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RESONANT ROBIN PROBLEMS
WITH INDEFINITE AND UNBOUNDED POTENTIAL

NIKOLAOS S. PAPAGEORGIOU — GEORGE SMYRLIS

ABSTRACT. We study a semilinear Robin problem with an indefinite and
unbounded potential and a reaction term which asymptotically at foo
is resonant with respect to any nonprincipal nonnegative eigenvalue. We
prove two multiplicity theorems producing three and four nontrivial solu-
tions respectively. Our approach uses variational methods based on the
critical point theory, truncation and perturbation techniques, and Morse
theory (critical groups).

1. Introduction

Let © C RY be a bounded domain with a C?-boundary 9. In this paper
we study the following Robin problem:

(1.1)  —Au(z) +£&(2)u(z) = f(z,u(z)) in Q, % + B(z)u=0 on Q.

Here £ € L*(2) with s > N and in general it is sign-changing (indefinite
potential) and unbounded from below. The aim of this work is to prove mul-
tiplicity theorems for problem (2.1) when the reaction f asymptotically as the
second argument tends to oo interacts with the spectrum of the differential
operator —Au + £(z)u with Robin boundary conditions (resonant problems). In
particular, we show that if f(z, -) at oo is resonant with respect to any nonneg-
ative and nonprincipal eigenvalue of the differential operator, then problem (2.1)
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admits at least three nontrivial solutions. Subsequently, by strengthening the
conditions on f(z, - ), we show the existence of at least four nontrivial solutions.

Multiplicity theorems for resonant Dirichlet problems with no potential term
(that is, £ = 0), were proved by Bartsch and Wang [3], Castro, Cossio and
Velez [4], Hofer [8], Liu and Li [10]. For resonant Neumann problems also with
zero potential term, we mention the works of Gasinski and Papageorgiou [7],
Motreanu, Motreanu and Papageorgiou [12] and Tang and Wu [19]. Recently
there have been some multiplicity theorems for elliptic problems with an in-
defnite and unbounded potential. We mention the works of Kyritsi and Papa-
georgiou [9], Papageorgiou and Papalini [15] (Dirichelt problems) and Papageor-
giou and Smyrlis [17] (Neumann problems). For the Robin problem, there is
only the recent work of Papageorgiou and Radulescu [16], who examine a class
of parametric coercive equations.

Our approach combines variational methods based on the critical point the-
ory together with truncation and perturbation techniques and Morse theory
(critical groups).

2. Mathematical background

Let X be a Banach space and X* its topological dual. By (-, -) we denote
the duality brackets for the pair (X*, X). Given ¢ € C'(X,R), we say that ¢
satisfies the “Cerami condition” (the “C-condition” for short), if the following is
true:

“Every sequence {uy, },>1 C X such that {¢(up)}n>1 is bounded and

(1+ [Jun| )¢ (un) = 0 in X* as n — oo,

admits a strongly convergent subsequence”.

This is a compactness-type condition on the functional ¢, it is more general
than the usual “Palais—Smale condition” and it suffices to prove a deformation
theorem and from it to derive the minimax theory of the critical values of .
A basic result in this theory is the well-known “mountain pass theorem” ; which
we state below in a slightly more general form (see, for example, Gasinski and
Papageorgiou [6, p. 648]).

THEOREM 2.1. If ¢ € CY(X) satisfies the C-condition, ug,u; € X, r > 0
are such that ||ug —ui|| > r and

max {¢(uo), p(ur)} < inf [p(u) : |lu —uol| = r] = m,,

c= inf max e(y(t)), where T ={y € C([0,1], X) : 7(0) = uo, 7(1) = w1},

then ¢ > m,. and c is a critical value of .

For problem (2.1) the relevant function spaces are the Sobolev space H' (),
the Banach space C' () and the boundary Lebesgue spaces LP(92) (1 < p < o).
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In what follows, by || - || we denote the norm of the Sobolev space H!(£2) de-
fined by

lull = [l + 11 Dull3]"? for all w € H'(€).
The space C*(Q) is an ordered Banach space with positive cone
Cy ={uecC Q) :u(z) >0forall z € 0}
This cone has a nonempty interior
intCy = {ueCy:u(z) >0 for all z € Q}.

On 09 we introduce the (N — 1)-dimensional Hausdorff measure (surface
measure) denoted by o(-). Using this measure, we can define the Lebesgue
spaces LP(09) (1 < p < 00). From the theory of Sobolev spaces, we know that
there exists a unique continuous linear map vo: H(Q2) — L2(9Q), known as the
“trace map”, such that vo(u) = ulsq for all u € H(Q2)NC(Q). The trace map 7o
is compact into L7(992) for every ¢ € [1,2(N —1)/(N — 2)). Moreover, we know
that

imvy = H/22(0Q) and ker~yy = HZ ().
In what follows, for the sake of notational simplicity, we drop the use of the trace
map vo. All Sobolev functions restricted on 02 are understood in the sense of
traces.
Consider a Caratheodory function fp: Q x R — R (that is, for all z € R,
z +— fo(z,x) is measurable and for almost all z € Q, x — fy(z, ) is continuous)
with subcritical growth in z € R,

|fo(z,2)| < ap(2)(1+ |z|""Y) for a.a. z € Q, all z € R,

with ag € L*(2)4 and

ON/(N —2) if N >3,
1 <r<2" = {re(200)arbitrarily big if N =2,

We set
xz
Fy(z,z) = / folz,s)ds,  9(u) = ||Dull3 +/ Ewdz+ | B(2)udo
0 Q o9
for all u € H*(2) and consider the C*-functional g: H'(2) — R defined by
wolu) = %ﬂ(u) - / Fo(z,u(z))dz for all u € H(Q).
Q

As in Papageorgiou and Radulescu [16], using the regularity result of Wang [20],

we have



54 N.S. PAPAGEORGIOU — G. SMYRLIS

PROPOSITION 2.2. If £ € L3(Q) with s > N, B € Wh>(9Q), 8 > 0, fo is
as above and ug € HY(Q) is a local C*(Q)-minimizer of po, that is, there exists
po > 0 such that

wo(uo) < @olug +h)  for all h € C1(Q), with 1Bl cr @y < pos

then ug € C*(Q) for some a € (0,1) and uq is a local H'(2)-local minimizer

of o, that is, there exists p1 > 0 such that
woluo) < po(ug +h) for all h € HY(Q), with ||h|| < p1.

