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ON ABSTRACT DIFFERENTIAL EQUATIONS
WITH NON INSTANTANEOUS IMPULSES

EDUARDO HERNANDEZ — MICHELLE PIERRI — DONAL O’REGAN

ABSTRACT. We introduce a class of abstract differential equation with non
instantaneous impulses which extend and generalize some recent models
considered in the literature. We study the existence of mild and classical
solution and present some applications involving partial differential equa-
tions with non-instantaneous impulses.

1. Introduction

In this work we introduce and study a new model of abstract impulsive dif-
ferential equations which improve substantially the theory on differential equa-
tions with non-instantaneous impulsive introduced recently by Hernandez and
O’Regan in [8]. Specifically, we study a class of abstract differential equations
with non-instantaneous impulses of the form

(11) /( ) (t)+f(t7u(t))a te (Si,ti-i-l]a iZO,...,N,
(1.2) u(t) = hi(t, vy, ), te (tisi], i=1,...,N,
(13) ’LL(O) = Xy,

where A: D(A
operators (T'(¢

) C X — X is the generator of a Cy-semigroup of bounded linear
))t>0 defined on a Banach space (X, ), z0 € X, 0 =ty =
So <t; <s1<ty<...ty < sy <tnyy1 = a are pre-fixed numbers, the relation
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t — I;(t) defines a 2[0!-set valued function, each function h,(t, - ) is a continuous
function defined from a Banach space C;(t) into X, the spaces C;(t) are formed
by function defined from I;(t) into X, the symbol u|, denotes the restriction of
u(+) to an interval I C [0,a] and f: [0,a] x X — X is a suitable function.

To explain our motivations and objectives, we include some comments re-
lated to the problem studied in [8]. In Herndndez and O’Regan [8] the authors
introduced a new class of differential equations with impulses (called differential
equation with non-instantaneous impulses) described in the form

(1.4) u'(t) = Au(t) + f(t,u(t)), te€ (sitiya], i=0,...,N,
(15) u(t) :gl(t’u(t))a te (tiasi]a i:]-v"'7N7
(1.6) u(0) = xo,

where A, f, xo, s, t; are as above and g; € C((t;, ;] x X; X) foralli =1,...,N.
The main results in [8], see Theorems 2.1 and 2.2, are proved via fixed point
techniques and assuming that the functions g; are globally Lipschitz. Specifically,
the authors proved that the map I': PC(X) — PC(X) (see the definition of
PC(X) below) given by T'u(0) = zg, Tu(t) = g;(¢, u(t)) for t € (¢;,s;] and

Tu(t) =Tt — s:)9i(si,u(s;)) + / T(t—s)f(s,u(s))ds, t€[sitit1],

i

Tu(t) = /0 Tt — 5)f (s, u(s)) ds, te[0,t],

have a fixed point u € PC(X), which is called a mild solution of (1.4)—(1.5).
A review of the proofs of the cited Theorems reveals that for each i € {1,..., N},
the map

Put POt = {1 € Ot 3]s X) s limu(?) exists | — PCX) -
given by I'ju = g;(-,u(-))|(t,s,] is a contraction on PC(X)«, s, and there exists
a unique function v; € PC(X)«, s, such that T';u; = v;. This can be a non-
realistic situation and it is quite restrictive for a general theory. However we note
that the ideas and analysis in [8] partly motivates the general theory presented
below.

Motivated by the above and by the fact that the above restriction arise
from the abstract formulation of the problem (1.4)—(1.5), in this work we in-
troduce a new abstract formulation for abstract differential equations with non-
instantaneous impulses and we study the existence of mild and classical solutions
for this type of problems.

Next we include some comments on the associated literature. The litera-
ture on abstract impulsive differential equations consider basically problems for
which the impulses are abrupt and instantaneous. The literature on this type of
problem is vast and different topics on the existence and qualitative properties
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of solutions are considered. On the general motivations, relevant developments
and the current status of the theory we refer the reader to [1]-[7], [9]-[11], [13],
[15], [18]-[20], [25] and the references therein.

The literature on abstract impulsive differential equations with non-instan-
taneous impulses is limited and recent. The theory was initiated by Hernandez
and O’Regan in [8]. In this paper the authors introduced the concepts of mild
and classical solution, established some relations between these type of solutions
and studied the existence and uniqueness of solutions. In [17] the authors studied
the existence of mild solutions with values in fractional spaces. We also mention
the recent papers [12], [21]—-[24].

For motivations on the study of differential equations with non-instantaneous
impulses, we include the example presented in [8] concerning the hemodynamical
equilibrium of a person. In the case of a decompensation (for example, high or
low levels of glucose) one can prescribe some intravenous drugs (insulin). Since
the introduction of the drugs in the bloodstream and the consequent absorbtion
for the body are gradual and continuous processes, we can interpret the above
situation as an impulsive action which starts abruptly and stays active on a finite
time interval.

Concerning the above example it is important to note the advantages of
the new abstract model (1.1)—(1.3). In the formulation proposed in [8], we can
think that the decision to administer glucose at the time ¢; is independent of
the “quantity of glucose” at the times ¢ < ¢;. On the other hand, in the current
formulation, the introduction of drug at ¢; depend on the level of glucose observed
in time intervals previous to the time ;.

We include now some notations and results. In work A: D(A) C X — X is
the generator of a Cy-semigroup (7'(t));>0 on X and Cp,y are positive constants
such that || T'(t)|zx) < Coe?* for all t > 0. Next, for sake of simplicity, we
assume that 0 € p(A) and we use the notation D for the domain of A endowed
with the graph ||z|p = ||Az||. For additional details on semigroup, we refer the
reader to Pazy [16].

For Banach spaces (Z,] - ||z) and (W, || - |[w), we use the notation £(Z, W)
for the space of bounded linear operators from Z into W endowed with the norm
of operators denoted by |[|-||z(z,w) and we write £(Z) and ||-||z(z) when Z = .
In addition, C(Z; W) denotes the space of bounded continuous functions defined
from Z into W endowed with the uniform norm denoted by || - ||c(z,w) and we
use the symbol B, (z, Z) for the closed ball with center at z € Z and radius r
in Z.

