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ON ATTRACTIVITY AND ASYMPTOTIC STABILITY
OF SOLUTIONS OF A QUADRATIC VOLTERRA
INTEGRAL EQUATION OF FRACTIONAL ORDER

BEATA RZEPKA

ABSTRACT. We study the existence of solutions of a nonlinear quadratic
Volterra integral equation of fractional order. In our considerations we
apply the technique of measures of noncompactness in conjunction with
the classical Schauder fixed point principle. The mentioned equation is
considered in the Banach space of real functions defined, continuous and
bounded on an unbounded interval. We will show that solutions of the
investigated integral equation are locally attractive.

1. Introduction

Differential and integral equations of fractional order play a very important
role in describing some real world problems. For example, these equations can
be used to describe some problems occurring in physics and mechanics (cf. [§],
[11], [13], [14], [17], for example).

The theory of differential and integral equations of fractional order consti-
tutes a significant branch of nonlinear analysis, which has been rapidly developed.
In recent years numerous research papers and monographs devoted to differen-
tial and integral equations of fractional order have been published, which contain
a lot of various type existence results (cf. [1], [3], [7], [9], [11]-]17]).
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In this paper we will study the existence of solutions of nonlinear quadratic
Volterra integral equation of fractional order in the space of real functions de-
fined, continuous and bounded on the interval Ry = [0,00). Moreover, we will
study locally attractivity and asymptotic stability of solutions of examine equa-
tion.

The result obtained in the paper create generalization of a lot of ones obtained
previously (cf. [3]-[7], [9], [16], [17], for example).

2. Notation, definitions and auxiliary facts

This section contains some definitions and auxiliary facts which will be
needed in further considerations.

At the beginning we recall some basic facts concerning measures of noncom-
pactness [2].

Assume that E' is an infinite dimensional Banach space with the norm || - ||
and zero element 6. Denote by B(x,r) the closed ball centered at = and with
radius . The symbol B, stands for the ball B(8,r). If X is a subset of E we
write X, Conv X to denote the closure and the convex closure of X, respectively.

Further, denote by 9tg the family of all nonempty and bounded subsets of
E and by g its subfamily consisting of all relatively compact sets.

We accept the following definition of the notion of a measure of noncompact-

ness [2].

DEFINITION 2.1. A mapping pu: Mg — Ry = [0,00) is said to be a measure
of noncompactness in E if it satisfies the following conditions:

(a) The family ker 4 = {X € Mg : p(X) = 0} is nonempty and ker p C Ng,

(b) X C Y = p(X) < u(Y),

(©) u(X) = pu(X),

(d) u(Conv X) = u(X)

(€) pAX + (1 =NY) < Au(X)+ (1 = M)u(Y) for A € [0,1]

(f) If (X,,) is a sequence of closed sets from Mg such that X, 11 C X,
(n=1,2,...) and if lim, . pu(X,) = 0, then the intersection X,, =
N,~, X, is nonempty.

e

The family ker p described in (a) is said to be the kernel of the measure of
noncompactness p. Note that the intersection set X, from (f) belongs to ker p.
Indeed, since p(Xoo) < u(X,) for any n then we conclude that (X)) = 0, so
X € ker u. This simple observation will be essential in our further considera-
tions.

Other facts concerning measures of noncompactness and their properties may
be found in [2].
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Our considerations will be placed in the Banach space BC(R. ) consisting of
all real functions defined, continuous and bounded on the interval Ry = [0, c0)
which is equipped with the standard norm

]| = sup{|z(?)] : £ > 0}.

