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GENERIC PROPERTIES OF CRITICAL POINTS
OF THE BOUNDARY MEAN CURVATURE

ANNA MARIA MICHELETTI — ANGELA PISTOIA

ABSTRACT. Given a bounded domain Q C RY of class C* with k& > 3,
we prove that for a generic deformation I + v, with ¢ small enough, all
the critical points of the mean curvature of the boundary of the domain
(I 4+ ¢)$2 are non degenerate.

1. Introduction

Let Q ¢ RY be a domain of class C* with k& > 3 and N > 2. We consider
the domain Qy, := (I + ¢)Q2 given by the deformation I + ). We are interested
in studying the non degeneracy of the critical points of the mean curvature of
the boundary of the domain €, with respect to the parameter 1.

Let & be the vector space of all the C* applications ¢: RV — R such that

9%;(x)
1.1 = —| < .
(L1 1l = e (2% | By dwen | <+
@ is a Banach space equipped with the norm | - ||x. Let B, := {¢p € &* :
10|l < p} be the ball in &* centered at 0 with radius p.

More precisely, we will prove the following result.
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THEOREM 1.1. The set A := {¢ € B, : all the critical points of the mean
curvature of the boundary of the domain Sy are non degenerate} is a residual
(hence dense) subset of B,, provided p is small enough.

The result of Theorem 1.1 can be applied to the study of the following prob-
lem:

(1.2) —e?Au+u = [ufP~tu in Q, % =0 on 09,
where ¢ is a small positive parameter and v denotes the unit outward normal to
ONand 1<p<(N+2)/(N—-2)<if N>3orp>1if N=2.

This problem arises from different mathematical models: for example, it ap-
pears in the study of stationary solutions for the Keller—Segal system in chemo-
taxis and the Gierer-Meinhardt system in biological pattern formation. Prob-
lem (1.2) has been widely studied in many aspects: a large number of papers
have been devoted in investigating the existence, multiplicity and asymptotic
behaviour of positive solutions in the semiclassical limit e — 0F.

The analysis reveals that the solutions seem to exhibit a “point condensation
phenomena”, i.e. they tend to zero as e — 07 except at a finite number of points.
In the pioneering papers [11], [13], [14], Lin, Ni and Takagi first proved that for
¢ sufficiently small there is a least energy solution u. with the property that
u. has exactly one maximum point & in ©, and & must be located on 9 and
near the most curved part of the 9Q, i.e. H(E) — ?elzé%H(P), where H (&)

denotes the mean curvature of the boundary 0. Since then, there have been
many papers looking for higher energy solutions. More specifically, solutions with
multiple boundary peaks as well as multiple interior peaks have been established,
with each peak concentrating at a different point whose location depends on
the geometry of the domain (see [1], [4]-[8], [10], [13], [14], [19], [20] and the
references therein). In particular, it turns out that if &;,...,& are k different
Cl-stable critical points of the boundary mean curvature H then problem (1.2)
has a solution whose k£ boundary peaks approach &1, ...,& as € goes to zero.
In the papers [2] and [9] the authors first construct solutions exhibiting a clus-
ter, i.e. given k > 1 and &y a strict local minimum of H, there exists a solution
with k& boundary peaks concentrating at £y as € goes to zero. As far as it concerns
the existence of sign-changing solutions, the first result was due to Noussair and
Wei in [15], where it is proved that for ¢ sufficiently small (1.2) has a least en-
ergy nodal solution with one positive boundary peak and one negative boundary
peak; moreover such peaks approach the global minimum points of the mean
curvature. In the particular case when the set of global minima consists of a sin-
gle point, then the peaks concentrates at the same point giving rise to a cluster.
Successively, in [12] the authors glued the single bump solutions and obtained
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nodal solutions with multiple boundary peaks concentrating at different critical
points of the mean curvature.

The first result providing a multiplicity result for sign-changing peak solu-
tions is due to Wei and Weth [21]: they consider the problem (1.2) in a two-
dimensional domain and prove that, given k& > 1 and given &, a local strict
minimum of the mean curvature, there exists a clusteredsolution with k positive
boundary peaks and k negative boundary peaks concentrating at &g.

Very recently, in [3] the authors it proved that given a non degenerate max-
imum & of the mean curvature H of 02 and given two positive integers h, k
with h + k < 6, for ¢ sufficiently small (1.2) possesses a cluster with h positive
boundary peaks and k negative boundary peaks approaching &;.