As usual, C(J,Z) (with J C R) is the space formed by all the continuous
bounded functions defined from J into Z endowed with the norm

lullcs,z) = sup [u(t)]|z.
teJ
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To treat the impulsive conditions, we consider the space PC(X) which is
formed by all the functions u: [0,a] — X such that u(-) is continuous at ¢ #
ti,u(t; ) = u(t;) and u(t]) exists for all i = 1,..., N, endowed with the uniform
norm on [0,a] denoted by |lullpc(x). It is easy to see that PC(X) is a Banach
space.

This paper has three sections. In the next section we introduce the concept of
mild and classical solution for the problem (1.1)—(1.2) and we study the existence
of these type of solutions. In the same section we also discuss the existence of
mild solution with values in fractional interpolation spaces. In the last section,
some applications involving partial differential equation with non-instantaneous

impulses are presented.

2. Existence of solution

In this section we study the existence and some qualitative properties of solu-
tions for the problem (1.1)—(1.3). To begin, we introduce the following concepts
of a solution.

DEFINITION 2.1. A function v € PC(X) is said to be a mild solution of (1.1)—
(1.3) if u(0) = @o, u(t) = hi(t,uy, ) for all t € (t;,s;] and each i = 1,..., N,
and

u(t) = T(H)zo + /0 T(t — ) f(r,u(r)) dr, forall £ € [0, 4],

u(®) =Tt = slilsi )+ [ Tl = 1)f(r,u(r)

i

for all t € [s;,t;41] and every i = 1,..., N.

DEFINITION 2.2. A function v € PC(X) is said to be a classical solution of
(1.1)~(1.3) if w(0) = wo, u(t) = hi(t,uy, ) for all t € (t;,s;] and 7 € {1,..., N},
the function Ul(a, i) belongs to C((s;,ti+1]; D) for all i = 1,..., N and u(-)
satisfies (1.1).

To prove the results of this section, we introduce the following conditions.
Next we use the notation (C;(t), || - |le,+)), with ¢ € (t;,s;] and 7 € {1,..., N},
to represent an abstract Banach space formed by functions defined from I;(t) C
[0, s;] into X. In addition, for a set I C [0,a], we use the notation PC(X), for
the space PC(X)|, = {u, ,, : v € PC(X)} endowed with the uniform norm.
Similarly, we define the spaces PC(Z) and PC(Z),, for a given Banach space Z.

(Hy) For all i = 1,...,N and each ¢t € (#;, s;], the function h;(t, -) belongs
to C(C;(t); X) and there is a bounded function L; € C((t;, s;]; R") such
that

|hi(t,u) — hi(t,v)|| < Li(t)|[u — vlle, ), for all u,v € Ci(t).
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(H2) The function f(-) belongs to C([0,a] x X;X) and there is a non-decre-
asing function Wy € C([0,00); R") and a function my € L?([0,a);RT),
with p > 1, such that || f(¢,z)| < mg(t)W,(||z|) for all (¢,z) € [0,a] x X.

(H3) The function f(-) is continuous and there is a Ly € LP([0,a]; RT), with
p > 1, such that || f(t,z) — f(t,y)|| < Ls(t)||z — y| for all z,y € X and
t€[0,al.

(Hy) Foralli e {1,..., N} and each u € PC(X), the function ¢ — h;(t, w7, (1))
belongs to C((t;, s;]; X) and grtrll hi(t, w1, (x)) exists.

(Hs) For all ¢ € (¢;,s;] and i € {1,..., N}, the map

Wi(t): PC(X),, o, = {u), ., :u€ PCX)} = Cilt),

FAO)

given by ¥, (t)u = uj, ., is a bounded linear operator and we always
assume that the set of operators {¥;(t) : t € (t;,8:], ¢ = 1,...,N} is
bounded. For convenience, next we use the notation

Vils) = 1¥i(s)lcpexy, et

We establish now our first result on the existence of a mild solution for (1.1)—
(1.3).

THEOREM 2.3. Let the conditions (Hy), (H3)—(Hs) be holded and assume that
any one of the following conditions is satisfied:

(a) s, =sup U L) <t; forallie{1,...,N},
t€(tey84]
(b) ti<§i<5if07’a,lli€1,...,]\7,

”LhiHC((ti,Si];R)e_’Y(ti_gi) sup {Iv’l(s) <1,
SE(ti,s:]
00(67(§i_Si)Lhi (Sl)\il(sl) + ||Lf||L1([Si,ti+1];R)) <L
fO?" alli=1,...,N, and COHLJ””Ll([O,tl];R) <1,
(c) 8 = s; for all i,

CoLn, (5:)Wi(s:) + CollLpllLr ([ss tira)m) < 1,

1 Ln o sgme "E75%) sup Wi(s) < 1
sE(t;,84]

and Col|L¢llLr(jo,6,:r) < 1 for all i =0,...,N.
Then there exists a unique mild solution of the problem (1.1)—(1.3).

PROOF. Let 8 > v and PgC(X) be the set PC(X) endowed with the norm
|- Ipoccx) given by [[ullp,ex)y = sup e PH|u(t)]|. Let I': PgC(X) — PsC(X)

s€0,a]
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be the map defined by I'u(0) = zo, T'u(t) = h;(t, vy, ) for t € (t;, ;] and

Fu(t) =Tt = si)hi(si, vy, ) + / T(t—s)f(s,u(s))ds, t€ [sitit1],

Tu(t) = T(t)xo + /0 T(t—s)f(s,u(s))ds, t €10,

From the assumptions is easy to see that I' is a well defined PgC(X)-valued
function. Next we prove that there exists 8 > = such that I' is a contraction on
PsC(X). In the remainder of this proof, we assume that u,v € PC(X).

