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INFINITELY MANY SOLUTIONS
FOR QUASILINEAR SCHRODINGER EQUATIONS
UNDER BROKEN SYMMETRY SITUATION

LIANG ZHANG — XIANHUA TANG — Y1 CHEN

ABSTRACT. In this paper, we study the existence of infinitely many solu-
tions for the quasilinear Schrédinger equations

—Au — A(Ju|®)|u|* 2w = g(z,u) + h(z,u) forz € Q,

u=0 for z € 092,
where a > 2, g,h € C(Q2 xR, R). When g is of superlinear growth at infinity
in v and A is not odd in wu, the existence of infinitely many solutions is
proved in spite of the lack of the symmetry of this problem, by using the

dual approach and Rabinowitz perturbation method. Our results generalize
some known results and are new even in the symmetric situation.

1. Introduction and main results

Consider the following quasilinear Schrédinger equation:

—Au — A|u|¥)|u|*"%u = g(z,u) + h(z,u) for x € Q,

(1.1)
u=20 for x € 09,

where a > 2, g,h € C(Q x R,R), and 2 C R¥ is a bounded smooth domain.
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In recent years, the quasilinear Schrodinger equation has been involved in
several models of mathematical physics (see [8], [9], [15]). Notice that equa-
tion (1.1) is the Euler-Lagrange equation associated with the energy functional
J: E — R given by

(1.2) J(u) = %/Q|Vu|2dx+%/g|V(|u|“)|2dx

—/QG(x,u)dx—/QH(x,u)d%

where E denotes the Hilbert space H{(£2) equipped with the inner product
(u,v) = / VuVvdr, wu,v€E.
Q
By direct computation, we have

1
(1.3) 7/ IV (|u|®)[? dz = 3/ 2D |Vu2dz, ueE.
20& Q 2 Q

In view of (1.2) and (1.3),

1
J(u):§/Q|Vu|2dx+%/Q|u\2(“*1)|Vu\2dx—/QG(x,u)dx—/QH(x,u)dm,

for uw € E. By (1.4), the energy functional J could be naturally defined on

X = {u € Hy (Q) ’ / Ju| 2@~V |Vu|? dr < oo},
Q

which is not a vector space. So there is no suitable space on which the energy
functional J is well-defined. In recent years several methods have been devel-
oped to overcome this difficulty, such as the constrained minimization (see [10]),
Nehari method (see [7], [11], [18]), change of variables (dual approach) (see [1],
[7], [23], [25], [26]), perturbation method (see [12], [13], [24]). Recently, Liu and
Zhao [14] considered the existence of infinitely many solutions for a more general

quasilinear equation

N N
1
Dj < E aij(x,u)Diu> — 5 E Dsaij(x,U)DiuDju + |u|p*2u + f =0
i,j=1 i,j=1
for x € (,

u=0 for x € 092,

where D; := 6%1" i =1,...,N, Dsa;j(z,s) = % a;j(z,s). They treated the
case f # 0 as a perturbation from a symmetric equation. Under some suitable
conditions, they showed the existence of infinitely many solutions for this quasi-
linear equation. Similar questions under symmetry breaking situation have been
studied also for the problems of elliptic type, Hamiltonian systems and ordinary
differential equations (see [3]-[6], [16], [19]—-[22]).
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But it should be noted that |u[P~2u is a special form of function, which
satisfies the classical condition (AR) due to Ambrosetti and Rabinowitz. The
condition (AR) is a convenient hypothesis since it achieves the mountain pass
geometry as well as fulfils the Palais—Smale condition, but this condition is far
too restrictive. There are many functions not satisfying (AR). For example, let

t 2c
(14)  glo,t) = 200)|H2 V¢ | In(1 + 12%) + 1|+||t| . (@) QxR
where #: Q — R is a bounded continuous function with inf 5 6(2) > 0. To the

best of our knowledge, the question whether infinitely many solutions persist
for system (1.1) with functions not satisfying (AR) with broken symmetry is
unsettled. In this paper, we give a positive answer to this question. But this
question is different from the case discussed in [14], those methods cannot be
applied directly to obtain our results. Our main tools are based on the dual
approach and Rabinowitz perturbation method introduced in [16].