We will use spectral properties of the Robin differential operator of problem
(2.1). For this reason, we consider the following linear eigenvalue problem:

0
(2.1) —Au(z) + &(2)u(z) = Au(z) in Q, 6—u +B(z)u=0 on 9N.
n
Concerning the boundary weight 3, the following condition will be in effect
throughout the rest of this paper:
H(B) B € Wh(89), B> 0.

Evidently, if 5 = 0 then we have the Neumann problem. Therefore our ana-
lysis of (2.1) incorporates that in the work of Papageorgiou and Smyrlis [17]. In
fact our arguments follow those of [17] with suitable modifications to incorporate
the presence of the boundary term.

PROPOSITION 2.3. If ¢ € LN/2(Q) when N >3, £ € L*(Q) with s > 1 when
N =2, ¢€ LY(Q) when N =1 and H(B) holds, then

A =inf[0(u) :u e HY(Q), [Jul]s = 1] > —oc.

PROOF. We argue indirectly. Suppose that Xl = —o0. Then we can find
{un}n>1 € H'(2) such that
(2.2) [luplla =1 foralln>1 and W(u,) > —oc0 asn — cc.
So, we can find ng € N such that
(2.3) I(up) < =1 for all n > nyg.
Suppose that ||u,|| — oo as n — oco. We set y,, = up/||un|| for n > 1. Then
[|yn|| = 1 for all n > 1 and so we may assume that
(2.4) Yn ~—y in H'(Q) and vy, —y in L*(Q) and L*(0Q).

Note that, by the Sobolev embedding theorem, we have that {y2},>; C L2 /2(Q)
is bounded. Therefore, we can say that y2 — 32 in L?/2(Q) as n — oo
(see (2.4)). By hypothesis, & € LN/2(Q) and for N > 3, 2/2* + 2/N = 1. So, we
have

(2.5) /Q«f(z)y?1 dz — /Qﬁ(z)gf dz asn — oo.
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Also, hypothesis H() and (2.4) imply that

(2.6) B(2)y2 do — / B(z)y*do  asn — oco.
aQ a0
Note that
[l l2 1
2.7) Nlynll2 = =—— foralln>1 (see (2.3))
! [lunll [luall

= |ly|l2=0 (see (2.4)) andso y=0.
From (2.3) we have

7\9(yn) < !

a2
(see (2.4)—(2.7)), which contradicts to the fact that ||y,|| = 1 for all n > 1.
Hence {u,}n>1 € H'(Q) is bounded. By passing to a suitable subsequence if

foralln >ng = y, — 0 in H(Q)

necessary, we have
Up —u  in HY(Q), / E(2)u? dz — / £(2)u? dz,
Q Q

(2.8) (2)u? do — B(z)u? do.
o9 o0

From (2.3) and (2.8), we have 9(u) = —o0, a contradiction. Therefore A\; > —o0.]

REMARK 2.4. By the Lagrange multiplier rule, Xl is the first eigenvalue
of (2.1).

The next proposition will allow us to use the spectral theory of compact
self-adjoint operators in order to analyze problem (2.1).

PROPOSITION 2.5. If & € LN/?2(Q) when N >3, € € L*(Q) with s > 1 when
N =2,¢ e LYQ) when N =1 and H(B) holds, then there exist i > max{—\1,0}
and cyg > 0 such that

9(w) + pllull} > collull®  for all u € H'(9).

PROOF. Suppose that the statement does not hold. Then for every n € N
we can find u,, € H*(Q) such that

1
(2.9) O(un) + nllunl3 < -~ [lunll®.

Let yn, = un/||unl], n > 1. Then ||y,|| = 1 for all n > 1 and so, by passing to
a suitable subsequence if necessary, we may assume that

(2.10)  y, >y in HY(Q), yn —y in L*(Q) and L*(0N) as n — oo.
From (2.9) we have

1
(2.11) I(yn) +nllyalls < = foralln > 1.
n
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Note that 9 is sequentially weakly lower semicontinuous. So, from (2.10) we have

(2.12) 9(y) < limint 9(y,).
So, if in (2.11) we pass to the limit as n — oo and use (2.12), then
(213) Tim (nllynl3) = 0,

=y=0 (see (2.10)),

=y, =0 in H'(Q) (see (2.11)-(2.13)).

This contradicts to the fact that ||y,|| = 1 for all n > 1 and thus proves the
proposition. (]

Having this proposition, we can introduce an equivalent inner product (-, - )«
on HY(Q), by setting for all u,h € H (),

(u,y)s = /Q(Du, Dy)pn dz + /Q(f(z) + p)uhdz + - B(z)uh do.

Given g € L?(Q), by the Riesz representation theorem, we can find a unique
u € HY(Q) such that

(u,h)s = / ghdz for all h € H'(Q).
Q

This introduces a continuous linear map K, : L?(Q) — H'(f2) defined by

K.(9) = u.
Let i: HY(Q) — L?(Q2) be the embedding map. By the Sobolev embedding
theorem, we know that i is compact. We have

(2.14) (Kyo0d)(v),h). = /th dz for all v,h € H' ().

Evidently, K, o1 is compact and self-adjoint. Moreover, we have
(Kyo0i)(v),v)s = |[v|]|3 >0 forallve HY(Q), v#0.

