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HOPF-BIFURCATION THEOREM AND STABILITY
FOR THE MAGNETO-HYDRODYNAMICS EQUATIONS

WEIPING YAN

ABSTRACT. This paper is devoted to the study of the dynamical behavior
for the 3D viscous Magneto-hydrodynamics equations. We first prove that
this system under smooth external forces possesses time dependent periodic
solutions, bifurcating from a steady solution. If the time periodic solution
is smooth, then the linear stability of the time periodic solution implies
nonlinear stability is obtained in L? for all p € (3, 00).

1. Introduction and main results

We consider the 3D incompressible magneto-hydrodynamics (MHD) equa-
tions under external time-independent force

1
(1.1) U —vAU+ (U-V)U =-VP — 5V1T{2 +H-VH + fa,
(1.2) H; —nAH + (U-V)H = H-VU + h,,
(1.3) V-H=V-U=0,

where U is the flow velocity vector, H is the magnetic field vector, the kinematic
viscosity v and the magnetic diffusivity x are positive constants. P is a scalar
pressure, f, and h,, are external time independent forces, which depend smoothly

on some parameter Q.
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Since the work of Sattinger [19], Iudovich [14] and Iooss [11] in 1971, the
bifurcation of periodic solutions from stationary solutions (i.e. Hopf-bifurcation)
of incompressible Navier—Stokes equation has attracted much attention, see [2],
[9], [12], [13], etc. When the linearized operator possesses a continuous spectrum
up to the imaginary axis and that a pair of imaginary eigenvalues crosses the
imaginary axis, A. Melcher et al. [17] proved Hopf-bifurcation for the vorticity
formulation of the incompressible Navier-Stokes equations in R3. Their work
is mainly motivated by the work of T. Brand et al. [1] who studied the Hopf-
bifurcation problem and its exchange of stability for a coupled reaction diffusion
model in R®. We mention that Crandall and Rabinowitz [4] gave an abstract
infinite-dimensional version of Hopf bifurcation theorem which has found many
applications. But we can not directly use the method of dealing with Navier—
Stokes equation to magneto-hydrodynamics equations because of the presence of
the magnetic field and its interaction with the hydrodynamic motion in the MHD
flow of large oscillation. In this paper, our aim is first to establish the correspond-
ing Hopf-bifurcation result for the three-dimensional magneto-hydrodynamics
equations. Then, we prove that if the time periodic solution is smooth, then it
is (L%, L?) nonlinearly stable in the sense of Lyapunov.

By [20], we know that external forces f, and h, can be chosen suitably so
that (U (x) + Ue,, Ho(z) + He,, Po(z)) is the solution of the steady magneto—
hydrodynamics equation

1
(1.4) —vAU+ (U-V)U = -VP — 5VHQ +H-VH + fa,
(1.5) —nAH 4+ (U-V)H = H - VU + h,

(1.6) V-H=V-U=0,

with U, = (¢1,0,0)T, H, = (¢1,0,0)T and

lim U,(z) =0, lim H,(xz) =0,

where 0 = (0,0,0)7.
To seek the periodic solution, we linearize system (1.1)—(1.2) about the steady
state (Uy + U.,, Hy + H.,, Ps) by writing

U=u+Us+U,, H=v+H,+H,, p=P—P,.
Then, the deviation (u, v, p) from the stationary (Uy+Us,, , Ho+ H,, , Py) satisfies

(L.7) wut —vAu~+c10p,u+ tg - Vu+u - Vug +u - Vu

1
= _—Vp-— §V(|Ha + o> = |Ho|>) + Hy - Vu+u-VH, +v- Vo,
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(1.8) v —nAv+ 10,0+ uq - Vot u- Vo, +u- Vo
=V Vu+v-Vu, +v-Vu,
with incompressible condition
(1.9) V-u=V-v=0.

Here, for general matrices u = (u;;); j=1,2,3,

3 3 3 T
V U = ( E 3x1u1j, E 8x1u2j, E Bxlu;;j) .
Jj=1 Jj=1 Jj=1

In fact, by the incompressible condition (1.9), it follows that
(1.10) V(') =u-Vu+uV-u=u-Vu.
Thus using (1.9) and (1.10) to (1.7)—(1.8), we obtain
(1.11)  ug — vAu+ c10p,u+ V- (ugu”) + V- (uul) + V - (uu)
= —Vp— 3 V(o + o ~ |Haf?)
+ V- (Hou™) + V- (uHD) + V- (v0?),

(1.12) vy — A+ 10,0+ V - (uqv”) + V - (wvl) + V - (woT)
=V (voul) +v-Vuy + V- (vul).
The vorticity associated with velocity field u of the fluid is defined by w = V x w.
Then, using V x V- (uu?) = V - (wu? — uw?), we can rewrite system (1.11) as
(1.13)  w; — vAw + €105, w + V - (ot — uqw?)
+ V- (wul —uwl) + V- (wu? — uw’)
1
=5V x V(|Hy + 0> = [Ho|?) + V- (V x Hyu” — Hyw")
+ V- (wHY —uV x HY) + V- (V x voT — oV x oT).

Note that the space of divergence free vector fields is invariant under the evolu-
tion (1.13). We can assume that V - w = 0. Moreover, we can reconstruct the
velocity u from the vorticity w by solving the equation

Vxu=w, V-w=0.

