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BIFURCATION AND MULTIPLICITY RESULTS
FOR CLASSES OF p,¢-LAPLACIAN SYSTEMS

RATNASINGHAM SHIVAJI — BYUNGJAE SON

ABSTRACT. We study positive solutions to boundary value problems of the

form
—Apu = MuP™1=% + f(v)} inQ,
—Agv =AM + g(u)} inQ,
u=0=w on 012,
where Apu := div (|Vu|™~2Vu), m > 1, is the m-Laplacian operator of

u, A >0, p,g>1 a€ (0,p—1), 8 € (0,g—1) and Q is a bounded
domain in RN, N > 1, with smooth boundary Q. Here f,g: [0,00) — R
are nondecreasing continuous functions with f(0) = 0 = ¢(0). We first
establish that for A = 0 there exist positive solutions bifurcating from the
trivial branch (A\,u = 0,v = 0) at (0,0,0). We further discuss an existence
result for all A > 0 and a multiplicity result for a certain range of A under
additional assumptions on f and g. We employ the method of sub-super
solutions to establish our results.

1. Introduction

Consider boundary value problems of the form

—Apu = Af(u) in Q,
u=0 on 012,
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where A,u := div (|Vul[P~2Vu), p > 1, is the p-Laplacian operator of u, A > 0
and € is a bounded domain in RY, N > 1, with smooth boundary 0. Here
f [0,00) — R is a nondecreasing continuous function. When f(O) > 0, there
is a rich history on the study of positive solutions. The authors in [5] have
considered such problems in the Laplacian case (p = 2) and established an
existence result for all A > 0 and a multiplicity result for a certain range of A
under additional assumptions on ]7 Later in [7], these results were extended
to the p-Laplacian case (p > 1). In particular, the authors in [7] proved the
existence of a positive solution for all A > 0 when f is p sublinear at oo, and
multiplicity results for a certain range of A when there exist a and b such that

0<a<band (a?~1/f(a))/(bP~1/f(b)) is sufficiently large. See also [1], [2] and
[6] for related results in the case f(0) > 0. Here, we focus on the case f(0) = 0. If
f(O) > 0, then u = 0 is a very useful nonnegative strict subsolution to help with
the study of establishing positive solutions. In this paper, u = 0 is a solution
for each A > 0 and hence we lack the presence of this trivial nonnegative strict
subsolution. However, we use the presence of the term u?~1~% as our advantage
to overcome this difficulty and show that positive solutions bifurcate at (0,0)
from the trivial branch (A, v = 0). Under additional properties on f, we establish
further existence and multiplicity results. We also extend these results to classes
of p, g-Laplacian systems. In particular, we consider boundary value problems
of the form

—Apu = MuP~1 7%+ f(v)} inQ,

(1.1) Ao =Mo" 4 g(u)} inQ,
u=0=v on 02,
where A,u = div (|Vu|™"2Vu), m > 1, is the m-Laplacian operator of u,

A>0,p,g>1, € (0,p—1), 8 € (0,g—1) are parameters and € is a bounded
domain in RN, N > 1, with smooth boundary 99Q. Here f,g: [0,00) — R are
nondecreasing continuous functions with f(0) = 0 = ¢(0). Clearly for all ),
(u =0, v =0) is a solution of (1.1). In this paper, we are interested in the study
of solution (u,v) € WhP(Q) N C(Q) x WH4(Q) N C(Q) with u,v > 0 in Q. We
first establish:

THEOREM 1.1. There exists Ao > 0 such that for all X € (0,X), (1.1)
has a positive solution (u,v) such that ||ullcc = 0, ||[V]lcc — 0 as A — 0
(see Figure 1).

Next we consider the case when f, g satisfy the following combined p, ¢ sub-
linear condition at oo:
Ma(s)t/(a—1)
() lim f(Myg(s) )

5—00 SP—l

and establish:

=0, for all M > 0,
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FIGURE 1

THEOREM 1.2. Let (Hy) hold. Then (1.1) has a positive solution (u,v) for
all X > 0 (see Figure 2).