In our paper we will use a measure of noncompactness in the space BC(R)
which was introduced in [2]. In order to recall the definition of this measure
let us fix a nonempty, bounded subset X of the space BC(Ry) and a positive
number T > 0. For z € X and ¢ > 0 denote by w’(z,¢) the modulus of
continuity of the function x on the interval [0, 77, i.e.

wl(z,e) = sup{|z(t) — z(s)| : t,s € [0,T], |t — s| < e}.
Further, let us put

wl'(X,e) =sup{w?(z,¢) : x € X},

wg(X) = ;i_r%wT(Xv £),

wo(X) = lim wl (X).
If t € Ry is a fixed number, we denote
X(t)={z(t) :z € X}
and
diam X (t) = sup{|z(t) — y(¢)| : z,y € X }.
Finally, consider the mapping p defined on the family Mpcr, ) by the formula
(2.1) w(X) = wo(X) + lim sup diam X (¢).

t— o0

It can be shown that the mapping p is a measure of noncompactness in the
space BC(R;) [2]. The kernel ker i of this measure consists of nonempty and
bounded sets X such that functions from X are locally equicontinuous on R
and the thickness of the bundle formed by functions belonging to X tends to
zero at infinity. This property can be applied to characterize solutions of the
integral equation considered in the next section.

Now we recall definitions of the concepts of global attractivity, local attrac-
tivity and asymptotic stability of solutions. Those definitions may be found in
the papers [3]-[6], [12].

Assume that 2 is a nonempty subset of the space BC(Ry) and @ is an
operator acting from 2 into BC(Ry). Let us consider the following operator
equation

(2.2) 2(t) = (Qz)(t), teR,.
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DEFINITION 2.2. The solution z = z(t) of the equation (2.2) is said to be
globally attractive if for each solution y = y(t) of the equation (2.2) we have that

(2.3) Jim (x(t) — y(t) = 0.

Other words we may say that solutions of the equation (2.2) are globally attrac-
tive if for arbitrary solutions x(t) and y(¢) of this equation the condition (2.3) is
satisfied.

DEFINITION 2.3. We say that solutions of the equation (2.2) are locally at-
tractive if there exists a ball B(zg, r) in the space BC (R ) such that for arbitrary
solutions z(t) and y(t) of (2.2) belonging to B(zg, ) N2 the condition (2.3) does
hold.

In the case when the limit (2.3) is uniform with respect to the set B(xq, )N,
i.e. when for each ¢ > 0 there exists T' > 0 such that

(2.4) lz(t) —y(t)| < e

for all solutions z(t), y(¢) of the equation (2.2) from B(zg,r) N Q and for any
t > T, we will say that solutions of the equation (2.2) are uniformly locally
attractive.

Observe that the global attractivity of solutions imply local attractivity.

DEFINITION 2.4. We say that solutions of the operator equation are asymp-
totic stable if there exists a ball B(zg,r) such that for each € > 0 there exists
T > 0 such that if z = z(t), y = y(t) are arbitrary solutions of considered
equation and z,y € B(xo, ), then (2.4) holds for any ¢t > T.

The concept of uniform local attractivity of solutions is equivalent to the
concept of asymptotic stability of solutions (introduced in the paper [4] (cf.
also [5])).

3. Main result

In this section we will consider the following quadratic Volterra integral equa-
tion of fractional order

(3.1) 2(t) = p(t) + f(t,z(t)) /t u(t, s, z(s)) ds,

I(e) (t—s)t=e

where t € R} and « is a fixed number, o € (0, 1). Here I'(«) denotes the classical
Euler gamma function. Let us mention that the term “quadratic” used above
has a mainly historical meaning.

We will investigate the equation (3.1) under the following assumptions:

(i) The function p: R4 — R is continuous and bounded on R.
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(ii) The function f:R; xR — R is continuous and there exists a continuous
function m: Ry — Ry such that

[f(t,2) = f{t,y)] <m(t)]x -yl

for any t € R and for all z,y € R.

(iii) The function u(t, s, z) = u : Ry x R4 xR — R is continuous. Moreover,
there exist a function n: Ry x Ry — R, being continuous on Ry x R
and a function ®:R; — R, which is continuous and nondecreasing on
R4 with ®(0) = 0 and such that

|U(t, Sax) - u(ta s,y)\ < Tl(t, 8)(13(‘1 - y|)

for all ¢, s € Ry such that s <t and for all z,y € R.
(iv) The functions a,b,c,d: Ry — Ry defined by the formulas

a(t) :m(t)/o _nits) e b(t) :m(t>/0 Jult, s, 0)[

(t—s)l—= (t—s)l—«

ts tutsO
I R e A R e

are bounded on R, and the functions a(t) and ¢(t) vanish at infinity

e limy oo a(t) = lims— o0 ¢(t) = 0.

