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INFINITELY MANY SOLUTIONS
FOR QUASILINEAR SCHRODINGER EQUATIONS
UNDER BROKEN SYMMETRY SITUATION

LIANG ZHANG — XIANHUA TANG — Y1 CHEN

ABSTRACT. In this paper, we study the existence of infinitely many solu-
tions for the quasilinear Schrédinger equations

—Au — A(|u|®)|u|*?u = g(z,u) + h(z,u) forz c Q,

u=20 for z € 092,
where a > 2, g, h € C(QXR,R). When g is of superlinear growth at infinity
in w and h is not odd in wu, the existence of infinitely many solutions is
proved in spite of the lack of the symmetry of this problem, by using the

dual approach and Rabinowitz perturbation method. Our results generalize
some known results and are new even in the symmetric situation.

1. Introduction and main results

Consider the following quasilinear Schrédinger equation:

—Au — A(|u|®)|u|*"%u = g(x,u) + h(z,u) for z € Q,

(1.1)
u =0 for x € 09,

where a > 2, g,h € C(Q x R,R), and Q C R” is a bounded smooth domain.
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In recent years, the quasilinear Schrodinger equation has been involved in
several models of mathematical physics (see [8], [9], [15]). Notice that equa-
tion (1.1) is the Euler-Lagrange equation associated with the energy functional
J: E — R given by

(1.2) J(u):%/Q|Vu|2d:c+%/ﬂ|V(|u|a)|2dx

- / G(z,u)drx — / H(x,u)dx,
JQ Jo
where E denotes the Hilbert space H}(Q2) equipped with the inner product
(u,v) = / VuVuvdzr, wu,ve€ FE.
Q
By direct computation, we have
1 .
(1.3) — / IV (|u|®) 2 dz = = / 2=V Vul? dx, ue E.
2 Jq 2 Ja
In view of (1.2) and (1.3),
17 , . .
J(u) == / |Vul|* da + 2 / Ju2@=D | Vu)? dz — / G(z,u)dr — / H(x,u)dz,
2 Jo 2 Jo Ja Ja

for uw € E. By (1.4), the energy functional J could be naturally defined on

X = {u € Hy(Q) ’ / Ju| 2D |Vu|? dr < oo},
Q

which is not a vector space. So there is no suitable space on which the energy
functional J is well-defined. In recent years several methods have been devel-
oped to overcome this difficulty, such as the constrained minimization (see [10]),
Nehari method (see [7], [11], [18]), change of variables (dual approach) (see [1],
[7], [23], [25], [26]), perturbation method (see [12], [13], [24]). Recently, Liu and
Zhao [14] considered the existence of infinitely many solutions for a more general
quasilinear equation
N N

1 _
Dj< Z aij(xvu)Dz'u> 5 Z Dsaij(z,u)DiuDju+ [u|P2u+ f =0
i,7=1 1,7=1
for x € €,
u=0 for x € 092,

where D; := %, i=1,...,N, Dsa;j(z,s) = % aij(x,s). They treated the
case f # 0 as a perturbation from a symmetric equation. Under some suitable
conditions, they showed the existence of infinitely many solutions for this quasi-
linear equation. Similar questions under symmetry breaking situation have been
studied also for the problems of elliptic type, Hamiltonian systems and ordinary
differential equations (see [3]-[6], [16], [19]-[22]).