THEOREM 1.1. Assume that g and h satisfy the following conditions:
(g1) g € C(QxR,R) and there exists 2a < p < 2*a if N > 3 or 2a < p < 00
if N =1,2 such that
l9(z,0)] < Co(L+[t~1),  (2,1) € AxR;
(g2) there exists a positive constant ro > 0 such that
G(z,t) >0, (z,t) € QxR and |[t| >y,

and
G
lt| oo |t|2
where G(x,t) := fotg(a:,s) ds;
(g3) there exist constants C1 > 0 and k > max{1, N/2} such that

=00, a.e x€§;

|G (2, t)|" < CL|t)**"C(x,t), (x,t) € QUXR, [t| > 7o,

where G(z,t) := (2a) " ttg(x,t) — G(x,t);
(g4) there exists a positive constant Co > 0 such that

Clat) > G|t 1), (2.t) € A x R;

(85) g(x,t) = —g(x,—t) for (z,t) € A X R;
(hy) h e C(2 x R,R) and there exist constants C3 >0 and 1 < 0 < 2« such
that
|h(z, 1) < C3(1+ 77", (2,t) € QxR
(ha) the constants p,« and o satisfy
2aN — p(N —2) S 2a
N(p —2a) 200 — o’
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Then system (1.1) has an unbounded sequence of solutions.

COROLLARY 1.2. Assume that g and h satisfy (g1)-(gs5), (hy) and the fol-
lowing assumption:
(hg) h(z,t) = —h(z,—t) for (z,t) € A x R.

Then there exists an unbounded sequence of solutions for system (1.1).

The plan of this paper is as follows. In Section 2 we provide some preliminary
materials. We prove our main results by the use of the dual approach and
Rabinowitz perturbation method in Section 3. In the last section an example is
given to illustrate our results.

Notation. Throughout the paper, we denote by C,, various positive con-
stants, which may vary from line to line and are not essential to the proof.

2. Preliminaries

For any s € [1,2*], L*(Q) is the usual Lebesgue space with the norm

1/s
lulls = ( / |u|8dx) 7
Q

and H}(Q) is the usual Sobolev space with the norm

1/2
fulli= ([ 1vupar)
Q

we denote the Hilbert space H} () by E. It is well-known that E is continuously
embedded into L*(2) for s € [1,2*], i.e. there exist constants 75 > 0 such that

Julls < 7sllull, weE, sell,2°].

Moreover, E < L*(Q) is compact for s € [1,2*).

It is obvious that the second order differential operator with the Dirich-
let boundary condition is a selfadjoint operator, and there exists a sequence of
eigenvalues (counted with multiplicity) Ay < A2 < ... — 00, and the correspond-
ing system of normalized eigenfunctions {e, : n € N} forming an orthogonal
basis in E. Hereafter, let E,, := span{ey,...,e,} and E;- be the orthogonal
complement of F, in F.

Inspired by the transformation initially introduced in [9], the function f can
be defined by

7(t) = ____
VI+alf()pe-b
f(=t) =—f(@) for ¢ € (—o0,0].

for t € [0, +00),

Next we collect some useful properties of the function f: R — R, which will
be used frequently in the sequel of the paper. Proofs can be found in [1].



SOLUTIONS FOR SCHRODINGER EQUATIONS UNDER BROKEN SYMMETRY SITUATION 543

LEMMA 2.1. The function f and its derivative have the following properties:

(f1) f is a uniquely defined C*> function and it is invertible;

(f2) 0< f'(t) <1 and |f(¥)] < |t], for all t € R;

(1) lim |£()]/]t] =1 and lim |F()]*/|t] = v/

(fy) there exists a positive constant Cy such that
lFO“ (1) < Co,  forall tER,;

(f5) f"(0)f(t) = (a = D @) ((f'()* = 1), for all t €R.

Therefore, after change of variables, we obtain the following functional:

(2.1) I(v):= J(f(v)):%/Q|Vv|2dxf/ﬂG(x,f(v))dzf/QH(:zz

Moreover, for any v,w € E,

(2.2) (I’(v),w>=(v,w)—/ﬂg(x,f( wdm—/hx F)f (v)wde.