Denote ¢ = (w,v)?. Then, we can write system (1.12)—(1.13) as the evolution
equation form

(1.14) %2 1 N+ Glo) = Flp),
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where
—vA +01&,3 0
N=["" t ,
( 0 —77A—|—01811 )

and

1 3

g g

G(¢)=< 2>, F(¢)=< 4>

g g

with

' =V (woul —uew?) + V- (wul —uwl) +V x V(H,v)
~ V- (Vx Hu" — Hyw?) = V- (wWHY —uV x HY),
7=V (ugv") + V- (uvl) =V - (vqu’) — v - Vg,
@ =V (wu! —uw?) - %V X V(| Hy +v|> — |Ho|* — 2H,v)
+ V- (Vx vl —oV xo?),
g =V - (vu") -V (wh).
We denote éa by G for convenience. One overcomes usually the problem of

the essential spectrum of operator —(/\7 + @) up to the imaginary axis, we need

the following assumption:

(H1) For any « € [a, — ap, @ + ], (0,0) is not an eigenvalue of N +G.
(H2) For a = a,, the operator —(N + G) has two pair eigenvalues (A, ud)
and (Ag , 1o ) satisfying
Ao (o) = g (o) = ko # 0, for & > 0,
d d
LRe((@)| . LRe(i@) >0

=0 a=0Cc

(H3) The rest eigenvalue of —(N + G) is strictly bounded away from the
imaginary axis in the left half plane for all « € [a, — ag, ae + ).

Under the generic assumption the cubic coefficient terms a1, as # 0 in (3.41)—
(3.42), Hopf-bifurcation result about MHD is stated:

THEOREM 1.1. Assume that (H1)-(H3) hold. Then system (1.1)—(1.3) has a

one dimensional family of small time-periodic solutions, i.e.
U(z,t) =U(z,t+27/&1), H(x,t) = H(z,t + 27 /&)
with « = a. + ¢, € € (0, a0). Moreover, & = &y + O(e), & =&+ O(e), and
U1 co®3 x 10,27 /¢17) = O(€), [ [ co (3 x (0,27 /¢27) = O(E)-

Now we give the definition of Lyapunov stability and instability in the frame-
work MHD. This definition is a small modification of Definition 2.1 in [21].
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DEFINITION 1.2. Let (X, Z) be a pair of Banach spaces. An equilibrium
(o, Hy) which is the solution of (1.4)-(1.6) is called (X, Z) Lyapunov nonlin-
early stable if, no matter how small € > 0, there exist o > 0 and (ug,vo) € X
such that ||(up,v9)||z < o imply the following two assertions:

(a) there exists a global in time solution to (1.11)—(1.12) such that (u,v) €
C([0,00); X);
(b) ||(u,v)]|z < € for almost every ¢ € [0, c0).
An equilibrium (U,, H,) that is unstable in the above sense is called Lyapunov

nonlinearly unstable.

THEOREM 1.3. Let ¢ > 3. Assume that (H2) holds. If MHD (1.1)-(1.3) has
a smooth time periodic solution (U, H), then (U, H) is (L%, L?) nonlinearly stable
in the sense of Lyapunov.

This paper is organized as follows. In Section 2, we introduce some notation
and preliminaries. In section 3, the main proof of Theorem 1.1 is carried out
by using Lyapunov—Schmidt method. In section 4, using a bootstrap argument,
we prove that the linear stability of time periodic solution implies nonlinear
instability for MHD (1.1)—(1.3).

2. Preliminaries

We start this section by introducing some notations. Consider the following
standard Sobolev space, spatially weighted Lebesgue space

Wi {u = 3 1Dl < oo},

|| <k

v = ulz = [ (el (a)do < oo,

where weighted function p(z) = y/1 + |z|?. The Fourier transform is a continu-
ous mapping from L? into W{. Especially, when p = 2, the Fourier transform
is an isomorphism between H” and LZ with ||uHL120 = || pPulz.

To investigate periodic solutions of system (1.1)—(1.2), we also introduce the
space X := {u = (up)nez : |lullx < oo} and weighted space L2 = L2 x LZ,
H™=H" xH™, X =X x X, with norms

lullx = llun e, ol = llullx + llvlx,
neZ
1@llcz =l + 0llee,,  N@llaem = lJullam + [lo]am,

for ¢ = (u,v)T € LP or X, respectively.
In this paper, we consider the following form of time-periodic solution

w=w(z,t/&1), v =v(x,t/&),
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where &;,& € R denote the corresponding frequencies.
Thus we need to find 27 time periodic solutions of

(21) =% 1 N+ Glp) = F(9),

= _ &0 A — —vA + 618I1 0
Lo &) B 0 A+ 10y, )

where

and

with
' =V (Wl —uawT) + V- (wul —uwl) +V x V(H,v)
~ V- (Vx Hu" — Hw") = V- (wHT —uV x HY),
&=V (ugvT) + V- (wl) = V- (vqul) — v - Vg,
(2.2) ¢ = -V (wul —uwT) - %V X V(|Hy 4 v|* = |Hy|* — 2H,0)
+ V- (Vxww! —oV xoT),
(2.3) g* =V (vuT) = V- (wT).

