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EXISTENCE OF SOLUTIONS FOR A KIRCHHOFF TYPE
FRACTIONAL DIFFERENTIAL EQUATIONS
VIA MINIMAL PRINCIPLE AND MORSE THEORY
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ABSTRACT. In this paper by using the minimal principle and Morse theory,
we prove the existence of solutions to the following Kirchhoff type fractional
differential equation:

M ([ (-wDFu? + s )
R
(6D (oo DPu(t)) + b()u(t)) = f(t,u(t)), teR,
u € H*(R),
where o € (1/2,1), +D and _ooD§* are the right and left inverse oper-
ators of the corresponding Liouville-Weyl fractional integrals of order o

respectively, H?% is the classical fractional Sobolev Space, u € R, b: R — R,
tinﬂg b(t) > 0, f: R x R — R Carathéodory function and M: RT — Rt is
€

a function that satisfy some suitable conditions.
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1. Introduction

The aim of this paper is to establish the existence of nontrivial solutions for
the following Kirchhoff type fractional differential problem

M( [ -wDputoy? +b<t>|u(t>2>dt)
(1.1) (D% (oo DEu(t)) + b()u(t)) = f(t,u(t)), teR,
u € HY(R),

where o € (1/2,1), D and _oD§ are the right and left inverse operators

of the corresponding Liouville-Weyl fractional integrals of order a respectively,

H® is the classical fractional Sobolev Space, © € R, b: R — R, 2an§ b(t) > 0,
€

f: R x R — R Carathéodory function and M: RT™ — R¥ is a function that
satisfy some suitable conditions.

Fractional differential equations have been receiving great interest recently.
This is due to both the intensive development of the theory of fractional calculus
itself and the applications of such constructions in various scientific fields such as
physics, chemistry, biology, economics, control theory, signal and image process-
ing, biophysics, blood flow phenomena, aerodynamics, fitting of experimental
data, etc., [1], [8], [10], [15], [16], [18], [21] and the references therein.

It should be noted that critical point theory and variational methods have
also turned out to be very effective tools in determining the existence of solutions
for integer order differential equations. The idea behind them is trying to find
solutions of a given boundary value problem by looking for critical points of
a suitable energy functional defined on an appropriate function space. In the
Several years back, the critical point theory has become to a wonderful tool
in studying the existence of solutions to differential equations with variational
structures, we refer the reader to the books due to Mawhin and Willem [14],
Rabinowitz [17] and the references listed therein.

Recently Jiao and Zhou [9], have studied the following fractional boundary
value problem

tD7(0Dfu(t)) = VE(t,u(t)), te[0,T],

u(0) = u(T) = 0.
They proved the existence of solutions to this problem by using critical point
theory.

In [20], by using the Mountain Pass Theorem, Torres investigates the exis-
tence of solutions for the fractional Hamiltonian systems

(tDX (—oo Dfu(t)) + L(t)u(t)) = VW (t,u(t)), teR

(12 ue H*(R).
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In a later work, by using the genus properties in the critical theory, Zhang and
Yuan [22] obtained the infinitely many solutions for the problem (1.2).
The problem (1.1) is related to the stationary analogue of the equation

Uzg + M(/(I—OCD?‘U(??)I2 +b(t)|u(t)?) dt) (t D5 (—oo Diu(t)) + b(t)u(t))
R
= f(t,z),

proposed by Kirchhoff [11] as an extension of the classical D’Alembert’s wave
equation for free vibrations of elastic strings. Kirchhoff’s model takes into ac-
count the changes in length of the string during the vibration. The reader is
referred to [2]-[4], [7], [11], [19] and the references therein for previous work on
this subject. In particular, these papers discuss the historical development of
the problem as well as describe situations that can be realistically modeled by
(1.1) with a nonconstant M.

Inspired by the above articles, in this paper, we would like to investigate the
existence of solutions for problem (1.1). The technical tools are the minimal
principle and Morse theory.

The paper is organized as follows. In Section 2, we give preliminary facts and
provide some basic properties which are needed. Sections 3 and 4 are devoted to
our results on existence of one solution by the minimal principle and existence

of two nontrivial solutions by Morse theory, respectively.

