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ON A p-SUPERLINEAR NEUMANN p-LAPLACIAN EQUATION

SERGIU A1zicovicl — NIKOLAOS S. PAPAGEORGIOU — VASILE STAICU

ABSTRACT. We consider a nonlinear Neumann problem, driven by the p-
Laplacian, and with a nonlinearity which exhibits a p-superlinear growth
near infinity, but does not necessarily satisfy the Ambrosetti—-Rabinowitz
condition. Using variational methods based on critical point theory, to-
gether with suitable truncation techniques and Morse theory, we show that
the problem has at least three nontrivial solutions, of which two have a fixed
sign (one positive and the other negative).

1. Introduction

Let Z C RN be a bounded domain with a C? boundary dZ. In this paper
we study the following nonlinear elliptic problem:
—Apx(z) = f(z,2(2)) a.e. on Z,
(1.1) ox

%:0 on 0Z.

Here A, denotes the p-Laplacian differential operator defined by
Apu(z) = div(HDu(z)H%I_VQDU(z)), 1< p< oo,

n(-) stands for the outward unit normal on 0Z, and f(z,z) is a nonlinear

Caratheodory function.
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Our aim is to prove a multiplicity theorem for problem (1.1), when the non-
linearity f(z, -) exhibits a p-superlinear growth near infinity. To deal with such
a problem, in most papers, it is assumed that the nonlinearity = — f(z,x)
satisfies the so called Ambrosetti-Rabinowitz condition (AR~condition for short).

We recall that this condition says that there exist ¢ > p and M > 0 such
that, for almost all z € Z and all |z| > M, we have

0 < qF(z,2) < f(z,2)x,

with F(z,2) = [ f(z,s)ds (the primitive of f(z, -)). A direct integration of
this inequality, implies that for almost all z € Z and all |x|] > M, we have
F(z,z) > n|x|? for some i > 0, which implies the strict p-superlinear growth
near infinity of the potential function F(z, -). This condition is employed in
the works of Bartsch-Liu [10], Degiovanni-Lancelotti [14], Liu [22], and Per-
era [26], where the authors sudy the corresponding Dirichlet problem. We should
also mention that in the above papers, with the exception of Bartsch—Liu [10],
we find existence but no multiplicity results. Multiplicity results, but for the-
semilinear (i.e. p = 2) equation with a superlinear nonlinearity and Dirichlet
boundary conditions, can be found in the works of Struwe [29] and Wang [31].
The study of the corresponding problem for the Neumann p-Laplacian, in some
sense, is lagging behind. Recently there have been some multiplicity results
for Neumann p-Laplacian problems, but under different conditions which do
not cover the case of p-superlinear perturbations. We mention the works of
Anello [6], Bonanno—Candito [11], Faraci [16], Filippakis—Gasinski-Papageorgiou
[17], Motreanu—Motreanu—Papageorgiou [24], Motreanu—Papageorgiou [25], Ric-
ceri [28] and Wu—Tan [32]. In the papers of Anello [6], Bonanno—Candito [11],
Faraci [16] and Ricceri [28], it is assumed that p > N (low dimensional prob-
lems) and this allows the authors to exploit the fact that the Sobolev space
WP(Z) is embedded compactly in C(Z). In these works the approach is es-
sentially similar and is based on an abstract multiplicity result of Ricceri [27]
or variants of it. Wu-Tan [32] also assume p > N, but they use variational
methods based on critical point theory. Filippakis—Gasinski-Papageorgiou [17]
and Motreanu—Papageorgiou [25] assume bounded and symmetric nonlineari-
ties and use minimax techniques based on the second deformation theorem and
the symmetric mountain pass theorem. Motreanu—Motreanu—Papageorgiou [24]
consider eigenvalue problems with a parameter X\ near resonance, and they allow
nonlinearities f(z,z) which are p-linear and p-superlinear.

In our recent work [2], we consider problems with a p-superlinear nonlinearity
satisfying the AR condition, and prove multiplicity results with precise sign
information for the solutions. Our approach in [2] is purely variational and
a crucial role is played by a new variational characterization of A\; > 0 (the first
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nonzero eigenvalue of the negative Neumann p-Laplacian) that was earlier proved
by us in [3]. Finally, we also mention the recent papers [4], [7], where related
p-Laplacian Neumann problems are discussed under different assumptions, by
using variational techniques in combination with the method of upper—lower
solutions and Morse theory [4], and respectively variational and degree theoretic
arguments [7].