To begin, for i € {1,..., N} and ¢ € [s;, t;+1] we note that

[Tu(t) —To(t)|
S ||T(t — sl)hl(s“ u|11(si)) — T(t — sz)hl(s“ U|1i(31))||

t
+ C’o/ =P (5)e 7P ||u(s) — v(s)| ds

Si

< Coe" T Ly, (1))

|u|1@‘(sq‘,) B v‘li(si) Ci(si)

t

+Coct [P L (5) dsu = ollpyeon

S Coe’Y(t—Si)Lhi (Si)||\Ili(8i)||£(PC(X)‘I_(S_),Ci(si)) Slu%) )eﬁse_ﬁs||u(s) — U(S)H
K sel;(s;

t
N Coeﬁt/ =AU 1 (s) dsllu — v|lpe(x).
S

i

so that,

e PTu(t) = To(t)]| < Coe? =G DLy (50) Wi (si)l|u = vl pye )

t
n Co/ e(’v—ﬁ)(t—S)Lf(s) ds||u —vl|lpseix),

for all ¢t € [s;,t;+1]. From the above, we obtain that
(2.1) sup e P|Tu(t) — Tw(t)|
tE[Si,tiJrl]
<Cy sup eTTATIBETILL (5 () lu — vl pex)
t€[sqi,ti+1]
t
+Cy sup / e(vfﬁ)(tfs)Lf(s)dsHu — U”'pﬁc(X).

te[si,ti+1] S84

Moreover, from the above estimates it is easy to infer that

(2.2)  sup e P Tu(t) — Tw(t)]
te[0,¢1]

t
< Cy sup /B(W_B)(t_s)Lf(S)dSHU_U”PﬁC(X)'
te[O,tl] 0
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On the other hand, for t € (¢;, ;] we find that
[ITu(t) = To(@)|| <At uy,, ) = it v, 00)l

< Ly, (t)”\Ili(t)||L(PC(X)|I_U) Ci(6)) Sllll?t) e e™P%|u(s) — u(s)]|
LR sel;

<L) sup Ty(s)"
SE(ti,s4)

u— UHPgC(X),
which implies that
(2.3)  sup e PYTu(t) — Tu(t)||

te(ti,sq)

< |Lnlle(sgmr) sup e PE75) sup Wy(s)llu — vllp,ex)-

te(ti,si s€E(ti,s4]

From the inequalities (2.1), (2.2) and (2.3) it follows that

(24) IPu—Tv|[pyex) < Z_:I?’?f?fN{(Az‘(ﬁ)+Ez‘(5))’@(5)50(@]’”“—U||79gC(X),

where
Ai(B) = CoePE 0L, (s)F4(s;),

61(6) :eiﬁ(tiigi) th‘, C((ti,s;);R) Sup \ii(s)a

s€(ti,si

¢
Zi(B) =Cy  sup V=BT, . (5) ds.
f

te [Si 7ti+1] Sq

Next, we consider the cases in which any of the conditions (a), (b) or (c) is
satisfied.
Suppose that condition (a) is valid. In this case, for § > v we have that

(2.5) Z5(8) < Co@' (B =) P ILgllLr sy tyiatmys §= 1o os N,

where 1/p+1/p’ = 1, which implies A;(8) +0;(8) +Z:(8)+Z0(8) > 0as 8 — 0
for all ¢ € {1,..., N} since max{3(s; — s;), —B(t; — $;)} < 0. Thus, for 8 >
large enough, the map I'(-) is a contraction on PgC(X) which shows that there
exists a unique mild solution of problem (1.1)—-(1.3).

We assume now that condition (b) is satisfied. In this case, for 5 = v we get

EZ(’V) < COHLf”Ll([Sithl]?R)'

From this inequality, (2.4) and condition (b) it follows that I' is a contraction
on P,C(X) and there a unique mild solution of the problem (1.1)—(1.3).
To finish, we suppose that condition (c) is valid. In this case, for 8 = «

we have that Ay(8) = CoLn, (s:)¥(si), Zi(B) < [|IL#]lp1((s1,t04,):m) and ©:(8) =

| L. llc(ts,sqme 74 ~5) sup  W;(s), which allows us to infer that I' is a con-
SE(ti,si)

traction and there exists a unique mild solution of (1.1)—(1.3). O
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In the next result we note that Theorem [8, Theorem 2.1] follows directly
Theorem 2.3.

COROLLARY 2.4. If the conditions in [8, Theorem 2.1] are satisfied, then
there exists a unique mild solution w € PC(X) of the problem (1.4)-(1.6).

PRrROOF. From [8, Theorem 2.1] we note that each function g; is globally
Lipschitz with Lipschitz constant L, and v = 0.

To use Theorem 2.3, for ¢ € {1,..., N} and t € (;, s;] we consider the space
Ci(t) = C({t} : X) and the functions h;: (t;, ;] xCi(t) — X, W;(t): PC(X),, =
Ci(t) given by W;(t)u = uj,, and hi(t,v) = g;(t,v(t)). It is easy to see that the
condition (H;) is satisfied with Ly, = Lg,, the maps ¥;(t) are bounded linear
operator and W;(t) =1 for t € (&;, s;].

Finally, by noting that in [8, Theorem 2.1] it is assumed that

6= CO max{Lgi + ||LfHL1([5i,t1‘,+l])7 ||LfHL1([O,t1]) 1= 1, ce N} < 1,

so we have that condition (c¢) in Theorem 2.3 is satisfied, which implies that
there exists a unique mild solution of problem (1.4)—(1.6). O

In the next theorem we prove the existence of a mild solution via a fixed
point result for condensing operators.

THEOREM 2.5. Assume the conditions (Hy), (Hz), (Hy4) and (Hs) are satis-
fied, the semigroup (T'(t))t>0 is compact and

t
(2.6) O =Cp lim  sup r_le(r)/ Oy (r)dr < 1,

r—00 te[si tit1] 5
for alli € {0,1,...,N}. If any one of the next conditions is verified,
(a) si=sup U L) <t; forallie{l,...,N},
te(ti,sq]

(b) t; < :S\Z < Sy, 0067(:9\1‘78")Lhi (SZ)CIJQ(SZ) <1-0 and

e8| L, C((ti,5:];R)  SUD \le(s) <1-©

s€(ti,s4]

foralli=1,..., N,
(c) foralli € {1,...,N}, 5 = s;, e V(ti=5) C((ti,5:])iR) S(up ]\I/i(t) <
te(ts,sq

Lp,

1—-0 and COLhi (82)611(81) <1l-— @,
then there exists a mild solution of the problem (1.1)—(1.3).