By the classical result in [10], we know that the essential spectrum of the operator
N + G is relatively compact perturbation of A” which has the essential spectrum

AeC?:x=(—|yf +icy, —|y|* +icy), y € R}

Moreover, the spectra of A/ + G and N only differ by isolated eigenvalues of
finite multiplicity. The above spectrum properties are critical to prove our main
result. For convenience, we can rewrite (2.1) as

(2.4) E1wp = Miw + ¢*(w, u, v), Eyv; = Mow + g*(w, u,v),
where g? and g* defined in (2.2)—(2.3),

My =M +¢' =vA+c0y +9', Mo=My+g° =nA+c1d,, +9°
We make the ansatz

w(z,t) = Z Wy ()™ v(x,t) = Z v (z)e™

nezZ nez
to (2.4), we obtain

(2.5) (in& — My)w, = gi(w,u, v), (in&a — Ma)v, = gi(w,u,v),
where

Pl 0)(@ ) = 3 ghww )™, g wu o)) = 3 ghw,u )™
neZ nez
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Note that we are interested in real valued solution only. We will always suppose
that (wn,vn) = (W_n,v_y) for n € Z. These series are uniformly convergent on
R? x [0,27] in the spaces which we have chosen. More precisely, we have the

following result:
LEMMA 2.1. A linear operator J: X — CO(]R?’ x [0, 7)) is defined by

(Ju)(@,t) =iz, 8) = 3 un(@)e™, u = (u)nez € X.
nez

Then J is bounded.

The counterpart of multiplication uv in the physical space is given by the

convolution ( > Un— kU , since
neZ

keZ
uy = Z wy(x) et Z v;(z)et = Z < Z un_k(x)vk(x)) e,
I€Z JEZ n€Z “keZ

LEMMA 2.2. For u = (Un)nez, v = (Un)nez € X, the convolution uxv € X
is defined by

(u*v), g Up_kVk, N E Z.
keZ

Then there exists C' > 0 such that
uxv|lx < Cllullx|lv]|x-

LEMMA 2.3. Let a linear operator M;: X — X be defined component-wise as
(M;u)y, = Mipu, for u= (up)necz. Then

||Mz-ulx=(Mio||Hmw+ s;g}nMiHmm)nunx, Jori=1.2,
0

ne
The proofs of above three lemmas are rather standard, so we omit it.

For any bounded analytic semigroup Af, the following result holds.

LEMMA 2.4 ([18]). For every 0 < vy < 1 and p > 1 there exists a constant
M > 0 such that for allt > 0 one has

M
HA’ye UtHL”%LP < ?7

The proof of following result can be found in [8] for bounded domain and

[18] for R".

LEMMA 2.5. For every 1/2 <~y <1 and p > 1 there exists a constant C > 0
such that
A7 fllze < C|lf|l w-2mer-

The following result shows a weighted Young theorem.
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LEMMA 2.6. There exists a positive constant C' such that

@ *allgz, < Cllwllge 1ullgz,, e Nwullam < Cllw|lam ] g

m m m

PRrOOF. It is easy to check that

(2.6) p(x) < p(z —y)ply), w,y€R?,

where we take the weighted function as p(x) = (1 + |z|?)*/2. Then, there exist
positive constants s1, s2, § such that s; + so = m + s, with s1, s3,s < m. Using
Young inequality and (2.6), we have

G+l = [ @0 (a) do

B /R (/R oz - yﬁ(y)pm(x)dy) i

= /R3 P28($)</R3 Ptz — y)d(z — y)p*2 (y)u(y) dy)2 da

< [ [ meea)( [ A wrma)da

<Cla1; Il < CIBIR, ik,

This completes the proof. O

3. Proof of Theorem 1.1

In this section, we will give the detail of proof of Theorem 1.1. By (H2) and
(H3), we know that the operator M; has two eigenvalues AT () and all other
eigenvalues of M; are strictly bounded away from the imaginary axis in the left
half plane. Thus we construct a M;-invariant projections P1 . by

(31) Pl,cw = (¢+’*,W)L2¢+’ P—l,cw = (¢_7*7W)L2w_7
(32) Pl,cv = (’lp-h*a U)L2w+a Pfl,cv = (1/J_’*7U)L2w_7
where * denotes the associated normalized eigenfunctions, ¥** denotes the
associated normalized eigenfunctions of the adjoint operator M;*. The bounded
"stable” part of the projection is P4y s = =P ., we also know that Py .M, =
M;Py . and Py (M; = M;P4 ;. Thus we can split wi; and v4q as

W1 = Wi+ Wis, W1 =W_1,c+ W15,

V1 =V1,c+ V1s, Vo1 =VU_1c+ V15

with wi1 e =Py cwr, wiis = Pagswi, V41,c = Pay V1, V41,6 = Py 501
Applying above decompositions to (3.35), we have

(3.3) (in&, — My)w, = g° (w,u,v), n==+243,...,
(3.4) (iny — Mo)v, = gi(w,u,v), n==2243,...,
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(3.5) Mywo = g3(w,u,v), n=0,
(3.6) Mavy = gj(w,u,v), n =0,
(3.7) (£i& — My)ws1,s =Py ogd (w,u,0),

(3.8) (£i& — Ma)virs = Piy gl (w,u,0),

(3.9) (+i&1 — M1)wir.e = Paycghy(w,u,v),

(

3.10) (£i&a — Ma)vg1, = Pichil(w, u, ).

The organization of proof of Theorem 1.1 is that we first solve the equations
(3.5)-(3.6). Then using the fixed point theorem to solve equations (3.3)—(3.4)
and (3.7)—(3.8) which is nontrivial due to the nonlinear term g2 (w,u,v) and
g (w,u,v). At last, we employ the implicit function theorem to solve equation
(3.9)—(3.10). The process of solving equation (3.9)—(3.10) is inspired by the
classical Hopf-bifurcation result [16].

Rewrite (3.3)—(3.10) as

(3.11) (inZ+ N + G)on = Fulp,u), n==4243, ...,
(3.12) N+ G)po = Folp,u), n=0,

(3.13) (HE+N+ GQ)ps1,s = PrisFri(p,u),

(3.14) (£IE4+N 4+ G)ps1.c =Pi1Fii(p,u).

