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ABSTRACT. The main goal of this paper is to give an answer to the main
problem of the theory of nonautonomous superposition operators acting in
the space of functions of bounded variation in the sense of Jordan. Namely,
we give necessary and sufficient conditions which guarantee that nonau-
tonomous superposition operators map that space into itself and are locally
bounded. Moreover, special attention is drawn to nonautonomous super-
position operators generated by locally bounded mappings as well as to
superposition operators generated by functions with separable variables.

1. Introduction

The notion of a function of bounded variation is one of the basic notions
of mathematical analysis. It was introduced by Camille Jordan (see [14]) in
connection with his investigation on Fourier series.

It might seem that the problem of characterization of acting conditions for
nonlinear superposition operators in the spaces of functions of bounded vari-
ation (') has long been solved. It has been indeed, but only in the case of
autonomous superposition operators (see [15]); the problem of stating necessary

2010 Mathematics Subject Classification. Primary: 47H30, 26 A45; Secondary: 45G10.

Key words and phrases. Acting conditions; autonomous (nonautonomous) superposition
operator; Lipschitz condition; locally bounded mapping; variation in the sense of Jordan.

(1) In this paper we will be interested only in bounded variation in the sense of Jordan,

and therefore we will refer to it simply as ‘bounded variation’.
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and sufficient conditions for the nonautonomous superposition operator to map
the space of functions of bounded variation into itself is still open.

In the monograph [4], on page 175 the authors write: “As already mentioned,
no general results on the acting, boundedness, or continuity of the superposition
operator F are known in the nonautonomous case f = f(t,u) (apart from trivial
sufficient conditions, of course).”

On page 174 of that monograph the authors quote and prove the following
result coming originally from Ljamin’s paper [19].

THEOREM 1.1. Assume that the function f(t, ) satisfies the Lipschitz con-
dition on R uniformly in t € [0,1], and that the function f(-,u) is of bounded
variation on the interval [0,1] uniformly in u € R. Then the nonautonomous
superposition operator F, generated by f, maps the space BV|0, 1] into itself and

is locally bounded, that is, it maps bounded sets into bounded ones.

(In the above theorem BV]0,1] denotes the Banach space of all functions
1

x: [0,1] = R of bounded variation endowed with the norm ||z|| gy, = |z(0)|+V ;
0

for more details see Section 2.)

In the paper [6], Bugajewska formulated the conjecture that Theorem 1.1
might not be true. Let us also add that the proof of Ljamin’s theorem presented
in the survey article [3] is false. One can find the suitable examples confirming
its falsity in the review by Bugajewski for ZbIMATH (Zbl 1255.47059). The con-
jecture from the paper [6] was confirmed by Mackowiak (see [22]) who presented
the following counterexample to Theorem 1.1.

EXAMPLE 1.2 ([22]). Let the function f: [0, 1] xR — R be defined as follows:

0 Vne{23,...}:t#c,oruél,,
f(t7u): 1 —

(1_|ucn|> Idne{2,3,...} :t=c, and u € I,,

n Wy

where ¢, =1 —1/n, w, = 1/(2n) and I,, = (¢, — wy, ¢, +wy) for n =23, ..
For an arbitrary ¢t € [0, 1], the function f(t, -) satisfies the Lipschitz condition
(uniformly in the second variable) with a Lipschitz constant not greater than 2.

1
Moreover, \/ f(-,u) < 22 for an arbitrary v € R. However, considering the
0

functions z(t) =t and g(t) = f(t,z(t)) for ¢ € [0, 1], one can easily be convinced
that the nonautonomous superposition operator, generated by the function f,
does not map the space BV/[0, 1] into itself.

In the introduction to the recently published monograph [2, p. 6], the authors
stated three fundamental open problems of the theory of nonlinear superposition
operators in the space of functions of bounded variation. The first problem
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mentioned there concerns both necessary and sufficient conditions which would
imply that the nonautonomous superposition operator maps the space under
consideration into itself. Thus we can say, roughly speaking, that the theory
of nonautonomous superposition operators in the space of functions of bounded
variation is still in its initial point.

The main purpose of this article is to provide an answer to the problem
concerning acting conditions. Let us emphasize that the proof of sufficiency of
our conditions stated in the main result (see Theorem 3.8) is straightforward,
while the proof of their necessity is non-trivial and tricky (see also Theorem 4.4
for the case of nonlinear superposition operators generated by locally bounded
functions).

Let us also add that the third problem stated in the mentioned monograph
concerning local boundedness of a nonautonomous superposition operator was
solved in the paper [17].

Let us emphasize that the theory of nonlinear superposition operators in the
spaces of functions of bounded variation is closely connected with the theory of
solutions to nonlinear equations in these classes of functions (see e.g. [7], [8], [13]).
The study of so-called BV-solutions seems to be interesting for at least a few
reasons. First, let us draw attention to the fact that solutions to the Cauchy
problem for the equation of first order, defined on a compact interval in R, the
existence of which is guaranteed by the classical Peano theorem, are functions of
bounded variation (at least locally). This property is preserved, if one considers
solutions to this equation, the existence of which follows from the Carathéodory
theorem (see [10, Theorem 1.1]). Second, solutions to many equations which
describe concrete physical phenomena are functions of (local) bounded variation.
As examples, we could mention here equations describing the amplitude of forced
vibrations of a string, which appear in engineering (see [23]), or Volterra integral
equations modelling population dynamics under constant harvesting (see e.g. [5]).
Applications of functions of bounded variation in economics to describe dynamic
choices of hyperbolic consumers (see e.g. [12]) are also worth mentioning,.

The motivation for the study of solutions to nonlinear integral equations in
the class of functions of bounded variation comes also from the theory of non-
absolute convergent integrals. Namely, it is well-known that if h: [0,1] — R
is a function integrable in the Denjoy—Perron sense (or, equivalently, in the
Henstock—Kurzweil sense), then he is also integrable in that sense whenever
©:]0,1] = R is a function of bounded variation (see [9]).