PrOOF. Let I'" be the map introduced in the proof of Theorem 2.3 and
consider the decomposition I' =T'y + I'y where

TMu(t) = hi(t,uh_(t)), for t € (;, 84,
Tu(t) =T(t — si)hi(s%u‘us,)), for t € [s;, ti11],
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t
Mu(t) = / T(t—s)f(s,u(s))ds, fort € [s; tit1],
Sq
and Tu(t) = 0 otherwise. Next, we prove that there exists f > v and 7 > 0
such that T is a condensing map from B, (0, P3C(X)) into B, (0, PsC(X)).

Let § > ~. From the assumptions, we select 79 > 0 and © € (0,1) such that
Wi (ePsis)

ePsis

S
(2.7) Co sup / " me(r)dr < ©,
Sq

SE[si,tit1]

for all s > 7 and for all ¢ € {0,...,N}. Proceeding as in the proof of Theo-
rem 2.3, for r > 7y, u € B,(0,PgC(X)) and ¢ > 1 we infer that

sup e HTMu(t)| <Co sup 0TI BETIL, (5) Wi () |[ullpye )
t€[ss,ti+1] telsq, ti+1]

+Co  sup T hy(s,0)]),
te[s;,ti+1]

and hence,
(2.8) sup e P Tlu(t)]| <Cy sup eI BE=SI L, ()W, (s)r
t€[sq,t;+1] te(s;,t;+1]

+Cy sup e’ h,(s;,0))).
te[si,ti+1]

Similarly, from the proof of Theorem 2.3 we also infer that
(2.9)  sup e T u(t)]
te(ts,sq)

< ||Lh1

Cltisg®) Sup e P sup Wi(s)r + e R (-, 0) | oges,si:x) -
tE(ti,qu] Se(ti7si]

On the other hand, for ¢ € [s;,t;1+1] and ¢ > 0 we have that
t
e P2 u(t)|| SCO/ e Pt Wy (7% o fu(s) | ymy (s) ds
t
We(ePs
SCoT/ eV(t_S)Mmf(s) ds

ePsr

Si

w Bs; t
<rCy # sup / = ms(s) ds,
ersir s
te[si,ti+1] Js;

which implies via (2.7) that

(2.10) sup e PYI%u(t)|| <rO, foralli=0,1,...,N.
te[si,ti+1]

From the estimates (2.8)—(2.10) we obtain that

(211)  [Tullp,ecx) < max {Ai(B)r + Ki(8) +70,0:(8)r + 0:(6), 76}
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where
Ai(B) = CoePCim3) Ly, (s,)W,(s,),

@i(ﬂ)zeiﬁ(tiigi) Lhi”C((ti,Si];R) sup \Tll(s)’

SE(ti,s4]
Ai(B) = Coe =30 =Bsi I (5, 0)],
91(5) =e Pt th( . 70) ||C((tivsi];X)'
Moreover, from the proof of Theorem 2.3 it is easy to note that

(2.12) [T — T ollp,ex) < i:f{1§¥N{Ai(5), Oi(B) Hlu — vllpsex)-

We divide the remainder of the proof into several steps.

Step 1. T?B,(0,PsC(X)) C B,(0,PsC(X)) and I'? is a condensing map on
B, (0,PsC(X)) for all r > rg,

Let 7 > ro. The fact that I'?B,.(0, PC(X)) C B,(0,PC(X)) follows directly
from the estimate (2.10). The proof that I'* is condensing on B,(0,PsC(X))
follows from the proof of Steps 3-5 in the proof of [8, Theorem 2.2]. We omit
the details.

Step 2. If r > rg and condition (a) is valid, then there exists 8 > ~ large
enough such that the problem (1.1)-(1.3) has a mild solution v € B,.(0, PgC(X)).

From condition (a) and the definition of the numbers A;(53), A;(8), ©:(8),
©,;(B) it is easy to see that ‘_r?axN{Ai(B) + Ai(B) +0,(8) +0:(8)} — 0 as

B — oo. Thus, there exists § > v large enough such that

(2.13) max {Ai(B)r + Ki(8), 0:(B)r + 8i(8)} < (1-O)r,
(2.14) Jnax {A:(8), 0:(8)} <1.

From the inequalities (2.11)—(2.14) we have that
I'By.(0, PsC(X)) C B (0, PsC(X))

and I'! is a contraction on B,.(0, PsC(X)).
From the above and Step 1 it follows that I' is condensing on B, (0, PgC(X)),
which implies that there exists a mild solution of the problem (1.1)—(1.3).

Step 3. If condition (b) is valid, then there exists r > rq large enough such
that problem (1.1)—(1.3) has a mild solution u € B,.(0, P,C(X)).

From condition (b) we select ® € (0,1 —©), ® € (0,1) and r > ry large
enough such that ® + ® <1 — 0 and

(2.15) Jnax {Ai(7), 8:i(v)} <,

(2.16) maXN{/NXi('y), 0i(7)} < Pr.

i=1,...,
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From the above, for u € B,.(0,P3C(X)) we have that

ITullpsex) < i:lelfi_?iN{Az’(B)T + 7\1(5) +710,0,(8)r + éi(ﬁ)v rO}
< _7r{1aXN{<I>r + Or + Or, or + &r,r0O} < (1 —O)r +Or =7,

which implies that I'B,. (0, PsC(X)) C B,(0,PgC(X)). Moreover, from (2.15)
and (2.12) we have that I'! is a contraction on B,.(0, P,C(X))) which allows us
to conclude via Step 1 that I' is condensing on B, (0,P,C(X))). This proves
that I' has a fixed point in B, (0,PsC(X)) and there exists a mild solution of
(1.1)~(1.3).

Step 4. If condition (c) is satisfied, then there exists r > rq large enough
such that problem (1.1)-(1.3) has a mild solution u € B, (0, P,C(X)).