2. Preliminaries

In this section, we present some preliminaries and lemmas that are useful to
the proof to the main results. For the convenience of the reader, we also present
here the necessary definitions.

Let (X, - ||x) be a Banach space, (X*, || - ||x+) be its topological dual, and
¢ : X — R be a functional. First, we recall the definition of the Palais-Smale
condition which plays an important role in our paper.

DEFINITION 2.1. We say that ¢ satisfies the Palais—Smale condition if any
sequence (u,) € X for which ¢(u,) is bounded and ¢'(u,) — 0 as n — oo
possesses a convergent subsequence.

Also, for the convenience of the reader, we also present here the necessary
definitions of fractional calculus theory. We refer the reader to [10].

DEFINITION 2.2. The left and right Liouville-Weyl fractional integrals of
order 0 < o < 1 on the whole axis R are defined by

x

(2.1) e I%d(x) = ﬁ / (z— € 9(€) de,

— 00
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(2.2) I b(z) = ﬁ / (e - o) (e) de.

respectively, where x € R. The left and right Liouville-Weyl fractional deriva-
tives of order 0 < a < 1 on the whole axis R are defined by

d

(2'3) —OOD;1¢($) = %—oolal;_a¢(m)7
(24 WD) =~ T o),

respectively, where € R. The definitions (2.3) and (2.4) may be written in an
alternative form:

o ¢z —§)
(2.5) o D20() = / SQH e,
¢(x) — oz +§)
2. D¢ .
(26) Do) = s | A e
Also, we define the Fourier transform F(u)(§) of u(z) is defined by
F(u)(§) :/ ey (x) de.
Let us recall that, for any o > 0, the semi-norm (see [20])
lulre , = [l~oo Dgul 2,
and norm
(2.7) lullze = (lulge + lulf_)"?,

and let the space I¢_(R) denote the completion of C§°(R) with respect to the
norm |- 1=

Next, for 0 < a < 1, we give the relationship between classical fractional
Sobolev space H*(R) and I*_(R), where H*(R) is defined by

HR) = CF®) .

with the norm
(2.8) ulla = (lullfs + [ul2)"/?,
and semi-norm

|ula = 1€ F (w)]l>-

We note the spaces H*(R) and I?_(R) are equal and have equivalent norms
(see [20]). Therefore, we define H*(R) = {u € L?(R)||¢|*F(u) € L*(R)}.
Before starting our results, we need the following assumptions:

(L) b: R — (0, +00) is continuous and b(t) — 400 as |[t| — oo.
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Let
X = {u € H*(R) /}R(|,OOJ:)§¥U(¢)|2 +b(t)u(t)|?) dt < oo}.

The space X is a reflexive and separable Hilbert space with the inner product

29 wohxe = [ (CxDRu(O) D) + HOU(E)0(0) .

and the corresponding norm |jul|%« = (u,u) xe.
Similar to proofs of Lemma 2.1, Lemma 2.2 and Theorem 2.1 in [20], we can
get the following lemmas.

LEMMA 2.3. Suppose b(t) satisfies (L). Then the space X® is continuously
embedded in H*(R).

LEMMA 2.4. Suppose that (L) holds. Then the imbedding of X in L*(R) is
continuous and compact.

LEMMA 2.5. Let a > 1/2, then H*(R) C C(R) and there is a constant
C =C, such that

(2.10) sup |u(x)| < Cllul|q,
zeR
Also by Lemma 2.5, there is a constant C, > 0 such that
(2.11) ulloe < Callullxa.

REMARK 2.6. From Lemma 2.5, we know that if u € H*(R) with 1/2<a< 1,
then v € LI(R) for all ¢ € [2,00), because

[ el de < el ol e

REMARK 2.7. From Remark 2.6 and Lemma 2.4, it is easy to verify that
the imbedding of X® in L9(R) is also compact for ¢ € (2,00). Hence, for all
2 < ¢ < 00, the imbedding of X% in L9(R) is continuous and compact and then
this with Lemma 2.5, for all ¢ € [2, 00), there exists C; > 0 such that

l[ull Loy < Collullxa
First, we consider the eigenvalue problem

DL (CooDfu(t)) + b(t)ult) = Au, teR,

(212) ue H(R).