Finally, let us mention that certain functions of bounded variation also pos-
sess essential applications, for example, in the geometric measure theory (see e.g.
[21], [1], [11]) or in image processing to recovering images (see e.g. [18]).
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The structure of this paper is as follows. In Section 2 we fix notation used in
this paper and we recall a few basic results concerning nonlinear superposition
operators acting in the space of functions of bounded variation. Section 3 con-
tains, among others, the main result of this paper, namely Theorem 3.8, which
gives necessary and sufficient conditions guaranteeing that the nonautonomous
superposition operator maps the space of functions of bounded variation into
itself and its local boundedness. In Section 4 we examine nonautonomous su-
perposition operators generated by locally bounded functions. A necessary and
sufficient acting condition for such superposition operators is stated in Theo-
rem 4.4. Finally, Section 5 contains exhaustive study of nonlinear superposition
operators which are generated by functions with separable variables.

2. Preliminaries

NoTATION 2.1. The closed ball with center at z and radius r € (0,400)
in a normed space X will be denoted by Bx(x,r). For simplicity, instead of
Bgr(z,7) we will obviously write [z — r,2 + r]. By BV]a,b] we will denote the
Banach space of all real-valued functions of bounded variation defined on [a, b],

b b
endowed with the norm ||z||zy :=[z(a)| + \ z; here the symbol \/ z denotes the

a
Jordan variation of the function z: [a,b] — R, that is,

b n
\/:c = supz lz(t;) — x(ti—1)],
a T =1

where the supremum is taken over all finite partitions 7 :a =tg < t; < ... <
t, = b of the interval [a,b]. Moreover, the set of points of discontinuity of
a function f will be denoted by Dy. If u is an arbitrary real number, then by z,
we will denote the constant function attaining only the value u, that is, z,(t) = u
for every t in the domain of z,,.

The necessary and sufficient acting condition for the autonomous superposi-
tion operators are fully described by the following Josephy’s

THEOREM 2.2 ([15], [4, Theorem 6.13]). Suppose that F is an autonomous
superposition operator generated by a function f: R — R. The superposition
operator F maps the space BV[0, 1] into itself if and only if the function f satisfies
a local Lipschitz condition, that is, for every r > 0 there exists a number L, > 0
such that | f(u) — f(w)| < L.|u — w|, whenever u,w € [—r,r].

In this paper, by locally bounded mappings we will understand the mappings
defined as follows.
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DEFINITION 2.3. Let X be a normed space. A mapping F': X — X is said
to be locally bounded if for each r > 0 there exists R > 0 such that

F(Bx(O,T)) C Bx(O,R).

For the case of nonautonomous superposition operators in the space of func-
tions of bounded variation, the sufficient acting conditions are given in the fol-

lowing

THEOREM 2.4 ([6, Theorem 1]). Let the function f:[0,1] x R — R satisfy
the following conditions:
(a) f satisfies a Lipschitz condition on R uniformly in t € [0,1];
(b) there exists a constant M > 0 such that for arbitrary real numbers
Ug, ..., Un—1 and an arbitrary finite partition 0 =ty <t; < ... <t, =1
of [0,1] the following inequality holds:

(2.1) Z|f(tiaui—1) — f(tic1,ui1)| < M.
im1

Then the nonautonomous superposition operator F, generated by f, maps the
space BV[0, 1] into itself and is locally bounded.

The above quoted result gave us a clue what kind of conditions might be
necessary in the situation under consideration.

REMARK 2.5. Clearly, the conclusions of Theorems 2.2 and 2.4 remain true,
if we replace the space BV][0,1] with the space BV]a,b] for arbitrary a,b € R
such that a < b.

3. Nonautonomous superposition operators — a general case

The first result of this section is a simple refinement of Theorem 2.4.

THEOREM 3.1. Let the function f:[0,1] x R — R satisfy the following con-
ditions:
(a) f satisfies a local Lipschitz condition on R uniformly in t € [0, 1];
(b) for everyr > 0 there exists a constant M, > 0 such that for everyn € N,
every partition 0 = tg < ... < t, =1 of [0,1] and every ug, ..., Up—1 €
[—7, 7] the following implication holds:

n—1 n
(3.1) Z|Uz —ui—i| <r = Z|f(tiyui71) — fltic1,ui—1)| < M.
i=1 i=1

Then the superposition operator F, generated by f, maps the space BV|0, 1] into
itself and is locally bounded.
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PrOOF. Given z € BVI[0,1], let r > 0 be such that ||z|/zy < r. Moreover,
let L, denote the (uniform) Lipschitz constant corresponding to the function
u— f(t,u) and the interval [—r,7]. Then, since sup,c(o 1)|2(t)| < [|z[/gy, for an
arbitrary finite partition 0 =ty < t; < ... <t, =1 we have

n

D (s w(t) = f(tioa, @ (ti))]

< Z |f (i, z(ti)) — f(ts, o(tiz1))| + Z |f(tis2(ti-1)) — f(tim1, 2(tiz1))]
<L) o) — a(tio)| + D _|f(ti2(tic1) — fltimy, 2(tiz1)].
i=1 i=1
Hence

1

1
\/ F(z) < L. \/ =+ M,,
0 0

and therefore F'(z) € BV[0, 1]. Furthermore, we have
1
1E (@) |y < 1£0,2(0))] + L \/ & + My < [£(0,0)| + rLy + M,
0

which shows that F' is locally bounded with R:=|f(0,0)| + 7L, + M,. O

The following example shows that the above result is an essential improve-
ment of Theorem 2.4.