By a standard argument which is similar to Lemma 2.6 and Remark 2.7 in [1], if
v € E is a critical point of the functional I, then u = f(v) € E and u is a weak
solution of (1.1).

In order to define a suitable modified functional, we prove the following
lemma.

LEMMA 2.2. Under the hypotheses of Theorem 1.1, there exists a positive
constant A depending on « such that if v is a critical point of I,

(2.3) 1) o < A @) + 12
PROOF. Since v is a critical point of I, by (f5), (g4), (h1), (2.1) and (2.2),
(2.4) I(v)— % <I’(v), }f/((z))> > /Qé(x,f(v)) dr — 6'4(/Q |f(v)]|7 dx + 1)

> G5 [ 1) da =G

Then (2.3) follows from (2.4) and the Young inequality. O

Next we introduce a cut-off function ¢ € C*°(R,R) such that

Cit)y=1 for t € (—o0,1],
2.5) 0<(¢(#) <1 forte(l,2),

¢@t)=0 for ¢t € [2,00),

[C'(t)] <2 for t € R.

With the help of this cut-off function, define

(26)  P(v)=24((v)+D)Y2,  ¢(v) = C<P1(v)/Q |f(0)> d:v>~
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If v is a critical point of I, by (2.3), (2.5) and (2.6), ¢(v) = 1. Set
(2.7) I(v) = f||vH2 /fo Ydx — ¢ /fo
Since ¢ is a smooth function, we have I € C'(E,R) and

(2.8) {T'(v),w) = (v, w) - /Q g(z () f (v da
() /Q Wz, (o) (wywdz — (@ (v), w) /Q H(x, f(v) da

for v, w € E. It is obvious that I(v) = I(v) if v is a critical point of I.

LEMMA 2.3. Assume all the hypotheses of Theorem 1.1 hold. Then:

(Hy) there is a positive constant Cy such that
[1(v) = I(=)| < C7([T(v)|** + 1), v e E;

(Hy) there exists a positive constant My such that if I(v) > My and I'(v) = 0,
then I(v) = I(v) and I'(v) = 0;

(Hs3) there exists a positive constant My > My such that for any ¢ > Ms, then
1 satisfies the (C).. condition at c.

PROOF. If v € supp ¢, by (2.5) and (2.6),
(2.9) / £ (0)[2% da < AA(I2(v) + 1)2 < 4A(|T(0)] + 1).
Q

By (h;) and direct computation, we have

(2.10) ‘/QH(x,f(v))da: <C8</Qf(v)|2°‘dx+1)g/2a.

It follows from (2.9) and (2.10) that

(2.11) () dz| < Co([I(v)|7?* +1).

In view of (2.1), (2.7) and (2.11),

/ H(z, f(v)) dz| <
Q

In combination with (h;) and (2.12),

(2.13) [I(v)] < Cro([T(v)] +1).

It follows from (2.11) and (2.13) that

[ #Ge) s
Q

By a similar estimate, we also have

/fo ) dx

(2.12)  |I(v)| < [I(v)| + T(v)| +2Cy([I(v)|7/* + 1).

(2.14) < CH(\T(U)\”/QO‘ +1), v € suppo.

(2.15) < O([T(v )\"/m +1), —v € suppo.
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It follows from (gs), (2.7), (2.14) and (2.15) that (H;) holds.
To prove (Hy), it suffices to show that v is a critical point of I with I(v) > Mj,
then

(2.16) P’l(v)/ﬂ|f(v)|2°‘ do < 1,

Next we show that (2.16) holds. It follows from (2.8) that

1) (@A) =l - @) [ (F@)2veP s

- [ ata sons)ds = o) [ e )0 de

<¢’ 1;>/fo ) dz,

(@' (v),w) = ('(0())P~*(v)
: {MP(U)/QIf(v)IQ(“”f(v)f'(v)wdx—(2A)29(v)1(v)<1’(v),w ;

where

and

(2.18) 0(v) == P~1(v) /Q £ (o) da.