We mean by a weak solution of systems (2.12), any u € X¢ such that

(2.13) /R(_Oon‘u(t) oo D (t) + b(t)u(t)v(t)) dt = )\/Ru(t)v(t) dt,

for every v € X .
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THEOREM 2.8. Suppose that (L) holds. Then each eigenvalue of (2.12) is
real and if we repeat each eigenvalue according to its multiplicity, we have 0 <
M<XA<...and A\, — o0 as k — co. A\ can be characterized as

‘/u_wlmuan2+banuun%dt
(2.14) A = ue)i(gf\{o} R - .
/R (b2 dt

Furthermore, there exists an orthogonal basis {wi}32, of X*, where w, € X

is an eigenfunction corresponding to A\ for k =1,2,...

PRrROOF. First we know that X® is a Hilbert space with the inner product
(2.9). Next, we will transform (2.13) into a problem about symmetric compact
operator. Since the imbedding of X® in L?(R) is compact, then there exist
a constant C, such that

(2.15) ullL2@®) < Crllul|xa-

From Holder inequality and (2.15), for given v € L?(R) and any v € X<,

[ utonte) ] < fulowlollzze < Collloe ol
In view of the Riesz theorem, there exists a unique wy € X< such that
/ w(t)o(t) dt = (wo, v)xw, for all v € X°.

R

We now define the operator K: L?(R) — X as Ku = wy, so
[Kulxe < CrllullL2 @),

and K is a bounded linear operator from L?(R) to X®. Let S: X* — L?*(R) be an
imbedding operator, by Lemma 2.4, S is compact. Hence (2.13) is equivalent to

(4, V) xo = (Awp, V) xa = (AKSu,v)xe, forallve X

Therefore, (I — AKS)u = 0.

Since X is separable and K S is symmetric and compact, by Riesz—Schauder
theory, we know that all eigenvalue {\;} of KS are positive real numbers and
there are corresponding eigenfunctions which make up an orthogonal basis of
X* and (2.14) holds. O

Let V = span{e;} be the one-dimensional eigenspace associated with Ap,
where e; > 0 in R and ||e;||x« = 1. Taking one subspace Y C X® completing V'
such that X* =V @Y, there exists A > A; such that

/(|,wa‘u(t)\2 + b(t)u(t)?) dt > X/ lu(t)|?dt, foru€Y.
R R
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3. Existence solution by the minimal principle

The functional J: X* — R corresponding to problem (1.1) is defined by
(3.1) Ju) = 2M(/(IOOD3 ()]* + b(t)|u dt) /F tyu(t
R
1
= S (Jule) - / F(t,u(t)) .

where M(s) = [; M(t)dt and F(x fo x,8)ds and

(32 #(0) = 337 [ (LaDFul) + b0l ).

In this section, we assume that f: R x R — R is a Carathéodory function
with subcritical growth with respect to ¢, that is:

(F1) |f(t,z)| < h(t)|z|?"! hold for all t € R, z € R, where 2 < ¢ < o0
and h: R — RT is a continuous function such that h € L>(R); and
M:RT — R* is a continuous function satisfying the following condition

(HO) M (t) > mt®~! for all t € RT, where m > 0, ap > 1 and ¢ < 2ap;

Now, we can state our main result in this section.

THEOREM 3.1. Let L satisfies assumption (L). Then under assumptions (HO)
and (F1) the problem (1.1) has at least one weak solution in X<.

PRrROOF. Let (u,) be a sequence that converges weakly to w in Xj, so by

Remark 2.7, we have

(3.3) Uy, —u  weakly in X,
. u, — u  strongly in LY(R), 2 < ¢ < oo.