EXAMPLE 3.2. Let us consider the function f: [0,1] x R — R defined by the
following formula:

0 ift#1/n and u € R,
ift=1/nand u <n—1,
ftu) = ,
1 ift=1/n and u > n,

u—(mn—1) ift=1/nandn—1<u<mn,

where n € N. Let us observe that for any ¢ € [0,1] the function u — f(¢,u)
satisfies a Lipschitz condition with the constant at most 1. Furthermore, f does
not satisfy condition (b) of Theorem 2.4. Indeed, for every positive integer n > 2
let

ug:=0, wyi=n-—-1, ..., wgi=n—14, ..., Up_1:=1
and
tg:=0, t; = L = L t,:=1
0-—Y, 1_na RS Z'_n_i_’_lv ) n-—
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Then

é |f(ti,uim1) — f(tic1,uia)| = 'f(rll,O) — f(0,0)‘

n
1 1
— -+l —f————n—i+1])|>n-1
+; f(n_z,+1,n i+ ) f(n—z’+2’n i+ )’_n

On the other hand, the function f satisfies condition (b) of Theorem 3.1, since
for an arbitrary positive number r > 0, in view of the fact that in each region

[0,1] x [—r,7] the function f vanishes everywhere except at the set consisting of
a finite number of vertical line segments, it suffices to take M,:=2[r] + 1, where
[r] denotes the integer part of the number r.

PROPOSITION 3.3. Suppose that the function f: [0,1] x R — R satisfies as-
sumption (a) of Theorem 3.1. If the autonomous superposition operator F, gen-
erated by f, maps the space BVI[0,1] into itself and is locally bounded, then the
function f satisfies condition (b) of Theorem 3.1.

PrROOF. Given a number r > 0, let R > 0 be such that F(Bgy(0,2r)) C
Bgv(0,R). Moreover, let L, denote the (uniform) Lipschitz constant corre-
sponding to the function w +— f(t,u) and the interval [—r,r]. Set M,:=rL, + R
and consider an arbitrary finite partition 0 = ¢y < t; < ... < t, = 1 of
[0,1] and an arbitrary finite collection of real numbers uy, ..., u,—1 such that

n—1
> Ju; — ui—1| < r. We infer that there exists a function 2 € BV/[0, 1] such that
i=1

1
x(t;) = u; for i =0,...,n—1 and \/z < r. Indeed, it suffices to consider the

0

function which is linear on each of the intervals [¢;_1,t;] for ¢ = 0,...,n — 1
and is parallel to the horizontal axis on the interval [t,_1,%,] (cf. the proof of
Theorem 3.8). Then we have

Z|f(ti7uifl) — f(tic1,uiz1)| = Z |f(ti, 2(tiz1)) — f(tic, 2(tiz1))]

Z tum tlvx |+Z|f tzvm f(tiflax(tifl)”

<L, Z 2(tic1) — x(t:)| + \/ F(@) <rL, + R = M,.
i= 0

This ends the proof. O

ExaMPLE 3.4. Let F' be the nonautonomous superposition operator gener-
ated by a function f: [0,1] x R — R. Let us emphasize that the fact that F' maps
the space BV|[0,1] into itself does not have to imply that F is locally bounded.
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Indeed, let f: [0,1] x R — R be defined by the formula

0 ift£0oru<o0,

f(tu) =
u~!  otherwise.
Furthermore, for every n € N, let
n~l ift=0,
zn(t) =
0 if t € (0,1].

Clearly, the superposition operator F, generated by the function f, maps BV|[0, 1]
into itself. However, | F(z,,)| gy = 2n, while ||z,|/gy = 2n~* for n € N.

Actually, the conclusion of the above remark follows from a more general
result, namely from the following

PROPOSITION 3.5. Suppose that a function f:[0,1] x R — R generates the
nonautonomous superposition operator F which maps the space BV|0,1] into
itself. If the function f is not locally bounded, then also the operator F is not
locally bounded.

PrROOF. Since the function f is not locally bounded, there exist a constant
r > 0 and a sequence (t,, Un )nen in [0, 1] x [—r, r] such that lim, 0| f(tn, un)| =
+o00. Clearly, without loss of generality, we may assume that the sequence
(tn)nen converges to a point to € [0,1]. For each n € N define a function
Zn: [0,1] = R by
u, ift=t,,

Ta(t) =
0 otherwise.

Notice that
1

|znllgy = |2n(0)] + \/J}n < 3r for every n € N,
0

and therefore, in view of the assumption, F'(x,) € BV][0,1] for every n € N. On
the other hand, for sufficiently large n € N, we have

|f(tnaun)| - ‘f(570)| < ‘f(tnvun) - f(5a0)|

= f(tns zaltn)) = f(s,20(5)) < \/ Flza),
0

where s is an arbitrary (but fixed) point in [0, 1] distinct from ¢y. Hence
1

i \/ F(z,) = +oc, O

The fact that the nonautonomous superposition operator maps the space
BV]0, 1] into itself implies also the property stated as
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PROPOSITION 3.6. If the nonautonomous superposition operator F', generated
by a function f: [0,1] xR — R, maps the space BV[0,1] into itself, then for every
r >0 the set Tr::{t €[0,1]: sup |f(t,u)|= +oo} is finite.

wE[—r,r]

PRrROOF. Let us assume that the superposition operator F' maps the space
BVI0, 1] into itself and suppose that there exists r > 0 such that the set T;. is (at
least) denumerable (?). Thus, we can find a sequence (,, Uy )nen in [0, 1] x [—7, 7]
such that

(3.2) |[f (1, Uns1)] > [ f(tn,un)|+1 form e N

Let us observe that, without loss of generality, we may assume that:

(a) the sequences (t,)nen and (up)nen are monotone;

(b) tn — to and u,, — ug, as n — +o0, for some tg € [0,1] and ug € [—r,7];

(¢) tn # tm, if n#m.