The proof of this step follows the argument uses in the proof of Step 3. We
omit the details. The proof of this theorem is complete. O

2.1. Regularity of mild solutions. In this section we study the existence
of mild solution with values in fractional spaces. In the remainder of this section
we assume 0 € p(A4), a € (0,1) and (T(t))>0 is analytic. Next, we use the
notation X, for the domain of the fractional power (—A)* of —A endowed with
the a-norm given by ||z|lo = ||(—=A)%z||. We note that X, is a Banach space
and there is C, > 0 such that |[(—=A)*T(t)||z(x) < Ca€?'t* for t > 0.

Next, for B > 0 we use the notation PsC(X,X,) for the space formed
by all the functions u € PC(X) such that v, € C((t;,si]; X), v,
C((sistit1); Xa) foralli=1,..., N and

] tit1]

[lullpai=sup (t—s)% " u(t)lla < o0
te€(siytiv]
for every ¢ =0,..., N, endowed with the norm

T~ { sup e—ﬁsnu(snc«ti,smx»[l“]ﬂﬁa’“““”ﬂ’“”}'
=1 N se(ty, s

It is easy to see that (PgC(X, Xa),| - |I3,a) is & Banach space.

To avoid confusion with the problem studied in the first section, we believe it
is convenient to introduce some new notations and assumptions. Next, we study
the existence of a mild solution for the problem

(2.17) u'(t) = Au(t) + folt,u(t)), te (si,tiz1], i=0,...,N,
(2.18) u(t) = hialtuy, ), te(tisi, i=1,...,N,
(2.19) u(0) = zo.
In this section, (Ci o (t), || - [lc, .(x)) are Banach spaces formed by functions

defined from I;(¢) into X, and we assume that the functions h; o(-) and fo(-)
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are defined from C; ,(¢) into X and from [0,a] x X, into X, respectively. To

prove the results of this section, we include the following conditions:

(Hq,1) For t € (t;,s;], the function h; (¢, - ) belongs to C(C; o(t); X) and there
is a function Ly, , € C((t;, s;]; R") such that

[Pi,a(t,w) = hia(t, V)| < L, o (8) 1w = vlle, 1)

for all u,v € C; (t), t € (t;,s;] and each i =1,..., N.

(Hq,2) The function fo(-) belongs to C([0,a] x Xq;X) and there is Ly, €
LP([0,a]; RT) (with p > 1) such that ||fo(t,2) — fa(t,y)|| < Ly, (t)|jx —
Yl|lo for all z,y € X, and each ¢ € [0, al.

(Ha,4) Fori € {1,...,N} and u € PC(X, Xo), the function t = hia(t,uy, )
belongs to C((t, 5:); X) and limy s, hi o (t, w7, ) exists.

(Ha5) For t € (¢;,s;] and ¢ € {1,..., N}, the operator

Wia(t): PC(X, X)), o = {u),. ) - u € PC(X, Xa)} = Cialt),

given by ¥, o (t)u = U, is a bounded linear operator and the operator
family {U; o(¢) : t € (ti,8:), i =1,..., N} is bounded. Next, we use the
notation W; o(s) = H\Di(s)”ﬁ(PC(X’Xﬂ)m(s) Ci(s))-

To simplify, in the remainder of this work, for ¢ > 1 we use the notation ¢’
for the conjugate of ¢ given by ¢’ = ¢/(¢ — 1) and ¢; is the number defined by
0; = tiy1 — Si-

LEMMA 2.6. Assume & € LP([s;,tiy1];R) for some i € {i,...,N} and p >
1/(1 — ). Then the function s — £(s)/((t — 8)*(s — s;)%) is integrable on [s;,1]
for all t € [s;,ti+1] and

t (=B)(t=3)
(2.20) lim  sup (t—s;)® / £(s)e de— o
B=0 te[si,titi] si (t - 5)a(3 - Si)a

PROOF. Let t € [s;,t;41] and § = (£ — s;)/2. The integrability of the function
s = &(s)/((t = 8)*(s — s;)%) follows from the fact that p > 1/(1 — ) and from
the inequality,

/ = s)i(é)— s s (/ h 6<E(—)> st /;5 <t—£(>)6 ds)

5 51/p'7a 61/p'7a
<€l 2o (o0 0]y 6 : ).
< el it (a7 + a7 )

To prove the second assertion, by noting that p > 1/(1 — a) we select 1 < r
such that 1/(ap’) > r. Then

L [f e (_ﬂ)(t_s)< 1 1 )”‘
(t—s;) /Sl( ds-/s’ié“(s)e” ( + ] ds

t—8)%(s —8;)® t—s) (s—s;

t
o (v—B)(t—s) 1 1
<9 /Siﬁ(s)e’y ¢ ((t_s)aJr(S_Si)a)ds
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. tep (v=B)(t—s) N\ 1/P tep (v=B)(t=s)  \1/P"
<2 'f”LP([si,n})((/ st) ‘*‘(/‘(Sesi)aplds) )
t . 1/(r'p") t ds 1/('r)
§2a5||Lp([shti])</ o (-B)(t-5) ds) </ (t_sw)

i

to, ! (v=B)(t—s) 1/(r'p") t ds L'
20 - primpAe (s —s,)or'T
+ ||£||Lv<[s“tz1)(/&_ c ds) </ (SSz’)"‘p”")

1 1/(r'p") y si—ap't N 1/(ep'r)
< 2% r(siti) | T8 % 2] p——— ’
<2%I¢ll e ,,,tl])<plr/(5_7)> (1—ap’r>

and hence

t (v=8)(t—s)
(2.21) sup (t_si)a/ (6(8)67 B)(t ds

t—8)%(s — s;)

te€[si,tiq1]
. 1 1/(r'p") s si—ap'r \ 1/(ap'r)
< B ailf) =27 S [ — i 7
> Z5.a, (5) ||£||L ([s4,ti]) (p’?"’(ﬁ _ 7)) (1 _ ozp’r)
which completes the proof since Zg ,;(§) — 0 as 8 — oo. O

Proceeding as in the proof of Lemma 2.6 we can prove the next result.