Then, from the spectral theorem for compact self-adjoint positive operators (see,
for example, Gasinski and Papageorgiou [6, p.296]), we can find a sequence
{Tn}n>1 C (0,+00) of eigenvalues of K, oi such that 74 > ... > 7, — 0T,

Let Xn = 1/1, — p for all n > 1. Then —o0 < Xl <...< //\\n — +o0 as
n — oo. Also, there is a corresponding sequence {tU, },>1 € H'(Q2) of eigenfunc-
tions (counting the multiplicity of each eigenvalue), which form an orthogonal
basis of H!(Q2) and an orthonormal basis of L*(Q). In fact, if £ € L(Q) with
s > N then, using the regularity result of Wang [20], we can say that @,, € C1(Q)
for all n € N.

In what follows, by E(\,) we denote the eigenspace corresponding to the
cigenvalue A,. We know that E(Xn) is finite dimensional. Also, if & € L°(Q)
with s > N then E(\,) C C*(Q). From de Figueiredo and Gossez [5], we know

~



RESONANT ROBIN PROBLEMS 57

~

that F(\,) has the so-called “Unique Continuation Property” (UCP for short),

o~

namely, if u € E()\,) and u vanishes on a set of positive measure, then u = 0.
We have the following orthogonal direct sum decomposition:

H'(Q) =P EA).

The eigenvalues {/):k}kZI have the following variational characterizations:

(2.15) A1 = inf Lﬁ(ﬁl cu € HY(Q), u#O}
Uujl2

and for m > 2 we have

(2.16) Am = inf [m cue @ EQ), u# 0]
2

k>m

= sup [19(U)2 Ty € éE(X;@), u # O].
TR~

The infimum in (2.15) is realized on E(Xl), while in (2.16) both the infimum and
the supremum are realized on E(\,). From (2.15) it is clear that the elements
of E(Xl) do not change sign. In what follows, by 41 € H(Q2) we denote the
L2-normalized (that is, ||@1||2 = 1) positive eigenfunction corresponding to AL
If € € L5(Q) with s > N then @y € Cy \ {0}. Moreover, if (T € L(Q); then
the maximum principle (see, for example, Gasinski and Papageorgiou [6, p. 738])
implies that 41 € int C,. We mention that all the other eigenvalues have nodal
(sign-changing) eigenfunctions (see, for example, Gasinski and Papageorgiou [6,
p. 743)).

As an easy consequence of the variational characterizations (2.15) and (2.16)
and of the UCP of the eigenspaces, we have the following useful inequalities.

PROPOSITION 2.6. (a) Ifn € L*>®(Q) and n(z) < N for almost all z € Q with
strict inequality on a set of positive measure, then

D) — / n(z)u?dz > cillul[* for some e; >0, allu € P E(\,).
Q n>k
(b) If n € L>®(Q) and n(z) > e for almost all = € Q with strict inequality on
a set of positive measure, then

k
Hu) — / n(z)uldz < —co||u||*  for some ca >0, all u € @E(Xn)
Q

n=1

Let m € L*(Q)4+, m # 0. In addition to the eigenvalue problem (2.1), we
consider also the following weighted version of it:

(2.17) —Au(z) +&(2)u(z) = Am(z)u(z) in €Q, % +B(z)u=0 on 0.
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The same analysis and the same results are also valid for problem (2.17). The
eigenvalues of (2.17) are denoted by Ax(m), k € N, to emphasize the depen-
dence on the weight and in the variational characterizations (2.15) and (2.16)
the quotient ¥(u)/||ul3 is replaced by ¥(u)/ [, m(z)u® dz.

From the general spectral theory (see, for example, Gasinski and Papageor-
giou [6, p.710]), we have that
(2.18) Me(m) = inf sup [19(u) : / m(z)u?dz = 1}

Q

YELk-1 yeyL

with £j_1 being the family of all (k — 1)-dimensional subspaces of H!(Q).
From (2.18) we are led to the following strict monotonicity property of the
map m — Ag(m).

PROPOSITION 2.7. If m,m’ € L (Q)4, m(z) < m/(z) for almost all z € Q
and the inequality is strict on a set of positive measure, then Ap(m’) < Ag(m).

Next we recall some basic definitions and facts from Morse theory (critical
groups) which we will need in the sequel. So, let X be a Banach space, ¢ €
C'(X,R) and ¢ € R. We introduce the sets ¢ = {u € X : p(u) < ¢}, K, =
{ue X :¢'(u) =0} and Kg = {u € K, : p(u) = c}.

Let (Y1,Y2) be a topological pair such that Y2 C Y3 C X. For every
k € Ny, by Hy(Y1,Y2) we denote the k'P-relative singular homology group for
the topological pair (Y7,Y2) with integer coefficients. Recall that for k € —N;
Hj(Y1,Y2) = 0. Let u € K¢ be isolated. The critical groups of ¢ at u € X are
defined by

Cr(p,u) = Hp(°NU, e NU \ {u}) for all k € Np.

Here U is a neighbuorhood of u such that K, NN U = {u}. The excision
property of singular homology theory implies that this definition of critical groups
is independent of the choice of the neighbourhood U.

Suppose that ¢ satisfies the C-condition and inf ¢(K,) > —oo. Let ¢ <
inf (K, ). The critical groups of ¢ at infinity are defined by

Cr(p,00) = Hi(X,¢°) for all k € Ny.

The second deformation theorem (see, for example, Gasinski and Papageor-
giou [6, p.628]), implies that the above definition of critical groups at infinity, is
independent of the choice of the level ¢ < inf ¢(K,,).

Suppose that K, is finite. We introduce the following quantities:

M(t,u) = Zranka(go,u) t*  forallt € R, allu € K,
k>0

P(t,00) = Zrank Cr(p,00)t* for all t € R.
k>0
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The “Morse relation” says that

(2.19) > M(t,u) = P(t,00) + (1 + 1)Q(1),
ueK,
where Q(t) = Y Bit* is a formal series in ¢t € R with nonnegative integer
k>0

coefficients Sj.
Recall that a Banach space X has the “Kadec—Klee property”, if the following
is true:

Up —>u in X and ||un|| = ||ul| = up —u in X.

