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HOMOTOPY METHOD FOR POSITIVE SOLUTIONS
OF p-LAPLACE INCLUSIONS

JEAN-FRANGOIS COUCHOURON — RADU PRECUP

ABSTRACT. In this paper the compression-expansion fixed point theorems
are extended to operators which are compositions of two multi-valued non-
linear maps and satisfy compactness conditions of Ménch type with respect
to the weak or the strong topology. As an application, the existence of pos-
itive solutions for p-Laplace inclusions is studied.

1. Introduction

Various mathematical models for nonlinear problems are expressed as bound-
ary value problems for differential, integro-differential, or more generally, functio-
nal-differential equations or inclusions. These can be equivalently reformulated
as an operator inclusion with decomposable maps,

(1.1) z e Udr

where U stands for the composition ¥ o ¢ of two single or multi-valued op-
erators ¥ and ®. In [14], a fixed point approach has been used to develop an
existence theory for inclusion (1.1). The key result in [14] is the following fixed
point principle for decomposable non-convex-valued maps. Before we state it we
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introduce the notation:

P.(X) ={A C X : A is nonempty, closed, convex},
Piw.(X) ={A C X : A is nonempty, weakly compact, convex}.
Here X is a closed convex subset of a normed linear space.

THEOREM 1.1. Let X, Y be normed linear spaces or, more generally, metriz-
able locally convex linear topological spaces, let A and B be non-empty weakly
compact convex subsets of X and Y, respectively, and let

®: A — Pso(B), W:B — Pp(A)

be two multi-valued maps. Assume ® and ¥ are sequentially weakly upper semi-
continuous (w-u.s.c. for short). Then there exists at least one © € A with x €
Udx and, equivalently, there exists at least one y € B with y € ®Uy.

REMARK 1.2. The result remains true if A, B are compact with respect
to the strong topology and ®, ¥ are upper semi-continuous (u.s.c. for short).
Indeed, any u.s.c. map on a compact set is sequentially w-u.s.c.

The above principle yields the following fixed point theorems for self-maps
of a closed convex set.

THEOREM 1.3. Let X, Y be normed linear spaces, let C' be a closed convex
subset of X, and let

¢:C — Ppw (YY), W:c0®(C)— Pr.(C)

be two multi-valued maps. Assume that there exists xg € C' such that the follow-
ing condition holds:

(1.2) ifACC, A=t ({zo}UT(coP(A))) then A is weakly compact and
b, U are sequentially w-u.s.c. on A and €6 ®(A), respectively.
Then there exists at least one x € C' with x € Y.

REMARK 1.4. Theorem 1.3 is also true if instead of (1.2) we take the condi-

tion

if ACC, A=7c0 ({zo}UT(coP(A))) then A is compact and
®, U are u.s.c. on A and ¢o ®(A), respectively.

As a result, a Leray—Schauder type continuation theorem for non-self-maps
was also obtained in [14].
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THEOREM 1.5. Let X and Y be normed linear spaces, K a closed conver
subset of X, U a convex relatively open subset of K, xo € U and let

(I):U — Pkwc(}/)7 W@@(U) — PfC(K)

be two multi-valued maps. Assume that for every compact convex subset A of U,
® and ¥ are sequentially w-u.s.c. on A and T P(A), respectively. Also assume

that the two conditions:

(a) if A C U, A closed convexr, A C @ ({mo} U U(co®(A))) then A is
compact,
() ¢ (1 —XN)xo+ AV for allz € U\ U, X € (0,1)

are satisfied. Then there exists at least one x € U with © € Udx.

The main idea of the proof of Theorem 1.1 is to consider the Cartesian
product map II: A x B — P.(A x B), given by

II(z,y) = Py x dx

whose values are convex in X x Y. This is done to overcome the difficulty that
Udx is generally non-convex. Then observe that A x B is a weakly compact
convex subset of X x Y and II is sequentially w-u.s.c. Now the Arino—Gautier—
Penot fixed point theorem guarantees the existence of a fixed point (z,y) of IL
Hence z € Yy and y € ®x, whence z € Uoz.