In this paper, we prove a multiplicity theorem (three nontrivial solutions)
for problems with p-superlinear nonlinearities, which need not satisfy the AR-
condition. Our approach combines minimax arguments based on critical point
theory with suitable truncation techniques and methods from Morse theory.

2. Preliminaries

In this section, for the convenience of the reader, we recall some basic defini-
tions and facts from critical point theory and from Morse theory, which we will
need in the sequel. The reader is referred to [12], [18], [23] for more details.

Let (X,| - ||) be a Banach space, X* its topological dual, and let (-, )
denote the duality brackets for the pair (X*, X). Let ¢ € C1(X). We say that
p satisfies the Cerami condition at the level ¢ € R (the C-condition, for short),
if every sequence {x,,},>1 C X such that

o(xy) —c and (14 ||zn])¢’ () =0 in X* asn — oo

has a strongly convergent subsequence. If this condition holds at every level
c € R, then we say that ( satisfies the C-condition.

This compactness notion plays a key role in the following minimax theorem
for the critical values of a C''-functional, known in the literature as the mountain
pass theorem; see, e.g. [8], [18].

THEOREM 2.1. If (X, | - ||) is a Banach space, p € C1(X), o, 71 € X,
p>0,

max{p(z9), p(z1)} < inf{p(x) : |z — zol| = p} =n, |21 — 20l > p,

['={yeC([0,1], X) : 7(0) = 2o, ¥(1) =21}, c= whéﬁ Jnax, ()

and @ satisfies the C-condition then ¢ > n and c is a critical value of p, i.e. there

exists x* € X such that ¢’'(z*) =0 and ¢(z*) = c.
Given ¢ € C1(X) we introduce the following notation:
¢ ={r € X :¢(x) <c} (the sublevel set of p at ¢ € R),

K ={zx e X :¢ (x) =0} (the critical set of ¢),
K. ={x € K:yp(x)=c} (the critical set of ¢ at the level ¢ € R).
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Let Yo CY; € X and let k > 0 be an integer. By Hy(Y7,Y>) we denote the k-
relative singular homology group of the pair (Y7, Ys2) with integer coefficients.
Let 9 € X be an isolated critical point of ¢ € C'(X) and ¢ = ¢(zg). The
critical groups of ¢ at xg are defined by

Cr(p,z0) = Hp(¢°NU, (°NU)\ {mo}) forall k>0,

where U is a neighbourhood of g such that KN NU = {zy} (see Chang [12]
and Mawhin—Willem [23]). By the excision property of the singular homology
theory, we see that the above definition of critical groups is independent of the
particular neighbourhood U we use.

Now suppose that ¢ € C1(X) satisfies the C-condition and —oco < inf p(K).
Let ¢ < inf ¢p(K). The critical groups of ¢ at infinity, are defined by

Cr(p,00) = Hi(X,¢¢) forall k>0

(see Bartsch-Li [9]). The deformation lemma (which is valid since ¢ satisfies the
C-condition, see Bartolo-Benci-Fortunato [8] and Gasinski-Papageorgiou [18,
p. 636]) implies that the above definition of critical groups of ¢ at infinity is
independent of the choice of ¢ < inf p(K). If K = {x¢}, then

Cr(p,00) = Cr(p,xg) for all k > 0.
Suppose K is finite. The Morse-type numbers of ¢ are defined by

My, = Z rank Cy(p,x) for all k > 0.
zeK

The Betti-type numbers of ¢, are defined by
B = rank Ci(p,00) for all & > 0.

According to Morse theory (see [9], [12] and [23]) the Poincare—Hopf formula
(2.1) S =DM =) (-1)FBy,

k>0 k>0

holds if all My, B are finite and the series converge.
In the analysis of problem (1.1) we will use of the following two spaces:

Ch(Z) = {:c cCY(2): % =0 on az}

and

Wir(z)=Cyz)

where || - || denotes the W1?(Z)-norm. Both spaces are ordered Banach spaces,
with order cones given by

C,={xecC:Z):x(2) >0 forall z<c Z},
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and respectively
W, ={xeWh?(Z):2(2) >0 ae. on Z}.
Moreover, we know that Cy has nonempty interior, given by

intC, ={xecCy:z(z)>0forall z€ Z}.

3. Hypotheses and auxiliary results

Throughout this section and the remainder of the paper, | - ||, denotes the
norm of LP(R) or LP(RY), while || - || denotes the norm of W}!P(Z). Also, for

+ = max{+z,0}. Finally, we use — to denote the weak

any x € R, we set «
convergence, |-|n to designate the Lebesgue measure on R, and yz to indicate
the characteristic function of a subset E of Z.