[lulleo + 1Vlleo

FIGURE 2

If in addition, f,g satisfy:
(H2) There exist positive constants a; and az(> a1) such that
min[min{af,af "'/ f(a1)}, min{a}, af "' /g(a1)}]

c(Q),
max{a "'/ f(as),a§"" /g(az)} 0w

where
C(Q) = 2max{|ley |55, [leq[| %"} min[max {4, ,, Ay o}, max{Aq,, Agq}].
em is the solution of —A,,e = 1; Q, e = 0; 012,
A _ (N + m — 1)N+n—1
" R NN=1(m — 1)1
and R is the radius of the largest inscribed ball Bg in €2,

we prove:

THEOREM 1.3. Let (Hy)—(Hz) hold. Then (1.1) has at least three positive
solutions for A € (A, A*), where (see Figure 3)

ab! al™? ab! al™?
A =min | max§ ——App, ——Apgp.maxq ——A,p, ——Ag, ,
[ {f(az) mp g(az) pq} {f(@) o g(az) qu

1

1 Pt 1 -
A* = min [p_l min{a‘f‘, it }, — min{af, ! }}
2|l l5 flan) J7 2fleq|1% 9(ar)
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[lulleo + [1¥lles

A AT

FIGURE 3

In the case of single equations, namely equation of the form

—Apu = MuP 17"+ f(u)} inQ,

1.2
(12) u=20 on 01,

our results easily reduce to:

THEOREM 1.4. There exists A\g > 0 such that for all X € (0,\g), (1.2) has
a positive solution u such that |ul|e — 0 as X — 0.

THEOREM 1.5. Assume f(s)/sP™1 — 0 as s — co. Then (1.2) has a positive
solution u for all A > 0.

THEOREM 1.6. Assume f(s)/sP™! — 0 as s — oo and there exist positive
constants ay and as(> ay1) such that

min{af,a}”"/ f(a1)}
ag_l/f(@)
ep s a solution of —Ape =1;Q, e =0; 09,

> é(Q), where é(Q) = 2||ep\|£o_1Ap7p,

(N +p— 1)N+p71

RPNN-1(p—1)p—1

and R is the radius of the largest inscribed ball Br in Q). Then (1.2) has a positive
solution for all \, and at least three positive solutions for A € (A, \*), where

Ap,p =

ah” . 1 P
A = MAP’I” A= 2Hep||€o_1 min {al , f(a1)}

REMARK 1.7. If sP71/(sP717 + f(s)) is strictly increasing on (0, 00), which
will be the case if sP~1/f(s) is increasing on (0,00), and there exists ¢ > 0
such that sP717@ + f(s) < ¢(sP~1 + 1) for s € [0,00), which will be satisfied if
f(s)/sP7t — 0 as s — oo, then (1.2) has at most one positive solution for all
A > 0 (see [4]). Note that the hypotheses in Theorem 1.6 do not allow sP~1/f(s)
to be increasing for all s € (0, 00).
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We establish Theorems 1.1-1.3 by the method of sub-super solutions. By
a subsolution of (1.1) we mean a pair of functions (1,¢) € WhP(Q) N C(Q) x
Wha(Q) N C(Q) such that (1,v) = (0,0) on 9 and

/ VP2V - Ve < / AP F@)C for all ¢ € W,
Q Q

/ VOS2V VE < / AT g()¢ forall Ce W,
Q Q

where W = {h € C§°(Q) : h > 0 in }. By a supersolution of (1.1) we mean
a pair of functions (¢, ¢) € WHP(Q)NC(Q) x WH4(Q)NC(Q) such that (¢, ¢) =
(0,0) on 99 and

/ VP2V V¢ > / A"+ F(@)¢ forall CE W,
Q Q

/ V3|72V V¢ > / M@ g(e)¢ forall CeW.
Q Q

By a strict subsolution of (1.1) we mean a subsolution which is not a solution. By
a strict supersolution of (1.1) we mean a supersolution which is not a solution.
Then the following results are well-known (see [3], [6] and [8]).

PROPOSITION 1.8. If there ewist a subsolution (¢,%) and a supersolution
(¢, 0) of (1.1) such that (1,v) < (¢,¢), then (1.1) has at least one solution
(u,v) € WHP(Q) N C(Q) x WH(Q) N C(Q) satisfying (¥,9) < (u,v) < (4, 9).

PROPOSITION 1.9. Let f and g be nonnegative and nondecreasing, and sup-
pose there exist a subsolution (1,1,), a strict supersolution (¢1,¢,), a strict
subsolution (V2,1)5), and a supersolution (¢o, ¢y) for (1.1) such that (¢1,1;) <

(¢17$1) S (¢27$2); (wlaal) S (7/}23@2) S (¢27$2): and (1/}2,@2) g (¢13$1)'
Then (1.1) has at least three distinct solutions (u;,v;), i = 1,2,3, such that

(ulvvl) € [(1/&,@1)7 ((251751)]’ (u27v2) € [(@[}2;@2)’ (¢2a52)]7
(uz,v3) € [(¥1,91), (P2, 92)] \ ([(¥1,91), (D1, 61)] U [(1h2, ¥a), (2, 92)]).-

We will establish Theorem 1.1 in Section 2 and Theorems 1.2-1.3 in Section 3.
Finally in Section 4, we discuss simple examples satisfying the hypotheses of
Theorems 1.3 and 1.6.