The same idea will be used in this paper to give extensions for inclusions of
type (1.1), of the Krasnoselskii’s compression-expansion fixed point theorem in
a cone. Such type of results give information about the existence of nontrivial
(non-zero) solutions, and also, in some cases, lead to multiplicity theorems. Our
extensions will use compactness conditions of Monch type with respect to the
strong topology, or to the weak topology, in the same way that Theorem 1.3
does. This abstract part of the paper also relates to the continuation theorems
established in [6] and [7]. As an application and mainly motivated by the recent
paper [15], we present an existence principle for positive solutions of inclusions
with p-Laplacian. We shall use the fixed point approach and basic results on the
p-Laplacian (see [8], [4], [19]) in order to complement and extend to p-Laplacian
some methods and results given for the classical Laplacian ([9], [12], [17]), and
to inclusions with p-Laplacian, several results obtained for p-Laplace equations
[2], [3], [13], [15] and [18].

2. Compression-expansion fixed point theorems

Let (X,]|-]) and Y be normed linear spaces and K a wedge of X. We start
with a compression type theorem.
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THEOREM 2.1. Let
O: K — Proo(Y), U:K xC — Ps(K)
be two bounded multi-valued maps, where C = co({0} U ®(K)). Assume that
(2.1) ifACK, A=c({0}UP(A xco({0}UP(A)))

then A is weakly compact and ®, VU are sequentially w-u.s.c. on A

and e ({0} U ®(A)), respectively.

In addition assume that there are 0 < r < R, g € K, r < |zg| < R and h €
U(xg, P(x0)), h # 0, such that the following compression condition is satisfied:

(2.2) z & \U(z, Px) for A€ (0,1) and x € K with |z| = R,
(2.3) x & U(x,Px)+ ph  for p>0 and x € K with |z| =r.

Then there exists at least one x € K with v € U(x,®x) and r < |z| < R.

PRrROOF. Let M be the collection of all closed, convex subsets M of K with
zo € M and
co({0}UT(M x ({0t UP(M)))) C M.
Clearly, K € M and 0, h € M for every M € M. Moreover, it is easy to see
that
MeM = ({0} UP(M xco({0} UD(M)))) € M.
Define the set A =N{M : M € M}. We have A € M. Also,

A =a0({0} UT(A x ({0} UB(A)))).

It follows from (2.1) that A is weakly compact and ®, ¥ are sequentially w-u.s.c.
on A and B :=c6({0} U ®(A)), respectively.
Since ® is sequentially w-u.s.c. on A, we have that B is weakly compact too.
Define the map II: A x B — Py.(A x B) by Il(z,y) =

{fh} x {0} if =0,

54 X ngfb<7ﬁz>} it 0 <z| <r—34,
r r |z]

X[MCI)(TQ:)} ifr—o0<|z| <,
ro A\l
U(z,y) X Pz if r <|z| <R,

W(Rx,y) X @(Rx> if R < |z|.
] |z
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Here for 0 < |z| < r and y € B,

Mz,y) = sup{)\ s A €(0,1], /\éy € B}.

Notice

r

Mz,y)=1 ifye 33|<I><|;|x)

Also note that
)
m\I/ La:,/\(a:,y)Ly +-he A
r || || r
This follows from the following remark: if A is convex and 0 € A, then ax+ fy €

A for every z,y € A and «, 8 € [0,1] with o + < 1. Indeed,

o
a+ 0

ax—i—ﬁy:(a—kﬁ){ x—i—af_ﬂy}e(a—&-ﬁ)ACA.

One can prove that II is sequentially w-u.s.c. (see [11, Theorem 1.2.12]).

Now the Arino—Gautier—Penot fixed point theorem, guarantees the existence
of a fixed point (z,y) € A x B of II. It remains to show that r < |z| < R. Clearly
x # 0since h #0. If 0 < |z| <r —§, then

ve ol e a(e))+ o
T |z] || T
If we denote z = (r/|z|)x, then |z| = r and

2 € U(z,®2) + ph

where = 6/|z| > 0. This contradicts (2.3). We derive the same contradiction
if we assume r — ¢ < |z| < r. Finally, assume |z| > R. Then

and if we denote z = (R/|z|)x, we see that |z| = R and z € (R/|z|)¥(z, ®z) with
0 < R/|z| < 1, which contradicts (2.2). Therefore r < |z| < R. O

Our next abstract result is an expansion type theorem.

THEOREM 2.2. Assume the conditions of Theorem 2.1 except (2.2)—(2.3) are
satisfied. In addition assume that the following expansion condition holds:

x & AU (z,Px) for A€ (0,1) and x € K with |z| =r

and
x ¢ U(x,Px)+ ph  for p >0 and x € K with |z| = R.
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Then there exists at least one © € K with x € ¥(z, ®x) and r < |z| < R.