The hypotheses on the nonlinearity f(z,x) are the following:

(H) f:Z xR — R is a function such that f(z,0) = 0 almost everywhere on
Z and
(a) for all z € R, z — f(z,z) is measurable;
(b) for almost all z € Z, x — f(z,x) is continuous;
(c) for almost all z € Z and all z € R

|f(z,2)| < a(z) + |z,
with a € L>®(Z)4, ¢ > 0 and p < r < p*, where

i} Np/(N —p) ifp <N,
L if p> N.

(d) if F(z,@) = [ f(z,5)ds, then lim |, F(z,)/|2|P uniformly for
almost all z € Z, and there exists p € ((r — p) max{1, N/p},r] such

that

—pF
llir‘ninf f(z,x)x| |Mp (2, 2) > 0 uniformly for a.a. z € Z;
x|—o00 xT

(e) there exists § > 0 such that F(z,2) < 0 for almost all z € Z, and
all |z| <6, and

lim 1z 2)

-0 |z|P~2x

=0 uniformly for a.a. z € Z;
(f) there exists ¢y > 0 such that, for almost all z € Z,

flz,z) > —cozP™! for all > 0,
f(z,2) <colz[P™'  for all z <0.
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REMARK 3.1. Hypothesis (H) (e) implies that the nonlinerity f(z, -) is p-
superlinear near infinity for almost all z € Z (see Costa-Magalhaes [13]). How-
ever, it does not need to satisfy the AR-condition, as the example that follows
illustrates.

ExAMPLE 3.2. Consider the following function F(z), z € R (for the sake of
simplicity we drop the z-dependence):

Lol =l il <1,
Py = ¢ p
§|x|p In|z| +cz| if |z] > 1,
with
l<p<g<oo, c=L"9-0 and e=21"L >
P P

Evidently, F € C'(R) and f(z) = F’(z) satisfies hypotheses (H). Indeed, take
r = p+ ¢, with € > 0 such that Ne < p? and u = p. Note however that f(x)
does not satisfy the AR~condition.

Let o: W1P(Z) — R be the Euler functional for problem (1.1), defined by

p(z) = 1||Dx||§ —/ F(z,2(2))dz for all x € WP (Z).
p z

Clearly ¢ € C*(Wr(Z)).

As we already mentioned in the Introduction, we will also use truncation
techniques. For this reason, we introduce the following truncations of the non-
linearity f(z, -):

{o if 2 <0, {ﬂam if z <0,

er(va) =

and f_(z,2) =
flz,z) ifz>0, 0 if x> 0.

We set Fy(z,2) = [, fi(z,5)ds. Let 0 < e < 1 and introduce the functionals
0 WhP(Z) — R defined by

1
@i@%:?Wﬂﬁ+%WﬂﬂiéF}%w@DM¢%M;M for all o € W, "(Z2).

Evidently ¢5 € CY(WLP(Z)). In what follows, we denote by (-, -) the duality
brackets for the pair (W1P(Z)*, WP(Z)). Let A:WIP(Z) — WLEP(Z)* be the
nonlinear map, defined by

(A(z),u) = / ||Dm||§}2(Dx, Du)gn dz  for all x,u € WP (Z).
z

It is easy to verify (see, e.g. [2]) that A is of type (S), i.e. if 2, — x in WP (Z)
and
limsup (A(zp), zn —x) <0

n—oo

then z, — z in WP(Z2).
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Also, we introduce the maps N, Nu: Wi?(Z) — L™ (Z) C WP(Z)* (1/r +
1/r" = 1), defined by

N(u)(-)=f(-,u(-)) and Nig(u)(-) = fe(-,u(-)) forallue WP (Z).
Note that
¢'(r) = A(z) = N(x) and (p3)'(2) = A(x) +elz| 2 — Na(z) F ()P
PROPOSITION 3.3. If hypotheses (H) hold, then the functionals @5 and ¢
satisfy the C-condition.

Proor. We complete the proof for % , the proofs for ¢° and ¢ being similar.
So, let {z,,}n>1 € W1P(Z) be a sequence such that

(3.1) |o% (xn)| < My, for some M; >0, alln>1
and
(3.2) 1+ |zl (%) (2n) — 0 in WhP(Z)* as n — oo.

