —1)Bu({f(r): f € SE(B)})
<|S(t —7)|«Bu(F (7, Br))
<|S(t = 7)) B (Br) < Moe" " aa(T)Bo;
(4.2) Bu({C(t —7)f(1) : f € SE(B)}) < Moe* " a(7)Bo.
In order to prove that {(I'f) : f € SL(B)} is equicontinuous, we suppose that
feSL(B), t,s€land 0 < s <t <a. Since B is bounded, there exists A\g > 0
such that ||z|. < Ao for all € B. For each € > 0, from the uniform continuity

of S(t) and the absolutely integral continuity of py,, we see that there exists
d = d(g) > 0 such that

1S((t—5)/2)]. <¢ and /:pAU(T) dr <,
when 0 < ¢ — s < 6. Thus, by (2.3), we have
1T @) = @)
< H /Ot[C’(t — 1) = C(s— 7)) f(r)dr

+H/:C(S—T)f(7)d7

S2MalS((t = 5)/2)]«llprollz + Moewa/ Po(T) dT < M(2[|px, [l + e

S
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This shows that {(I'f)’ : f € S}(B)} is equicontinuous in J. Hence, according
to Lemma 3.7, from (4.1) and (4.2), we have

(o 54(8) < ma o ( [ S—n)fwar: g < 54(3))
+I§1631X5H(/0t Ct—7)f(r)dr: fe S%(B))

< Mpe“*(a + 1),30/0 a(r)dr < M||a||rBo = vBu(B). O

LEMMA 4.5. ¥ is a v-Lipschitz map with compact and convex values, where
m
y=M Z(akerk).
k=1

PROOF. Since ¢y, ¢, have convex values, and S(t), C(t) are linear, it is easy
to check that ¥ has convex values.

Suppose that z € PC'(J) and {n,}22, C ¥(x). Then there exist u,x €
i (z(ty)) and vpg € Yi(x(ty)) such that

(4.3) () = > [C(t = te)unk + St — tr)vnr]-
0<tp<t

Since ¢k (x(tx)) and ¥ (x(tr)) (1 < k < m) are compact, without loss of genera-
lity we suppose that {unx} converges to uor € @i (z(tr)) and {v,,} converges to
vor € Yr(z(tr)), k=1,...,m. From the boundedness of C(¢t — ti) and S(t — tx)
it follows that {C(t — tx)uni} converges to C(t — tg)ugr and {S(t — tr)vnk}
converges to S(t — tg)vor as n — co. Set

m(t) = > [C(t—tr)uok + S(t — tx)vok]-

0<tp<t

Then 1y € ¥(z). Letting n — oo in (4.3) we see that {n, } converges to 7y, which
shows that ¥(x) is compact.

Let x1,72 € PCY(J), 71 # 2, and 11 € ¥(x1). Then from (3.8) we see that
there exist uiy € wr(x1(tx)) and vig € Y (21 (¢x)) such that for t € I,

mt)= Y (Ot —te)urk + S(t — ti)vig].

0<tp<t

Let € > 0 be arbitrarily given. From (H2) it follows that

d(ur, pr(2(tr))) < H(pr(1(tr)), or(z2(tk)))
<+ e)agllwr(te) — z2(te)|| < (1 +&)ag[z1 — 22

Thus, there exist ugy € pr(x2(ti)) and vog, € Y (x2(tx)) such that

(4.4) [luik —u2klle < (1+e)arl|zr =22+ vk —varlle < (1+€)bil|z1 — 22|



288 J.-Z. X1A0 — Z.-Y. WANG — J. L1u

Suppose that for each t € I,
772(t) = Z [C(L‘ — tk)UQk + S(t — tk)’ng].

0<trp<t

Then, 12 € ¥(x2), from (3.8), (3.13), (4.4) and Lemma 2.6 (c) we have

m
(4.5) = mello < (L+e)llzr —wall Y [(Moe® + Ma)ay, + Moe“(a + 1)by]
k=1

< (I +e)yller — 22

Thus, from (4.5) it follows that d(n:, U(z2)) < (1 4 €)7v||z1 — x2|l«. Since € is
arbitrary, we have d(n1, ¥(z2)) < v||z1 — x2||«, and so

sup  d(n1, ¥(22)) < llzr — 22s.
mev(zr)

Similarly, we can show that

sup  d(n2, ¥(71)) < vl[z1 — 22[s-
N2 €W (z2)

Combining with the two inequalities, we have
H(U(x1), ¥(22)) < 7llzr — 22 O
LEMMA 4.6. A is a y1-Lipschitz mapping, where y1 = {(Ma + 1).