If v ¢ supp @, ¢(v) = ¢’'(v) = 0, then (2.17) reduces to

219) (10, ) —alulP = (@ - 1) [ (F@PToR s

- [ ste. 5@ dr
Q

Moreover, if v is a critical point of I, by (g3), (2.1), (2.8) and (2.19),

(2.20) I(v)— i <I’(1}), }f,((fj))> > 0‘2;1 /Q (F ()2 Vo2 da

+/Qé(ac,f(v))dac—/QH(xaf(”))d

In view of (2.4) and (2.20), (2.16) holds. If v € supp ¢, we regroup terms in
(2.17) yielding

221 (T L) = a4 s falllP ~ (0= 1) [ (@)2ToP s

f&MLHwﬂwmfﬂHﬂW/MMWW@M

Q

—WM+KMW/M%ﬂWﬂwm,

Q
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where
(222)  Ki(v) = (24)2¢ (0(v)) P~2(0)0(v) I (v) /Q H(z, f(v)) dz,
(2.23) Ky (v) :=2a('(0(v))0(v).

Next we prove that

(2.24) Ki(v) =0, as M; — .

By (2.5), (2.6), (2.11) and (2.22),

(2.25) |K1(v)] < 8Co(|T(v)|7/** + 1) [T ()"
In combination with (2.1) and (2.7),

(2.26) I(v) > T(v) — ‘ /Q H(z, f(v)) dz|.

In view of (2.11) and (2.26),

(2.27) I(0) + ColI(0)|7/2* > T(v) — Cy > %

for M large enough. If I(v) <0, by (2.27) and the Young inequality,

(200 — 0)Co2¥/ 2= G|I(v)| _ M,
> — 4+ |I(v)].
20 e =g T

But the above inequality is impossible if M; is large enough, e.g. M; > (2a— o)
.Cy?%/(29=9) /o Therefore I(v) > 0. Hence it follows from (2.27) that
M, 20/ o

(2.28)

I(v) > % or I(v) > (

which implies that
(2.29) I(v) = +o0, as M; — oo,

which together with (2.25) shows that (2.24) holds. Moreover, it follows from
(2.5), (2.6) and (2.23) that |K2(v)| < 8a, v € E.

If v is a critical point of I and M is large enough such that |K;(v)| < 1/2,
it follows from (2.1) and (2.21) that

S — I'(v fw) a1 "(0)?|Vo|* da
2a(1+ K1 (v)) <I( )’f/<v)>> o /Q(f( )*|Vol* d

+ / Gla, f(v)) dx — 8a / (1R, F)F@)] + | H (. f(0))] d.

In view of (h;), (2.4) and (2.30), we can replace A by a larger constant but
smaller than 24 in (2.3), then (2.16) holds.

To prove (Hs), first we show that there exists My > M; such that if {vy, }nen
C F is a sequence such that

(2.30) I(v)

(2.31) I(vy,) = ¢ and || I'(vn)||(1 + |Jva]]) = 0,
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then (v,) is bounded. To prove the boundedness of {v,}, arguing by contra-

diction, suppose that |v,|| = oo. Let w, = v,/||vp]|. Then |jw,| = 1 and
[lvnlls < Tsllvnl| = 75 for 2 < s < 2*. Passing to a subsequence, we assume that
wy, — w in E, then w, — w in L*(), 2 < s < 2*. For 0 < a < b, let

(2.32) Qu(a,b) ={z € Q:a<|f(va(2))] < b}

In view of (g4), (hy), (2.7), (2.8) and (2.21), for n large enough

1 T (v f(vn)
2a(l+ Ki(on)) <I (vn) f’(vn)>
1

> 5/ G(z, f(vn)) dz — Cha,
QW(T‘O,OO)

(2.33) c+1>T(v,) -

where C13 is a positive constant independent of n. By (f3) and (hq),

(2:31) [ @ )] do < Cuallo] /" + 1),
Q
It follows from (2.7), (2.31) and (2.34) that
(2.35) lim sup w dx > 1
n—oo JQ (vl 2