Claim. The sequence {z,}n>1 C W,1P(Z) is bounded.
From (3.2), we have

(%) (2n), ) lull  for all w € W, P(Z), with e, | 0,

|§ __n
1+ [z |

hence

(3.3) ‘<A($")’“>+5/Z|$n|pan“dz_/Zf+(zvxn)“dz_5/z($f§)p1udz

En
< — -
L+ [l
First choose u = —z,, € W}P(Z) in (3.3). Then

1D |2+ ellaz 12 < e,
therefore

(3.4) x, — 0 in WrP(Z) asn — oc.

Next, we choose v = z;F € W2P(Z) in (3.3). Then

(3.5) Dt +/Zf+(z,xn)x; dz<e,, foralln> 1.
Also, from (3.1) and (3.4), we have

(3.6) | Dz} — / pFy(z,x,)dz < My for some My >0, all n > 1.
z
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Adding (3.5) and (3.6), we obtain

(3.7) / (f+(z,20)z) — pFi(2,2,))dz < M3 for some M3 > 0, all n > 1.
z

By virtue of hypothesis (H) (d), we can find 8 > 0 and My = M4(5) > 0 such
that

0 < Blz|* < f(z,2)x — pF(z,2) for a.a. z € Z, all || > My,
hence
(3.8) 0< Bzt < fy(z,2)x —pFy(z,x) fora.a.ze Z, all x> My.
On the other hand, hypothesis (H) (c) implies that for some M5 > 0
(3.9) |fr(z,x)x — pFy(z,2)| < M5, foraa.z€ Z and all x < My.
Combining (3.8) and (3.9) we see that
(3.10)  B(z™)* — Mg < fy(z,2)x" —pFy(z,2) foraa. z€ Z, allz € R
with Mg = M; + SM)'. We use (3.10) in (3.7) and obtain

Blla ||k < Mz for some M7 >0, all n > 1,

hence
(3.11) {z}}n>1 C L*(Z) is bounded.

By hypothesis (H) (d), we have u < r < p*. Hence, we can find ¢ € [0,1) such

that
I 1-t t

roopp
Invoking a classical interpolation inequality (see, for instance, Gasinski-Papage-
orgiou [18, p. 905]), we have

+ F (1=t |t
whence (see (3.11))
(3.12) |z [l;. < Mg||z}||}-  for some Mg > 0, all n > 1.

Recall that (cf. (3.3))

(3.13) ‘Dx:[Hg — / f+(z,m0)z) dz| <e,, foralln> 1.
z

Note that hypotheses (H) (c) and (d) imply that given £ > 0, we can find ¢. > 0,
such that

|f(z,2)x| <elz|P + ce|z|” for aa. z€ Z, all z € R,

hence
fr(z, )zt <e(@®)P +c(xt)” foraa.z€ Z, allz € R.
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Using this inequality and (3.12) in (3.13), we obtain

tr

(3.14) Dz} < en +ellay lIf + oy -

for some ¢, > 0, all n > 1.

Arguing by contradiction, suppose that ||z;}|| — co. Set

+
xn
Yn = n =
Tl
Then ||y,|| =1 for all n > 1, and so we may assume that
(3.15) Un —>y in WIP(Z) and vy, —y in LP(Z), y>0.

We write ;7 = y, ||z} || in (3.14) and divide by ||z;}||P. Then

~

ZL for all n > 1.

En
(3.16) [1Dynll; < 0 + €llynllp +
[l [P

s o= "

The hypothesis u > (r — p) max{1, N/p} (see (H) (d)) is equivalent to saying
that ¢r < p. So, if in (3.16), we pass to the limit as n — oo and we use (3.15),
we obtain

1Dyl < ellylly <ellyll” < e (since [[y]| =1).
But recall that ¢ > 0 was arbitrary. So, we let ¢ | 0 and obtain || Dy||, = 0,
therefore y = € € R.
If ¢ =0, then from (3.16) we have Dy, — 0 in L?(Z,R"™) hence (see (3.15)),
yn — 0 in WHP(Z), a contradiction since ||y, || =1 for all n > 1.