PROOF. Let x1,Ty € PCI(J)7 X1 7& To. Let xlt(é) = le(t+9), Izt(a) =
xo(t + 60), for 6 € Iy. Then, for 7 € I, by (H4), we have

lg(,21-) — 9(T 22- )| 2 < U717 — T2r[|a < |71 — 22|
From (3.7) and (3.12) it follows that
t
A0~ Azl < sup{ [ 10 = Dl llgtrans) = g(raalpar
te 0

+ ||g(t7x1t) - g(tath)HE

+ [ 1456 =Dl latrin)  g(ra e |
<l||lz1 — wa|l« (Moe“"a + 1+ Maa) < y1||x1 — z2|x,
and so [[Az) — Azs|ls = ||[Az1 — Aza|lo < 11llz1 — 224- O
LEMMA 4.7. Ag is a y2-Lipschitz mapping, where vo = M (01 + 02).
PROOF. Let 21,22 € PCY(J). From (H3) we have
(4.6) |[Aoz1 — Agza|la
= sup {(Ro21) (8) — (Roz2) (O] + | (Aoz1)' (1) — (Bow2) ()] : £ € I}
= sup{[|h1(z2) — hi(z1)lle : t € Io} < onlzy — wals;
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(4.7) [[Aoz1 — Aoz2[o
= sup {[|(Aoz1)(t) — (Aow2) (B)]| + [[(Aoz1)'(t) — (Moz2) () : t € I}
< sup {|C(t)|l|h1(z2) = hu(z1) |5 + [S()|llh2(21) — ha(z2)|| e
+ AS(@t)]llhi(z2) = ha(z1) || + |C@)|l|h2(21) — ha(w2) |5 t € T}
< (Moe?* + Ma)or||z1 — 22|« + Moe®* (1 4 a)os||z1 — 22|+
Inequalities (4.6) and (4.7) yield

|[Aoz1 — Aoza |l = max {||Aoz1 — Aozal|a, [[Aox1 — Aozallo} < yallzr — 22« O

PROOF OF THEOREM 4.1. From the assumptions and Lemma 3.4 we see
that T(z) c PCY(J) for x € PC'(J). We will prove that T is an u.s.c. By-
condensing map with compact and convex values. For x1, 2o € PC*(J), in view
of Lemmas 4.5 and 4.6, we have

(4.8) H((A+¥)(z1), (A + ¥)(22)) < [[A(x1) = Alz2)l[« + H(¥(21), ¥(22))
< (v )l — @2

Hence, A + W is (v + ~1)-Lipschitz continuous. Now we show that T is a Sy-
condensing multivalued map. Suppose that B is a bounded subset of PC*(.J).
Note that S ((A+ ¥)(B)) < (v + 71 )8 (B) due to (4.8). Hence, from Lemmas
4.4 and 4.7, we have
(4.9) Br(T(B)) =Bu((A+ ¥+ Ao +T 0 Sp)(B))

<Bu((A+¥)(B)) + Bu(AoB) + Bu(T 0 Sp(B))

<(§+)Bu(B),

which shows that T' is a Sgy-condensing map due to £ + vy < 1.

Since ¥ has compact and convex values, and I' o S}. has closed and convex
values, we infer that U + I' o S% has closed and convex values, and so does 7.
For each x € PC'(J), from (4.9) we have

Bu(T(z) < (£ +)Ba({z}) =0,

i.e. T'(x) is relatively compact. Hence T" has compact and convex values.