PROOF. Define ®': K — Pyu.(Y), by
o' (z) —@((R + T|—1>x> if r < || <R,

or-s((B))  wwier
¥(a (( ) ) if 2] > R

Also define ¥': K x C' — Py (K) by

Ve = (G ) W((Rﬁu ) itr<ial <n
V() :(2) (( ) .y ) if [o| < r,
V() :(f) (( ) oy ) if |o| > R.

Notice, if T = (R/|z| + r/|z| — 1)z, then r < |Z| < R whenever z € K and
r <|z| < R. Also |Z| = r for |z| = R and |Z| = R if |x| = . Now observe that
conditions (2.2)—(2.3) in Theorem 2.1 holds for &' and ¥’ instead of ® and ¥,
respectively, with Zo and h := (R/|wg| +7/|xo| — 1)h. Consequently, there exists
' € K witha' € U'(2/,®'2’) and r < |2'|° < R. Then z := (R/|2'|+r/|z'| - 1)z’
satisfies z € ¥U(z, ®z) and r < |z| < R. O

In particular, if ¥(z,y) = ¥(y), we immediately derive from Theorems 2.1
and 2.2, an existence principle for (1.1).

THEOREM 2.3. Let &: K — Pyu (YY), ¥: C — Pt.(K) be two bounded multi-
valued maps. Assume that
(24) ACK, A=c({0}uT(co({0} UP(A))) = A is weakly compact

and @,V are sequentially w-u.s.c. on A and c6({0} U ®(A)), respectively.

In addition assume either

25) x & \Udzx for X € (0,1) and z € K with |z| = R; and
x ¢ UOx + ph  for p>0 and x € K with |z| =r,

or

(2.6) x ¢ A\Udz for X € (0,1) and z € K with |z| =r; and
' ¢ UOx +ph  for p>0 and x € K with |x| = R
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Then there exists at least one x € K with x € Y&z and r < |z| < R.

Theorem 2.3 yields in particular the following compression-expansion princi-
ple for convex-valued maps.

COROLLARY 2.4. Let ®: K — Pruw.(K) be a bounded multi-valued map. As-
sume that ® is sequentially w-u.s.c. and

ACK, A=c ({0} UP(A)) = A is weakly compact

and @ is sequentially w-u.s.c. on A.

In addition assume that one of the following conditions is satisfied
x ¢ Aoz for X € (0,1) and z € K with |z| = R, and
{m¢¢x+uh for >0 and x € K with |z| =7;
z & \Px for A€ (0,1) and z € K with |z| =r, and
{x¢®x+uh for u>0 and x € K with |z| = R.
Then there exists at least one v € K with x € ®x and r < |z| < R.

Our next result gives an useful sufficient condition to guarantee the second
part of (2.5) and of (2.6).

THEOREM 2.5. Assume that for some rg > 0, ugp > 0, and h € K, h # 0,
the following conditions hold:

(2.7) x ¢ UO(x+ ph) foralxe K, u> po;
(2.8) Tz ¢ VO(x+ph) forallz € K, |x| > rg, 1€ (0, o).
Then

x ¢ UOx + ph  for p>0 and x € K with |x| > p,
where p = ro + po|hl.

PROOF. Assume the contrary. Then there exists an z € K with |z| > p and
x € Ux + ph for some p > 0. Denote y := x — ph. Then

y € UO(y + ph).

Since ¥ has values in K, the last relation says that y € K. The case u > pg is
impossible by (2.7). Now if g < g, then from (2.8), |y| < ro. But

[yl > [x| — plh| > [2| — polhl = p — polh| = ro,
which is a contradiction. O

REMARK 2.6. If (2.7) holds and there exists constants rg,r; > 0 such that
|z| # 7o for all solutions = € K to

T € \Wdy
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and every A € (0,1), and |z| < r; for every solution z € K to
x € UO(x + ph)

and p € (0, up), then (2.5) or (2.6) is satisfied with R := r¢ and 7 := r1 + uolh| if
ro > 11+ uolh| and respectively with r = rg and R > 71+ po|hl if ro < 71+ po|h|.

3. Positive solutions of p-Laplace inclusions

Consider the boundary value problem
{ —Apu € f(z,u,Vu) in Q,

3.1
(3:1) u=0 on 0f)

Here Q C RY is a bounded smooth domain, A,u = div(|Vu[P~2Vu), p > 1, and
|- | is the Euclidean norm in RY. We seek weak solutions to (3.1), i.e. a function
u € Wy P(Q), for which there is w € L®(Q) with w(z) € f(z,u(x), Vu(x)) for
a.e. x € 2 and

/ |VulP~2Vu - Vo do = / wvdz  for all v € Wy P(Q).
o Q

Notice that by a well-known regularity result (see [3] and [4]), any weak solution
of (3.1) belongs to C'(Q2). By a positive solution to (3.1) we mean a weak solution
u with u > 0 in Q.