Now we first solve the equation (3.12). The linear operator N has essential
spectrum up to the imaginary axis, it can be be inverted in the following sense.

LeEMMA 3.1. Forj=1,2 and f = (f*, )T € (H" ' x H" Y n (L' x L"),
the equation
Ne=0;f
has a unique solution o = N~19;f € H" x H™. Moreover,
lellemxcmm < Cllfll (=15 mm-1)n (2 x11)-

PROOF. Define a smooth cut-off function yx taking its value in [0, 1] as

o) = 1 if y| <1,
YN0 ey > 2
We denote
(L) = (Fx. ) and  (F,3) = (F1(1—x), F2 (1 — X))
with f = (f', f2) = (f + f3, f# + f3). Then
- _ iy, [ - _ iy f3
Ouly) = iné1 — vly|? —iciy and - @a(y) = in& —vly|? —iciyr’
D) D)
Bi(y) = O] and Daly) = ——— 12

in&a — nly|? —iciy in& —nly|* —iciyr’
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Then (w,v) = (w1 + w2, v1 + v2). Moreover, it has

21 7. 2
5 2 ly;1°1fx(y)| om
o= , = d
feon @1z, /R2 lin&1 — viy[? — Z'01y1|2p (v)dy
<C||f||21/ _ il dy < C|lf3.
- Yyt eyt U T v

and

21 7 2
2 ~ 12 ly; |71 = x(y))] 2m
wo m = [[W2 - ; .
|| HH H ||L?” /R2 ‘anl — V|y|2 — zcly1|2p (

<C [ TR0 0) dy < Ol g

y) dy

By the same process, we also can obtain
vl = 101lIE: < CIFIE,  Nlo2lifim = (2032, < CllFllFpm—-
This completes the proof. O

This lemma tells us that A/ (iyi,iy;)T - is bounded compact operator in from
L2 x L2, to itself. Furthermore, the spectra of N+G and N only differ by
isolated eigenvalues of finite multiplicity (see the book of Henry [10, p. 136]).

The following lemma gives the solvable of the equation (3.12).

LEMMA 3.2. Assume that (H1)—(H3) holds. Then the equation (3.12) has a
unique solution

(3.15) w0 = (N +G) "' Fo(p,u).
Moreover, |lgolamxzm < Clly;  IaxaFo(e,u)|l 12«12, -

PROOF. Since the operator N 71G: L2 x L2, — L2, x L2, is compact, the
operator I+N ~1@ is Fredholm with index 0. If (I+A~'G)% = 0 had a nontrivial
solution, then (J\A/ + é)@ = JV(I + J\A/’*lé)@ = 0 would also have a nontrivial
solution. This would contradict (H1). Hence the Fredholm property implies

that the existence of (I + N 72G)™': L2, x L2, — L2, x L2,. Then we have
./\7(I +./§\/'71é)<;7\ = Z.yjfgxgﬁ

where I5y9 is the unit matrix.
Thus, by Lemma 2.4, we obtain

el <mm = [|@llLe, xr2,

< (I + NG 2 xr2 < C|f]

m m

N=Yiy; oo f]

L2 xL2 -

m m

L2 xL2 —L2 xL2

m m m m

This completes the proof. O
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The velocity field u is defined in terms of the vorticity via the Biot—Savart

law

r—y)t xw
(3.16) u(x):—%/ Wdy, z € R3,

LEMMA 3.3. There exist a constant C > 0 such that
(3.17) [ull g < Cllwllam, 0wl mm < Cllw|| .
PROOF. The related equation of the velocity u and the vorticity w is
V Xu=uw, V-u=0, V-w=0.

This leads in Fourier space to

0 —iy3 iyg —~ w1
. . U ~
13 0 —iy N | w2
. . 2 = ~
—iy2 i 0 N w3
W1 W2 Y3 0
We can get
R 1 0 1Y3  —iYo 11 W Uy
(,/J = _W —iyg 0 iyl iyg @2 = @2 = ’(/1:
Yo —iy1 0 Y3 W3 Us

Using Hoélder’s inequality, for 1/p1 + 1/ps = 1, p1,p2 > 1, s1 + s2 = 2m and
81,82 > 0, we have

lullfen = IIallg: < C(IIX|y|g1NHi2p}2H@Hiz% + X121 N IE< D172 )
s1 s
< C(leMglNllizP}z + X N )BTz, < ClIBIL: = CllwlEm,
s1

where we use the weighted function p(y) = |y|(1 + |y|)!/2, the boundedness of
||X\y|21iyi/|y|2||ioc and

2 Zy 2p1
1 s
X|yl<1 T3 =/ P dy
H i |y|2 w1 Jygi<r | 1P
. 2p1
1Y; N
= [ e ey
ly|<1 |?J|
<C/ o5 (1 + 0)P**p%do

:C/ Qp1s—2p1+2(1 + Q)plsg2dg < o0,
0

for p1s — 2p; +2 > 0. The second estimate in (3.17) is followed by

10z ullerm = lliyiup™ L2 < ligiN L= [|©llLz, < Cllw[le. U
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From the form of the nonlinear terms ¢ and g%, it is critical to estimate
the term as uv and u?. For convenience, we derive some estimates about the
nonlinear term N!(p) = ¢? and N%(p,1) = @¢. This proof is similar with
Lemma 4 in [3], so we omit it.