If € > 0 (recall that y > 0, see (3.15)), then x;f (z) — oo for almost all z € Z.
From (3.1) we have

Fy (2, 20(2)) M,
(3.17) / dz < +1
z il [l

(recall that ||y, || =1 for all n > 1). On the other hand, by virtue of hypothesis
(H) (d), given 6 > 0, we can find Mg = My(6) such that

F
|(Z’:) >60>0 foraa. z€Z alz> Mo,
x
hence
F
(3.18) Fi(z7) >60>0 foraa ze€Z all|z| > M,,

P
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Using (3.18) and hypothesis (H) (c), we have
F n
(3.19) /M dz
z

= 7

F F
B O e
(ei>Mo} T (2)P (o <M} A |P
F
[ apas [ Blan)
{wh>Mo} (ef<po} TP

>0 yn(2)P dz — Mo

{27 > Mo} [l ||P

for some Mjo > 0, all n > 1. Since ;! (2) — oo for almost all z € Z, we have

X{xi2M9}<Z) —xz(z)=1 fora.a. z€Z

Hence, it follows that

0 U2 dz — 0672
{z>My}

So, if in (3.19) we pass to the limit as n — oo, we obtain

. F+ z, o (2
lim

WA - L

Recall that # > 0 was arbitrary. So, we let 8 — oo to conclude that

Fy (2, m0(
(3.20) Fi(2:2n(2))
n—>oo ||$ ||P

Comparing (3.17) and (3.20), we reach a contradiction. This proves the Claim.

By virtue of the Claim, we may assume that
(3.21) T, —zx inWrP(Z) and =z, —x in L"(Z2).

If in (3.3) we choose u = x, —x € WIP(Z) and pass to the limit as n — oo,
using (3.21), we obtain
lim (A(zp), z, —x) = 0.

n—oo

But A is of type (S)+. So, it follows that z,, — x in W,1'P(Z). This proves that
5 satisfies the C-condition.
Similarly, we show that ¢° and ¢ satisfy the C-condition. ]

PROPOSITION 3.4. If hypotheses (H) hold, then x = 0 is a local minimizer

£

for the functionals %, ° and .

PROOF. Again we carry out the proof for % , the proofs for ¢° and ¢ being

similar.



ON A p-SUPERLINEAR NEUMANN p-LAPLACIAN EQUATION 121

Let 2 € CL(Z) be such that |zllc1z) < 0, with § > 0 as in hypothesis
(H) (e). Then

(3.22) F(z,2(2)) <0 a.. onZ

(see (H) (e)). Consequently, for z € CL(Z) with [|z]| z) < 0, we have

1
¢ @) = ~|Dalf; - /Z Fy(z,2(2)) dz,

since ||z 7|, < [|z|l, > 0 (see (3.22)). Therefore, z = 0 is a local C}(Z)-minimizer
of ¢% . Invoking Proposition 2.5 of Motreanu-Motreanu-Papageorgiou [24] (see
also [2, Proposition 3] when p > 2) we infer that z = 0 is also a local W} (Z)-
minimizer of ¢f .

Similarly, we show that = 0 is a local minimizer of ¢* and ¢, too. |

PROPOSITION 3.5. If hypotheses (H) hold, then problem (1.1) has two solu-
tions of constant sign xg € int Cy and vy € —int C..

PROOF. By virtue of Proposition 3.5 and arguing as in Aizicovici-Papage-
orgiou-Staicu [5] (see the proof of Proposition 10), we can find p > 0 small such
that

(3.23) 0 = ¢5.(0) < int{ () 1ol = p} =27

On account of hypothesis (H) (d), it is clear that

(3.24) ¢ (o) = —/ F.(z,0)dz — —c0 as o — oo.
z

Then, Proposition 3.4 together with (3.23) and (3.24) enables us to use the
mountain pass theorem (see Theorem 2.1). So, we obtain zg € W,1'P(Z) such
that

(3.25) 0=¢°(0) <) < ¢ (o)
and
(3.26) (%) (w0) = 0.

By (3.25) it is clear that zo # 0. From (3.26), we have
A(zo) + e|zo|P %20 = Ny (m0) +e(xg )Pt

We act with —z; € W,1P(Z) on the above relation and obtain ¢||z; || = 0, hence
Xo € W+, its) 7é 0.
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Moreover, using the nonlinear Green identity, as in Motreanu—Papageorgiou
[25], we show that xg € W, is a solution of problem (1.1). In addition, the non-
linear regularity theory (see, for example, Gasinski-Papageorgiou [18]) implies
that zy € C. By virtue of hypothesis (H) (f) , we have

—Dpz0(2) = F(z,20(2)) = —cozo(2)P! ae. on Z,

hence
Npzo(2) < como(2)P~! ae. on Z.

Invoking the nonlinear strong maximum principle of Vazquez [30], we conclude
that zo € int Cy. Similarly, working this time with the finctional ¢° , we obtain
a second constant sign solution vy € —int C.. ]

PROPOSITION 3.6. If hypotheses (H) hold, then Ci(p,00) =0 for all k > 0.