To prove the above claim note that, in view of the denumerability of the
set T, the sequence (t,)nen can be chosen in such a way that ¢, # t,,, if
n # m. Furthermore, since (¢, u,) € [0,1] x [—7, r] for every n € N, the sequence
(tn,un)nen admits a convergent subsequence (t,, ,un, )ren, that is, there exist
points to € [0, 1] and ug € [—r, r] such that t,, — to and u,, — ug as k — +o0.
Besides, from (3.2) it follows that

|f (s um)| Z [f (tnyun)| +1 - for m > mn,

and thus to prove the claim, it now suffices to take any monotone subsequences

(tny, Jien of (tn,)ken and (un, )ien of (un,)ken, respectively.
Now, let z: [0,1] — R be a function given by the following formula:

U, if t =t, for n € N,
Uug ift = to,
z(t) = linear on (min{t,, t,+1}, max{t,,t,+1}) for n € N,
x(suptn) ift € (suptn,l},
neN neN
a:( inf tn) ift e [O,infneN tn).
neN

It can be shown that the function z is monotone and hence z € BVI[0,1]. On
the other hand, for every positive integer n > 2, we have
1

V F@) 2 3 1F @) ) - F@))

0

n—1
2 Z(|f(ti+1’$(ti+1))| — | f(ti, z(ts))]) > n—1,

(2) Recall that a set is called denumerable if it is infinite and countable.
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which proves that F'(z) ¢ BV[0,1]. This contradicts our assumption. Therefore,
the set T, is finite. O

The following result states, in particular, that thinking about necessary
acting conditions for the nonautonomous superposition operator in the space
BV|[0, 1], one cannot say anything about the behaviour of the generator of that
operator with respect to the second variable.

THEOREM 3.7. Let F' be a nonautonomous superposition operator, generated
by a function f:[0,1] x R = R, which maps the space BVI0, 1] into itself. Then
for every u € R the function t — f(t,u) is of bounded variation. Furthermore,
in general, nothing can be said about the function u — f(t,u), where t € [0,1] is
fized.

PROOF. For every u € R, in view of the assumption, F(z,) € BV[0, 1], that
is, the function ¢t — f(¢,u) is of bounded variation.

To show the second claim, let us consider the function f: [0,1] xR — R given
by the formula f(¢t,u) = h(t)g(u), where g: R — R is an arbitrary function and
h:[0,1] — R is defined by

0 ifte(0,1],
W) = if ¢ € (0,1]
1 ift=0.
Then the nonautonomous superposition operator F', generated by the function f,
is given by
0 if ¢ € (0,1],
F(z)(t) = ,
9(x(0)) ift=0,
where z € BVJ0, 1], and hence it maps the space BV|[0, 1] into itself. O

Now, we are going to prove the main result of this paper concerning necessary
and sufficient conditions for the inclusion F(BV]0,1]) € BV[0,1] and the local
boundedness of the nonautonomous superposition operator F.

THEOREM 3.8. Suppose that f:[0,1] x R — R is a given function. The
following conditions are equivalent:
(a) the nonautonomous superposition operator F, generated by f, maps the
space BV|0, 1] into itself and is locally bounded;
(b) for everyr > 0 there exists a constant M, > 0 such that for every k € N,
every finite partition 0 = tg < ... < ty, = 1 of the interval [0, 1] and every

k
finite sequence ug, . ..,ux € [—r,r] with > |u; —u;—1| < r, the following
i=1

inequalities hold
k

k
Dot w) = f(tion, )| < My and Y |f(tir,w) = f(tim,uimn)| < M,
=1

i=1
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PrOOF. (b)=(a). Let x € BVJ[0,1] be such that ||z|5, < 7. Moreover,
let M, be a constant for which condition (b) is satisfied and let 0 =5 < ... <
tr = 1 be any finite partition of the interval [0, 1]. Then, in view of the triangle
inequality, we have

k
D O 1f i x(t) = f(tioa, @(tin))] < 2M,.
i=1
The above inequality and the fact that f is locally bounded (which is implied
by (b)) ensure that F' is locally bounded.
(a)= (b). Suppose now that the superposition operator F satisfies con-
dition (a) and that there exists 7 > 0 such that for every n € N there ex-

ist a finite partition 0 = t§ < ... < #§ = 1 of [0,1] and a finite sequence
k’”.
ug, ... up € [=r,r] with - [u —uf ;| <r such that
) =1
kn
(3.3) either SO ) = ft g ul) > n
i=1

k’ll
or Y [f(ty,uf) — f(Hy uiy)| > n.
i=1

For every n € N define auxiliary functions £": [0,1] — R by

ull if t = ¢ for some i € {0,1,...,k,},
wopy )t —t t— 17 ,
g (t) - m U? + tnﬂi—ltn U?_,’_l lf te (t?,tﬁrl),

% ) % i

for some ¢ € {0, ..., k, — 1}.

Clearly,
1 kn ky,
Ve =Sl — el = Jul —up | <7,
0 i=1 i=1

and since the superposition operator F' is locally bounded, there exists a constant
R > 0 (corresponding to 2r) such that sup,cy ||[F(£")|lgy < R. In particular,
for every n € N we have

kn
SOIFEup) = fEul)|
=1
kn

kn
<D ) = FE g )+ DI ufy) = ()]
i=1

i=1

1 kn
< Slél;\)]\/F(gn) + Z |f(t?71,u?71) - f( ?71710?)‘7
n 0 i=1
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and similarly

kn
DOl ) = )|
=1
kn kn
<Y I ul) = FEL ]+ FER ) = fE L uly)
i=1 i=1

kn 1
<D ) = fEy u)| +sup \/ FE).
i=1

neN 0

Therefore, both sums in (3.3) diverge to +00 as n — —+o0, if at least one of them
diverges. So, we have that
kn