LEMMA 3.4. Define N*: X — X by N*(¢,) = N*(Jp,) and N?: XxX — X
by N2(o,) = N2(Jp,, Ji,) for o,ap € X. Then there exists C > 0 such that

(3.18) IN')llx < Clielz,  IN*(e,9)llx < Clivllxliellx

for o, € X with ||¢|lx <1 and ||Y||x < 1. Moreover, there exists C > 0 such
that
(3.19) IN' (") = N @)llx <Cle' e + 1% 2)lle" = %,
(320) [N?(¢",9") = N*(@*, )|l <Cl@' | + 0% ]l2 + 10" |2 + (9] 2)
< (le" = @?lla + 1" = v2|lx),

for o, 0 Wt € X with [0 x, |02 2 91 2 972 < 1.
Then we have the following result.

LEMMA 3.5. Assume that £ close enough to &. Then there exists a constant
C > 0 such that, for n # 0,
[in=+N) " Hlamx <C,
[(inZE+N —G) Harsr <C,
[(inE + N — G) ' Pyy sllxmrx <C.

PRrOOF. We observe that the solution ¢ of the equation (inZ+ N)p = f is
given by

. in& + vlyl? —icin 0
Ply) =

-1
. . fly), yeR>
0 inky +nly* —iciy > )

For § = min{v? n?}£2 /(€% + 4¢%), we have

lin&y + vlyl® —icun|® =2 y* + (s + nér)?
w? 2 2
2 J Xlyl<ew/@en) T8~ (L4 YIOX |y 20/ e,
1

linés +nly|* —iciy1|* =nPlyl* + (ciyr + néa)?

2
= 42 Xlvl<w/ (2e1) + 32 (1+ [y Xy 2w/ 2e1)-

It follows for f € H™ x H™ that § € L2, ., x L2, thus € H™ 2 x H™*2,
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Let f € Lfn+2 X Lfn“ Cc L2 xL:, & = p(y,e)@ and T = p(y,e)0 with

p(x,€) = /1 + €|x|?. Note that ¢ is a solution of the equation (inZ+N)p = f.
By a direct computation, we have

(inZ + N'P) +eL(y,€)p = G,
where 3 = (@,0)7, § = p(y, g)fand
eL(y,¢)

_ [(inés + vy —icy) (1 — p~ (y,¢€)) 0
0 (in&2 +nlyl* —icy)(1 — p~'(y,€)) )

Here we use the fact that A is elliptic of order of 2. Hence it derives from the

form of p(y,e) = /1 + €|y|? that

L(y E) ~ €|y|4 I/O 0 .
’ 1+elyl?+ /1 +elyl? 0 ko

Using a Neumann series, it derives from the boundness of the operator L: L7, x
L2, ., — L2, x L?, that

(inE+N)+el: L2, x L2, , - L2, x L2,
is invertible with a bounded inverse, for sufficient small € > 0. This implies that
Fel? ,xLl , ie ¢ €H"? x H"". Moreover, we have
l[pllgm+2 s ppm+2 = H@HL?R+2><Lfn+2 = ‘|¢HL§H2xL2nJr2
< Cllgllez, xrz, = Cllf [lem+e cpmva.
Above result shows that (inZ +AN)~': H™ x H™ — H™ ™2 x H™"? is bounded.
But we only need this operator to be bounded X — X. This implies that the
spectrum of A in X well separated from inZ for n # 0 and € > 0 sufficient small.

In a similar manner to prove the first inequality, the rest two inequalities can be
obtained, so we omit it. O

By the same proof in Lemma 3.3, we obtain the following result.

LEMMA 3.6. Assume that &; close enough to &y fori = 1,2. Then there exists
a constant C > 0 such that

[(in&; — M)~ gpm o < C, [(in& — M;) "'V - || g < C,
[(in& — M;) ™| gm —gm < C, [(in& — M) "V - || gm e < C,
| (in&; — M;) "' Pyy sl gm b < C, ||(in& — M;) 'V - Pyy o]l gm s < C,

forn#£0andj=1,2.
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Thus by Lemmas 2.4 and 2.5, we can obtain the solution of equations (3.11)
and (3.13) as
on = (iNZ +N)'E, (o, u), n==+243,...,
Q11,5 = (HE+N) Py Fii(p,u),

ie.

(3.21) Wy = (in& — My) " tg3 (w,u,v), n==2 43, ...,
(3.22) vp = (in&y — My) gt (w, u,v), n==4243,...,
(3.23) wi1,s = (Fi& — M1) " P gy (W, u,0),

(3.24) Vi1 = (Fio — Ma) " 'Pyy gty (w, u,0).

The following lemma shows the solvable of equations (3.22)—(3.24).

LEMMA 3.7. Assume that there exist o1, oo > 0 such that for all £1,&5 > 0
with |£1 —&ol, [£2 —&o| < 01 and all wiy ¢, v41 e
< 0. Then equations (3.21)—(3.24) has a unique solution (&0,V) = ®(w.,v.) € X,
where

We = (Wot,6,Wie)y, @ = (oon W9, W_1,c+W_1,5,Wo,Wie+ Wi swWa,...)
Ve = (071,67’01,6)7 v = ( . '77)727’071,6 +’U71,87U07U1,C +’U1’5,7}2, .. )

Moreover, there exits C > 0 such that

(3.25) ®(0,0) = (0,0),

(3.26) |6 — wellx < Cllw-1,cllFm + llwrclFem),

(3.27) 10— vellx < C( )

and

(3.28) 131x < CQlo-selldom + enell3m).

(3.29) la]| x < C(] )

(3.30) 17 x < Clllv-r,clFm + lorcllFm),

with @ —we :=(...,,0,w_1,6,0,w1,6,0,...), V=vc:=(...,,0,0-1,¢,0,v1,0,...).