Proor. Hypotheses (H) (c), (d) imply that given any 6 > 0, we can find
M = M71(0) > 0 such that

0
F(z,x) > 5|x|p — My, foraa.ze Z allz € R.
Hence, if u € 0By = {u € W}P(Z) : ||u|]| = 1} and ¢ > 0, then
»
(3.27) p(tu) = EHDqu—/ F(z,tu)dz
z
< &= Pl + Mzl = S0 - 0lull) + M| 2]
—— —|lu =—(1-0|u .
=27 » ully = - » 1|Z|n
So, if we choose 6 > 1/[|ul|b, then from (3.27) it is clear that
(3.28) p(tu) — —oo  ast — oo.
Also, because of hypothesis (H) (d), we can find § > 0 and M5 > 0, such that
f(z,x)x — pF(z,2) > Blz|* for a.a. z € Z, all |z| > Ms.

Hence, for any v € W,1'P(Z), we have

(3.29) /ZpF(z,v)dz —/Zf(z,v)vdz

:/ pF(z,v)dz—f—/ pF(z,v)dz
{lv|=M12} {lvl<Mi2}
—/ f(z,v)vdzf/ fz,v)vdz
{lv|= M2} {lvl<Mi2}

< —/ Blz|* dz + ¢4,
{lv|>Mi2}

where ¢; = EM1o|Z|n(p + 1), with € = esssup{|f(z,2)|: z € Z,|z| < Mi2}.
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Let co = ¢1 + 1 and pick A < —cy. Then by virtue of (3.28), for t > 0 large
and u € 0B7, we have

1
o(tu) = - (tp||Du||g - / pF(z,tu) dz) <A
p z

In view of (3.28) and of the fact that ¢(0) = 0, we infer that there exists t* > 0
such that ¢(t*u) = A\. Then

Gt = (@) = Dulp — [ fetuyuds
= 1<tpDup / f(z, tu) tudz>
1
g(tppup /pF(z,tu)dz+cl) (see (3.29))
t z
< %(/\+C1) 0

(recall A < —cg = —(c1 + 1)), for all ¢ > t*.
It follows that there exists a unique 7(u) > 0, such that

p(r(u)u) =X for all u € OB;.

Moreover, the implicit function theorem guarantees that 7 € C'(9By).
For u # 0, we set 7(u) = (1/||ul|)7(u/||u]]). Evidently 7€ C(WLP(Z)\ {0})
and
o(F(u)u) = X for all u € W,2P(Z)\ {0}.

Moreover, if p(u) = A, then 7(u) = 1. We define

_ L ifp(u) <A

To(u) =9 ., . .

T(u) if p(u) > A

From the above, it is clear that 7o € C(W,}P(Z) \ {0}). We introduce the map
h:[0,1] x (WP (2) \ {0}) — W, P(2) \ {0}, defined by

h(t,u) = (1 — t)u + t7o(u)u.
The continuity of 7y implies that A is continuous, too. Also, we have
h(0,u) = u, h(1,u) € * for allu € WHP(Z)\ {0}

and if u € ©*, then h(t,u) = u for all ¢ € [0,1]. These properties imply that
¢* is a strong deformation retract of W,?(Z) \ {0}. Clearly, dB; is a retract
of WP(Z)\ {0} (consider the radial retraction). Therefore, choosing A < inf

»(K), we conclude that

©” is homotopy equivalent to B;
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(see Dugundji [15, pp. 325, 365]). Hence
H (WP (Z),0*) = H (WYP(Z),0B;) for all k >0
(see Granas—Dugundji [19, p. 387]), therefore
Cr(p,00) =0 forall k>0
(see Granas—-Dugundji [19] and recall that 0By is contractible in itself). O
PROPOSITION 3.7. If hypotheses (H) hold, then Cr (9%, 00) =0 for all k > 0.

Proor. We present the proof for ¢, the proof for ¢° being similar.
By virtue of hypotheses (H) (c), (d), given 6 > 0, we can find M3 =
M;i3(6) > 0 such that

(3.30) Fy(z,2) > ()P — M3 foraa. z€ Z, allz €R.

hSEISS

We consider the set Sy = {u € 9By : u™ # 0}. Then, for u € S, and ¢ > 0, we
have

tP tP
(3.31) vilte) < S(14e) -0+ e)llut|p + Mis| Z|y
tP
=, Qte—(0+ )lut||h) + Mis|Z|y

(see (3.30)) and recall that ||u]| = 1). Since € > 0 is arbitrary, from (3.31), we
infer that

(3.32) S (tu) — —oc0  ast — oo.
Also, by hypothesis (H) (d), we can find 5 > 0 and My4 > 0, such that
(3.33) fr(z,x)x — pFy(z,2) > px* for a.a. z € Z, all x > M.