Next, we show that T" is u.s.c. In fact, from Lemma 4.5 we see that ¥ is a
u.s.c. map with close values. Thus, ¥ is a closed graph map. From Lemma 4.3
we see that "o Sk is also a closed graph map. Let B, be a relatively compact
subset of PC1(.J). Then by (4.9), Lemmas 4.4 and 4.5, we have

Bu(T(B.)) < (§+70)Bu(Bx) =0,

Bu(T o Sp(B.)) < v0Bu(B.) =0,
Bu(¥(Bx)) <vBu(B«) =0.
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This shows that I' o S, ¥ and T are quasicompact, and so is ¥ +I' o SL. Using
Lemma 3.5, ¥ 4T 0 S} has closed graph. Since the single-valued mapping A + A
is continuous due to (H3) and Lemma 4.6, A+A has closed graph. Using Lemma
3.5 again, we deduce that T = (¥ + ' 0 St.) + (A + Ag) is a closed graph map.
Thus, the upper semicontinuity of 7" follows from Lemma 2.1.

Suppose that Cy, Cy, Cy, C, are four constants given by

Co :stlelg\lg(t,O)llE;
C1 = M([|9]la + ll9(0, @)l + [[R1(0) || & + [|R2(0) ]| £);
Cy = MY [H(0,9x(0)) + H(0,94(0))];

k=1

C* = CQ(MG'F 1) +Cl +02
Since £ < 1, M > 1 and limsup||pallo/A < (1 —§)/M, we take a constant v

A—+oo

such that ipal ¢

. PxllL -

lim sup <v < ——.

A—+o0 A M
Thus, there exists a constant A, such that

C* ||p)\ L
Ag > ———— d —/—/—= <
1 oe—wmp MY N Y

Set D = {x € PC*(J) : ||z]l« < A«}. Then D is a bounded closed convex
subset of PC*(J). We claim that T(D) C D. In fact, if x+ € D be any element
and y € T(x), then there exist n, € ¥(z) and f, € Sk(z) such that y =
Aor + Az + 1y + T'fy. From (H3) it follows that

[h(2)l|e < o1z« + [|R1(0)] £, [ha(2) || < o2z« + [|R2(0)]£-

Thus, we obtain
[Aozlla < sup{[[¢(t) = hi(@)| + 11" ()] : t € Lo} < [|Blla + a1z« + [1P1(0)] 53
[Aozlo = sup {[[(Aoz) ()]l + |(Aox) (1) : t € T}

< (Moe*® + Ma)[[[¢lla + a1l|z]l« + [[h1(0)] £]

+ Moe**(1+ a)[[|g(0, 9)[| £ + o2[|z|« + [[h2(0)[ £];

and so
(410)  Aoall. = max {[[Aozlla, |Aozlle} < C1 +2llall. < C1 + 2.
If t € I, then from (H4) it follows that

lg(t,ze)lle < [lg(t,z) — g(t, 0)[[g + lg(t, 0)[[£ < l|ztlla + Co.
Thus, from (H4) and (H1) we have

I(Az) (@[] + [ (A=) (1) S/O |C( = 7)lllg(rs zo)| 2 d + llg(t, 20|
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t
+ [ 148 =)L latr o)l dr
0
t
<Cot lllla + (Moc + M) [ (Co+ 1) dr
0
t
<Co(Ma+1) +Iaia+ Ml/ lzs|la dr,
0
t t
[T )OI+ (Tf) (O SA ”S(t_T)fac(T)”dT_"/o 1C(t —7)fu(7)|l dT

t t
<Moe“a(a +1) / pa. (r)dr < M / pr. () dr,
0 0

and so

L-

(4.11) [[Az[l + [T fell« = [[Az]lo + [T falle < Co(Ma+1) + A + M|lpa,

| <

For uy, € i (x(ty)) and vy € i (z(tx)), from (H2) it follows that
Jurll < H(0, pr(z(tk))) < H(0,05(0)) + a |z (te)]],
llokll < H(0, P ((tr))) < H(0,9%(0)) + br[lz(te)]-

Thus, we have

(412) el =lmallo < sup Y [IC( = ta)lllurlle + 1S = ti)l<[lve]l £]

€l octp<t
+sup Y [JAS(t — i) ullukll s + 1C(t — i)l ]|vrlle]
tel gy <t
<MY [H(0, 1(0)) + ak|lx(ty)]]
k=1

+ MY [H(0,45(0)) + bellz(ti)]]] < Co + YA
k=1

Combining with (4.10)—(4.12) we have

lylls < 1ozl + [[Axllx + [T fells + 172«
<Co(Ma+1)+Ci+Co+ (71 + 72 +7)A + M||pa,
=Ci + &M+ M|lpa. ||z
<(1=&—Mv)hi + &0 + MvA, = A

L

which means that T'(D) C D.