We shall assume that f: Q x R¥*t! — 2R is such that

3.2 flz,v) CR, forallveRy x RY and a.e. z € Q.
(3:2) + +

Also assume that
(3.3)  the map F:L™(uRN*Y) — 2L"() given by Fv := {w € L™(Q) :
w(z) € f(z,v(x)) for a.e. © € Q} has non-empty, closed, convex values,
is u.s.c. and F(C(Q;RN*T1)) C L>(Q)
for some m,n € [1,00). Sufficient conditions for (3.3) can be found in [5].
In what follows by A; and ¢; we shall denote the first eigenvalue of the
p-Laplacian and its associated positive eigenfunction.
From Theorem 2.3, we obtain the following existence principle for (3.1), under

an “a priori bounds” assumption.
THEOREM 3.1. Assume (3.2), (3.3), there exists rg > 0 such that
(3.4) [ulwre(0) # o

for every solution w > 0 to —A,u € Af(x,u, Vu) and all X € (0,1), and that for
each po > 0 there exists ry > 0 with

(3.5) [ulwr@) <71
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for every solution v > 0 to —Apu € f(z,u + p,Vu) and all p € (0,p0). In
addition assume that one of the following conditions holds:

(a) there exists constants a > A1 and b > 0 with
(3.5) au?™t — b < fx,u,v)

forallu € Ry, v € RY and a.e. x € Q;
(b) there exists constants a > 0, b,c > 0 and ¢ > p—1, a € (p —

1,pq/(q + 1)) with
au? — bv|® — ¢ < f(z,u,v)

for allu € Ry, v € RY and a.e. x € Q.

Then problem (3.1) has a positive solution.

PROOF. It is well known that for every v € W1+’ (Q), there exists a unique
w, € Wy(€) denoted by (—A,)~'v such that —A,u, = v in the weak sense,
ie.

/ |VulP~2Vu - Vwdz = (v,w) for all w € Wol’p(Q),
Q

and the (nonlinear) map (—A,)~" is bounded and continuous from W~12'(2) to
WO1 P(Q). In addition, by the strong maximum principle for the p-Laplacian (see
[19]), if v € L*°(Q), v > 0 and v # 0, then uw, > 0 in Q. Hence any nontrivial,
nonnegative solution to (3.1) is positive.

Let X := C'(Q) endowed with the norm of WP(Q), Y := L>(Q) endowed
with the norm of L™(Q) and K := {u € C*(Q) : u > 0}.

Let ®: X — 2Y be defined by ® = F.J, where J:C1(Q) — C(Q;RN*1),
Ju = (u,Vu). Clearly J is a bounded linear operator. Consequently, ® has
non-empty, closed, convex values and is u.s.c. Also, define ¥ : L*>°(Q) — C1(Q),
by Uv = (—A,) 'v. Clearly ¥ is completely continuous since the imbedding of
L>°() into W~1#'(Q) is compact. Consequently, ¥® sends bounded sets into
relatively compact sets, so condition (2.4) trivially holds.

Now a positive solution of (3.1) is a fixed point u € C1(Q) of ¥® with u > 0
on 2. Let us prove that

ug Ub(u+p) foralluec CH(Q), u>0, us0and u> o

for some sufficiently large 1o > 0.

Assume first (a). We shall use the arguments used in [9], [12] and [17] for
the classical Laplacian. Let u € C'(Q), u > 0, u # 0 and u € ¥P(u + p) for
some > (b/a)'/®P=1 . Then according to (3.5), we have

(3.6) —Apu>alu+p)P Tt —b>awPt + P —b > auP !
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Now we recall Picone’s identity for the p-Laplacian (see [1]):

1
'4
= |VolP — v( -
ub

for u,v € C*(Q), u > 0 and v > 0. This for v = ¢; gives

p
(3.8) /Q V(uf11)|Vu|p_2Vu < /Q ‘V¢1|p =)\ /Q (bzf

On the other hand, (3.6) gives
¢Ilj p—2 o ¢11) D
/Qv<up—1 |[VulP™*Vu = — Qup_lApuza ngl.

" ¢’{Sx\1/¢’i’
Q Q

VP
(B.7) Vol + (0 = D | Vul? -

>|Vu|p2Vu >0

Hence

which contradicts a > A;.