Recalling that fy(z,2) = Fy(z,2) = 0 for almost all z € Z and all z < 0,
for any v € WP(Z), we have

(3.34) /pF+(z,v) dz—/ fr(z,v)vdz < —/ Ovt dz + cs,
z z {v=Mi4}

where ¢35 = EMy4|Z|n(p + 1), with & = esssup{|f(z,2)| : 2 € Z,0 < z < My}
(see (3.33) and the proof of Proposition 3.7).

Let ¢4 = ¢34+ 1 and pick A < —c¢4. Because of (3.32), for ¢t > 0 large and
u € Sy, we have

1
339 i) = (PIDul+ ey - [ pFitas) <
4

Recalling (3.32) and the fact that ¢ (0) = 0, we infer that there exists >0
such that ¢35 (tu) = .
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Then, as before (see the proof of Proposition 3.7)

L) = (62 (), w)

1
(P1ouly + ey - [ 12w - o)

IN

1
n (tP||Du||£ +et?llu”||) — / pFy(z,tu)dz + 03> (see (3.34))
z

1
< (A +cs) (see (3.35))
<0 (recall A < —(c3 + 1)), for all t > 1.

Thus, by the implicit function theorem, we can find a unique 7+ € C(Sy) such
that o(7 (u)u) = A for all u € S;.
Let Dy = {x € W}P(Z) : 2T # 0}. We define

;J\F(u) = iTJr (u) for all u € Dy.
[ N ]

Clearly e C(Dy) and ¢ (ﬁ‘(u)u) = Afor all w € Dy. Moreover, if ¢ (u) =
A, then 7% (u) = 1. We define

(3.36) 7 (u) = { 1 if @3 (u) <A,

) if o5 (u) > A
Then 7,7 € C(D.). We introduce the map h:[0,1] x Dy — D, defined by
hy(t,u) = (1 —t)u + t75 (u)u.
The continuity of ?J implies the continuity of ~A. In addition, we have
hi(O,u) =u, hy(l,u) € (p5) forallue Dy

and if u € (¢5)* then hy(t,u) = u for all t € [0,1] (see (3.36)). Hence, we infer
that (p°)" is a strong deformation retract of D..

Next, we show that D, is contractible in itself. To this end, let uy € int C';.
be the LP-normalized principal eigenvalue of (—A,, W,}*(Z)). Consider the map
h:[0,1] x Dy — Dy, defined by

ht,u) = m.
I(1 = t)u + uol|
Note that [(1—t)u+ue]t # 0, and so h is well defined. Evidently % is continuous
and h(1,u) = uo/|uo|| € Dy. Therefore, D, is contractible in itself. Then,
reasoning as in the proof of Proposition 3.7, we conclude that

Cr(pS,00) =0 forall k> 0.
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In a similar way, we show that
Ci(p®,00) =0 forall k>0,

using this time the set D_ = {z € W}P(Z) : 2= # 0}. O

4. Main result

In this section, we prove a multiplicity (three solutions) theorem for problem
(1.1).

THEOREM 4.1. If hypotheses (H) hold, then problem (1.1) has at least three
nontrivial solutions ¢ € int Cy., vg € —int Cy and ug € int C1(Z).

PrOOF. From Proposition 3.6, we already have two solutions x¢ € int Cy
and vp € —int C..

Suppose that {0,z¢,v9} are the only critical points of ¢, or otherwise we
have a third nontrivial critical point, hence a third nontrivial solution of (1.1)
(belonging to C1(Z) by nonlinear regularity theory), and we are done.

Claim 1. Cr(¢%,x0) = Cr(¢%,v9) = 0p,17Z for all k > 0.

We complete the proof for the pair (¢, o), the proof for the pair (¢, vo)
being similar. Note that the critical points of ¢ belong to C'y, and so are the
critical points of ¢, too. Since we have assumed that {0,zg, v} are the only
critical points of ¢, we see that {0,z¢} are the only critical points of ¢ . We
choose A, £ € R such that

A<0=95(0) <& < (x).