Therefore, by the weak lower semicontinuous of the norm, one can get

lim in / (oo D2t (8)? + b{0) [un ()[2) it > / (o DU + b(8)|u(t) ) dt.

n—oo

Combining this with the continuity and monotonicity of the function M, we have

(3.4) liminf ®(u,) = liminf ;J\J(/RﬂOODto‘un(t)|2 + b(t)|un (t)]?) dt>

n—oo n—oo

Y

;M< Jim inf /R (e D2t (D) + b(8) un ()]2) dt)

n—oo

9 ([ (-DEuOP + b0lato)) it ) = 20

By (F1), Remark 2.7 and the Holder inequality, we get

(3.5) j@(lT(t,un(t)) Pt u(t)) dt

v

géf@u+@mn—mmm—mm
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—u)| T u —u x
S/Rhwuwn(un )9 (£) — u(t)| d

<Vl oo iy [l + B (s — )|l — wll 2o,

which tends to 0 as n — oo, where 0 < 6,,(t) < 1, for all t € R, From (3.4) and
(3.5), the functional J is weakly lower semicontinuous in X©.
On the other hand, by assumptions (HO), (F1) and Remark 2.7, we have

(3.6) J(u) :;M(/Rﬂoonu(t)F +b(t)u(t)|2)dt> — /RF(t,u(t))dt

m 2c
> — O — h(t t)]?dt
> gl — [ noluo)
m 2 m 2
> EHUH;?(? = Al @llullie = 70||U||;?£ = 17l e gy G ull o
Since ¢ < 2ay, it follows from (3.6), that the functional J is coercive. Thus,
using the minimal principle, we deduce that the functional J has at least one

weak solution and therefore the problem (1.1) has at least one weak solution. (]

4. Existence solution by Morse theory

In this section, we assume that M : Rt — RT is a continuous function with
the following conditions:

(MO) there exists a constant mg > 0 such that M (t) > mg for all ¢ > 0;
(M1) there exists a constant m; > 0 such that M (¢) < m; for all ¢ > 0.

Also, we make the following assumptions:
(F2) there exist 7 > 0, A € (A1, A) such that my Ay < moX, and |u| < r implies
maA|ul? < 2F(t,u) < mo|ul?;

(F3) 2F(t,z)/|z|*> < mo(A1 — p) For any p > 0 and for all (t,z) € (R,R);
(F4) lim (f(t,z)x —2F(t,z)) = 4o0.

|| =00

LEMMA 4.1. Assume that (L) and (MO) hold. Then ®' is of type (S4), i.e.
if up, = u in X and
lim (®(u,) — @' (u), u, — u) =0,
n—0o0

then u,, — u in X<.

ProoF. For all u,v € X, we have
(@ () — ¥ (), u— v) = M( [ewDitw - v +b<t>|<uv><t>2>dt)

X /R(IfooD?(u —0)(O) + (1) (u — v) (1)) dt = mo|lu —v][a.

So, the operator ®' is strongly monotone, then possesses the property of ty-
pe (S4). O
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LEMMA 4.2. Assume that o € (1/2,1] and b(t) satisfies assumption (L).
Under assumptions (MO) and (F1), any bounded sequence {u,} in X% such that
J' (up) = 0 in (X*)* as n — 0o has a convergent subsequence.

PROOF. Since (uy) is bounded in X* and X is a reflexive Banach space and
so by passing to a subsequence (for simplicity denoted gain by {u,,}) if necessary,
by Remark 2.7, we may assume that

U, — u  weakly in X<,

(1) U, — u  strongly in LI(R™) (2 < ¢ < 00).
Therefore

(J' (un), un —u) — 0, /Rf(uun(t))(un(t) —u(t))dt — 0,
so, we get

enllun —ull = (J'(un), un —u) = <<I>'(un),un*U>*/Rf(t,un(t))(un(t)*U(t))dt

with €, — 0. Thus limsup(®’'(uy),un, —u) < 0. By (4.1), it is easy to get
n—oo

lim (®'(u), u, —u) = 0. Therefore

n—roo

lim sup(®’ (u,,) — @' (u), u, — u)

n—o0

< lim sup(®’ (uy, ), up, — u) — liminf(®'(u), u, — u) < 0.

n—oo n— o0

Since @’ is of type (S;) (see Lemma 4.1), so we obtain w, — u as n — o0
in X“. U

LEMMA 4.3. Assume that o € (1/2,1] and b(t) satisfies assumption (L).
Under assumptions (MO0), (F1) and (F3), the functional J is coercive in X¢.