All the previous results require a sort of non degeneracy of critical points
of the mean curvature of 9€2. Theorem 1.1 allows to claim that for a generic
deformation I + 1 of the domain €2, all the critical points of the mean curvature
of the boundary of the domain (I 4 ¢)2 are non degenerate and all the previous
results hold.

The paper is organized as follows. In Section 2 we set the problem and
in Section 3 we prove the main result, using some technical lemmas proved
in Section 4.

2. Setting of the problem

Let us fix a bounded domain Q in RN of class C* with N > 2 and k > 3.
Then there exists p positive and small enough such that if ) € B, then the map
I+1:Q — (I+)Q is a diffeomorphism. We set Qy, := (I + ). For any point
& € 092 we have a local system of coordinates. Without loss of generality, we can
assume ¢ = 0. We can choose a neighbourhood U of 0 in RY, a ball B(0, R) in
RYN—1 centered at 0 with radius R and a map h: B(0, R) — U N 952 defined by

(2.1) Wy) = (v, f(¥),  v:= (Y, un-1),
where f: B(0, R) — R is a C*-map with f(0) = 0, Vf(0) = 0 and

N—1
1 )
Fw) =5 > dwi +0(lyP).
i=1
Here \; are the principal curvatures at £ and the mean curvature of the boundary

0N at € is
N-1

H(¢) == ﬁ >

i=1
If € € 00 and ¢ € B, we consider the mean curvature H (&, ) := Hy () of the
boundary 99, of the domain €, := (I +9)Q at the point (I + ¢)(§). In par-

ticular, using the local system of coordinates given by (2.1), we set fl(y,z/)) =
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H(h(y),). H is nothing but the expression in local coordinates of the mean
curvature of the boundary 0y at the point (I + ¢)(y, f(y)) € 9Qy. Now we
introduce the C''-map

(22)  F:B(O,R)x B, cRVN"Ixed RN F(y,¢) =V, H(y, ).

We shall apply the following abstract transversality theorem to the map F
(see [16], [17], [18]).

THEOREM 2.1. Let X, Y, Z be three Banach spaces and U C X, V C Y
open subsets. Let F:U xV — Z be a C“—map with o > 1. Assume that

(a) foranyy €V, F(-,y):U — Z is a Fredholm map of index l with | < «;

(b) 0 is a regular value of F, i.e. the operator F'(zo,y0): X XY — Z is
onto at any point (xg,yo) such that F(zg,yo) = 0;

(c) the map woi: F~1(0) — Y is proper, where i: F~1(0) — Y is the cano-
nical embedding and 7m: X xY — Y s the projection.

Then the set
O :={y € V:0 is a regular value of F(-,y)}
is a dense open subset of V.. If F satisfies (a), (b) and

+o00
(d) the map woi: F~Y(0) — Y is o—proper, i.e. F~1(0) = |J Cs where Cs
s=1
is a closed set and the restriction m o1, is proper for any s
then the set © is a residual subset of V, i.e. V '\ © is a countable union of close

subsets without interior points.

3. Proof of the main result

We are going to apply the transversality Theorem 2.1 to the map F' defined
by (2.2). In this case we have X = Z = RV~ Y = ¢k U = B(0,R) c RN-!
and V = B, C ¢ where R and p are small enough. Since X is a finite
dimensional space, it is easy to check that for any ¢ € B,, the map y — F(y, )
is a Fredholm map of index 0 and then assumption (a) holds.

Assumption (b) is verified in Lemma 4.7. As far as it concerns assump-
tion (d), we have that

+oo
F7H0) = Cs,  where C; :={B(0,R—1/5) x B,_1,,} N F~(0).

s=1

By the compactness of B(0,R —1/s) ¢ RN~! it follows that the restriction
T 0| is proper, namely if the sequence (n) C m converges to 1y and
the sequence (z,) C B(0, R — 1/s) is such that F(z,,1,) = 0 then there exists
a subsequence of (z,,) which converges to ¢ € B(0, R — 1/s) and F(xq, o) = 0.
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Finally, we can apply the transversality Theorem 2.1 and we get that given
a point &y € 0f) the set

O(&) :={v € B, : F,(y,): RN " — RV~ is invertible
at any point (y,v) € B(0, R) x B, such that F(y,) = 0}
= {1 € B, : the critical point in a suitable neighbourhood
of the point (I + ¢)(&o) € 08y of the mean curvature
of the boundary 0, are nondegenerate}

is a residual subset of B,.