If w =0, then w, — 0 in L*(Q), 2 < s < 2*, w, — 0 almost everywhere on (.
Set k' = k/(k — 1). Since k > max{1l, N/2}, then 2« € (2,2*). It follows from
(g1) and (2.33) that

(2.36) / w |w,|? d
Qp (r0,00) |Un|

K 1/k 1/k’'
Qp (r0,00) f a(vn> Qp (r9,00)
1/k 1/k’
015[ / (e, f(vn))dx} ( / |wn|2“’dx)
Qp, (1r0,00) Q,, (r0,00)

1/k
< Cl5</ |wn|2” dlL’) — 0.
Q

Combining (g1) and (2.36), we have
Q Q,(0,r0)

[[on1? [[on1?

o
Qp (ro,00)

[on]?

IN

IN

which contradicts (2.35).
Set IT = {z € Q : w(x) # 0}. If w # 0, then meas(IT) > 0. Moreover,

(2.37) lim |v,(z)] =00, a.e zell

n— oo
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It follows from (f3) and (2.32) that II C €, (rg, ) for large n € N. By (g1),
(hy1), (f3), (2.34), (2.37) and Fatou’s lemma,

0 = limsup Hon) gy sup [1 - /Q Glz, f(vn)) dx}

n—00 ||U7LH2 n—00 2 ”UYLH2
1 n 9 n
= limsup { — / G(L(Z)) dx — / L(Qv)) |w, |2 dx}
n—00 2 Q,,(0,70) ||v’ﬂ|| Q. (ro,00) ‘Un|
1 n
< lim sup { + Co(ro + rg)meaus(&'l)an”*2 — / G(L(:)) lwn |? dx]
n— 00 2 Q,, (rg,00) |’U7l‘

o Gz, f(un)) [**(vn) | 2
< - — hmlnf/ : wy|” dx
2 IR e ) TR
. 1 T G(z, f(vn)) f2a(vn) 2
o 2 l{nrgloréf/Q f2a (Un) |’Un‘2 |wn| [XQ”(T(”OO) (x)} &
1 LG fon) fP(0n)
< - — [ liminf . Wy, ro.00) (%) dr = —00,
-2 /gz nooo  f20(v,,) [vn |2 n e 0.0 ()]

which is a contradiction. Thus {v,} is bounded in E.
Since E is a reflexive space, passing to a subsequence, also denoted by {v,},
it can be assumed that v,, — vg, n — oo. By (f3) in Lemma 2.1, there exists

a positive constant M3 such that
(2.38) [F(O] < Cuglt]e, [t > Ms.

For any v,w € E, by (f2), (f1), (2.38) and the Holder inequality,

(2.39) /Q F@P )] de
- / F@PF (o) ] do + / F@PLF ()] de
Qo

Q\ Q0o

gcocm/ \v|(p_°‘)/a|w|dx+/ P~ | da
Q0 )\

Qo

< CoCisl[vll G e + MY [w]]y,

where Qg := {z € Q: |v(z)| > M3}. By (2.8), we have

(T (0n) v — v} = (Un, Un — ) — /Q 92, £ o) f (00) (v — v0) dt
(& (vn), vn — 0) /Q H(x, f(vn)) da
~ b(um) / B, £(on)F (o) (0 — v0) da,
Q
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where
(2.40) (@' (vn),vn — vo) A H(z, f(v,)) dz

= 20¢/ 0P~ (00) [ 170500 (02) (0 = w0) do

/ H(x ) dz — K1 (vn)(I'(vp), v — v0)-
If v, & Supp &, $(v) = @' (v,) = 0. Then
<TI(Un)vUn - 'UO> = (Umvn - 'UO) - / g(x, f(vn))f/(vn)(vn - UO) dx.
Q

Otherwise, v,, € supp ¢, in combination with (2.6) and (2.11), we have

(2.41) ‘Pl(vn)/QH(:L",J“(vn))dJ7 < (24) 7 Co (I (va) 772 + )L (va)| 7

When M, is large enough, in view of (2.24), (2.29) and (2.41),

(2.42) ‘ (vn, /H x, f(vn)) % | K1 (v,)] < %
It follows from (gi), (hi) and (2.39) that
(2.43) /Q |f ()2 (vn) (v — vg) daz — 0,
and
(244) [ 96w £ (00) (00 = ) di =0
Q
(2.45) /Qh(ac, Fwn)) f (vn)(vn — vo) dz — 0.
In combination with (2.31), (2.40), (2.42)—(2.45), v, — vg, N — 0. O

LEMMA 2.4. Under assumptions (g1), (g3) and (hy), for any finite dimen-
sional subspace E C E,

I(v) = —oco, |v|| = o0, veE.