ProOOF. By (F3) one can get for small enough p > 0,
F(t,x) < %(Al —u)|z|?, forallte€R, z €R.
Thus, by definition of Ay, for u € X¢
90 = 31 [ (- DEaP + 80P at) [ Pt ar

mo mo
> 7”“”%(‘1 - 7()\1 — ) llul?-

m A1 —
> 70 <1 — 1)\ #> lul|%« — +o0 as |lul|xe — oco.
1

Therefore, we have that J is coercive in X . O

By Lemmas 4.2 and 4.3, it follows that:
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LeMMA 4.4. Under assumptions (MO0), (F1) and (F3) (or substitute (F3) for
(F4)), the functional J satisfies the Palais—Smale condition.

Now, we recall the definition of local linking to proceed with our proof.

DEFINITION 4.5. We say that a functional ¢ has a local linking to the de-
composition of the space X = V @ Y near the origin 0 if and only if there is
a small ball B, with the center at 0 and small radius p > 0 such that

w(v1) > ¢(0), for vy € B,NY \ {0},
p(v2) < (0), forwvy € B,NV.

LEMMA 4.6. Assume that o € (1/2,1] and b(t) satisfies assumption (L),
then under assumptions (MO0), (M1), (F1) and (F2), the functional J has a local
linking at the origin with respect to X* =V &Y, where V and Y are functional
subspaces of X< in the Section 1.

PRrROOF. First, we take u € V; since V is finite dimensional, by (2.11), we
can see that ||u||xe < p implies |u] < 7 := pC,, for all t € R and p > 0 small
enough. Thus by (F2), for ||ul|xe < p, we get

90 = 531 [ (- DFaP 4 80P at) [ Pt

§71 /|u \2dt7/ F(t,u(t))dt

_ /Mr (2)\1|u( Ik F(t,u(t))) dt < 0.

On the other hand, we take u € Y; from (F1), (F2) and the definition of A, one
gets

3 l\D\»—l

0

o \

—571( [t >|2+b<>|u<>|>dt) [ Pt a
( (s D2u()2 + b(t)|u(t)[2) dt — A /|u 2dt>

) /{Iugr} (F(t’u(t)) - X?O |U(t)|2> dt
/{|u>r} (F(t’“(t» - XZ‘O U(t)|2> dt

mo (X s
>0 (1= e = [ e
A {lul>r}

0 X s s
Z —_— <1 - i HUH%("‘ - 0305 ||u||X""

(2 < s < 00). So we can derive that when v € X® and 0 < |Ju||x« < pand p >0
small, J(u) > 0, which completes the proof. O
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REMARK 4.7. From the proof of Lemma 4.4, we can get a stronger result:
there exists a po > 0 such that for any 0 < p < pg, B, satisfies all the conditions
required by the definition of local linking. From this point of view, we can
conclude that 0 € X® is the unique critical point of J in a ball that is small
enough.

For an isolated critical point v € K of a C'! functional f: E — R, we define
a the critical group of f at u as follows:

CQ(fvu):Hq(fcmeafcme\{u})v q=0,1,...,

in which ¢ = f(u), fe={ve E: f(t) <c}, p>0issmall and H,(-, -) the ¢-th
singular relative homology group with integer coefficients.
We say that u is an homological nontrivial critical point of f if at least one

of its critical groups is nontrivial.

DEFINITION 4.8 ([5], [6]). We say f satisfies the deformation condition at
level ¢ € R if, for any § > 0 and any neighbourhood B of ¢, there are ¢ > 0 and
a continuous deformation n: E X [0,1] — E such that

(a) n(u,t) =u for either t =0oru ¢ f~1[c—6,c+4],

(b) f(n(u,t)) is nonincreasing in ¢ for any u € E,

(C) n(fc+e \ B) C fe—e-

We note here that the usual Palais—Smale condition can imply the deforma-
tion condition.