LEMMA 2.7. If ¢ € LP([si, tiy1]; R) for somei € {i,...,N} andp>1/(1—a),
then

(2.22) sup (t—s;)“ /t £(s) ds

t€[si tit1] (t—s)(s —s:)*

< 2a+16il/(0¢p —1[1 _ ap/]fl/(apf)||§‘|Lp([sm])_

In Theorem 2.8 we establish the existence of a mild solution for (2.17)—(2.19).
In this result, 25 ,;(Ly, ) is defined as in (2.21) and s; j, 5, i with 1 <j <4,
are the numbers defined by

siy=sup | L(t)N[sj—1,1],

te(ti,si

sy=sup |J LN (s
te(ti,s4)

SZj = inf U Iz(t) N [Sj—lytj]'
te(sitit)

THEOREM 2.8. Assume the conditions (Hqa 1), (Ha2), (Ha4) and (Hy5) are
satisfied, t; > max{s; ;,s; ,;} and s;; > 8j—1 forall1 < j <1i. Then there exists
a miald solution u € PgC(X, Xq) of the impulsive problem (2.17)—(2.19).

PRrROOF. Let I': PsC(X,X,) — PpC(X, X,) be defined as in the proof of
Theorem 2.3. We will prove that there exists 5 > = large enough such that I" is
a contraction on PsC(X, X,).



1080 E. HERNANDEZ — M. PIERRI — D. O’REGAN

To begin, for u € PgC(X,X,) and ¢t € (t;,s;] it is convenient to estimate
the expression ||u|11;(t)||PC(X7X(¥)|I_(t)' By noting that I;(t) N [s;,tiy1] = 0, for
u € PgC(X,X,) and t € (¢;, s;] we note that

ul, o llPex.x. < max'{ sup u(s)]| sup |u(s }
= R O I O [ S O

< max

P lullpoex,x.)
1<

Bs
sup C s e }
SEL (H)N[sj—1,t;] (s — Sj—l)a SEL; (H)N(t;,s,] pC( )

so that

< eﬁgi’vj 85
e S
o 112?%(1' (s;j —s5j_1) € ”uHP,;C(X,XQ).

From the above inequality, for ¢ € [s;, t;+1] we get

(2.23) ||u|,i(t)||7><3(X,Xa)‘1i(t)

N Cae'Y(t—Si) -
[(=A)*Tu(t)]| < WHL’U,&||C((ti75i]§R)\IIi,a(si)Hu‘li(si) PC(Xa)l, (. )
Cher(t=si)

+ o hia(si, 0]

(t - Si)

" Ly, (s)er (=9 t oev(t—s)
+Cy / %Ilu(s)lads+ca / T aya Mals:O)llds
Caev(t_si) "
< ————||Lp, 1 r Vi (8
=t —sp) 1 Lh; o et sim) Pina (56)

eBsii g5
S o
% 112?%(1' (SZJ- — sj,l)a’e HUH’PQC(X,Xa)

C, eV (t=si) YLy (5)e(t=s)ehs
—— o 1hialsi; 0)]| + Ca 5 d
+ e hea(se Ol + Calulmee v [ G — 5 ds
5
+ Call fal- 7O)”C‘([O,a];X)e’Y(tHl_si)1:70(’

which implies via (2.21) that

(224)  sup (- 5% P(~A)°Tu(®)] < Call L. . legom

t€[sistit1]

T V8i—Bs; efsi 85
R [rpern L

+C, sup eV0i—Bsi
te[si,tit1]

hi o (si,0)]]

+ Callullpsex,xa)Epai(Ly,)
d;
1l—a’

+ 5| fal 5 0) [ e(o,a):)

Proceeding as above, we prove that
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(2.25)  sup t%e P (—A)°Tu(t)
te(0,t1]

- ) 31
< Collullpsex.xa)Epao(Lr.) (fo) + €7 Cal fal - s O)lleqo.ax) T4
On the other hand, by using the estimate (2.23), for t € [t;, s;] we see that
[Tu)]] < Ln, . () Yo, IPcx.x0),, ., T hialsi; 0)]

Ir; )

Bsi
= erTng 5
S s alloqe,siam YiaOllullpsecx xa) 112?5@{(5* . 1)aa€ﬁs”}
<5< i~ Si—

+ 1 (s, 0],

and hence,

s HIPu)] < L
te(ts,si

C((ti,s:iR)

ia

Toa ()l { G -
X su ; U max § —————, e \ThiTh
teufsi] i PoCXe) 155 (57 )e

2,7 Sj—1
+ i (s, 0)|-
From the above estimates is obvious that ||T'u||4,g is finite, which proves that T’

is a well defined PsC(X, X, )-valued function. Moreover, from the above we also
infer that

(2.26) |Tu—Tv|ap
< max {0;a(8)+CaZs.mi(Ls.) CaZpan(Ls) Boa(B)Hlu—vlp,cex x.,

where

@i,a(ﬂ) = COCHLhi,u HC((ti,Si];R)Eji,a(si) max

6’751'—/3(&—375)
1<5<i

0 Bsi-57) }
*
(s7;—sj-1)"

_ PET)
B1a(B) = |Ln, . leogm sup Fialt) max{ P }

te(ti,55] 1<g<i | (87, — 8j-1)*
From the assumptions and Lemma 2.6 we have that
©i.a(B) + Ep.ai(Ls.) + Epao(Ly,) + Pia(B) =0, as f— oo,

which implies via (2.26) that there exists 8 > 7 large enough such that T is
a contraction on PgC(X,X,). Thus, there exists a unique mild solution u €
PsC(X, X,) of problem (2.17)—(2.19). O

From the proof of Theorem 2.8, it is easy to infer the following result.
PROPOSITION 2.9. Let conditions (Hy,1), (Ha2), (Haa)—(Has) be holded,
CoaZqya0(Ly,) <1 and

CallLn, o lo((es i) Vi (5i) max

eV0i—v(si—5i;)
1<) <i

- —, 6751—7(81'—81,7‘)} < 1’
(Si,j —8j-1)
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T N0 { QLT e m} |
hi o 1O ((t:,5:]; sup i,o(t) max P ra—— Si,g b <1,
, ((ti,s:;R) retts o] 1<5<i (si’j —Sj71)
forallie {1,...,N}. Then there exists a unique mild solution u € P,C(X, X,)
of problem (2.17)—(2.19).