At this point it holds that for any &, € 0 there exist a positive number
p = p(&) and a neighbourhood Z(&y, R) C 052 of the point & with R = R(&)
such that the set

(3.1) O(&) = {1 € B, : any critical point & € (I +1)(Z(&o, R))

of the mean curvature of the boundary 9, is nondegenerate}

is a residual subset of B,.
Since 02 is compact there exist a finite number v of points & € 9 and

positive numbers R;, p; such that |J Z(&;, R;/2) = 9 and the set ©(&;) defined
i=1

in (3.1) are residual subsets of B,. It is clear that the set % := [ ©(&) is
i=1

a residual subset of B, and

A = {¢ € B, : any critical point of the mean curvature

of the boundary 0 is nondegenerate}.

Here p is small enough. By the following lemma we also deduce that 2( is open.
That concludes the proof of Theorem 1.1.
In the following lemma we prove that the set 2 is open.

LEMMA 3.1. If the domain Q of class C* with k > 3 is such that all the
critical points of the mean curvature of the boundary 0X) are non degenerate,
then all the critical points of the mean curvature of the boundary (I 4+ )2 are
non degenerate for ||¢|x small enough.

PRrROOF. By the assumption, the critical points of the mean curvature of 02
are in a finite number. Let &1,...,&, be the critical points. Fix a critical point &;
and use a local system of coordinates as in (2.1), so that we can consider the func-
tion H (y,) and the C'-map F(y,¢) = V,H(y,¢) with (y,¢) € B(0, R)xB, C
RN~ x &%, Since F(0,0) = 0 and F}(0,0): RNt — RN~ is an isomorphism, by
the implicit function theorem, there exist y(¢) and p; such that F(y(¢),¢) =0
if ||¢||x < p1 and y(0) = 0. Therefore, the mean curvature of 9, has a unique
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non degenerate critical point 7y, € 0Qy, if ||Y||x < p1 with ny = &. The same
argument holds for all the other critical points of the mean curvature of 0f2.
Now, let us prove that 2 is open. By contradiction, we assume that there exist
sequences (1,,) C B, convergent to 0 and (&,) C 02 convergent to & € 92 such
that the points (141, )(&,) are degenerate critical points of the mean curvature of
the boundary 9y, . Using the local system of coordinates (2.1) at the point & €
00 we have F(yp,¥,) = Vyﬁ(yn,z/)n) = 0. Then we get Vyﬁ((), 0) = 0, namely
o is a critical point of the mean curvature of 9Q. Therefore & € {&1,...,&,}.
Using the above argument, if n is large enough (I +,,)(&,) is a non degenerate
critical point of the mean curvature of the boundary 0§y, and a contradiction
arises. (]

4. Some technical results

Given a point & € 02 and chosen the local system of coordinates defined
in (2.1), we are going to calculate H(y,1) when ¢ € B, C €*.

For the point (I+1)(&) € 09y we have a local system of coordinates defined
by

A1) B = () uv—1 N (W), FY) + O () € 0y

where y € B(0, R) C RN~ and ¢: B(0, R) — RY is defined by

(4.2) D(y) = (. f()).

Using this coordinate system, the components of the Riemannian metric gz/;(y)
on the manifold 99, can be expressed as follows

(4.3) gl (y) =0y, 0y, f + By; + 0y,
N

+ ayl fay] /lZN + ayj fayz JN + Z ayiikayj Jk?
k=1

N
(44)  ghiW) =1+ 0y, f)* + 20y, + 20, 0y, + > (Dy,00)%,

k=1
(45) g*@)|=detg’(y) = > (-1)70{,,(¥) - gN-1.0n ¥).
N

The tangent space of the manifold 0, at the point y + J(y) is the vector space
generated by the vectors

(46) ) =n) +00), = (00, 1 ,....0,0,0),
i-th

fori=1,...,N —1.