(3.4) Tim D f( g uf) = f(Egufy)] = e
=1

Fix n € N. To each t} arbitrarily assign a point 77}, € (t},t}},), i =
0,...,k, — 1. The finite sequence s}, where i =0, ..., 2k, defined by

n._4n n.___-n n.__n n.___-n MnN._4n n N n 4N
SO -—t07 81 -—7—1 ) 32 ~—t1 y 83 .—T2 s 84 .—t27 ey Sanfll_Tkrﬂ S2kn'_tk‘

n

is a partition of [0, 1]. Let us also define two functions:

n M n n
U; if t € [sh;_o,85;_1]
for some ¢ € {1,...,k,},
85—t t—s5_4 )
n [ n Q3 n n n
" (t) = o _on + o _gn_ itl if ¢ € [s5; 1,55
2i — S2i-1 2i — S2i-1
for some ¢ € {1,...,k, — 1},
n M n
up, if ¢t > Sk, 15
and
Spi-1— 1 n t— 85 o no " "
o _gn . i1 + o g Wi if £ € [s5; 0,85 4]
2i—1 2i—2 2i—1 2i—2
Y (t) = for some ¢ € {1,...,k,},
n 3 n n
U; if ¢ € [sh;_q, 85

for some i € {1,...,kp}.

The following table explains how the functions ™ and y™ are constructed (for
the sake of simplicity, the upper indices n at ¢, 7, s and u are omitted):

values of t ‘ S0 ‘ s1 ‘ So ‘ S3 ‘ Sy ‘ S5 ‘ S6 ‘ ‘ Sok, —3 ‘ Sok, —2 ‘ Sk, —1 ‘ Sok,,
‘old values’ of t | to | 71 [ &1 | T2 | ta | T3 | T3 | oo | Thu—1 | tkn—1 Th, t,
values of 2™ () | wy | w1 | u2 | u2 | ug |us | wg | ... | Up,—1 Uk, Uk, Uk,
values of y"(t) | wo | w1 | ur |ug |ug |us |us | ... | Uk,—1 | Uk,—1 Uk, Uk,

and the functions 2™ and y™ are linear on each interval [s;, s;11].
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Observe that 2™(0) = ¥, y™(0) = uf, and furthermore

1 2k, ke 1
Vam =l (sh) —a(spo)| = ) Juf —upy| < \[ " <
0 i=1 =2 0
as well as
1 2k, En 1
Vo =D 167 =y (i)l =D Jup —up | <\ ¢ <
0 i=1 i=1 0

Therefore, ||2"| gy < 2r and [|y"||zy < 2r for every n € N. Hence, in view of the
local boundedness of the superposition operator F', we infer that | F(z")| gy < R,
where z" € {z",y"}. However, on the other hand, for every n € N we have

o
DOIFEuf) = fEy )]
i=1
Fn n
< g uf) = fO )+ Y F ) = (e ufy)]
i=1 i=1
Fon
=Y e () = (2 (7))
i=1

kn
+ Yy () = FE Y ()
i=1

ko

n

|f(531—1a mn(sgi—l)) - f(ng‘—m x”(sgi_z))l
1

g

kn
+ Z | f(85i1, 9" (s3i-1)) — f(s5i2, ¥ (s5;-2))]
i=1

1

<\ F@") +\/ Fy") < 2R,
0 0

which contradicts (3.4). This shows that the implication (a) = (b) holds. O

REMARK 3.9. Let us add that Theorem 3.1 and Proposition 3.3 can be
obtained as corollaries to Theorem 3.8.

4. The case of locally bounded functions

In this section, unless stated otherwise, we assume that f: [0,1] x R — R
maps bounded sets into bounded sets and that F' is the nonautonomous super-
position operator generated by f. For brevity, let [, (t):=max{0,t — o} and
ro(t):=min{l,¢ + a} for ¢t € [0,1] and a € (0, +00).

Reasoning similar to the proof of [24, Lemma 1] leads to the following
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LEMMA 4.1. Let z: [0,1] — R. Then F(x) ¢ BVI[0,1] if and only if there

exists t € [0, 1] such that
ra(t)

(4.1) \/ F(z) =400 for every a > 0.
la(t)

PrOOF. Let us note that it suffices to prove the implication ‘=’, and there-
fore suppose that (4.1) does not hold. Then, for any ¢ € [0, 1] there exists a; > 0
such that

Tovy (t)
\/ F(z)=:M; < 4oo0.
lag ()
The family of sets {(t — oy, t + o) : t € [0,1]} is an open cover of [0,1], which
implies that for some points 0 < ¢) < #; < ... < tx < 1 we have [0,1] C
(to — g, to + ) U ... U (b — oy, tr + o, ) and

1 k Tati (t")
VFE@ <> F(z) < kmax{M,,,..., M, } < 4ooc. O
0 i=0 Lo, (t:)

Now, we are going to apply Lemma 4.1 to the following technical result,
which is crucial for our further considerations.

LEMMA 4.2. Suppose that there exists x € Bgy(0,7), where r > 0, such that
F(z) ¢ BV[0,1] and let t € [0,1] satisfy condition (4.1). Then for every § > 0
there exists u € [—r,r] such that for every q € N there exist positive integers
cq,dq and a finite collection of points ly . (t) < t§ <t] < ... < tgq < 7r1/e, (1)
such that the following properties hold: z(t) € [u — §,u+ 4] fori =0,...,d,,
cq — +00 as ¢ — +o00 and

dq
(42) Tim 3178, (1) = (L a(ty)] = +oo.
=1

PROOF. Fix § > 0 (without loss of generality we may assume that 67/ is
a positive integer greater than or equal to 2). Since t € [0, 1] satisfies (4.1), for
each n € N we can choose a number k,, € N and a finite partition [, (t) = 75 <
oo <7t = 11/(t) of the interval [ly,,(t), 71/, (t)] such that

kn
(4.3) Z|f(7—in’x(7-zn)) — f(rit ()| = n.

The function f is locally bounded, and therefore
(4.4) M,:=sup{|f(r,w)| : 7 € [0,1] and w € [-r,7]} < +o0,

which, in particular, shows that k,, — 400 as n — +4o0.