If z € R, we set 2 = max{4z,0}. Then, for u € H'(Q) we define u*(-) =
u(-)*. We have u* € HY(Q), u =ut — v~ and |u| = ut +u~.
For every measurable function h:  x R — R (for example, a Carathéodory

function), we set
Np(u)(-) =h(-,u(-)) foralluc H(Q)

(the Nemytskii map corresponding to h). By | - |y we denote the Lebesgue
measure on RY. Finally, let mo = min[m € N: \,,, > 0].

3. Three nontrivial solutions

In this section we prove a multiplicity theorem producing three nontrivial
smooth solutions for equations which at +oo can be resonant with respect to
any nonprincipal, nonnegative eigenvalue Xm.

We impose the following conditions on the potential £ and on the reaction
term f:

H(¢) €€ L¥(Q) withs > Nif N>2and s > 1if N =1and £ € L>®(Q).
(Hy) f: 2 xR — R is a Carathéodory function such that f(z,0) = 0 for
almost all z € Q and
(i) for every p > 0, there exists a, € L*(2), s > N, such that

|f(z,2)| < ay(z) foraa. zeQ, alllz]<p;

(i) there exist m > max{myg,2} and a function 77 € L>(€2) such that

~

n(z) < }:m+1 for a.a. z € Q, strictly on a set of positive measure,

Xm < liminf M < lim sup M
z—+o0 x z—+o0 xT

(iii) if F(z,z) = fox f(z,8)ds, then lim [2F(z,2) — zf(z,2)] = +o0
r—Fo0
uniformly for almost all z € €Q;
(iv) there exists (o € L*°(Q2) such that

<7(z) uniformly for a.a. z € §;

Co(z) < Xl for a.a. z € Q, strictly on a set of positive measure,
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[z 2)

lim sup < {o(z) uniformly for a.a. z €

z—0
(v) for every p > 0, there exists Zp > 0 such that
f(z,2)x +§Ap:1:2 >0 foraa. ze€Q, all|z| <p.

REMARKS 3.1. Hypothesis (Hy) (ii) says that asymptotically at £oo, the
quotient f(z,z)/x reaches the spectral interval [Xm,Xerl]. Resonance can oc-
cur with respect to Xm while with respect to the right endpoint /):m+1 we have
nonuniform nonresonance. Hypotheses (H;) (iv), (v) dictate a linear growth near
zero.

ExaMPLES 3.2. The following function satisfies hypotheses (Hy). For the
sake of simplicity, we drop the z-dependence:

nTr — Yo if oz < -1,
f(x) = S x(ycos(ma?/2) +clz|) if —1<x<1,
nxT + Yo ife>1,

with v < Xl, nE [Xm,XmH) and ¢ =n+ 9, 70 > 0.
We introduce the following truncations-perturbations of the reaction f(z, -).
Here p1 > 0 is as in Proposition 2.5.

~ 0 if x <0,
f+(Z,SC) = .
(3.1) fulz,z) if0<e,

f,(z,x) = f#(Z,SC) - fAJr(va)v
where f,(z,2) = f(z,x) 4+ pz. Both are Carathéodory functions. We set
Pa(eo) = [ Fules)ds
0
and consider the C'-functional @1 : H'(Q) — R defined by

1 ~
@i(u):5ﬁ(u)+g||u||§—/ﬂFi(z,u)dz for all u € H*(Q).

Also let ¢: H'(Q) — R be the energy functional for problem (1.1) defined by
1
plu) =5 9(u) - / F(z,u)dz for allu € H'(Q).
Q

Evidently ¢ € CY(H(Q)).

PROPOSITION 3.3. If hypotheses H(B), H(§) and (Hy) hold, then the func-
tionals p+ satisfy the C-condition.



RESONANT ROBIN PROBLEMS 61

Proor. We do the proof for @, the proof for ¢_ being similar. So, let
{un}n>1 C H'(Q) be a sequence such that

(3.2) |4 (un)| < My for some M; >0, all n € N,
(3.3) (1+ |[un| D@ (un) = 0 in H'(Q)* as n — .

From (3.3) we have

(3.4) ’(A(un),h)—i-/

(£(2) + p)unhdz + B(z)uphdo
Q o0

- _eallhl
= T Tl

)

- / Fi(z,up)hdz
Q

for all h € H*(Q), with €, | 0. Here A € L(H'(2), H'(Q)*) is defined by
(A(u),y) = / (Du, Dy)g~ dz  for all u,y € H'(Q).
Q

In (3.4) we choose h = —u,, € H*(2) and obtain

I uy)) +pluy, |3 <e, foralln>1 (see (3.1)),
= collu, |13 < én for alln > 1 (see Proposition 2.5),

(3.5) = u, =0 in H'(Q) as n — oc.

Cram. {u}},>1 € HY(Q) is bounded.

We argue by contradiction. Suppose that the claim is not true. Then by
passing to a subsequence if necessary, we may assume that ||u;}|| — oc.

Let yn, = u)l/||ut]], » > 1. Then ||y,|| =1, yn > 0 for all n > 1 and we may
assume that

(3.6) Yo —>y in H(Q) and y, —y in L*/C~Y(Q) and L?(9Q).

From (3.1), (3.4) and (3.5), we have

(3.7) ]<A<yn>,h>+ | ez

N -+
+ [ peanas - [ Rl hdz\ <&,
o0 Q HunH

for all h € H*(Q2), with €, — 0. Hypotheses (H;) (i), (ii) imply that

(3.8)  |f(z, @) <a(z)(1+|z]) foraa. z€Q, allz € R, witha e L*(Q),,

+
(3.9) = {N ! (f")} C L2(Q) is bounded.
unll ) pz1
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In (3.7) we choose h = y, —y € H'(Q), pass to the limit as n — oo and use
(3.6) and (3.9). Then

(3~10) 7}1_>H010<A<yn), Yn — y> =0,
(3.11) = [[Dynll2 = [[Dyll2  (see (3.6)).