Taking into account the above assumption we may define the following finite
constants:

A =sup{a(t) :t € Ry}, B =sup{b(t): t € Ry},
C =sup{c(t) : t e Ry}, D =sup{d(t) : t € R} }.

Now we formulate our last assumption.

(v) There exists a positive solution rg of the inequality
|l + o )(Ar@( r)+Br+C®(r)+D)<r

such that A®(rg) + B < I'(«).
The main result of the paper is contained in the below given theorem.
THEOREM 3.1. Under the assumptions (1)—(v) the integral equation (3.1) has

at least one solution x = x(t) in the space BC(Ry). Moreover, solutions of the
equation (3.1) are uniformly locally attractive.
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Proor. Consider the operators F', U, V defined on the space BC(R;) by
the formulas

(Fx)(t) = f(t,2(t)),
(Uz)(t) = 1 uit,s,x(s)) ds,

(Vz)(t) = p(t) + (Fa) () ([Uz)(?).

Observe that on the basis of our assumptions, for any function 2 € BC(R.) the
function F'z is continuous on Ry .

Now we show that the same assertion holds also for the operator U. Let
us take an arbitrary function z € BC(R;) and fix T > 0 and € > 0. Assume
that t1,t2 € [0,T] are such that |to — t1] < e. Without loss of generality we can
assume that ¢ < t5. So, taking into account our assumptions, we get:

1 t1 u(te, s,x(s))
T(a) / (t—sya ©
)

[ [

1

3.2) [Uz)(t2) — (Uz)(t1)] <

<ol | wetmete- [ e
g [ [
il ], e
+ ﬁ /Otl fultr, 5, 2(5))] {(tl _ls)m @ _13)14 s

o f, e

A (Y
s | s, ,2()) — u(ts,5,0) + fu(ts, 5, 0]
@ 1s>1a Sl
N F(10[) /t |u(ta, s, z(s)) zt:(tz,)(«sl,o(z| + |u(ta, s,0)] ds

(e flzl) 15— (t2— 1)
- F(a) 1o
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1 [h
i @/o [n(t1, )@ (|2 (s)]) + |u(tr, 5, 0)]]

1 1
|a=wmg=)

L [ n(ty, s)®(|z(s)]) + Ju(tz, 5,0)]
+ 1 ), CEDRE *
wi (u, e, [lz]) o  AD)P(lz]) +AT) 1o 0 a
= "Ta+1 Flat1) 0 fEH—n)
N ”(T)q}(@x% W) (e
F( ){t1 wi (u,e, [Jz])) + 2(t2 — t1)* [A(T)®(||x[|) + @(T)]

+ (t2 — t)*[P(T)@([l]]) +u(T)]},

where we denoted

wi (u,e, ||z[)) = sup{|u(tz, s,y) — u(ts,s,9)]| :
S,t1,t2 € [OaT]a s < t1, s < g, ‘tQ _t1| <e, ‘y| < ”:L'”}a
n(T) =sup{n(t,s) : t,s € [0,T], s < t},
u(T) = sup{|u(t,s,0)| : t,s € [0,T], s <t}

Clearly, owing to the uniform continuity of the function w(t,s,y) on the set
[0, 7] x [0,T] x [z, ||z]|] we have that w] (u,e, |z||) — 0 as ¢ — 0. Thus, in
view of the estimate (3.2) we have

W (Uz,e) < AT} (u,e, ||2]) + 3e* (D) @(||z]]) + w(T)]}.

1
[la+1)
From the above inequality we deduce that the function Uz is continuous on the
inerval [0, 7] for any 7' > 0. This yields the continuity of Uz on Ry. Finally we
infer that the function Vz is continuous on R .