Then, we consider the following triple of sets

(%)) C(3)° S WP (2) = W.
We have the following long exact sequence

£ l* £ 8 £ £
(4.1) o HE W (03)%) 75 He (W (95)%) = Him1((95)% (95)7) -
where j, is the homomorphism induced by the inclusion

(W, (92)Y) == (W (3)%)

and 0 is the boundary homomorphism. From the choice of the levels A and &
and since {0, ¢} are the only critical points of ¢, we have

(4.2) Hy(W, (¢5)*) = Ci(¢5,00) =0 forall k>0
(see Proposition 3.7),

(4.3) Hy (W, (¢5)%) = Ci(¢5,m9) forall k>0
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and
(4.4)  Hp—1((9%)% (99)Y) = Cro1(¢5,0) = 65—1,0Z = 6.1Z for all k >0

(see Proposition 3.5). The exactness of (4.1) together with (4.2) implies that the
boundary homomorphism is an isomorphism between the groups in (4.3) and
(4.4). This proves Claim 1.

Claim 2. Cr(p, o) = Cr(¢%, 20) and Cy(p,v9) = Cr(p=,vp) for all k > 0.

We do the proof for the pair (¢% , ), since the proof for the pair (¢°,vp) is
similar.

Consider the homotopy
Y(t,x) = te (z) + (1 — t)p(z) for all (t,z) € [0,1] x WrP(2).

We show that, without loss of generality, we can say that for some r > 0, xg
is the only critical point of ¥(t, -) in By(zg) = {x € W}P(Z) : ||z — zo| < r},
for all ¢t € [0, 1]. Indeed, if this is not the case, we can find {t,},>1 C [0,1] and
{Zn}n>1 € WEP(Z) such that t,, — t, x, — x in WP(Z) and 1, (tn, z,) = 0.
Then

A(zn) + tn6|:1cn|p_2xn =t,Ny(z,) + (1 —t,)N(x,) + (1 — tn)s(x;f)p_l,

therefore

—Dpxp(2) = tnfr(2,20(2) + (1 — t) f(2, 20 (2))

+(1 = ta)e(@ (2))P 7+ eta(25 (2))P 7 = (274 (2))P7'] ae. on Z,

88% =0 on 0Z.
The nonlinearity on the right hand side of the above Neumann problem has
subcritical growth. Hence by L™ (Z)-regularity (see Ladyzhenskaya—Ural’tse-
va [20]) we can find an Mi5 > 0 such that ||z,]|cc < Mis for all n > 1. Then
(see [21]) we can find « € [0,1] and Mie > 0, both independent of n > 1, such
that

(4.5) r, € Co*(Z) and |zallcroz) < Mg foralln > 1.

From (4.5) and the compact embedding of C}**(Z) into C}(Z) (see, for example
Adams [1, p. 11]), we have that {x,, },,>1 C CL*(Z) is relatively compact, hence
we may assume that

T, — xo in CHZ).
Since z¢p € intC,, it folows that we can find an integer ng > 1 such that
xp € int C4 for all n > ng. Then

fr(z,2n(2) = f(z,2,(2)) for all n > ng,

and so, all x,, with n > ng are solutions of (1.1), and we are done.
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Therefore, we may assume that, for some r > 0, xg is the only critical point
in B,-(zo) of ¥(t, -), for all t € [0,1]. Invoking the homotopy invariance property
of singular homology, we have

Cr(¥(0, ), z0) = Cr((1, -),x0) forall k>0,

hence
Cr(p,x0) = Cr(¢S, o) forall k> 0.

Similarly, we show that
Cr(p,v9) = Cr(p%,v9) for all k > 0.

This proves Claim 2.
Recall that, because of Proposition 3.5, we have

(4.6) Cr(p,0) = 0Z for all k > 0

(see Chang [12, p. 33] and Mawhin—Willem [23, p. 175]).
Then from Propositions 3.6, 3.7, Claims 1, 2, (4.6) and the Poincare-Hopf
formula (see (2.1)) we have

(1 +2(-1)" =0,

a contradiction. This means that ¢ has a third nontrivial critical point uy €
WLP(Z), which solves (1.1) and belongs to C}:(Z) (by the nonlinearity regularity
theory). O

REMARK 4.2. When p = 2 (semilinear problems), Theorem 4.1 extends
to Neumann problems the work of Wang [31], where the boundary condition
is of Dirichlet type. However, note that in contrast with Wang [31], where
f(z,x) = f(z), we do not assume that f is of class C! and we do not use the
AR-condition.
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cation of the proof of Theorem 4.1.
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