Hilbert spaces have the Kadec—Klee property (it can be verified using the paral-
lelogram law). So, from (3.6) and (3.10) we infer that

Yn — Y inHl(Q)7
(3.12) = |lyl[=1, y=>0.

From (3.9) and hypothesis (H;) (ii), at least for a subsequence, we have

(3 13) Nf(u:) AN in L2(Q) lthj\\ < ( )< A( )f s
. [[uh || ny W m < n(z) <7(z) for a.a. z

(see Aizicovici, Papageorgiou and Staicu [1], proof of Proposition 16). So, if in
(3.7) we pass to the limit as n — oo and use (3.6) and (3.13), then

(A(y).hy + /Q E(z)yhdz + /a Ao = / n(z)yhdz

Q
for all h € H*(Q),

(B11) = -AyE) + ) = (), 5

for almost all z € Q (see Papageorgiou and Radulescu [16]). From (3.13), (3.14)
and Proposition 2.7, we have

Xm(n) < Xm(:\\m) =1 and 1= Xm—i—l(:\\m—i-l) < }V\m+1(77)~

+B(z)y=0, on o

Returning to (3.14) and recalling that m > 2, we see that y is either nodal or
zero. Both contradict (3.12). This proves Claim.

Then (3.5) and Claim imply that {u,},>1 C H'(f2) is bounded. So, as
before, we may assume that

(315)  up, > wu in H'(Q) and w, —»u in L2>*/C7Y(Q) and L2(09Q).

In (3.4) we choose h = u, —u € H'(Q), pass to the limit as n — oo and use
(3.15). Then

nlgn;(j(A(un),un —u) =0,

= u, —»u in H(Q) (as before via the Kadec-Klee property),

= Q4 satisfies the C-condition.

Similarly we show that @_ satisfies the C-condition. O
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PROPOSITION 3.4. If hypotheses H(B), H(§) and (H;y) hold, then the energy
functional ¢ satisfies the C-condition.

PROOF. Let {u,}n>1 € H'(Q2) be a sequence such that
(3.16) lo(un)| < My for some My > 0 and all n > 1,
(3.17) (14 [|un|)¢ (un) — 0 in H'(Q)* as n — occ.
From (3.17) we have

(3.18) ‘(A(un),h>+ /Q €(=)unh d= + / B(=)unh do

o0
- _eallhl

— fz,up)hdz| < ——————,
R T+ [funl]

for all h € H*(2), with ,, — 0T. In (3.18) we choose h = u,, € H'(Q). Then
(3.19) Hun) — /Q f(z,up)updz <e, foralln>1.

On the other hand, from (3.16) we have

(3.20) —0(uyn) + /Q 2F (z,up)dz < 2My for all n > 1.

We add (3.19) and (3.20) and obtain

(3.21) / 2F(z,un) — f(2z,up)uy)dz < M3 for some M3 > 0 and all n > 1.
Q

CLAIM. {up},>1 € H'(2) is bounded.

We argue indirectly. Suppose that the claim is not true. Passing to a suitable
subsequence if necessary, we may assume that ||u,|| — co. We introduce y,, =
tn/||tun]l, n > 1. Then ||y,|| = 1 for all n > 1 and so we may assume that

(3.22)  y, Sy in H'(Q) and y, —y in L¥*/C7Y(Q) and L2(8Q).

From (3.18) we have

(3.23) \<A<yn>,h>+ [zt [ semhao

_ Ny (uq)
o |lunll

hdz' < el
= unl [+ [lunll)’

for all n > 1. Using (3.8), we see that

{Nf (ttn) } C L*(Q) is bounded.
unll )51
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From this and hypothesis (H;) (ii), for at least a subsequence, we may assume
that

(3.24) ]\|[|fu(uﬁ) %y in L3(Q) with Am < n(z) <7(z) for a.a. z € Q

(see Aizicovici, Papageorgiou and Staicu [1]). In (3.23) we choose h =y, —y €
H'(€), pass to the limit as n — oo and use (3.22) and (3.24). Then

hm <A(yn)ayn - y> = O

n—oo

(3.25) = y, —y in H'(Q) (via the Kadec-Klee property), hence ||y|| = 1.

In (3.23) we pass to the limit as n — oo and use (3.24), (3.25). Then
(A(y), h) +/ &(z)yhdz +/ B(z)yhdo = / n(z)yhdz for all h € H'()
Q o0 Q

(326) = ~Dy() +EEE) =) gL+ By =0, ondn

for almost all z €  (see Papageorgiou and Radulescu [16]).

From (3.24), we have /)\\m <n(z) <7(z) < :\\m+1 for almost all z € Q and the
last inequality is strict on a set of positive measure. First assume that the first
inequality is also strict on a set of positive measure. Using Proposition 2.7, we
have

(3.27) X (M) < AmO) =1 and 1= A1 Ongt) < Amgr ().

From (3.26) and (3.27) it follows that y = 0, which contradicts (3.25).
Next, assume that \,, = n(z) for almost all z € Q. From (3.25) and (3.26),
we have

~

y € E(Am) \ {0},
= y(2)#0 for a.a. z € Q (by the UCP)
= |un(2)] > 00 for a.a. z€Q,

(3.28) = 2F(z,un(2)) — f(z,un(2))un(z) - +oo for a.a. z €

(see hypothesis (Hy) (iii)).
From (3.28) and Fatou’s lemma (note that hypotheses (Hy) (i), (iii) permit
its use), we obtain

(3.29) /[2F(z,un(z)) — f(z,un(2))un(2)]dz — +o00  as n — +oo.
Q
Comparing (3.29) and (3.21), we have a contradiction. This proves Claim.

Due to Claim, we may assume that

(3.30)  up ——wu in H'(Q) and w, —»u in L2*/G7Y(Q) and L*(09Q).