Now, let us take an arbitrary function z € BC(R, ). Using our assumptions,
for a fixed t € Ry we obtain:

(3:3) |(Va)(®)] <|p(t)] + o )[If(t ya(t)) = f(,0) + £, 0)]

|utsx u(t, s,0)| + |u(t, s,0)]
(t 5)l-a

m@) O]+ 1f &0 [* nlt,5)2(|z(s)]) + [ult, s, 0)]
I( (t—s)l—«

m(t)|z|®(|=]) [* n(ts)
I(a) /(t—s)ka ds

(||l |ft0|/
t—sl o

ds

<llpll +

<llpll +
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|x||/\ut80 |ft0/t|ut50
t—s)l-a t—s)l-a

<llpll + o )[Ilwl\‘b(llxll) at) + [[«][o(t) + S([|z[))e(t) + d(?)].

Thus, in virtue of assumption (iv) we conclude that the function Vz is bounded
on Ry . This assertion in conjunction with the continuity of Va on R allows us
to infer that Vz € BC(R+). Besides, from estimate (3.3) we obtain

IVl < llpll + w—[Allzl[@(lz]]) + Bll| + Ce(||«[)) + D].

( )
Joining this estimate with assumption (v) we deduce that there exists rg > 0
such that the operator V transforms the ball B,, into itself.

In what follows, let us take a nonempty set X C B,,. Then, for z,y € X
and for an arbitrarily fixed ¢t € Ry, in view of assumptions (ii)—(iv) we get:

[(Va) (@) = (Vy)(0)]

@) [ttt SEy) [ ultsys)
I(a) / <t—s>1ad8 T(a) / (t—s)i-o ‘
|u(t, s, z(s))]
< (o)~ st [ )
f(,y(t [ u(t, s, x(s) *U(tsy( )|
o) / t—s)1 o ds
B —y(t)] [ |ult,s,2(5)) — u(t, 5,0)| + u(t, 5,0)]
(@) / (i si-a s
(1)) - t0\+|ft0|/ n(t, 5)®(|x(s) - y(s)]
t—s)1 a
) —y(O [* (6 9@((6)) + [t 5,0)
') / t—s) ds
m(t)]y(t)] + £ (2,0) / n(t, ) ®(()] +y(s))
T(a) ; (t—s)e
m(t)(|2(3)] + y(s))®(r0) [* nlt,s)
= r<a> / (—s)io

+ ‘ / |;fuj SS 10 @
m(t )7’0@(21"0) ¢ n(t, s) |f(t,0)|®(2rp) ¢ n(t, s)
T e R Tl o

2r0®(ro) 1 - ro®(2ro)
Sil“(a) (t)+F(a)b()d X(t)+ Ta) (t) +

From the above estimate we derive the following inequality:

27‘0(1)(7‘0) a 7’0‘1’(27‘0) a @(27‘0) c 1
M) "D @) O )

’1
~

)|z

—~

<

,1

‘ (t7

+ )ds

\ /\

+

diam(V X)(t) <
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Hence, by assumption (iv) we have
(3.4) lim sup diam(V X)(¢) < klim sup diam X (),
t—oo t—oo

where we denoted k = [A®(rg) + B]/T'(«). Evidently, on account of assump-
tion (v) we have that k < 1.

Further, let us take arbitrary numbers 7' > 0 and € > 0. Next, fix arbitrarily
a function x € X and t1,ty € [0,7] such that |[to — t1]| < e. Without loss of
generality we may assume that t; < to. Then, in view of our assumptions and
the preceding obtained estimate (3.2) we obtain:

(3.5) [(Va)(tz) — (Vz)(ta)]
<p(t2) — p(t2)| + [(Fa)(t2) (Uz)(t2) — (F)(t2) (Ux)(t2)|
+ [(Fz)(t1)(Uz)(t2) — (Fa)(t2)(Uz)(t)]

< (pe) + 1 (t20(t2) ~ St ol s [ 1,

Mt e, 3000 + 700

|f(t2, 2(t2)) = flt2, 2(t2))] | |f(t2, 2(tr)) — f(t, 2(ta))]
[(a) [(a)

./tZ [u(ta, s, x(s)) — u(te, s,0)| + |u(ta, s, 0)] ds

0 (t2 —s)t=
i |f(t1, 2(t1)) = f(t1,0)[ + [ f(#1,0)]

I'a+1)
AT (u,e,70) + 3e*[A(T)®(ro) +u(T)]}
m(te)|z(ta) — x(t)| + wi (f,€)
I'(a)