Let f satisfy the deformation condition condition and let K < oco. Take
a < inf f.. By the Morse theory, the information of all critical point of f are
contained in the Morse inequality

(4.2) > P(t,u) = P(t,00) + (1+ )Q(t),
uelkl

where

(4.3) P(t,u) =Y dimCy(f,u)t?, P(t,00) = dim Hy(E, fa)t",
q=0 q=0

are the Poincaré polynomials of f at u € K and at infinity and Q(t) is a formal
series with nonnegative integer coeflicients.
Now, we can give a result from Morse theory as follows.

LEMMA 4.9 ([12, Theorem 2.1]). Let E be a Banach space and f: E — R
a C! functional satisfying the Palais-Smale condition. Suppose that E has
a decomposition E = W & Z, where W is a finite dimensional subspace, say
dim W = m < oo. Suppose that there exists a small ball B, with its center at

the origin 0 and small radius p > 0 such that
f(z) > f(0), forze B,NnZ\{0}
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f(w) < f(0), forwe B,NW.
If 0 € E is the unique critical point of f in B,, then

Cm(f,0) = Hn(fe N By, fe N B, \ {0}) # 0.

Here, since dim W =1 < oo, by Lemma 4.6, Remark 4.7 and Lemma 4.9, we
have the following lemma;:

LEMMA 4.10. Assume that o € (1/2,1] and b(t) satisfies assumption (L),
then under assumptions (MO), (M1), (F1) and (F2), 0 is a critical point of J
and C1(J,0) # 0.

ProOPOSITION 4.11 ([12]). Assume that J has a critical point v = 0 with
J(0) = 0. If J has a local linking at O with respect to X =V & W, k= dimV <
00, i.e. there exists p > 0 small such that

J(0) <0, uweV, |ul<p,
Ju) >0, ueW, 0<|ul| <p,
Then Ci(J,0) 2 0; that is, 0 is an homological nontrivial critical point of J.

Now, we can state our main result.

THEOREM 4.12. Let o € (1/2,1] and b(t) satisfies assumption (L). Assume
(MO0), (M1), (F1)—(F3) hold, then the problem (1.1) has at least two nontrivial

weak solutions in X<.

PrOOF. By Lemmas 4.3, 4.4 and Definition 4.8, J is coercive and satisfies
the Palais—Smale condition and deformation condition. Thus J is bounded be-
low. By Lemmas 4.6, 4.10 and Proposition 4.11, the trivial solution 0 € X
is a homologically nontrivial critical point of J but not a minimizer. Since J
is bounded from below and satisfies the deformation property, it follows that J
attains its minimum at some u* € X* and Cy(J, u*) = 64,0Z. Set a < inf J(X %),
then Hy (X, J,) = dq,0Z. Now, we may assume that u* is the only minimizer of
J. Assume that J has only two critical points 0 and u*, i.e. K = {0,u*}. Then
the Morse inequality (4.2) reads as

(4.4) P(t,0) + P(t,u") = P(t,00) + (1 +t)Q(¢t).
It follows that P(¢,0) = (1 + ¢)Q(t). Because 0 is not a minimizer of J and
is homologically nontrivial, we see that Cy(J,0) = 0 and P(¢,0) # 0. So by
Lemma 4.10, we have Hy(J¢,, Je, \ {0}) = C1(J,0) # 0 where ¢o = J(0). By the
deformations X* ~ J,,, and J., \ {0} ~ {u*}, one can get

Hy(Jeo) = Hi(X?),  Hi(Je, \{0}) = Ho(Je, \ {0}) = 0.

Now from the exact sequence

T Hl(JCU\{O}) - Hl(JCO) - Hl(JCO)(JCmJCo\{O}) - HO(JCO\{O}) oy
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we see easily that Hy(Je,)(Jey, e, \ {0}) = C1(J,0) = 0. This is contradiction
from Lemma 4.10. Then J at least three critical points. Also, by Lemma 4.10,

0 is a trivial critical point of J. Therefore, taking into account that the critical

points of the functional J are exactly the weak solutions of systems (1.1), we

have the conclusion. O

[1]
2]
3]

[4]

(10]

(11]

(12]
(13]

(14]
(15]

(16]
(17]

(18]

19]

20]

REFERENCES

O. AGRAWAL, J. TENREIRO MACHADO AND J. SABATIER, Fractional Derivatives and their
Application: Nonlinear Dynamics, Springer—Verlag, Berlin, 2004.