RESONANT ROBIN PROBLEMS 65

We return to (3.18) and choose h = u,, —u € H'(Q). Passing to the limit as
n — oo and using (3.30), we have

lim (A(up),u, —u) =0

n—oo

= u, —u in H'(Q) (by the Kadec Klee property)
= ( satisfies the C-condition. O

PROPOSITION 3.5. If hypotheses H(B), H(§) and (Hy) hold, then w = 0 is
a local minimizer for the functionals o+ and .

PRrOOF. We do the proof for the functional @, the proofs for the functionals
»— and ¢ being similar. By virtue of hypothesis (H;) (iv), given € > 0, we can
find § = é(e) > 0 such that

(3.31) F(z,z) < (CO( ) +e)z? for a.a. z € Q, all |z| < d.
Let u € C'(Q) with [Jul|c1 g < 8. We have
1
B () = 2 0(u) + 2 3 - /F<z,u+>dz
1 _ +112 1 - By -2
>3 [0 - [ et d = ellat 2] + G o)+ 4 1l

(see (3.31))

1 1 _
(332) 25—t + 5 collu|?

(see Propositions 2.5 and 2.6). Choosing ¢ € (0,¢;) from (3.29) we infer that
u = 0 is alocal C*(9), local minimizer of 3. Using Proposition 2.2, we conclude
that u = 0 is a local H'(12), local minimizer of $. Similarly for the functionals
p_ and . O

Now we can produce two nontrivial constant sign solutions.

PROPOSITION 3.6. If hypotheses H(B), H(¢) and (Hy) hold, then problem
(1.1) has two nontrivial constant sign solutions

up €intCy  and vy € —int C4.
PROOF. It is straightforward to check that
veKg, = u>0 and ue Ky, = u<0.

So, we assume that both sets are finite or otherwise we already have two se-
quences of distinct positive and negative solutions, which as we will see in the
sequel belong in int C;. and in —int C, respectively.
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First we produce the positive solution. From Proposition 3.5 and since K5,
is finite, we can find p € (0,1) small such that

(3.33) 0=¢+(0) <inf [Py (u) : [[ul] = p] = My

(see Aizicovici, Papageorgiou and Staicu [1], proof of Proposition 29).
Hypothesis (H;) (ii), and since m > 2, implies that

(3.34) P+ (tu) > —o00  ast — +oo (recall that u; € int C).

Also, from Proposition 3.3 we know that the functional @, satisfies the C-
condition. This fact and (3.33), (3.34) permit the use of the mountain pass
theorem (see Theorem 2.1). So, we can find ug € H'(2) such that ug € Kg,
and M4 < @4 (ug). Therefore ug > 0, ug # 0 (see (3.33)) and, if

(A(u@,h)—i—/gf(z)uohdz—i— agﬁ(z)uohdaz/ﬂf(z,uo)hdz

for all h € H(Q), then

—Aug(2) + £(2)up(2) = f(z,up(2)) for a.a. z € Q,
auo

% + B(Z)UO =0 on 0f)

(see Papageorgiou and Radulescu [16]).
From hypotheses (Hy) (i), (ii), (iv), (v) we see that

|f(z,2)] <a(z)|z| fora.a. z€Q, z€R, withae L*(Q), s> N.

We set
f(zu0(2) .
f 0,
A =] w(s T
0 if ug(z) = 0.
Evidently A € L*(Q2) and we have
—Aug(z) = (A= &) (2)ug(z) for a.a. z € Q, % + B(2)up =0 on 9.

Since A—¢ € L*(Q) (see hypothesis H(&)), from Lemma 5.1 of Wang [20] we have
ug € L>®(Q) and so Aug € L*(2). Then Lemma 5.2 of Wang [20] (the Calderon—
Zygmund estimates), implies that uy € W25(£2). Since s > N, from the Sobolev
embedding theorem we have W2(Q) — C17%(Q) with « = 1— N/s > 0. Hence
Ug € C+ \ {0} R

Let p = [|uo||oo and let &, > 0 be as postulated by hypothesis (Hy) (v). Then

f(z,u0(2)) +§Apu0(z) >0 foraa. z€Q.
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So, we have

—Aug(z) + (&(2) + gp)uo(z) >0 for a.a. z € Q,
= Aug(2) < (|67 |0 + gp)uo(z) for a.a. z € Q (see hypothesis H(&))

= up € int Cy

(by the maximum principle, see Gasinski and Papageorgiou [6, p. 738]). Similarly,
working with ¢_ we produce a negative solution vy € —int C . (]

To produce additional solutions, we need to strengthen the conditions on the
reaction term f(z, - ). More precisely, we assume the following conditions on the
function f:

R is a measurable function such that for almost all z €
=0, f(z,-) € CL(R\ {0}) and
i) |fi(z,2)] < a(z)(1+ |z|"~1) for almost all z € Q, all x # 0, with
a€L®(Q)y,c>0,1<r <25
(ii) there exist an integer m > max{my, 2} and a function 77 € L>=(Q)
such that
e 7)(2) < j\\m+1 for almost all z € Q, strictly on a set of positive

measure,
e\, < lim infM < limsup f(z2) < 7(z) uniformly for
z—+o0 X r—+oo X

almost all z €
(iii) if F(z,x) = / f(z,s)ds, then
0

lim [2F(z,2) — f(z,2)x] = +oco uniformly for a.a. z €

z—+o0

exist

() (4(0) = tim TG ang (1) (5,0) = 1 HE2

uniformly for almost all z € Q, belong to L>°(Q) and
(f1)+(2,0), (f1)—(2,0) < Ay for a.a. z € Q
and the inequalities are strict on a set of positive measure.

REMARK 3.7. The stronger regularity condition on f(z, -) and hypothesis
(Hz) (iv) imply that for every p > 0, we can find E,, > 0 such that f(z,x)z +
E,,:c2 > 0 for almost all z € Q, all |z| < p. So, in this case hypothesis (Hy) (iv) is
automatically satisfied.