[ Do) ¢ a0,

0 (ta — )t

m(t1)|z(t)] + [f(t1,0)
Ma+1)
m(ty)w? (z,e) + wi (f,¢)
I'(a)

(WW o (t ) )

I'a+1)

T ®(ro)m(ta) [ nltas)
<o+ (S [ e

m(tg) t2 |u(t2,8,0)| T
+1xw(é @2—@1adﬁw (@)

<w'(p,e) + [

<w’(p,e) +

(72T (o) 4 3 [(T)D(ro) + (T}

<w’(p,e) +

{T°WT (u,e,70) + 3e“[(T)®(ro) +u(T)]}
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{TWT (u,e,70) + 3e¥[A(T)® (o) + w(T)]}

<oty + (200l) | M
W (f.0)

i m(ﬁ(T)q)(?"o) +u(T))ty
P I o (wm0) 4 36T 0(r0) + (D))

WWT(“) 1+ U8 ) + a(T)ig

Ia+1)
m(T)ro + f(T)
INa+1)

<w’(p,e) +

{T*w (u,&,70) + 3e*[(T)®(ro) + u(T)]},

where we denoted

wi (f,e) = sup{|f(ta, ) — f(t1,2)| : t1,t2 € [0,T], |ta — t1| < &, x € [—70,70]},
m(T) = max{m(t) : t € [0,T]}, f(T)=max{|f(t,0)|:t¢€[0,T]}

Now, keeping in mind the uniform continuity of the function u = u(t, s, z) on the
set [0, T] x [0, T] X [—rg, o] and the uniform continuity of the function f = f(¢,x)
on the set [0,T] X [—rg, rol, from the estimate (3.5) we derive the following one:

AR + B vy - T (3.

Wo (VX) S F(a) 0

Consequently, we obtain:
(3.6) wo(VX) < kwo(X).

Finally, linking (3.4) and (3.6) and the definition of the measure of noncompact-
ness u given by the formula (2.1), we derive the following inequality

(3.7) w(VX) < ku(X).

Further on, let us put B} = ConvV(B,,), B2 = ConvV(B} ) and so on.
Consider the sequence of sets (By ). Observe that this sequence is decreasing i.e.
BZFOH C By for n =1,2,... Moreover, the sets of this sequence are nonempty,
closed and convex. Hence, in view of (3.7) we obtain

w(Br) < K" u(Br,)

for n = 1,2,... This yields that lim, .. p(B}.) = 0, because k < 1 (cf. as-
sumption (v)). Thus, keeping in mind Definition 2.1 we infer that the set
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Y =N, By, is nonempty, bounded, closed and convex. So, the set Y be-
longs to the kernel ker . In particular, we get
(3.8) limsupdiam Y (¢) = lim diamY (¢) = 0.
t—oo t—o0
Let us also note that the operator V' transforms the set Y into itself.

Next we show that the operator V is continuous on the set Y. To prove
this let us fix a number € > 0 and take arbitrary functions x,y € Y such that
lz — y|| <e. Using (3.8) and the fact that VY C Y we obtain that there exists
T > 0 such that for an arbitrary ¢t > T we get

(3.9) [(Va)(t) = (Vy) ()] < e

Furthermore, let us assume that ¢ € [0,7]. Then, employing the imposed
assumptions and estimating similarly as above, we have

(3.10) [(Va)(t) — (Vy)(t)]
f(t,x(t))/o ((ts";(i)d — [ty ))/ st

t o (t

+f(t,y(t))/ wd — f(t,y(t ))/0 W‘k'

(t

|u (t, s, x(
@) (t—s) C(t—s)lta
L EyO) [ Jult, 5, 2(s) —U(tsy( )|

/ t—s)l o ds
—y(t)] lu(t, s,z —u(t,s,0)| + |u(t,s,0)]
> A R *
— [0+ [f(#0)] [*n(t,s)P(|lz(s) —y(s)
I'(«) / t—s)1 o
m(t)e [*n(t,s)®(|z(s)]) + |u(t,s,0)]
T(a) Jo (t—s)l—«

m(t)|y(t |+|ft0|/
t—51 o

e®d(rg) e ro®(e) " D(e) .