PROOF. Arguing indirectly, assume that for some sequence {v,} C E with
|lon]| — oo, there is M > 0 such that I(v,) > —M for all n € N. Set w,, =
Un/||vn||, then |Jwy,| = 1. Passing to a subsequence, we can assume that w, — w
in E. Since E is a finite dimensional space, then w,, — w € E and |w] = 1.
Hence, we can conclude a contradiction by a similar fashion as in Lemma 2.3.00
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3. Construction of minimax sequences and proof of Theorem 1.1

By Lemma 2.4, there exists a strictly increasing sequence of numbers R,, such
that I(v) <0 for v € E,, \ Bg,, where Bg, denotes the open ball of radius R,
centred at 0 in E, and B, denotes the closure of Bg, in E. Next we introduce
some continuous maps in E. Set

(3.1) I ={¢€C(Dy,E):(isodd and ¢ = id on dBg, N E,},

where D,, := ERn N E,, and

(32) Ap:={y€C(Uy,E):v
for v € Q, := (0BRr

= 'd
n+1 n ETL-‘rl) U ((BRn,+1 \ERn) N En)}7

where

(3.3) U,:= {v =teps1 +w:t€[0,Ruy1], w€ Br,,, NE,, |[v| < Rn+1}-

n+1

With the help of these continuous maps, we define two sequences of minimax
values

3.4 b, = inf I , . = inf 1 .
(3.4) Jnf max (¢(v)) cn = inf max (v(v))

It is obvious that ¢, > b,. For the sake of getting the lower bound of the
above minimax values, we give an intersection property which has been proved
by Rabinowitz in Lemma 1.44 of [16].

LEMMA 3.1. {((D,)NOB,NE;}- | #0 foranyn €N, p< R, and ( €T,,.

Next we give the lower bounds for b,,.

LEMMA 3.2. There are a positive constant Ci17 and ng € N such that
(3.5) by, > Cnn?aN—P(N—?)/(N(P—QQ))’ n > ne.

ProoOF. By Lemma 3.1, for any ( € ', and p < R, there exists v, €
¢(D,) N OB, N E;-_,, then

(3.6) max I(¢(v)) > I(vy,) > inf 1(v).

veD, vedB,NEL_ |

In view of (g1), (g3) and (f3) in Lemma 2.1, we have

(3.7) [ 16 fw)ld < Crs(lullys + 1. veE.
(3.8) /|H 2, f(0)dz < Cro(lollS2 + 1), v € B,

In view of (2.7), (3.7) and (3.

(3.9) () > 7 [WlI* = Cao([o]| 20 + 1)

p/Oé

8),
1
4
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By the Gagliardo—Nirenberg inequality, we have
(3.10) [Vllp/a < Tllol* ol 72,

where 7 is a positive constant and s = (2p) "' N(p — 2a). If v € E;- 4,

(3.11) loll3 < A3 ol

By (3.9), (3.10) and (3.11), if v € 9B, N E* |,

(3.12) T(v) > p? <; _ 020)\551)17/(2a)p(p2a)/04> — Cop.

In view of (3.12), choose p,, = (4020)0‘/(20‘*1’)A%l_s)p/(z(p_m)), then

(313) T(0) > § 2~ O

It follows from (3.4), (3.6) and (3.13) that (3.5) holds. O

By (Hy) in Lemma 2.3 and a similar fashion as in the proof of Proposition
10.46 in [17], we have

LeMMA 3.3. If ¢, = b, for all n > ng, where ng is a positive integer, there
exists a positive constant Cy1 such that
(3.14) by < Cyyn?e/(2a=a),

In view of (hs), (3.5) and (3.14), it is impossible that ¢,, = b,, for all large n.
Next we can construct critical values of I as follows.