Assume now (b). We shall basically use the same arguments as in [15] (see
also [16]). Let u € C1(Q), u > 0, u # 0 and u € YO (u+p) for some pu > (c/a)'/?.
We have

D D
/V( ¢11)|Vu|p_2Vu:—/ qﬁ Ayu
Q uP o uP~!
¢P
> [fau+ = o9l = 55 = [ faut — yval® 4 aut - 51
Q uP Q

This together with (3.8) gives

(3.9) b [ 19l > ) =) [ o

where . .
. at! +ap? —c
i mm{tp_1 it > 0}.

(bp

upP— 1°

It is easy to see that [(u) — oo as p — oo. Then (3.9) will guarantee that p is
bounded if we show that the left side of (3.9) is bounded from above. Indeed,

from
—Apu > a(u+ p)? —b|Vul® —c > au? — b|Vul® + ap? — ¢ > au? — b|Vu|?,

taking the test function ¢ /uP~! we obtain

p
/V( i )|Vu|p 2Vu>a/¢puq Pl _ /¢11)u_p+1\Vu|“.
Q up Q

On the other hand, according to (3.7), the left integral is equal to

—(p—l)/ ¢’1’u*p|Vu\p—|—p/ ¢f_1u7p+1v¢1|Vu|p*2Vu.
Q Q
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Hence
(310) (p=1) [ ShurVul? +a [ ofurr
Q Q
gp/ ¢f—1u—p+1|v¢1\|w|10—1+b/ S0PV,
Q Q

Now using the Young inequality < ez” + C with v > 1 (here we take v :=
p/(p—1)), and the fact that V¢, is bounded, we obtain that

(3.11) /¢p L P Vg, || VulP ! < p2 /¢>P “P|Vul? + C.
Then (3.10) and (3.11) imply
(3.12) —/ 7 —P|vu|p+a/9¢§uq—f)+1 < b/Q(/){u—P+1|vu|a +C.
Now we use the Young inequality in the form

zy < exY + 51/(1*7)3/7/(771), y>1,e>0,

first with z 1= ¢} “u!=PT y := ¢Qu=|Vu|®, v = p/(p— ) and € :== &1 > 0
such that bs}/(l_ﬁy) = (p—1)/4, to obtain

-1
.13) b [ Gt gu < P [ vy e [ gputorrenone),

Next we apply Young’s inequality once again with

i

— 1 —
_ 1q P P o g2y (-pre)p/(p=a) =2
-pt+ta p 2ber

Notice v > 1 since a < pq/(q+ 1) and p/vy < p. As a result
(3.14) bé?l/ ¢Il’u(1*p+a)p/(p*a) < E/ PPud Pt 4 C.

0 “ 2o
Now (3.13) and (3.14) give

—1
15) b [ ot va < Bt [ openvae + § [ et gc
Q 4 Ja 2 Jo

Then (3.12) and (3.15) imply

—1
(3.16) L/ A u"P|VulP + g/ PrudPt < ¢

4 Jo 2 Ja
and finally (3.16) and (3.15) guarantee that

b/ PP Vu|* < C
Q

as we wished.
Finally, assumptions (3.4) and (3.5) guarantee (2.5) or (2.6) as shows Remark
2.6 (here h =1 and ‘h| = |h|W1,p(Q) = ‘h|Lp(Q)) O
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Concerning the “a priori bounds” hypothesis (3.4) and (3.5), we refer to the
papers [9], [10] and [17] for the classical Laplacian, to [13] for the one-dimensional
p-Laplacian, and to [3] and [15], for the N-dimensional p-Laplacian.

For example, the a priori estimates in [15], together with our existence prin-
ciple, Theorem 3.1, yield the following version for inclusions of the main result,
Theorem 4.2 in [15].

THEOREM 3.2. Assume Q is a bounded C? domain in RN, 1 < p < N and
for f:Q x RNTL — 2R the following conditions are satisfied:

(a) f(z,w) CRy for allw € Ry x RY and a.e. x € Q;

(b) the graph of f belongs to the o-field L ® B (here B = B(RN*1) @ B(R)
is the Borel o-field in RNT1 x R);

(¢) the map w— f(z,w) is u.s.c. for a.e. v € §;

(d) u? — M|* < f(z,u,v) < cou? + Mv|* for u € Ry, v € RN and

a.e. x € Q, wherecg > 1, M >0,q€ (p—1,(p—1)N/(N —p)) and
a € (p—1,pg/(qg+1)).

Then problem (3.1) has a positive solution.
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