D(e).

)ds

ds

< A@(To) + BE—|— A’/‘O +C
(c) I'(e)
Now, linking (3.9) and (3.10) and the assumption (iv) we deduce that the oper-
ator V transforms continuously the set Y into itself.
Finally, let us observe that taking into account all facts concerning the set Y’
and the operator V:Y — Y and applying the classical Schauder fixed point
principle we infer that V' has at least one fixed point = belonging to the set Y.
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Obviously the function = = () is a solution of the integral equation (3.1). Since
Y € kerp we conclude that all solutions of the equation (3.1) are uniformly
locally attractive in the sense of Definition 2.3. This completes the proof. ]

4. An example

In this section our aim is to illustrate main result contained in Theorem 3.1.

ExAMPLE4.1. Consider the following quadratic Volterra integral equation of
fractional order

(t—s)1/2 @,

(4.1) x(t) =tPe '+ “TH /ﬁf/CT/ (VE=s+1)+t%e Vi=¢

(2 +1)r(1/2)
where t € Ry and L is a positive constant.

Observe that the above equation is a special case of equation (3.1). Indeed,
putting « = 1/2 and

L(z+1) Vi3V 2

_ 42, —4t _
p(t)—te 9 f(t,IE)— t2+1 )

we can easily see that there are satisfied the assumptions of Theorem 3.1. In
fact, we have that p is continuous and bounded on R and ||p|| = 0.03383382...
This shows that assumption (i) is satisfied.

Next, observe that the function f(t,z) satisfies assumption (ii) with m(t) =
L/(t2+1) and f(¢,0) = L/(t* +1).

Further notice that the function wu(¢,s,z) satisfies assumption (iii), where
n(t,s) = Vi3 /(T —s+1), ®(r) = Vr? and u(t,s,0) = t2e~ Vi=5,

In order to check that assumption (iv) is satisfied let us notice that the
functions a, b, ¢, d appearing in that assumption have form

ds _ 32 In(vVE+ 1)
Vit — s(\/t—s—i—l)_ 241

Vis(Vi—s+1) 211
\/ﬁ (1—e x/)

=2L——— =
t—s 2+1

/
/ e ™)

_ L2 / ds B 2Lt3/2 In(v/t+1)
s

Now, let us observe that a(t) — 0 as t — oco. Moreover, applying the standard
inequality
In(vVt+1) <Vt

for t > 0 we infer that A < 2L.
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Further on, we have that b(t) is bounded on Ry and B = 2L. Moreover, it
is easy to check that ¢(t) — 0 as ¢ — oo and (similarly as above) we have that
C < 2L. Finally, we can also verify that d(¢) is bounded on R, and D = 2L.

Now, let us consider the inequality from assumption (v) which has the form

(4.2) Ipll + ———(Ar V7% + Br + CVi% + D) < r.
I(1/2)

Observe that taking into account that I'(1/2) = /7 (cf. [10]) and keeping in
mind the above obtained estimates of the constants ||p||, 4, B, C, D we deduce
that the number 7o = 1 is a solution of the inequality (4.2) for L < 0.214. It is
easily seen that A®(rg)+B < 2L[®(rg)+1] = 2L[®(1)+1] = 4L < T'(1/2). Thus,
in view of Theorem 3.1 we conclude that the equation (4.1) has a solution in the
space BC'(R) belonging to the ball By. Moreover, all solutions of equation (4.1)
which belongs to B; are uniformly locally attractive in the sense of Definition 2.3.
This means that for arbitrary solutions z(t) and y(t) of equation (4.1) belonging
to B; we have that

Tim (2(t) — y(1)) = 0
uniformly with respect to the ball Bj.

It is also worthwhile mentioning that the equation (3.1) is considered in [3],
where in assumption (iii) the authors take into account the function n depending
on t and continuous on R;. We assume in (iii) that exists the function n = n(t, s)
which depends on two variables ¢, s and is continuous on R xR . Thus the result
contained in our Theorem 3.1 creates an essential generalization of that from [3],
where the function n depends on the variable ¢ only. It can be checked that
functions involved in equation (4.1) do not satisfy assumptions of the existence
result proved in [3].
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