C.0O. ALves, F.S.J.A. CorREA AND T.F. MA, Positive solutions for a quasilinear elliptic
equation of Kirchhoff type, Comput. Math. Appl. 49 (2005), 85-93.

S. Aouvaoul, Existence of three solutions for some equation of Kirchhoff type involving
variable exponents, Appl. Math. Comput. 218 (2012), 7184-7192.

A. AROSIO AND S. PANIzzI, On the well-posedness of the Kirchhoff string, Trans. Amer.
Math. Soc. 348 (1996), 305-330.

T. BArTscH AND S.J. L1, Critical point theory for asymptotically quadratic functionals
and applications to problems with resonance, Nonlinear Anal. 28 (1997), 419-441.

K.C. CHANG, A variant of mountain pass lemma, Sci. Sinica Ser. A 26 (1983), 1241-1255.
M. GOBBINO, Quasilinear degenerate parabolic equations of Kirchhoff type, Math. Methods
Appl. Sci. 22 (5) (1999), 375-388.

R. HILFER, Applications of Fractional Calculus in Physics, World Scientific, Singapore,
2000.

F. Jiao AND Y. ZHOU, Ezistence results fro fractional boundary value problem via critical
point theory, Internat. J. Bifur. Chaos 22 (4) (2012), 1-17.

A.A. KiLBAs, H.M. SRIVASTAVA AND J.J. TRUJILLO, Theory and Applications of Fractional
Differential Equations, in: North-Holland Mathematics Studies, Vol. 204, Elsevier Science
B.V., Amsterdam, (2006).

G. KIRCHHOFF, Vorlesungen uber Mathematische Physik, Mechanik, Teubner, Leipzig
(1883).

J.Q. Liu, The Morse indez of a saddle point, Syst. Sci. Math. Sci. 2 (1989), 32-39.

J.Q. Liu and J. Su, Remarks on multiple nontrivial solutions for quasilinear resonant
problems, J. Math. Anal. Appl. 258 (2001), 209-222.

J. Mawhin and M. Willem, Critical Point Theory and Hamiltonian Systems, Applied
Mathematical Sciences 74, Springer, Berlin, 1989.

K. MiLLER AND B. Ross, An Introduction to the Fractional Calculus and Fractional
Differential Equations, Wiley and Sons, New York, 1993.

1. PODLUBNY, Fractional Differential Equations, Academic Press, New York, 1999.

P. Rabinowitz, Minimax Method in Critical Point Theory with Applications to Differential
Equations, CBMS Amer. Math. Soc., No 65, 1986.

J. SABATIER, O. AGRAWAL AND J. TENREIRO MACHADO, Advances in Fractional Calculus.
Theoretical Developments and Applications in Physics and Engineering, Springer—Verlag,
Berlin, 2007.

S. SPAGNOLO, The Cauchy problem for the Kirchhoff equations, Rend. Sem. Fis. Mat.
Milano 62 (1992), 17-51.

C. TORRES, Existence of solution for a class of fractional Hamiltonian systems, Electronic
J. Differential Equations 259 (2013), 1-12.



630 N. NYAMORADI — Y. ZHOU

[21] G. ZasLavsky, Hamiltonian Chaos and Fractional Dynamics, Oxford University Press,
Oxford, 2005.

[22] Z. ZHANG AND R. YUAN, Variational approach to solutions for a class of fractional Hamil-
tonian systems. Math. Method. Appl. Sci. (2013) (Preprint).

Manuscript received January 11, 2014

accepted February 16, 2015

NEMAT NYAMORADI
Department of Mathematics
Faculty of Sciences

Razi University

67149 Kermanshah, IRAN

E-mail address: nyamoradi@razi.ac.ir, neamat80@yahoo.com

YONG ZHOU (corresponding author)
School of Mathematics

and Computational Science
Xiangtan University

Hunan 411105, P.R. CHINA

E-mail address: yzhou@xtu.edu.cn

TMNA : VOLUME 46 — 2015 — N©2