2. Proof of Theorem 1.1

PROOF OF THEOREM 1.1. Let v > 0 be such that vae < 1,78 < 1, y(p—1) <
1 and (¢ — 1) < 1. For sufficiently small A, we have

12 A ey B + AT £ ey loo),
12 A7 eg 477+ AN g (A e oo )
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Let (wq,W1) = (A\ep, \Veq). Then
—Apw =N AW leplloo )T+ F (N [leglloo)
> A(N7ep)P 1%+ f(NTeg)) = Aw] ™% + f(w)),
—Ag1 =N = AW leqlloo) ™7 + g\ leplloo))
> M(Veq)™ 7 4 g(Ney)) = A@! ™7 + g(wn)).
Thus, (wy,w;) is a supersolution of (1.1) for sufficiently small A. Next, we

construct a positive subsolution of (1.1). Let z,, > 0; Q be the eigenfunction
with ||z, ||oc = 1 corresponding the principal eigenvalue Ay ,,, of the problem

~Apz = Mz|™ 22 in Q,

z=0 on 0N.

Let my > 0 be sufficiently small such that A; ,m§ < A and )\Lqu < \. Let
(whwl) = (mAZp,mAzq). Then

—Apy = /\l,p(mkzp)p_l < )‘<m>\zp)p_1_a < )‘(wf_l_a + f(@l))v

AP = Mg (mazg)™t < Amazg) 8 < AT 4 g(un)).

Thus, (¢1,%,) is a subsolution of (1.1) for all A > 0. Further, we can choose m

sufficiently small such that (¢1,1;) < (w1,w;). By Proposition 1.8, there exists

small A, and note that ||w1]|ec — 0 and ||w1||cc — 0 as A — 0. O

a positive solution (u,v) such that (1,v,) < (u,v) < (w1, w;) for sufficiently

3. Proofs of Theorems 1.2 and 1.3

PROOF OF THEOREM 1.2. Let (1,;) be as before in the proof of Theo-
rem 1.1. Then (t1,7);) is a subsolution for all A > 0. Next, we construct a po-
sitive supersolution (¢, ¢;) of (1.1). If f and g are bounded, choose M, > 1
such that My > 2/\(17—1—a)/(p—1)||ep||go—1—a7 Mf > 2)\(11—1—6)/((1—1)||eq|‘ggl—6’
M > 2)|f o and ME™' > 2g]|oc.

Let (¢1,61) = (A\Y/®=DMye,, \/(@= D Mye,). Then

—Appr =AMEYTH > ANAPTIm/ D AT e P | Flo )
> MY e, )P+ FA T Myeg)) = Mo + f(¢4)),
—Agpy =AML > AN/ @D e 117178 (g )

—q—1-8

> MW Myeq) 7 4 g T Mye) = AGT 7 + 9(61))-
Thus, (¢1,¢;) is a supersolution of (1.1) for all A > 0.
Suppose g(s) — oo as s — oco. Choose My > 1 such that
R - ]}
leplBst — N\ Mg lep [l (Milleplloc)?~
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and
9(Ma|leplloo) /17D > (22) @12 D e 17170,
Let (¢1,61) = (Maep, (20)"/ @D g(Mylep]loc) /@~ Veg). Then
—Ap¢n :Mfil
=AML lep 1B + £V YTV g(Malep o)V OV [leg]loo)
> A(Maep)? 1 + SN D g(Maleplo) /@ Vey))
=M+ f(61)
and
—2q¢1 = 2Xg(My[lepl)
> A((20) D g (M fleploe) @@ leg|T1F 4 g (Malleylloc )
> (N g(Maleplloo) /@ Veg) 10 + g(Miey))

B T 4+ g(o0)).