LEMMA 3.4. Suppose ¢, > b, > My for any n large enough. For any § €
(0,¢, — by), define

(3.15) A (0)={y€E N, : I(v(v)) < b, + 0 forve D,}
and
(3.16) cn(6) = inf max I(y(v)).

~EA (8) vEU,

Then ¢, (9) is a critical value of I.

PROOF. First the definition of A, (d) implies that this set is nonempty. By
(3.2) and (3.15),
(3.17) An(0) C Ay en < en(9).
By (Hs) in Lemma 2.3, the Deformation Theorem also holds (see [2]). Suppose
¢, (8) is not a critical value of I, choose Z := (¢, —b,, —§)/2, there exists ¢ € (0,7)
and n € C([0,1] x E, E) such that

(3.18) n(Lv) =v, I(v) ¢ [cn(8) =, cn(6) + 2,
(3.19) (L1, (5)+e) C Lo, (8)—c-
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By (3.16), there exists v € A, (d) such that

(3.20) max I(y(v)) < en(6) + &
Define
(3.21) () = n(,A(-))-

Next we prove 7 € A, (d). It is obvious that ¥ € C'(U,, E). By (3.15) and (3.17),
I(y(v)) < b, +0<c, —E<cy(6) —E, vE€ Dy,
which implies that
(3.22) I(y(v)) < cn(6) =2, v € D,.
In combination with (3.18), (3.21) and (3.22),
Y() = n(1,7(v)) = ~(v), v € Dy,
which yields that
(3.23) Flp, €Tn and I(H()) =1I(y(v)) <b,+6, v€E D,.
In view of v € A,,(J) and the definitions of R,, and R, 41,
(3.24) y(w)=v and I(y(v)) <0, vE€ Qn.

Since by, > Ms > 0 and ¢, (6) > ¢p, > by, then ¢, () > €. It follows from (3.18)
and (3.24) that

(3.25) Y() =n(1,7(v)) =) =v, veQn
In view of (3.23) and (3.25), 7 € A,,(6). Moreover, by (3.19)—(3.21),

max I(3(v)) = max I(5(L,7(v))) < ea(6) —¢,

which is a contradiction to (3.16). O

PrOOF OF THEOREM 1.1. Since it is impossible that ¢, = b, for all large n,
then we can choose a subsequence {n;} C N such that ¢,, > b,,. In view of
Lemma 3.2, ¢, > by, > M, when ny, is large enough. It follows from (Hz) in
Lemmas 2.3, 3.2 and 3.4 that I has an unbounded sequence of critical values
which yields infinitely many solutions for system (1.1). O

PROOF OF COROLLARY 1.2. First, it follows from (gs), (hs) and (2.1) that
I is an even functional. Arguing as in (Hs3) in Lemma 2.3, we can prove that
the functional I satisfies the (C). condition. Moreover, by a similar fashion as

in the proof of Lemma 3.1, there exists a strictly increasing sequence of numbers
R;, such that I(v) <0 for v € E, \ Br: . Define

I, ={he€C(D,,E): hisodd and h = id on 0Bg, NE,},
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where D!, := Bp: N E, and b/, := hinrf max I(h(v)). Arguing as in Lemma 3.2,
" €I’ veD],

we have b), — 00, as n — co. Then there exists ng € N such that b), > 0, n > ny.
If n > ng, by a standard argument and the Deformation Theorem, we can also
prove b, are unbounded critical values of I. O

4. Example
In this section, we give one example to illustrate our result.

EXAMPLE 4.1. In system (1.1), let Q be a bounded smooth domain in R*
and a = 3. Let g is given by (1.5) and h(z,t) = t?>. Thus all conditions of
Theorem 1.1 are satisfied with N =4, k =3, 0 = 7/2, p = 13/2. By Theorem
1.1, system (1.1) has an unbounded sequence of infinitely many solutions. But
the results in [14] cannot be applied to this example.
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