ProoF. For fixed &,& > 0 so close to & and given wij ¢, vy1 . € H™ with
lwsellmm, a1 cllmm < o2. Define the operator

I': (@",0") — (0,0)
=@ +(..,0,w_1¢,0,w1,,0,...),0"+(...,0,v_1,,0,v1,0,...))
— (w,v) — (@, 0™") = right hand side of (3.21)—(3.24),

where (w,v) = (Jw, JU) are defined in Lemma 2.1 and

(&*75*) = (( .. 7w72aw71,57w07w1,saw23 .. ')a ( -, U2, v*l,svaa vl,svv% .. ))a
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(0,0) = (@ + we, 0" + ve)
=@+ (..,0,w_1,6,0,w1,6,0,...),0" + (...,0,v-1,¢,0,v1,0,...)).
Now we prove the operator I' is a self-map of a sufficiently small ball in X'. Using
Lemmas 2.6, 3.1, 3.2 and Lemma 3.4, by the form of nonlinear terms ¢* and ¢*
n (2.2)-(2.3), respectively, we derive
(3.31) l&**Ix < Csup{||(in& — M)~ e e,
(&1 — M1) ' Poy |lmm —mm,
I(in&1 — My) ™ V|| e,
[(£i& — M1) ' VP4 s|lgmsmm in € Z\ {-1,1}}
* [[(gn (w, 1, v))nezllx
< Clg°(@,u,0)[x
< C([|@llx[lullx + llwllx[[7llx + [lulx[[7]x)
<O(|@llx + Il xlolx)
<O(|o* Ik + llw-1.cllfrm + llwr,cllFm
0% + llo-1.ellFm + l[onellze-)
<O(@* 1% + [0k + o3),
(3.32) [ |x < Csup{|[(iné2 — Ma) ™ [[exm
[(£i&y — Ma) ™" Piy o|lam mm,
I(ings — M2) ™'V |l mm,
[(£i& — M) 'VIP Ly s|lgmsmm :n € Z\ {-1,1}}
* [[(gn (w, 1, v))nezllx
<07 (@, u,0)|x < C([I9ll% + l@llx[7lx)
< O(|" (1% + lw-1ellfm + llor,ellfpm
H 10 1% + llo—vellfrm + lvrellfm)

<O(l&* |k + 17" 1% + 03),

where §° = C(wul + uww® + [v|?/2 + wT), g* = C(vul — wvT). Thus, for
o2 < 1/v2C and (w*,7*) € X with ||(0*,7*)||x < 1/V2C, we have

IP@, 5% [l = & L2 + [0 1x < C((I1&7]Ix + [9%]1x)* +03) < 1,

which implies that for sufficient small oo > 0, I' maps the || - |+ ball of radius
r = 1. Hence, we obtain a unique fixed point (6*,7*) € X of ', which means that
equations (3.21)—(3.24) has solution of (@,v) = (W* + w, v* + v.). Moreover, if

(Wi1,e,vx1,¢) = (0,0), then ®(0,0) = (0,0). Next we prove the second inequality
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in (3.25). Note that
(G*,ﬁ*) _ F((,Nu*,ﬁ*) _ (5**75**),
which combine with (3.31)—(3.32), we derive
1@ — wellx = llo*[x = [&*|lx < C(l&* Ik + llw-1.cllFm + llwr.ell3m),
17— vellx = [[7"llx = 7" [Ix < CUT*[I% + lv-1.cllFem + lv-1.cllFm).

Thus we deduce that for sufficient small ball B,.(0) C B4(0),

(3.33) 18 — wellx <C(lwor elfim + lon cliim).

(3.34) 10— vellx <CO(v-r.ellfrm + llvrcllfam)-

Note that

W—we:=1(..,,0,w_1,,0,wi0,...), UV—vc:=(...,,0,0_1,,0,01,0,...).

Hence by (3.33)—(3.34) and Lemma 2.6, we obtain

lwellx < Cllw-rellfim + llwrellim),  llvellx < Clllv-rellfm + lvrellfzm),

and
[1@]lx < Cllw-1.ellfrm + lwrellzzm),
[allx <C(fw-1.cllfm + wiclfzm),
[9llx < C(llv-1.ellfrm + [lvr.ellFrm)-

This completes the proof. O
In the following, we can complete our proof of Theorem 1.1.

ProoOF oF THEOREM 1.1. To prove Theorem 1.1, the rest remains to analyze
equations (3.9)—(3.10). We restate equations:
(£i& — My)wsr,e =Py egl (w,u,v),
(Fi&2 — Ma)vi1,c =Py egiy (W, u,v).
It follows from (w_yi,v_1) = (@7,01) and (¢2,,9%,) = (¢3,,9%,) that the “—”

equation is the complex conjugate of the “+” equation. By Lemma 2.1, we can
denote (w,v) = (J&,Jv) by means of

(@0, 0) = ®(we, ve) = P((Wi e, wie), (V1c, v1e))-
Our target is to find (&1, 8) and (&2, 8) close to (&, B.) and a nontrivial solution
(Wi v1e) = (Wre, v1e)(2) of
(3.35) —i&wi,c + Miwy e + Py gy (I (Wi e, wi e, U1c, v1,c)) =0,
(3.36) —i&u1,c + Mav1c + P1cgl (JO(Wic, wi e, Uic, v1,c)) = 0.
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Due to wy e, v1,. € CyF and (M, M) = (AT (B)T, ud (B)YT), we can

write
Wie = 771/1+’ Vi,e = 6’(/}+
Then by (3.35)—(3.36), we obtain
(3.37) &yt + A (BT + Preg(JO (o F, qyt, 69T, 6ut)) =0,
(3.38) —i&260t + p (B)0YT + P gl (IO (e, e, 09F, 69%)) =0,

for some 1,0 € C\ {0}.
To be simple, we introduce (p1,¢, 61,c) by

(P1.ew, P1cv) = (pre(w)d™, 01,c(0)97).
Then equations (3.37)—(3.38) can be written as