As a consequence of Lemma 2.2 we deduce that Fix(T) is a nonempty and
compact set. Therefore, the set of C'-solutions of problem (FIP) is a nonempty
and compact set. This completes the proof. O

If A is bounded, then we can obtain a existence result for problem (FIP)
under some weak impulsive conditions and nonlocal conditions.
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THEOREM 4.8. Suppose that the following conditions are satisfied:

(h0) A is a bounded infinitesimal generator of a strongly continuous cosine
family {C(t) : t € R}; {S(t) : t € R} is a sine family associated to the
cosine family.

(hl) The map F: I x A = Pycpov(X) is a map such that t — F(t,x;) is
measurable and u — F(t,u) is weakly u.s.c. and it is px-locally integrably
bounded, and there exists a function o € L*(I,RT) such that

Bu(F(t,B)) < a(t)Bu(B), for each B € Ppa(A) and a.e. t € 1.

(h2) For k =1,...,m, the maps ¢k, Yr: X — Pepev(X) are w.s.c.; op(X),
Yr(X) € Poa(X); and there exist nonnegative constants ay, by such that
Bu(pr(D)) <arfu(D) and Bu(Yi(D)) <bpfu(D) for each D €Ppa(X).

(h3) The mappings hy, ha: PCY(J) — X are continuous and there exist non-
negative constants o;, d; such that Bp(hi(D)) < o0;8u(D) for each
bounded set D C PC(J), and ||hi(z)|| < d; for each x € PC(J),
where i = 1, 2.

(h4) The mapping g: I x A — X satisfies that u — g(t,u) is l-Lipschitz for
almost every t € I.

(h5) ¢ is continuous in Ij.

If i +p < 1 and limsup ||pal|z/A < (1 —~1)/M, then the set of C'-solutions of

A—+oo
problem (FIP) is a nonempty and compact set, where

M = Mpye“*[amax(|A]«, 1) + 1)];
M =l(Ma+1);

p=M|alL+ Moy +02) + MY (ar + by).
k=1

To prove Theorem 4.8, we need the following lemmas. Since conditions (h1)
and (H1) are identical, from Lemmas 4.3 and 4.4 we have the following Lem-
mas 4.9 and 4.10.

LEMMA 4.9. T'o SL: PCY(J) — PCY(J) is a closed graph map with closed,
convex values.

LEMMA 4.10. By (T o SL(B)) < vBu(B), for each bounded subset B &
PCY(J), where vo = M||c||L.-

Since conditions (h4) and (H4) are identical, from Lemma 4.6 we have the

following assertion.
LEMMA 4.11. A is a 1 -Lipschitz mapping, where y1 = l(Ma + 1).

LEMMA 4.12. U(B)’ is equicontinuous in I11, where B is a bounded subset
of PCY(J) and k=1,...,m.
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PROOF. Suppose that ¢, s € Ip1q and ¢ < s <t < tg11. Since @;(B),;(B)
are all bounded by (h2), there exists M, > 0 such that |Ju;|| < M, and |lv;|| < M.
for all u; € ¢;(B), v; € ¥;(B), where ¢ = 1,...,m. For each ¢ > 0, from
the uniform continuity of S(t), we see that there exists 6 = d(e), 0 < § <

Og,lciél (tg+1 — tx) such that [S((t — s)/2)|+ < &, when 0 < ¢t —s < §. Thus, by

(2.2) and (2.3) we have, fori=1,...,k,
|C(t —t;) — C(s —t;)]« < 2a|A|Moe“,
|AS(t —t;) — AS(s — t;)|« < 2|A|Mpe*%e.
Hence, from (3.13), it follows that, for each n € ¥(B),

17" (t) = ' (s)|l«
k
<Y JAS(E—t;) = AS(s — t)|uJusll + O = ;) — C (s — ti)|ufvs]
=1

