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SIGN-CHANGING SOLUTIONS
FOR p-LAPLACIAN EQUATIONS
WITH JUMPING NONLINEARITY
AND THE FUCIK SPECTRUM

MiING XIONG — ZE-HENG YANG — XIANG-QING LI1U

ABSTRACT. We study the existence of sign-changing solutions for the p-
Laplacian equation

—Apu+Ag(@)[ulPPu = f(u), zeRN,

where A is a positive parameter and the nonlinear term f has jumping
nonlinearity at infinity and is superlinear at zero. The Fucik spectrum
plays an important role in the proof. We give sufficient conditions for the
existence of nontrivial Fuc¢ik spectrum.

1. Introduction

In this paper we are concerned with the following p-Laplacian equations in
RY with jumping nonlinearity:

(P) —Apu+Ag(@)ulP2u = f(u), zeRY,

where 1 <p < N, A >0 and Ayu = div (Ju|[P~2u) is the p-Laplacian operator.
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In the weak form of problem (P) the solution u € W1P(RY) satisfies
(P) / |VuP~2VuVy dr + )\/ g(@)|ulP2up dr = / f(u)pdz,
RN RN RN

for all ¢ € WHP(RY). Problem (P) has a variational structure given by the
functional

I(u) = %/RN(WW + (@) |uf?) dz — /RN F(u)ds, ue W' P(RY),

where F(t) = fg f(s)ds. Assume that the potential function g satisfies the
conditions:

(g1) g€ L*(RY),0<g < 1= lim g(z), and g(z) # 1.

(g2) There exist ¢,m, Ry > 0 SU.‘Z}‘I—:;IOat 1—g(x) > ¢/|z|™, for |z| > Ry.
For the nonlinear term f we make the following assumptions:

(f1) fe CRN,R), f(t)t >0, for t # 0.

. f@)
fo) lim ——= =0
O TN
t t
(f3) There exist a,b such that lim M =aqa, lim 1) =b.
t—4oo tP—1 t——oo [¢t[P—2¢
t
(fy) |tJ|£P(—)2t is nondecreasing in £ > 0 and nonincreasing in ¢t < 0.

The condition (f3) means that f has a “jumping” nonlinearity at the infinity.

Let Ly: WHYP(RYN) 5 u = —Ayu + Ag(z)[ulP~2u € (WHP(RY)), where
(WEP(RN)) is the dual space of WLP(RY). By Cuesta et al. [4], the Fucik
spectrum of Ly is defined as the set o(Ly) of those (a,b) € R? for which equation
(1.1) (or (1.2) in the weak form) has a nontrivial solution wu:

(1.1) —Apu+ Ag(x)[ulP"2u = a(uT)P™ — blu" )Pt
or u € WhP(RY) satisfies
(1.2) /RN VP2 VuVp dz + A /RN g(@)ulP~2up da

- /R a(why ™t — b pds
for all ¢ € WHP(RY), where u* = max(+u,0). Given 6 € (0,7/2), we define
(1.3) p(0) = inf | (|Vul” + Ag(z)|ul”) dz,

uey RN

where

Y ={u|uecW"PRY), u=u"—u",ut #0, and (1.4), (1.5) hold},

(1.4) /RN (cosO(ut)P +sinf(u~)?)dx = 1,