GENERIC PROPERTIES OF CRITICAL POINTS OF THE BOUNDARY MEAN CURVATURE 329

The normal vector v¥(y) € RY to the boundary 92, is given by
1
1) et
VIV

where a(y,w(y)) — 0 as ¢ — 0 uniformly with respect to y. We set for any
i’j = 17 7N

(4.8) 'y;?
(4.9) T

(47) ,f/’(y) = (6y1f7""6y1\171fa_ U(yﬂﬁ(y)),

y) = (02, 01(y)...., 0%, On1(y), 02, fy)+ 02, ¥n(y)),
y) = (1), v’ () e

Finally, we have

(
i(

j

H(yv 7Z>\z y7

where A1,...,Any_1 are the solutions of the equatlon
(4.10) det(T¥(y) — Agi(y)) =0, i, j=1,...,.N—1

We remark that the v°(0) = (0,...,0, 1), v;(0) = (0,...,0,9;,, f(0)), T'Y;(0)
— 2 2 2 ap s
= —0,,,,f(0) and 9;,, f(0) = N, 9;,,, f(0) = 0if i # j.

Let B;; (y,%) be the matrix obtained by replacing the s-row of the ma-

trix gfj (y) with (Fffl(y), . J‘g’ ~N—1(¥)). Then the determinant of the matrix
By, ¢) is
1B*(y, )]
= Z(il)ggiﬁ,al (y) s gs—l,as_1( )Fw ( )gs+1 Os+1 (y) -+ gN—-1,0n_1 (y)

Then
N-1 N-1
1 s ~
(4.11) Ny) = —— 3 B 0)] = (N = DH(y, o).
P l9¥ ()| =
Moreover, we have for any k =1,...,N — 1
(4.12) (N — 1)D,¢,fl‘1’}k (o, Vo) ]
)l [ Dol () (S 918 o)
s=1
N—-1
+19" (W0)| Y Dy0y,|B*(y0, o))
s=1
— Dydylg* Z |B*(yo, o)

N-1

0 lg" ) Y DwB%yo,wo)Hw]} 9% ()P

s=1
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N-1

=200l 00 3 0y s )

s=1
N-1

O le" )| |Bs(y0,¢o)|]Dw|gw°(y0)|[@]}-

s=1

We just remark that if (yo,%0) is such that V,H (yo,%0) = 0 then the last term
in (4.12) is zero.

Given a point yo € B(0,R) we define a subset 2, of the Banach space
¢* given by the functions ¢ whose first and second derivatives at the point

(yo, f(yo0)) are zero, namely
0%p;
o k. ? _
(413) Qlyo = {(p IS W (y()af(y())) - 07

i=1,...,N, 1g|a|g2}.

We compute the derivatives of |g¥ (y)| with respect to 1 and y.

LeEMMA 4.1. For any i,j,k=1,...,N — 1 we have

Dygl; (yo)le) = 0y, 35 (o) + Dy, i (v0)
+ 3?17 f(yo)ay] &N (yO) + ayj f(yo)ayz &N (yO)

N
+ 37 (208 90)0y, B (0) + 0,55 (50)00, Fo0)
s=1

Dl/layk g;'bj (yo) [90] = agkyl Q;j (y()) + 81/kUJ 951 (yO)
+ 05,4, F(40)0y, &N (yo) + By, f(y0) D5, &N (Y0)

+ 05, F(0)8y, & (yo) + By, f (40);,,, Pn (%0)
N
+ > (02,8 (40) Dy, Vs (o) + By, Bs(0)2,., s (y0)

s=1
+ aiky,- 7:[;3 (Z‘/O)ayj Ps(yo) + 6111'{[;8 (yO)aikyj ®s(Y0))-
Here ¢ == o(y, f(y))-
LEMMA 4.2. Given yo € B(0,R) for any ¢ € 2, we get

Dylg? (yo)|lg] =0 and Dydy, 1g¥° (o)|le] = 0.

PROOF. By (4.13) and Lemma 4.1 it follows immediately that for any 4, j, k
we have
Dygi(yo)lel =0 and  Dydy, g1 (yo)le] = 0.
The claim follows. 0
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LEMMA 4.3. For any ¢ € 2, we have:

(a) Dy, (wo)lel = (02,31 (w0), - -, 02, Bn (o)) = 0,

(b) Dyv¥(yo)[e] =0, Dydy, ¥ (yo)lp]l =0, k=1,...,N — 1,

(¢) DyI'Y(yo) = (D (wo)le), v* (%0)) + (v (wo), D (ole])) = 0,
(d) Dy|B*(yo,vo)lle] =0, s=1,...,N —1.