<2mM,(a+ 1)|Al. Mge“?e.
This shows that ¥(B)’ is equicontinuous in Ij1. O

LEMMA 4.13. ¥ s a closed graph map with compact and convex values and
B (¥ (B)) < vBu(B), where B is a bounded subset of PC(.J) and

v = MZ(C% + bg).
k=1

PRrROOF. Since the maps @y, ¥ : X —o X have all compact and convex values
(k =1,...,m), in the same manner as Lemma 4.5, we can show that ¥ has
compact and convex values. Since @y, ¥y are u.s.c., they have closed graph. But
(h2) implies that ¢, ¥y are quasicompact. Using Lemma 3.5 we deduce that ¥
is a closed graph map. Let B is a bounded subset of PC'(.J). From (h2) and
Lemma 3.7, it follows that

(413) 5H{<Pk(1'(tk)) S B} < akﬂH{x(tk) T e B}
< axBu(B(I)) < arfu(B);
(4.14) Bra{vr(x(ty)) : x € B} <bpfu{z(ty): x € B}

< bpBu(B(I)) < biBu(B).

Thus, from Lemma 4.12, inequalities (4.13), (4.14) and Lemmas 3.7 and 3.6 (a)
we have

Bu(¥(B)) <sup Y [|C( —tr)|warBu(B) + |S(t - tr)]-buBu (B)]

tel gy <t

+sup Y [|AS(t = ti)|.arBu(B) + |C(t — ty)]bxBu(B))]

tel gy <t
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<Bu(B) > [Moe*(1+ alAl.)ay, + Moe“* (a + 1)by] < 7Bu(B). O
k=1

LEMMA 4.14. By (Ao(B)) <v2Bx(B), where B is a bounded subset of PC*(J)
and v2 = M (o1 + 02).

ProoOF. From (h3) and Lemma 3.6 (a) we have, for ¢ € Iy,

Bu({(Aoz)(t) : 2 € BY) = Bu(9(t) — hi(B)) < 0181 (B);

(4.15) /
Bua({(Aox)'(t) : x € B}) =0;

and for t € I,

(4.16) Bu({(Aoz)(t) : x € B})
< Bu(C()[¢(0) — hi(B)] + S(t)[h2(B) — 9(0,9)])
<(IC(t)|o1 + |S(t)]+02)Bu(B);

(4.17)  Bu({(Ao2)'(t) : = € B})
< Ba({AS@)[#(0) — hi(B)] + C(t)[h2(B) — g(0, ¢)])
< (JAS(t)]«o1 + [C(t)|s02)Bu (B).

On the other hand, for t,s € Iy and x € B, we obtain

1(Aoz)"(t) = (Aox) ()| = " () = & (s)I;

for t,s € I and x € B, from (2.2) and (2.3), we obtain

[(Aoz)'(t) — (Aoz)'(s)
<[AS(t) = AS(s)[+]|6(0) = ha (@) + [C(t) — C(s)[«[lh2(2) — 9(0, 9|
<2max (1, a)|A[. Moe“*([¢]la + d1 + d2 + [|9(0, §) D[S ((t — ) /2)]-

This implies that {(Aox)’ : x € B} is equicontinuous by (h5) and the uniform
continuity of S(¢). Thus, from (4.15)—(4.17) and Lemma 3.7, it follows that

Br(AoB) < max S ({(Aoz)(1) : x € B}) + max By ({(Aox)'(¢) : @ € B})
< [Moe“*(1 + alAl«)o1 + Moe“ (1 + a)os]Su(B)
<M(o1 + 02)Bu(B) = v28u(B). U
PROOF OF THEOREM 4.8. From Lemma 3.4 we see that T'(z) C PC(J) for
x € PCY(J). We will prove that T is a u.s.c. Bg-condensing map with compact

and convex values. Suppose that B is a bounded subset of PC'(J). Note that
B (A4 Ao)(B)) < (71 +72)Bu(B) due to Lemmas 4.11 and 4.14. Hence, from
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Lemmas 4.10 and 4.13 we have

Bu(T(B)) =Bu((A+ ¥ + Ay +T o Sp)(B))
< Bu((A+ Ao)(B)) + Bu(¥(B)) + Bu (I o Sp(B))
<+ +7+7%)8u(B) = (n+w)Bu(B),

which shows that T is a Sg-condensing map due to 73 + ¢ < 1. In the same
manner as the proof of Theorem 4.1, from Lemmas 4.9, 4.13, 3.5 and 2.1 we can
show that T' is a u.s.c. map with compact and convex values.