EXAMPLE 3.8. The example given after hypotheses (H;), satisfies the new
hypotheses (Hs) provided that in addition we assume that vo = (7y —1)/2 > 0.
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Another example is provided by the function f below. Again for the sake of
simplicity we drop the z-dependence:

nx +A if x < —1,

Jz + ¢lz|sin(rz/2) — Aa? if —1< 2 <0,
vz + crsin(rx/2) — Az?  if0<az <1,
nr+ A ifex>1,

fz) =

with 7,5 < Ay, 1,7 € [XWXmH), MA>0andc=7n—y+2)\ c=7—7— 2\
We can prove the following three nontrivial solutions theorem.

THEOREM 3.9. If hypotheses H(3), H(E) and (Hy) hold, then problem (1.1)
admits at least three nontrivial solutions

ug €intCy, wy€ —intCy and yo € CH(Q).
PRrROOF. From Proposition 3.6, we already have two nontrivial solutions
up € intCy, v € —int C,.
We consider the following orthogonal direct sum decomposition:
HYQ) =H, @ Hppy,

where

m

@ and Hp,pq = Fi = @ E().
From hypotheses (Hs) (i), (ii), given € > 0, we can find ¢z = cz(¢) > 0 such that

(N(2) + €)x? +¢3 foraa. z€Q, all z € R.

l\D\»—l*

(3.35) F(z,z) <

Then, for u € PAImH, we have

(336)  plw) =5 9 - / F(z,u) dz

1

> 5 [ N(2)u dz — e||ul|*| — c3|Qn  (see (3.35))

1

5 (c1 — 5)||u\|2 —c3|Q|n  (see Proposition 2.6).
Choosing € € (0, ¢1), from (3.36) we infer that if ¢|5 ., s coercive then
(3.37) inf ¢ > —o0.

Hpq1

CLAIM 1. Apa? — 2F(z,2) — —oo as * — zoo uniformly for almost all
z €.
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From hypothesis (Hs) (iii) we see that, given any v > 0, we can find M =
M () > 0 such that

(3.38) fz,x)x —2F(z,2) < —y for a.a. z € Q, all z > M.

Then, from
d F(z2) _ f(z r)a? - 20F(z,2)  f(z,2)x — 2F(2,2) < 0

dr 2 x? 3 - a3
for almost all z € Q and all x > M (see (3.38)), we have

F F 1 1
(3.39) (z;x) — (22’ Y) < 5(2 - 2) fora.a. 2z €, allz >y > M.
x Y 2y
Hypothesis (Hs) (ii) implies that
F A
(3.40) lim inf (2, 2) > — uniformly for a.a. z € Q.
r—+oo x 2

So, if in (3.39) we pass to the limit as  — +oo and use (3.40), then

A F
(:y) <-L foraa. z€Q, ally > M,

2 vy
(3.41) = Amy? — 2F(z,y) < =27 foraa. z€, ally > M.
Since v > 0 is arbitrary, from (3.41) we infer that
IEIEOO[Xmﬁ —2F(z,x)] = —oo uniformly for a.a. z € Q.

In a similar fashion we show that
lEIEl Mma? — 2F(z,2)] = —co uniformly for a.a. z € Q.

This proves Claim 1.

CLAM 2. @l is anticoercive (that is, if |lu]] — oo for u € H,,, then
p(u) = —o0).

Arguing by contradiction, suppose we could find {u,}n>1 € Hy, and v > 0
such that

(3.42) —y < p(uy) foralln>1, [|lu,|| — oo.

Let y,, = uy/||un||. Then y, € H,, and ||y,|| = 1 for all n > 1. Since H,, is
finite dimensional, we may assume that

(3.43) yo =y i HY(Q), [yl =1.
From (3.42) we have
Y 1 F(Z7un)
3.44 — <=9 dz forallm > 1.
34 Taall? =200 7 J T 2 PP 20172

From hypotheses (Hs) (i), (ii), (iv), it follows that

—~

|F(z,2)] < ca(1+|2?) foraa. z€Q, all z € R, some cyg > 0.
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Therefore we see that {F (-, un(+))/||un||*}n>1 € LY(Q) is uniformly integrable.
So, by the Dunford—Pettis theorem, passing to a subsequence if necessary and
taking into account hypothesis (Hs) (ii), we have

Flounl)) v, 12 i),

(3.45) Tunl? 2

with Ap, < n(z) < 7(z) for almost all z € 2 (see Aizicovici, Papageorgiou and
Staicu [1]). Hence, if in (3.44) we pass to the limit as n — oo and use (3.43),
(3.45), then

(3.46) 0< 590~ 5 [ newt d

First suppose that the inequality A, < n(z) for almost all z € Q (see (3.45))
is strict on a set of positive measure. Since y € H,, (see (3.43)) and using
Proposition 2.6, we have

ellylP <0 = y=0,

which contradicts (3.43). So, we assume that 7(z) = A for almost all z € Q.
From (2.16) and (3.43) we have

I(y) = Anllyl3 =y € EQn) \ {0} (recall that y € H,y,)
= y(2)#£0 for a.a. z € Q (by the UCP)

= |up(z)] = +oo  for a.a. z € Q.

Using Claim 1 and Fatou’s lemma, we have

(3.47) / Mmu? — 2F(z,un)] dz = —00  as n — oo.
Q

On the other hand, from (3.42) we have

=2y < I(up) —/

2P (2, un) dz < o] [ttn] 2 — / 2P (2, un) d
Q Q

(recall that u,, € H,, and see (2.16))

(3.48) = /[Xmui — 2F(z,up)]dz for all n > 1.
Q

Comparing (3.47) and (3.48), we have a contradiction. This proves Claim 2.

Due to (3.37) and Claim 2, we can use Proposition 6.63 of Motreanu, Motre-
anu and Papageorgiou [13, p. 160] and infer that

Cq, (p,00) #0 with d,,, = dim H,,, > 2.
This implies that there exists yg € K, such that

(3.49) Ca,, (p,y0) #0  with d,, = dim H,,, > 2.
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From Proposition 3.5 we have that u = 0 is a local minimizer of ¢. Hence
(3.50) Ci(p,0) = 0,0Z for all k > 0.