Thus, (¢1,¢,) is a supersolution of (1.1) for all A\ > 0. If g is bounded and

f(s) = oo as s — oo, then lim g(Mf(s)Y/®=1)/s9=1 = 0 for every M >
§—00

0. Then (¢1,¢,) = (2N P~V f(My||eg]loo)*/ P~ Ve, Mye,) is a supersolution

of (1.1) for all A > 0 by arguments similar to the previous case with the roles

of f and g interchanged. Also, in each case if M), is sufficiently large, (11,%,) <

(¢1,¢;). Hence, by Proposition 1.8, there exists a positive solution (u,v) such
that (1,v) < (u,v) < (¢1,¢;) for each A > 0. O

PrROOF OF THEOREM 1.3. We first establish this result when € is a ball of
radius R. Let (¢2,d9) = (arep/|l€pllcos a1€4/]l€4llo0)- For

1 a?t 1 ad™!
A < min [min {aa, 1 }, — min {aﬂ, 1 H,
2[lep 5" U f(an) 7 2] ey | & " g(a)

we have

ab™! aP~t aP™t 1
1 1 1 p—l—«
= —T = — —|— — > )\GJ + )\f(al)
lepllB  2fleplZt  2eyllBt T T

> A((‘”e )p_l_a + f(ale )) = Neh ™7+ £(9y))
- leplloo lleglloo * ? ?

q—1 q—1 q—1
ay aj aj

_Ap¢2

and

= = +
—1 —1 -1
legllde™  2llegllde™  2lleqlld

q—1-p
>A<(||ea|1| eq) +9<||ea|1| e,,)> =A@ 7+ g(62).
qlloo plloco

Hence (g2, d,) is a strict supersolution with ||¢a/ee = ||Pallec = a@1-

—Aydy > X! P 4 Ag(ay)




110 R. SHivaJ1 — B. SoN

We construct a positive strict subsolution (¢2,,) of (1.1) for
p—1 q—1 p—1 q—1
a a a a
A >\, =min | max{ —2—A,,, —2—A },maX{QA ,—2—A }}
[ {f(%) PP glag)” 1 flaz)™ " glag)™ "
Consider the following boundary value problem:
—Apu=Af(v) inQ,
—Agv = Ag(u) in Q,
u=0=v on 0f.
For 0 < e < R and 6,7 > 1, define p: [0, R] — [0,1] by

1 for 0 <t<eg,
plt) = Nt
1—(1—<R t)) fore <t <R.
R—=¢
Then
0 for0<t<e,
/
p(t) = on (R—t\"" R—t\"\""
— 1— fi t < R.
R—E(R—E) ( (R—J) orests

Let d(t) = asp(t). Define (,1)5) as the positive radially symmetric and de-
creasing solution of

—Aptpo = Af(d) in Bg,
Agthy = Ag(d) in Bg,
Yo =0=1, on dBj.
Then )5 and 1), satisfy
—(tN e (va(1))) = AN F(d(t)) for t € (0, R),
(N0 (D (1)) = AN g (d(1)) for t € (0, R),
Y5(0) =0, a(R) =0, ¥5(0) =0, Py(R)=

where @, (t) = [t|™ 72t for all ¢t € R. Integrating once, we get for 0 < t < R,

—eU3(0) = g [ ) ds

PuT0) = s / N-Tg(d(s)) ds.

Since ¢,,, is monotone, ¢! is also continuous and monotone. Hence, we have

0 =o" (s [ s as).

—U5(t) =y ( tNA,l /0 t sN1g(d(s)) ds).
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For A > \,, we claim that
(3.1) Po(t) > d(t) and ,(t) >d(t), 0<t<R.

If our claim is true, (9, ),) is a strict subsolution of the boundary value problem
(1.1) since

~Apthy = Af(d) <AWE™" + () in Br,
— —q—1- .
—Agy =Ag(d) <A@y +9(12)) in Bp.
It suffices to prove that 4(¢t) < d'(t) and @;(t) < d'(t) on (0, R] in order to
show (3.1) since 12(R) = ¥5(R) = 0 = d(R). It is obvious on (0,¢] because
Py(t) < 0=d'(t) and ¥,(t) < 0 = d'(t). For t > ¢, we have

-1 A S No1 -1 AN
=¥q RN-1 0 S g(a2)d8 = $q RNflﬁg(GQ) .

Noting that |d'(¢)] < a20n/(R —¢) on (e, R), it is easy to see that ¥5(¢) < d'(¢)
and @2/(1&) < d'(t) on (g, R) provided

_ AN
Sop 1 (fz]\[_le(a2)> > as

Equivalently, if

on 1 AN o
e and ¢, (RN_lNg(ag) >a2R_€.

_,ayt RNUIN _,al™t RNUIN
(3.2) A >max {(‘Wp Flaa) N (R =1 O o N R =y }

Now, if

a§71 a%f1
Ay = max A, A ,
{f(az) PP g(az) p’q}

choosing e = NR/(N + p — 1) in the definition of p, (3.2) reduces to showing
ab™! ad™?