Suppose that Cy, G1, G2, Gy are four constants given by

Co = sup [|g(t,0)]];
tel

G1=M([|¢]la +dv + d2 + ||9(0, 9));

Gy = 2mM sup {IIyII ye Jlen(X) U wkm]};

k=1
Go = Co(M(Z+ 1) +G1 +G2.
Since v; < 1, M > 1 and limsup ||pa|lo/A < (1 —1)/M, we take a constant p
A—4o00
such that

. lpallz 1—m
limsup —— < p < ———.
A—+o0 M

Thus, there exists a constant Ao such that Ao >Go/(1—y1—Mp), [|Pro I/ A0 < p-
Set

D= {xec PC'J):|z] < X}
Then D is a bounded closed convex subset of PC!(J). Next we prove that
T(D) C D. Let x € D be any element and y € T'(x). Then there exist 1, € ¥U(x)
and f, € Sk(z) such that y = Aoz + Az + 0, + L'f,. By (h3) we obtain
[Aoz]la < sup {[|¢(t) — ha ()] + ' (£)]| ¢ € Io}
< sup{[lo()[| + l" O + 1h1 ()| : t € To} < @]la + du,
[1Aoz]lo = sup {[|(Aoz) (W) + [ (Aoz)' (1) : t € I}
< Moe* (1 + alAL)([|9]la + dr) + Moe®* (1 + a)(d2 + [|9(0, &) [));

and so
(4.18) [Aoz||. = max {||Aoz]|a, [[Aoz[lo} < Gi.

Since conditions (hl) and (H1) are identical, (h4) and (H4) are identical, from
(4.11), we have

(4.19) Azl + T fell« = [[Az]lo + [T fzllo < Co(Ma +1) + 7120 + M|lpa, |-
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From (h2), we have
(420)  |Imalls = lImallo = stteug[llnz(t)ll + [l (O]

<sup D (1O — tw)llluel +1S( = te)|llve]

tel gy <t

tsup Y [JAS(t = ti) k]l + |C(t = te)|u]ox]l] < Ga.
tel g <y

Combining with (4.18)—(4.20), we have

[yll« <l[Aozllx + [|Az][« + ([T fall« + (|02l
<Co(Ma+1) + Gy + Gy + v + M|pr, |l = Go + 7120 + M|pa, ||z
<1 =m—Mp)ro+ Ao+ Mpro = Ao,
which means that T'(D) C D.

Using Lemma 2.2 we deduce that Fix(T') is a nonempty and compact set.
Hence, the set of C!-solutions of problem (FIP) is a nonempty and compact set.]

ExAMPLE 4.15. As an application of our result, we consider the impulsive
neutral partial differential inclusion of the following form:

O yt,9) = 2 gttt — 1,9) — 2 ylt,5) € (et — 1, 9))
8t2y 75 atg 7y r?‘s 8S2y 78 ’y T’S
a.e. t €I\ {t1,...,tm},
y(t,0) = y(t,m) =0, tel,
(P) y(tZa S) - y(tl;ﬂs) € Spk(y(tgas)% k= 1a ey,
0 g . _ _
a*y(t—]:,S)—ay(tk,S)E’L/)k(y(tk,S)), kzlv-~-am7
y(t7 5) + hl (y(oa 8)) = (b(ta 8)7 te Io,
0
a y(075) = h2(y(075))7 te IO7

where s € [0,7]. Let X = L2[0,7], &(t, -) = ¢(t)(-) and y(t, -) = x(t). Then
we have z(t) € X. Define A: D(A) — X by Az = 2" with the domain

D(A) = {z € X : z and 2’ are absolutely continuous,
2" € X and z(0) = z(r) = 0},
then g—; y(t,s) = Az(t), and it is well known that (see [9, 13] for more details)
E = {z € X : x are absolutely continuous, z’ € X and z(0) = z(r) = 0}.

Thus, problem (FIP) is an abstract formulation of problem (P). From Theo-
rem 4.1 we can establish the topological structure of C'-solution sets for prob-
lem (P).
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