NONAUTONOMOUS SUPERPOSITION OPERATORS IN THE SPACES OF BV-FUNCTIONS 651

Now, let us define

) . )
wi=—r and WTli=w + = for j=0,...,s—1,

where s = 6r/5. Then, the intervals [u/ — §/6,u? + §/6], where j = 0,...,s,
cover the interval [—r, r]. Moreover,

[w/ —5/6,u! +5/6]N[u/ Tt —6/6,u' " +6/6] = {u/ +/6} forj=0,...,5—1,

and we have

lu—w|>6/3 foru € [u' —6/6,u" +6/6], w € [u! —5/6,u’ + /6]
and i, j with |i — j| > 1.

For every n € N we have

{z(t]"):i=0,1,...,k,} C LSJ [w/ —6/6,u’ + /6],

§=0
and then to each i € {0, ..., k,} we can assign a number j"(¢) € {0,...,s} by
§™(@):=min{j : x(7]") € [/ —6/6,u +5/6]}.
For every n € N either
(a) 15™() — j™(0)] < 2 for all ¢ € {0,...,ky}, which means that z(7*) €
[ (©) —§/2,u7"(©) 4 §/2] for all i € {0,...,k,}, or
(b) there exists a J-jump, i.e. there exists the first index * € {1,...,k,}
such that |j™(i*) — j™(0)| > 2, and then |z (7)) — ()| > §/3.
Taking ¢* in place of 0 and repeating the above reasoning, we get that either
there is a d-jump for some i** > ¢* or not, and so on. Let us note that since
|z|lgy < 7, the number of the consecutive d-jumps ‘at the level’ n, which will be

denoted by m.,, is at most 3r/d (observe that the upper bound for the number
of §-jumps does not depend on n). Indeed, if the function x has consecutive

S-jumps between the points (3) 7, . .. ,Th, then
my,—1 1
P2 Y el = el g b

This procedure leads to the following definition of the sets I}*, for I = 0,...,my,:

(ieN:ipr1<i<ip, -1} ifif, <k,+1,

=
{teN:P+1<i<k,} ifap ) =kn +1,

where i:=0 and 4, ;:=min({i € {i}", ..., kn} : [j"(i]') — 5" ()| = 2} U {k, +1}).

(3) For the sake of simplicity, we assume here that the consecutive §-jumps at the level n

appear between the first my, + 1 points of the partition.
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Let us note that (%)

ky, my
DI a(m) = f (i) =) Y 1@ a(w) = ()]
i=1 1=0 il

Mn

+ S 1A () — F (),
=1

and since
Do a(rh) = frf g a(rh )| < 2m M, < sM,,
=1
we infer that for n sufficiently large there exists I,, € {0,...,m,} such that
0
n ny)y _ f( n > — sM,):;
DSl = S s )| 2 g (s
In

in particular, I/ is non-empty. Since m,, < 3r/§ for every n € N, there exists
a strictly increasing sequence (ng)qen of positive integers divergent to +oco and

a number [ € {0, ..., max,cy my} independent of n for which
(4.5) qlggo Z (it 2(r ) = f(my, 2(r )] = +oo.
el ?

Similarly, there is j € {0,...,s} for which 35(7;‘{1) € [/ —6/6,u! + /6] for
infinitely many g € N. Therefore, passing to a sull)sequence if necessary, we may
assume that z(7.%) € [u/ —§/6,u’ +6/6] for every ¢ € N. So, by the definition
of the set I, welobtain that |u/ — 2(;"")| < § for i € I;'" and ¢ € N.

Finally, set

R N .| TNq q.__,"Nq _ .
w=uw!, cq=ng, dg=[I", th.—TZ_lanl for h=0,...,dg;

here |A| denotes the cardinality of the set A. Together with condition (4.5), this

proves our assertion. O

LeEMMA 4.3. Let the function x € Bgy(0,7), where v > 0, be such that
F(z) ¢ BVI[0,1] and let t € [0,1] satisfy condition (4.1). Then, there exists
u € [—r,7] such that for every e > 0 and every sequence (0n)nen of positive
numbers convergent to 0 there exist sequences of positive integers ky:=k(d,,€)
and finite collections of points I.(t) < t9"° < t"° < ... < ti’;’g < re(t) for which
the following conditions hold: x(t?"’e) € [u—bp,u+dy], fori=1,... . k,, and

kn
2 6711 671,7 671,7 6%7
i S 0 — )] = o
1=

(4) If I = @, then, by definition, the sum corresponding to the set I]* equals zero.
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PRroOF. Fix an arbitrary sequence (v, )nen of positive numbers convergent
to 0 and suppose u,, € [—r,r| corresponds to 7, according to Lemma 4.2 (with
§ = 7). If we denote an accumulation point of the sequence (uy, )nen by u, then
it is not difficult to show that the point u satisfies the assertion. O

Is is clear that if for a function & € Bgy (0, ), where r > 0, there exist points
t € [0,1] and w € [—r,r] such that the claim of Lemma 4.3 is satisfied, then
F(z) ¢ BV[0,1]. Therefore, we can state

THEOREM 4.4. Let © € Bpv(0,r) for some r > 0. Then F(z) € BVJ[0,1]
if and only if for any t € [0,1] and u € [—r,r] there exist € > 0, § > 0 and
M > 0 such that I.(t) <to <t1 <... <ty <r:(t) and z(t;) € [u—6,u+ 9] for
1€{0,...,k}, ke N, imply

k
(4.6) S It w(t) = fltioa, 2(tioa))| < M.
=1

Before we restate Theorem 4.4 we need the following

DEFINITION 4.5. (a) Let A C R be a non-empty set and let a,b € R be such
that a < b. A finite sequence (t;,u;)¥_, is called a flagged partition of [a,b] x A,
fa<tg<t;<...<tpy<bandu; € Afori=0,...,k.