PROOF. (b) follows by the fact that v¥(y) can be expressed as a suitable
C°—function of the first derivatives 0y,9;. (d) follows by the definition of
|B*(y, )|, Lemma 4.2 and (c). O

LEMMA 4.4. For any ¢ € 2,, we have
Dy 0y, T (50) (] = (95,5, 2(00), 7" (30),
where a:y)’kylyj (z(y0> = (8SkyLyJ &1 <y0)’ N 8§kyiyj QN (yo))'
PRrROOF. By (a) and (b) of Lemma 4.3 we get
Dy 0y, TP (90)[9] = (Dy0y, 31 (wo) ) v7° (w0)) + (Dl (90) (9], By (30))
+ (D7) D (o)) + (71} (40), Dy Dy v (y0) (1)
= (Dwayk%d;o (yo)[go], Vwo (yo)) = (6Sky1yj @(yO)v Vd)o (yO)) U
REMARK 4.5. For any ¢ € 2, we have that Dy0,,|B*(yo,%0)|[¢] is the
determinant of the matrix obtained by the matrix g;g-o (yo) replacing the s-th row
with
(Dy 0y, LY (50) (], - - - Dy TV% 1 (y0)[0])

and in virtue of Lemma 4.4 it coincides with the determinant of the matrix
obtained by the matrix g;°(yo) replacing the s-th row with

(O PW0), V70 (40))s -, (O gy, P (0), 7 (0))).
In the following we choose (yo,%0) € B(0,R) x B, such that F(yo, o) =
VyH (yo,%0) = 0, namely for any k=1,...,N -1
(4.14)  0=0y,H(yo, o)
N-1 N-1
9% 0] 5 04, B0 )| = Dyel9™ )| 5= 1B (oo, o)

B (N = 1)lg¥ (yo) >
By Lemmas 4.2, 4.3 and (4.14) for any ¢ € 2, and forany k=1,...,N—1
we get

N—-1
5 Dudyel B o, o)ll¢]
(N=Dlg%@wo)? *

(4.15) wi () 7= Dy 8y, H (yo, o) l¢] =
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Our aim is to verify that the N — 1 functionals wy,...,wn_1 are linearly
independent.

Given v € {1,...,N — 1} and yo € B(0,R) C RNV, let A% be the subset
of the Banach space ¢* defined by

2y ={p € @" : the third derivatives of the functions

evaluated at the point yy vanish except for 853 on(yo) # 0}.

LEMMA 4.6. For any ¢ € Uy we have

(a) wi(p) =0ift #a,
(b) walp) = 3% on( )M where M is the determinant of the
o) = Gy PN YOI TN=T)[g%0 (o) 2
matriz obtained by the matrix gfj" (yo) carrying out the a-th row and the

a-th column and v¥°(yo) is the N—component of the vector v¥°(y).

PROOF. By Lemma 4.4 and Remark 4.5 we have for any ¢ € 217 and for
any s=1,...,N -1
Dy0y, |B*(yo, ¥o)|[¢] =0 ifs#a,
Dydy,|B*(yo,v0)|[¢] =0 if t # .

By (4.15) and (4.16) we get w;(p) = 0 for any ¢ € 7 and t # a. By (4.15),
Lemma 4.4 and Remark 4.5 we deduce

(4.16)

wa(@)[(N = D)]g” (y0)[*] = Dydy, |B* (yo, vo)l[¢]
=is the determinant of the matrix obtained by the matrix g; (yo)

replacing out the s-th row with

(0, (93 B(y0), ¥*° (40)), - - -, 0) = B33 By )V (y0) M (g, o). I

a-th

LEMMA 4.7. The map (y, ¢) — F),(yo,v%0)[e] + F} (Yo, 1%0)y is onto on RN~
for any (yo,v0) € B(0,R) x B, such that F(yo,v0) = 0 when R and p are small
enough.

ProoF. We will prove that the map Fl;)(yoﬂ/)o): ¢* — RN~ is onto when
F(yo, %) = 0. More precisely we are going to show that given ey,...,enx_1 the
canonical base of RV~1, for any s = 1,..., N — 1 there exists ¢ € &* such that
F,(yo,%0)[p] = es. We recall that

FQ(ZJOJ/JO)[SO} = (DdlaylH(yOawO)[(p]a ) DwayN—lH(yOawO)[saD
= (w1(<p)7 e 7WN71(90))~
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Given s we choose ¢ € 27 and we have

F&J(yvaO)[@] = (07 cee 7‘*)3(()0)7 s 70)

and ws(p) # 0 provided yo € B(0, R), ¥ € B, with R and p small enough. O
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