From (3.49) and (3.50) it follows that yo # 0. From the proof of Proposition 3.6,
we know that ug € int Cy is a critical point of @, of mountain pass type. So,

we have

(3.51) C1(P+,u0) #0
(see Motreanu, Motreanu and Papageorgiou [13, Proposition 6.100, p.176]).
From (3.1) it is clear that @1 |c, = ¢|c, . Since ug € int C, we have
Ck(@+‘cl(§):uo) = Ck(@‘cl(ﬁ)ﬂo) for all k > 0,
= Cip(P4,u0) = Cr(p,up) for all k > 0 (see Palais [14])
(3.52) =  Ci(p,ug) #0 (see (3.51)).

Since ug € int Cy and ¢ € C?~°(H(Q)), from (3.52) and Theorem 2.7 of Li, Li
and Lu [11], we have

(3.53) Ci(p,u0) = 0k1Z for all k> 0.

Similarly, using the functional p_ we show that

(3.54) Ci(p,v0) = 0k1Z for all k> 0.

From (3.49), (3.50), (3.53), (3.54) it follows that

Yo & {0,u0,v0} = o is a third nontrivial solution of (1.1).

As before (see the proof of Proposition 3.6), using the regularity result of Wang [20],

we have yo € C1(Q). O
4. Four nontrivial solutions

In this section, we strengthen the conditions on the reaction term f and
prove a new multiplicity theorem producing four nontrivial solutions. The new
hypotheses on the function f are the following:

(Hs) f: 2 x R — R is a measurable function such that for almost all z €
Q, f(2,0) = 0, f(z, -) € CYR\ {0}), hypotheses (Hj) (i), (iii), (iv) are
the same as the corresponding hypotheses (Hs) (i), (iii), (iv) and
(i) there exists an integer m > max{my, 2} such that

lim 7]((2', ?)

= /):m uniformly for a.a. z €
r—Foo x

and

~

(f(z,2) = Amz)z >0, |29 < |f(z,2) — Apz| < Eplz]17!

for almost all z € Q, all |z| > M, with M,¢,¢ > 0 and ¢ € (1,2);
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(v) fi(z,z) <7(z) for almost all z € Q, all x # 0 with 7 € L>(Q)4 as
in (Hs) (i) = (Hz) (ii).
REMARK 4.1. The new extra hypothesis (Hs) (v) is satisfied if for example
(4.1) (f(z.2) = [z )@ —y) <0(2) (@ —y)?
for almost all z € Q and all z,y € R\ {0}.

The example given after hypotheses (Hs) satisfies (Hs) provided 2y + 3¢ < 7.

THEOREM 4.2. If hypotheses H(B), H(E) and (H3) hold, then problem (1.1)
admits at least four nontrivial solutions

up €intCy, wo € —intCy and yo,7 € CH(Q).
Proor. From Theorem 3.9 we already have three nontrivial solutions
ug €intCy, wp € —intCy and yo € CH(Q).
From the proof of Theorem 3.9, we know that
Ca,, (p,y0) #0 with d,,, = dim H,, > 2.

For every h € Hypi1 = @ E(\:), we have
k>m+1

(@ (yo)h, h) = O(h) — /Q £ (2, yo)h2 d

>9(y) — / nh*dz (see hypothesis(Hs) (v))
Q
> c1||h]? (see Proposition 2.6).

Then from the shifting theorem for C2~%-functions (see Li, Li and Liu [11, The-
orem 2.2]), we have

(4.2) Cr(v,90) = 0.4, Z for all k > 0.
Let f(z,z) = A+ fo(z, ) with fo(z,2) a Carathéodory function such that
lim M =0 uniformly for a.a. z €
T—+oo €T

(see hypothesis (Hs) (ii)). Let Ae L(H(2), H(Q)*) be defined by
(). = [

Q

~

(Du, Dh)g~ dz + / (&(2) = Ap)uh dz + (2)uh do
Q a0

for all u,h € H'(2). This is a self-adjoint operator with 0 isolated in its spec-
trum. Moreover, we have A\‘mel < 0 and A\‘Fm+1 > 0. So dy_q1 = dim H,,_q
is the Morse index of A at infinity and d,,_1 + dim B (Xm) =d,, = dimH,, is
the extended Morse index of A at infinity (that is, dim E(Xm) is the nullity of A
at infinity).
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Let Fo(z,x) = [y fo(z,u)du and let ¢: H'(Q2) — R be the C'-functional
defined by

P(u) = / Fo(z,u(2))dz for all u € H'(Q).
Q
Evidently 9 (u)/||u||> — 0 as ||u]| — oo and we have
1

o(u) = B (A(w),u) +(u) for all u € H' ().
Since 9 is bounded and as usual we assume that K, is finite (otherwise we
already have an infinity of solutions), we see that condition (A ) in Motreanu,
Motreanu and Papageorgiou [13, p. 164] and Bartsch and Li [2] is satisfied (see
also the Remark on p. 178 of [13]). Moreover, hypothesis (Hs) (ii) and Lemma 2.1
of Su and Tang [18] imply that the angle condition (A) in Motreanu, Motreanu
and Papageorgiou [13, p.165] is satisfied. So Theorem 6.73 (b) of [13] implies
that

(4.3) Cr(p,00) = k.a,,Z for all k € Ny.
From the proof of Theorem 3.9 we know that

(4.4) Cr(¢,0) = 6k.0Z for all k € Ny,
(4.5) Cr(p,u0) = Crlp,v0) = d1Z for all k € Ng.

Suppose that K, = {0, ug,v0,%0}. Then from (4.2)-(4.5) and the Morse relation
with t = —1, we have

(-1 +2(-1)" + ()% = (=) = (-1) =0,

a contradiction. So, there exists § € K, ¥ & {0, uo,v0, 0} and § € C*(Q) (see
Wang [20]). This is the fourth nontrivial solution. O
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