(3.39) —i&n+ A (B)n + g°(8,n,6) =0, for some 7 € C,
(3.40) —i&8 + ugd (8)5 + g*(B,n,8) =0, for some § € C,

where the cubic coefficient p # 0 in

(3.41) 9> (B,1,0) ==p1.(g} (A (T, mut, 59T, syT)),
(3.42) g (8,1, 0) :==p1.c(gi (TR (T, mu™, 59T, s9T)).
Note that

(3.43) p1.c(w)] <C|Py cw|am < Cllw|lam,
(3.44) [p1,c(v)] <C|[Py cv]|am < Cllollgm.

So by (3.28)—(3.30), (3.43)—(3.44), we derive

Ip1,c(gy (ARt n™, 69T, 09 1))| < Cllg? I (ot nyt, 60+, 6¢) ||
SOty 59+, 697 x
<O([wrelfm + lwrellfim + o1elfrm + v ellfem)
<C(Iny* fam + 169 [Fm) < C(Inl* +10%),

p1,e(g1 (FR (™, ™, 69F,89™))| < Cllgi (IR (e, ™, 60+, 697 |mam
SOyt nut, 59+, 6¢) || x
<C|[@rellzrm + llw,ellfrm + lorelfm + llvrellfm)

<Cmp ™ [lEm + 169" l3en) < Cnl* + 181,

where we use the notation (&, ?) = ®(we,ve) = P(np+, n™, d¢p+, 54p). Inspired
by the classical Hopf-bifurcation result [16], one can employ the implicit function
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theorem to find real value solutions (i.e. find (y1,7v2) = (1,6) € R?) of equations
(3.39)—(3.40). Hence, we define the complex-valued smooth function

—i(éo+0) + A (Be + &) + 71 "9 (Be + €.711,72), ™ # 0,
—i(&o + 0) + A\§ (Be +€), 7 =0,

T'(v1,72;0,8) :

Y2(v1,72; 0, B) :

—i(o +0) + ud (Be +€) +75 g4 (Be + €,71,72), Y2 £ 0,
—i(&0 + 0) + pg (Be + ), 72 = 0.

It follows from (AJ (Be), g (Be)) = (i€, i&o) that (Y1(0,0,0,0),Y2(0,0,0,0)) =
(0,0). Moreover, by assumption (H2) the Jacobi matrix

d
0 % Re )\+ (6)
B=Bec
D, T (71,725 0,€) |y mrp=p=c=0 = p ,
B=Bc
d +
0 % Re 11 ()
B=Bc
D, Y% (71,725 0,€) |y =rp=p=c=0 = p ,
-1 —TImug ()
dp B=Bc
with respect to p, € has
det Dp,eT1<’715’y2;975>|71:72:g:€:0 Re)‘Jr(ﬁ)’ > 0;

4ot D Y2(7. 721 0. ) by —rsoet = - R w)] > 0.

dp B=B.
Thus, for sufficient small 1,72 > 0, we find a function v; — (o(71),e(y1)) and
Y2 > (0(72),€(72)) with p(0) = ¢(0) = 0 such that
—i(& + (M) + A5 (Be + (1)) =71 9% (Be + (1), 71, Be +2(12),92) =0,
—i(& + (1)) + g (Be +e(72)) =72 19" (Be +e(n), 71, Be + €(72),72) = 0.

Note that the degree of nonlinearity. Then it follows from differentiating this
equation that € # 0 for some first 4. Hence, the function v; + (1) and
7 +— €(2) are locally invertible, and have € — 71 (g) and € — ~2(¢). It implies
that the following equation holds

— (& + 0(71(e))1(€) + A (B +e)m(e) — g°(Be + £,71(€), 72(€))
— i(&0 + 0(72()))2(e) + 115 (Be + €)12(€) — 9" (Be + £, 71(€), 72(€))

for sufficient small ¢ > 0.
Therefore we obtain the desired solutions of (3.35)—-(3.36) by setting

(61,82) = (&0 +0(n(e)) &0 + 0(12(e)),  B=hB+e,

)

0
0,
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(Wiesv1e) = ()5, 1er12()Y5 1) (@).

This result combines with Lemma 2.5 giving the proof of Theorem 1.1. O

4. Proof of Theorem 1.2

In this section, inspired by the work [5], we will use Bootstrap Techniques
to prove that linear stability of smooth time periodic solution implies nonlinear
stability for MHD in LP for p > 3.

Assume that (U,, H,) is the smooth periodic solution of (1.1)—(1.3) and
c1=0. P denotes the Leray projection onto the space of divergence free functions.
We introduce the deviation

u=U—U,, v=H — H,.
Then, we can obtain:
(4.1) uy = Au+ Nq(u,v),
(4.2) vy = Bv' + Na(u,v),

ule=0 =uo, v|t=0 = vo,

where
(4.3) Au=PplAu—us -Vu—u-Vu, —H, -Vu+ H, -Vu+u-VH,],
(4.4) Bv =PnAv—1us-Vv—u-Vu, 4+ v, Vu+v-Vug,],

and
(4.5) Ni(u,v) =P —V-(u@u)—%V|v|2+V-(v®v) ,
(4.6) No(u,v) =P[-V - (u®@v)+ V- (v®u).