3.3 A >max < (6n)P 22— A, (dn)?T 12— A }

33) {owp 124y o 2,

But A > A.. Hence we can choose (> 1) and n(> 1) such that (3.3) is satisfied.
Next, if

ab~ ! al™!
_ 2 2
A = max { Flaz) Agps p Aq,q},
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choosing e = NR/(N + ¢ — 1) in the definition of p, (3.2) reduces to showing

p—1

(3.4) A > max {((577)”_ Flaz) Agp, (0)4 a(a2) Aq’q}.

Again, since A > ., we can choose 6(> 1) and n(> 1) such that (3.4) is sat-
isfied. Hence, (3.1) holds for A > \,. Thus, (2,1),) is a strict subsolution
of (1.1). From the proof of Theorem 1.2, we have a sufficiently small positive

subsolution (11,%,) and a sufficiently large positive supersolution (¢1, ¢;) such

that (Y1,91) < (d2,0;) < (d1,¢1) and (¥1,91) < (¥2,%5) < (¢1,61). Since
[42llsc = lldllsc = az and ||¢2lec = a1, we have (12,5) £ (¢2,é5). By Proposi-
tion 1.9, (1.1) has at least three distinct solutions for A € (M., A*).

Next, when € is a general bounded domain, let B be the largest inscribed
ball in Q. Define

1o for x € Bp, _ 1y for x € Bp,
x(z) = and X(x)=
0 forze Q) — Bg, 0 forxzeQ)— Bg,

where (1)9,,) is a second subsolution of (1.1) constructed above for Q = Bp.
Then x € WHP(Q) N C(Q) and ¥ € WH4(Q) N C(Q). Further, on B we have

—Apx = = Apthy < AWETTN A+ (1)) = AT+ F(X)),
SAX = Ay <A@ 4 (W) = AR+ g(0),
while outside By we have
“Apx=0=AxPT"H f(X) and - A =0=AX""+g(x))

Hence, (,X) is a strict subsolution of (1.1) in Q. The rest of the proof is identical
to the previous case except that here for the second subsolution we will use (x, X)
described above. (]

4. Examples

We illustrate in this section simple examples that satisfy the hypotheses in
Theorems 1.3 and 1.6.

ExXAMPLE 4.1. Consider the boundary value problem

CAyu= Murle e/ 1) inQ

(4.1)
u=~0 on 0,

where f(s) = e™/(7+5) — 1 with 7 > 0 and Q is a bounded domain in RY with
smooth boundary 99Q. Clearly, f(0) = 0, and f(s)/s?~! — 0 as s — oo since f
is bounded for each 7 > 0.
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Next, choosing a; = 1 and as = 7, we have

. a .p—1 T/2 _
1 1
mln{a;i;ll [fla1)} - j(Hr) for 7> 1
ay ~/f(az) T e -1

and hence A — oo as 7 — oco. Hence, the hypotheses in Theorem 1.6 are satisfied.
In particular, for any 7 > 0, (4.1) has a positive solution for all A > 0, and for
sufficiently large 7, (4.1) has at least three positive solutions for A € (A, \*)
where )

TP~ " 1
e T PN T
In fact, given X € (0,1/(2]le,||25 (e — 1))), there exists 79 > 0 such that (4.1)
has at least three positive solutions for 7 > 7.

Ax =

ExaMPLE 4.2. Consider the system

—Apu = MuP~17 4 e™/(THv) 1} in Q,
(4.2) —Av = Mol 178 4t} in Q,
u=0=v on 0,

where f(s) = e™/(7+5) — 1 with 7 > 0, g(s) = s¢ with & > 0 and Q is a bounded
domain in RY with smooth boundary 9Q. Clearly, f(0) = g(0) =0 and (H;) is
satisfied since f is bounded for each 7 > 0. Hence, Theorems 1.1 and 1.2 hold
for all 7 > 0 and £ > 0. Next, choosing a; = 1 and as = T,
min[min{af,af”"/f(a1)}, min{a}, af"" /g(ar)}] et

A= — — = for r>1
max{a} ™"/ f(as),a§”" /g(az)} e/t —1

and hence (Hs) is satisfied for 7 > 1 and £ > ¢ — 1 since A — o0 as 7 — oo.

For sufficiently large 7, there exist at least three positive solutions of (4.2) for
A € (A, \*) where A\, = 7971 =¢min{A, ,, 4,,} and

X . 1 1
A= mln{ — , — }
2|lepl5s ™ (e7/ (7 — 1) 2leg |5

. 1 1
A€ <0,mln{ P , pa, }),
2llepllse (e = 1) 2lleqll5e

there exists 79 > 0 such that (4.2) has at least three positive solutions for 7 > 7.

In fact, given
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