2.2. Classical solutions. In this section we study the existence of a clas-
sical solution for the impulsive problem (1.1)-(1.3). For convenience, we remark
on some well known concepts on abstract systems of the form

(2.27) u'(t) = Au(t) +£(t), te(0,al,
(2.28) u(0) =z € X,

where ¢ € L1([0,a], X). A mild solution of the problem (2.27)—(2.28) on [0, ],
0 < b < a, is the function defined by u(t) = T(t)xz + fot T(t — s)é(s)ds. In
addition, a function u € C([0,b], X), 0 < b < a, is said to be a classical solution
of (2.27)-(2.28) on [0,b] if u € C1([0,b], X) N C([0,b], D), u(0) = x and u(-) is
a solution of (2.27) on [0, b].

Our first result follows directly from [14, Theorem 4.3.1] and [16, Theorem
6.1.5]. Concerning the proof of this result we only note that the space X, is
continuously embedded in the space D4(«,c0), the space in the statement of
[14, Theorem 4.3.1]. In the remainder of this section, we always assume that
u(+) is a mild solution of the problem (1.1)—(1.3).

PRrROPOSITION 2.10. If any one of the following conditions is satisfied:

(a) the function f(-,u(-)) belongs to C*([0,a]X;X), xo € D(A), Ay, +
f(0,z0) € X, hi(shu‘li(%)) € D(A) and Ahi(si,uhi(si)) + f(si,u(si)) €
Xy forallie{l,...,N},

(b) the function f(-,u(-)) belongs to C1([0,a]; X), xo € D(A), hi(sis vy, (..)
€ D(A) forallie{1,...,N},

then u(-) is a classical solution of the problem (1.1)—(1.3).

The next results are motivated by Proposition 2.10. In Proposition 2.11
(resp. in Proposition 2.12) we establish conditions on f(-), h;(-) and xy which
implies that the condition (a) (resp. the condition (b)) in Proposition 2.10 is
satisfied. In the examples of the last section, we can see that the assumptions
used in the next propositions are not restrictive.

PROPOSITION 2.11. Assume that f € C([0,a] x X; X), o € D(A) and the
next conditions are satisfied:
(a) hi(si;,w) € D(A) if w € Ci(s;) is a D(A)-valued continuous function on
Ii(si).
(b) Li(si) € U (s4,tj41] forallie{1,...,N}.

j<i—1
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Then u( ) is a classical solution of (1.1)—(1.3).

PROOF. Since zg € D(A), f € C1([0,#;] x X; X) and U, ,,, is amild solution
of the problem

(2.29) V'(t) = Av(t) + f(t,v(t)), te€0,t1], v(0)=zo,

on [0,¢y], from [16, Theorem 6.1.5] it follows that v, , | is a classical solution of
(2.29) and u € C*([0,1]; X) N C([0, t1]; D).
Now we prove that Ul ) is a classical solution of the problem

(2.30) V() = Av(t) + f(t,v(t)), tE€[s1,t2], wv(s1)= hl(slzuhi(sl))v

on [s1,t2]. Since I1(s1) C [0,¢1] and uw € C([0,t1]; D), from condition (a) we have
that hi(s1,u|, ., ,) € D(A). By noting now that f € Ct([s1,t2] x X;X) and
uy,, ., is amild solution of (2.30), from [16, Theorem 6.1.5] we infer that v, .
is a classical solution of problem (2.30) and u € C([s1,t2]; X) N C([s1, t2]; D).
Continuing as above we prove that u, € C([ss, tiv1]; X) N C([si, ti+1]; D)
for all i € {1,...,N} and U, ..., 18 & classical solution of the problem

(2.31) V'(t) = Av(t) + f(t,o(t), t€ [si,tipa], w(si) = ha(si,uy,,),
on [s;,tiy1]. O

PROPOSITION 2.12. Assume f € C([0,a] x X; X), zo € D(A), Az, + f(0,x0)
in Xo and there exists Ly > 0 such that

(2.32) 1t x) = fls, )l < Lp(l = s |* +]z —yl]),
for allt,s € [0,a] and z,y € X. Suppose there are 51 > P2 > « such that
(a) foralli e {1,2,...,N}, Ii(s;) C Ujci(sj,tj41] and hi(si,w) € Xiyq if
w € Ci(s;) is a X14p,-valued continuous function,
(b) the function f(-,v(-)) € C(le,d]; Xgs,) if v € C([e,d]; D) for some
[e,d] C [0,a].
Then u( ) is a classical solution and

€C%([siytir1); D) N O ([si,ti1]; X)  for alli € {1,... N}.

Ulro;t541]

PROOF. Since f(-,u(-)) is continuous on [0,¢1] and u(-) is a mild solution
of (2.29), from [14, Proposition 4.2.1] we have that u € C*([0,%1]; X) which
implies via (2.32) that f(-,u(-)) € C%([0,¢1]; X). Now, from [14, Theorem 4.3.1]
we infer that v, , , is a classical solution of the problem (2.29) on [0,?] and
up, ., € C(0,t:;D)N Co([0, t41]; X).

We prove now that U is a classical solution of (2.30) on [s1, t2]. Arguing
as above, from [14, Proposition 4.2.1] and (2.32) we infer that f(-,u(-)) €
C([s1,t1]; X).
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On the other hand, since I1(s1) C [0,t1] and v, , , € C([0,41]; D), from
condition (b) we have f(-,u(-)) € C([0,t1]; Xp,). Using this fact and noting
that

APy (t) = AP (1) 2 + /Ot(—A)H’BZ_’BlT(t —8)(—= A f(s,u(s) ds,

for t € (0,t1], we infer that u|,, , € C((0,t1]; X144,), which implies from the
condition (a) that Ahi(t1,uj, ) € Xa. Moreover, from the above we also
obtain that Ahy(t1,u), )+ f(s1,u(s1)) € Xo + Xp, C Xo. Now, from [14,
Theorem 4.3.1] and the fact that . is a mild solution of (2.30) on [s1, t2] we

s1,to
can conclude that U is a classical solution of (2.30) on [s1,t] and vy, . €
s1,t2 L

C([s1,t2]; D) N C1+2([s1,t2]; X). Continuing as above, we can complete the
proof. O

3. Examples

In this section we consider some applications of our abstract results. Here,
X = L*([0,n]) and A: D(A) € X — X is the operator given by Az = z”
on D(A) :={z € X : 2" € X, z(0) = z(mr) = 0}. It is well known that A
is the infinitesimal generator of a compact semigroup (7T'(¢)):>0 on X and that
IT#)| <1 forallt>0.