By [22], we note that the linear periodic operator A and B is a bounded perturba-
tion of the Stokes operator PA. The operator A and B generates a strongly con-
tinuous semigroup in every Sobolev space W*? which we denote by e? and eB?:

u(t) = eMug, ug € WP,

v(t) = eBluy, vy € WP,
Let A1 and Ay be the eigenvalue of A and B with maximal positive real part,
which we denote by p1 and u, and let ¢1,¢o € LP, with ||¢]lrr = ||¢|lLr = 1,

be the corresponding eigenfunction. For fixed 0 < 01 < A1 and 0 < 09 < Ay we
denote by A, and B, the following operator:

AUIZA—)\l—O'l, BO-QZB—)\Q_UQ.
Let us fix an arbitrary small € > 0, and solve the Cauchy problem (4.1)-(4.2)

with initial condition (ug,vo) = (£¢1,€¢2). By [23], we note that for such initial
condition, with ¢ small enough, there exists a unique global in time classical
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solution to (4.1)—(4.2). Using Duhamel’s formula we write the solution in the

form
¢
(4.7 up = ugeM? +/ AN (u, v)(s) ds,
0
t
(4.8) vy = voer?? +/ eBU=9) Ny (u, v)(s) ds.
0

Before we show the proof of Theorem 1.3, we state the following Sobolev
embedding theorem which is taken from [5].

LEMMA 4.1. Let s > 0,1 <71 <00 and 1 < ry < oo satisfy
1

s 1 1 ]
<l--, Ty <71, —<—+-.
1 n T2 T1 n

Then ||f|lw—=r < |If|

L2 -

PROOF OF THEOREM 1.3. By assumption (H3), the spectrum of linear time
periodic operators A and B are strictly bounded away from the imaginary axis in
the left half plane for all & € [, — g, e + ). So there exist positive constants
w1 and ps such that

le*uollue < Ce ™ lugllua, € vollLes < Ce ™2 |lug L,
for all ¢ > 0 and (ug,vg) € LP.
Then by (4.7)—(4.8) and Lemma 2.4, we derive

t
(4.9) |ullLe = HeAtuO”Lq + H / e—ul(t—s)A’YeA(t—s)A—WNl(u’ v)(s)ds
0

La
t
1
< Ce ™ lug L + C / e =) L AN, (u v) (s) | d,
0 (t—s)
and

t
(4.10) ||lvlLa |eBtv0Lq+H / e r2(t=5) A7 B1=9) B=Y N, (u, v)(s) ds
0

La
1

(t—s)Y

Then, by Lemma 2.5, (4.5)—(4.6) and the continuity of the Leray projection, we

t
< Cet2t[ug|pe + C / e=ra(i=s) 1B~ Ny (u, v)(5) s ds.
0

have
[A™N1(u,v)(s)|lLe < || N1(u,0)(s)|lw-2va < [[N1(u,v)(s)llw-2v.0
<C([lu @ ullwr-21.0 + [[0]3y1-2v.0 + [0 © vllwr-27.0),
and

[B=* N (u, v)(s)[[La <|[[Na(u, v)(s)][w-2ra < [|N2(u, 0)(8)]lw—2v.0
<C([lu @ vlwi-2va + [v @ ullwr-21.0)-
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We choose 7 close to 1 so that ¢ > 3/(2y — 1). This means that the conditions
in Lemma 4.1 is satisfied with s =2y — 1, r; = ¢ and 79 = ¢/2. Thus, we have

AT N1 (u,v)(s)llLe <C(lu@ullparz + [0]a2 + v @ vligar2)
<C(lullts + llvlEa).
[B7Y N2 (u, v)(s)||Le <C(llu@vllgaz + [0 @ ullgesz) < Cllullue||v]Le

Thus, by (4.9)-(4.10), we obtain

(4.11) lu]|ne < Ce‘”1t||u0||Lq
t
1
(412) 0 [ e (o) e + (o) ) .
0 (t—s)
and
¢ 1
(4.13)  [[ol|lLe < Ce™*2|g||ra + C / 207 e Ju(s) Lo [[v(s) e ds.
0 (t—s)
Let T be the maximal time for which
(4.14) lullLe < 2Ce " ug|lLa, t<T,
(4.15) |vllLe < 2Ce *2||lvg||lpe, t<T,

Combining (4.11)—(4.15), we have

(416)  [lolle < Ce#=!|jup s (1 + 0% fug||oe ")
< Ce 2 |ug|La (1 + 402||uo||Le),
(417)  Jullie < Ce™fuollua (1 +4C2 ug[ae™1") + 4C° [uo|Fae=22",

for t <T. Summing up (4.16)—(4.17), we have

(418) Jlullue + [olle < Ce " flugllue (1 + 462 gl ae ")
+ 4C¥ v Foe 22" + Ce ! [lug Lo (1 + 4C|uolLe),

for t <T. We choose ||ug|lLe < 1/(8C?), |lvo|le < 1/(16C?). Then, by (4.18),
we obtain

3C _, C
@19) e + ol € 22 e s + e ugls, < T,
But from (4.14)—(4.15), we have
(4.20) lullLe + flollue < 2C(e™[luollLe + e™"**[lvoflua), < T.

Therefore, (4.20) implies the smaller bound of (4.19), which means a contradic-
tion with a maximal time 7. Thus, T' = oo and the bound (4.20) holds for all
t>0. O
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