(b) If V! and V2 are flagged partitions of [a,b] x A, then V? is called a con-
densation of V! (which we will denote by V! < V?2), if V! is a subsequence
of V2.

(c) A sequence (V™),en of flagged partitions of [a,b] x A is called a conden-
sation sequence of [a,b] x A, if V* X V™! for n € N.

(d) A condensation sequence (V™),en of [a,b] x A, where V" = (£ u})k= |

[t )

kr,
is called proper, if sup > [ul* — ul" | < 4o0.
n =1
THEOREM 4.6. The operator F' maps BVI0, 1] into itself if and only if for any
t €10,1] and u € R there exist € > 0 and 6 > 0 such that for any proper conden-
sation sequence (V™) nen of [l(t), 7 (t)] X [u — 8,u + 6], where V" = (7, u?)k |
it holds

k’!l
sup Y | f(t, u!) = f(Ey ui )] < oo,
"=l

PROOF. Suppose that there exists z € BVI0, 1] such that F(z) ¢ BV][0,1].
Then, the existence of a desired proper condensation sequence (V™),ecn of
[lc(t),r<(t)] % [u — §,u + §] follows directly from Theorem 4.4 (one has to ap-
ply it denumerably many times with M = n).

Suppose now that the condition stated in Theorem 4.6 does not hold. Then,
there exist t € [0,1] and u € R together with a proper condensation sequence
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V™) pen of [0,1] x [u—1,u + 1] of the form V™ = (¢, u™)*"_ such that
% 0

i Ji=

kn
(4.7) sup » |f(#7,uft) = f(t7-y, upy)| = +00
no=1

(here we put e =6 = 1).

For a fixed n € N let z,,: [0,1] — R be a function which is linear on each
interval [t7 ,,t?] for ¢ = 1,...,k,, and whose graph is spanned by the points
(P, ul), i = 0,...,k, and is parallel to the z-axis on the intervals [0, 7] and
[t} ,1]. Since, the sequence (V"),en is proper, we infer that

1 Ky
sup \/mn = sup Z|u1" —up 4| < +oo.
nelN neNGo
Thus, the sequence (z,)nen is bounded in BVJ[0,1], and therefore, in view of
Helly’s extraction theorem, there is a subsequence (z,,)ren and a function
x € BV[0,1] such that z(t) = limg_00 n, (t) for every ¢t € [0,1]. Let us note
that, due to the fact that (V™),en is a condensation sequence, z(t?) = ul for
every ¢ € {0,...,k,} and n € N. This, in connection with (4.7), shows that
F(z) ¢ BV[0,1]. O

5. Nonautonomous superposition operators
— a separable variables case

In this section we are going to study nonlinear superposition operators which
are generated by functions with separable variables, that is, functions of the form
(t,u) — f(t)g(u), where f: [0,1] — R and g: R — R. Although the results of
this section may be treated as corollaries to Theorem 3.8, we are going to present
them with proofs, which (due to the form of the considered generators) are based
on different techniques, and therefore can be significantly simplified.

The following simple result explains when a nonautonomous superposition
operator acting in a function space is generated by a function with separable
variables.

THEOREM 5.1. Let X be a vector space over R satisfying the following con-

ditions:

(a) X is a vector subspace of the vector space all real-valued functions defined
on [0,1] considered with the standard pointwise addition and multiplica-
tion by scalars;

(b) X contains all constant functions.

Moreover, assume that F' is a nonautonomous superposition operator which maps
the vector space X into itself. The superposition operator F is generated by
a function of the form (t,u) — f(t)g(u), where f:[0,1] - R and g: R — R if
and only if there exists ug € R such that for every u € R there is a,, € R such
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that F(x,) = ayF(xy,). Furthermore, if F # 0, then the functions f and g
are uniquely determined up to constant factors o and 3, respectively, such that
af =1.

ProOF. Clearly, if the operator F' is generated by a function with separable
variables, then either ¢ = 0 and wp:=1 and a,,:=0 for every u € R, or g(ug) # 0
for some ug € R, and then a,:=g(u)/g(uo).

Now, we will prove the necessity part, that is, that the generator of the
operator F, say h: [0,1] x R — R, can be represented in the form h(t,u) =
f(t)g(u) for some functions f: [0,1] = R and g: R — R. From the assumptions
it follows that we have

h(t,u) = ay,h(t,ug) for every t € [0,1] and u € R.

If h(t,ug) = 0 for any t € [0,1], then h = 0, and it suffices to take f = 0 and
g = 0. So we may assume that h(tg,ug) # 0 for some ¢y € [0,1]. Define functions
f and g by the following formulas:
h(t07 u)
(0 = hltw) and gfu) = 00

Then h(t,u) = f(t)g(u) for t € [0,1] and u € R.

Finally, suppose that the functions f1: [0,1] — R and ¢g;: R — R are such
that

fF@)g(u) = fi()g1(u) for all (t,u) € [0,1] x R.
Since F' # 0, there exists a point (s,w) € [0,1] x R such that f(s)g(w) # 0.

Then, putting
f1(s)
f(s)’

and (=

we have a8 = 1 as well as
f@) =afi(t) and g(u) =Bg1(u) forte[0,1] and u € R.
This ends the proof. O

Clearly, if f = 0, then from the fact that the superposition operator F,
generated by the function (¢, u) — f(t)g(u), maps the space X into itself, nothing
can be inferred about properties of g. However, the more is known about the
behaviour of the function f at points of its continuity, the more can be proved
about g.

Now, let us pass on to the space BV][0, 1].

THEOREM 5.2. Let f:[0,1] = R and g: R — R be two functions satisfying
the following conditions:

(a) there exists ug € R such that g(up) # 0;
(b) there exists a point to € [0,1] of continuity of f such that f(ty) # 0.
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Then the nonautonomous superposition operator F', generated by the function
(t,u) — f(t)g(u), maps the space BV[0,1] into itself if and only if:

(c) fe€BV[0,1];

(d) g satisfies a local Lipschitz condition.