To begin we consider the impulsive problem

ow 0%w N
(3.1) E(taf) = 3752(725) + F(t,wt§), (€€ U[Si,tiﬂ] x [0, 7],
3.2 w(t,0) =w(t,m) =0, t €10,q],
(33) w(07€> = Z(£)> g€ [0’71.]7

(3.4) w(t, &) =G; (t, Ci(s)w(s, &) ds), &e 0,7, t e (t,si],

where 0 = t) = s < t1 < 51 < ... <ty < sy < tyy1 = a are fixed real
numbers, z € X, F € C([0,a]xR;R), G; € C((t;, si]xR;R) and ¢; € C((t;, si]; R)
foralli=1,...,N.

To represent this problem in the form (1.1)—(1.3), for t € (¢;,s;] and i =
1,..., N we introduce the space C;(t) = C((¢;,t]; X) endowed with the uniform
norm denoted by | - [|¢, (). In addition, we consider the maps f : [0,a] x X — X,
I ¢ (ti,si] — 2%l and hy(t, -): Ci(t) — X given by f(t,2)(&) = F(t,z(£)),
I;(t) = (t;,t] and

(t.u)(© = Gi(n, [ Glepus€)ds).



DIFFERENTIAL EQUATIONS WITH NON INSTANTANEOUS IMPULSES 1085

In the next result, which follows from Theorem 2.3, we say that u € PC(X) is
a mild solution of (3.1)—(3.4) if u(-) is a mild solution of the associated problem
(1.1)—(1.3).

PROPOSITION 3.1. Assume the functions F,G1, ... Gy, are globally Lipschitz
with Lipschitz constants Lp, Lq,, ..., Ly respectively, and

(35) max { i:I{laXN{LGi ||<l||L2((t“81])511/2 + LF(Si, Lptl} < 1.
Then there exists a unique mild solution of the problem (3.1)-(3.4).

PROOF. Is easy to see that the functions h;(-), f(-) satisfies the conditions
in Theorem 2.3 with Ly, = LG||<i||L2((ti,si])6il/2 and Ly = Lp. We also note that
\T/Z(t) =1land 5; = s; for all t € (¢;,s;] and each i = 1,..., N. From the above
and (3.5), we have that condition (c) of Theorem 2.3 is satisfied which implies
that there exists a unique mild solution of the problem (3.1)—(3.4). O

We consider now the equations (3.1)—(3.3) submitted to the impulsive con-
ditions

t;

(3.6) w(t, &) = Gi(t,/ nl(s)w(s,f)) ds, &€[0,7@], t€ (t,si]

0

In addition to the previous conditions, we assume that 7; € C([0,%;;R) and
0<t;<t;foralli=1,...,N.

PROPOSITION 3.2. If the functions F, G1, . ..,Gn, are globally Lipschitz, then
there exists a unique mild solution of (3.1)—(3.3) submitted to the impulsive con-

ditions (3.6).
PRrROOF. We only note that condition (a) of Theorem 2.3 is satisfied with
5= 1. O
We consider now the problem (3.1)—(3.3) jointly to the impulsive conditions
i1
(B7) wtd =) / ni(t,s,w(s, &) ds, §€0,7, t € (ti,si,
j<i S5
where 1, € C?([0,a] X [t;,s;] x R;R). To simplify, next we assume that the

derivatives of the functions 7;(-) are uniformly bounded.

PROPOSITION 3.3. Assume that F(-) is globally Lipschitz with Lipschitz con-
stant Lgy, Lrt; <1 and

(3.8) max { 3 on;

|| Ox
1<

(tj+1 — Sj)1/2 + LF(Si — ti)} < 1.

Loo([sistiva]x[s;,tj41]XR)

Then there exists a unique mild u( -) solution of the problem (3.1)—(3.3) submitted
to the impulsive condition (3.7).
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PROOF. In this case, we define f as in the first example and for ¢ € (¢;, s;]

we take |J C([s;,tj41] : X) endowed with the norm
j<i

lullesey = D1 les, tyeagix)s
j<i
t =t and Ii(s) = l[sj,tj41] for s € (t;,s;]. In addition, we define maps
j<i

hi(t, -): C(t) = X by

tit+1
mlta)© =Y [ it uls, ) ds
j<i Vi
Since the derivatives of of the function 7;(-) are uniformly bounded, we have
that each h;(-) is globally Lipstchiz with Lipschitz constant
m;
Ox

Ly, <
j<i

(tj+1 — s5)-
Lo ([si,ti41]x[s5,tj41]XR)

From the above and (3.8) we have that condition (c¢) in Theorem 2.3 is satis-
fied. Thus, there exists a unique mild solution of the problem (3.1)—(3.3) with
impulsive conditions (3.7). O

Concerning the existence of classical solutions, we have the next corollary
which follows directly from Proposition 2.11. We omit the proof.

COROLLARY 3.4. Assume the conditions in Proposition 3.3 are fulfilled and
let u(-) be a mild solution of (3.1)—(3.3) with impulsive condition (3.7). Suppose
that F(-) is continuously differentiable, there is Ly > 0 such that

F r
g—x(t,z) - g—x(t,w) < Lplz — w|
for all z,w € R and every t € [0,a], n;(t,0) = 0 for every t € (t;,s;] and all

i=1,...,N and o € D(A). Then u(-) is a classical solution.
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