PRrROOF. The sufficiency of conditions (¢) and (d) is obvious, since BV]0, 1]
is an algebra (cf. also Theorem 2.2).
Now, we will prove the necessity part. In view of the assumptions, F(z,,) €
BV|[0, 1], which implies that f € BV][0,1]. Indeed
1
F0) = o F(@)g(u) =
which proves our claim.

1
a0 F(xy,)(t) for t € [0, 1],

Furthermore, by assumption (b) there exist an interval [¢,d] C [0,1] with a
non-empty interior and a constant M > 0 such that |f(¢)] > M for all ¢ € [c,d].
Now, let &: [¢,d] — R be an arbitrary function of bounded variation and let
x: [0,1] — R be its BV-extension, that is, we set
(¢) ifte]0,c],

(t) ifte]ed],
£(d) ifte[d 1]

3
z(t) =4¢

Then F(z) € BV[0,1] and
9(&(t) = = - F(1)9(€(t)) = 77 - F(2)(t) for t € [c,d],

which, in view of [16, Theorem 6.1.11, p. 120], proves that the function g gen-
erates an autonomous superposition operator that maps the space BV|[e, d] into
itself. Therefore, by Theorem 2.2, the function g satisfies a local Lipschitz con-
dition. 0

REMARK 5.3. Let us observe that conditions (c¢) and (d) of Theorem 5.2
guarantee that the superposition operator F' generated by the function (¢,u) —
f(®)g(u) is locally bounded. Therefore, in that case, similarly to the autonomous
case, the fact that the superposition operator F' maps the Banach space BV/[0, 1]
into itself implies its local boundedness.

Now, let us consider the case when the function f vanishes at each point of
continuity.

THEOREM 5.4. Let f: [0,1] = R and g: R — R be two functions, and assume
that

(a) f(t) =0 at every point t € [0,1] of continuity of f.
The nonautonomous superposition operator F', generated by the function (t,u) —
f(®)g(u), maps the space BV[0,1] into itself and is locally bounded, whenever
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(b) f € BVI[0,1];
(c) g is locally bounded.

Proor. First, let us observe that the set D of points of discontinuity of f
is at most denumerable and

S0 <\ f < +oo.

teDy 0

Then, for any « € BV]0, 1], we have

f)g(z(t)) ifte Dy,

F@B=1, ift ¢ Dy,

and hence .

\/ Fz) <2M Y |1,

0 teD;
where the constant M > 0 is such that [g(u)] < M for u € [—||z| gy, [|Z]gv]-
This proves that the superposition operator maps the Banach space BV]0, 1] into
itself. The local boundedness of the superposition operator F' follows immedi-
ately from the above estimate. O

REMARK 5.5. If f € BV[0,1], then assumption (a) of Theorem 5.4 implies
that f(t) # 0 if and only if t € Dy.

Indeed, if f(t) # 0, then clearly t € Dy. Now, let us suppose that f(t) =0
and let (¢,)nen be an arbitrary sequence in [0, 1] which is convergent to ¢ and
such that ¢, # t for all n € N. If ¢, ¢ Dy for every n € N, then clearly
f(tn) = f(t) as n — 4o00. On the other hand, if ¢, € Dy for every n € N, then
since f € BV[0, 1], we have

DI <V f < 400,

teDy 0

and hence |f(¢,)] — 0 as n — +o00, which shows that f(t,) — f(¢) and proves
that ¢ ¢ Df.

Let us observe that if we drop the assumption that f is of bounded variation,
then the claim that assumption (a) of Theorem 5.4 implies that f(¢) # 0 if and
only if ¢ € Dy, is no longer true. The function h: [0,1] — R defined by

1 ift=1/nforneN,

h(t) =
0 ift#1/nforneN

is not continuous at 0, but h(0) = 0.

From Proposition 3.5, Theorem 3.7 and Theorem 5.4 (cf. also the proof of
Theorem 5.2) we get the following
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COROLLARY 5.6. Let f:[0,1] = R and g: R — R be two functions satisfying
the following conditions:

(a) there exist to € [0,1] and up € R such that f(to) # 0 and g(ug) # 0;

(b) f(t) =0 at every point t € [0,1] of continuity of f.
Then the nonautonomous superposition operator F generated by the function
(t,u) = f(t)g(u) maps the space BVI]0, 1] into itself and is locally bounded if and
only if

(c) f€BV[0,1];

(d) g is locally bounded.

Now, we will show that the converse of the claim of Theorem 5.4 is true
under certain additional condition concerning the cardinality of the set Dy of
points of discontinuity of f.

THEOREM 5.7. Let f:[0,1] = R and g: R — R be two functions satisfying
the following conditions:

(a) there emwists ug € R such that g(ug) # 0;
(b) the set Dy is denumerable and f(t) = 0 at every point t € [0,1] of
continuity of f.
Then the nonautonomous superposition operator F, generated by the function
(t,u) — f(t)g(u), maps the space BV[0,1] into itself if and only if
(c) fe€BV[0,1];
(d) g is locally bounded.

ProoOF. The sufficiency of conditions (c) and (d) follows from Theorem 5.4.
Therefore, we will pass onto the necessity part.

If f ¢ BV[0, 1], then obviously the function F(x,,) is not of bounded varia-
tion, which ends the first part of the proof.

Now, in view of Proposition 3.6, for a given r > 0 the set

T, ={te[0,1]: suwp |f(t)g(u)l=+oc}

w€[—r,r]

is finite. Since the set Dy is denumerable, we infer that there exists tg € D\ T7,
and hence N,:= sup |f(to)g(u)| < +00. Moreover, f(tg) # 0 (see Remark 5.5),
w€[—r,r]
and thus sup |g(u)| < N,/|f(to)|, which proves the local boundedness of the
uE[—r,r]
function g. O
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