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ORTHOGONAL TRAJECTORIES
ON STATIONARY SPACETIMES
UNDER INTRINSIC ASSUMPTIONS

ROSSELLA BARTOLO — ANNA GERMINARIO — MIGUEL SANCHEZ

ABSTRACT. Using global variational methods and coordinate free assump-
tions, we obtain existence and multiplicity results on stationary Lorentzian
manifolds for solutions to the Lorentz force equation joining two spacelike
submanifolds. Some examples and applications are provided.

1. Introduction

Let (M,g) be a Lorentzian manifold, that is M is a (connected), finite
dimensional, smooth manifold with dim M > 2 and ¢ is a smooth, symmetric,
two covariant tensor field such that, for any z € M, the bilinear form g(2)[-, -]
induced on T, M is non-degenerate and of index v(g) = 1. In the remainder
of the article, for simplicity of notation, g will be also denoted by (-, -). The
points of M are called events.

Before introducing our problem we recall some basic notions of Lorentzian
geometry (we refer to [5], [13], [16], [18], [21] for the background material used in
the sequel). If z € M, a tangent vector ¢ € T, M is called timelike (respectively
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lightlike; spacelike) if ((,¢) < 0 (respectively ((,¢) = 0, ¢ # 0; (¢,{) > 0 or
¢ =0). A submanifold P of M is said spacelike (respectively, timelike; lightlike)
if g is positive definite on P (respectively, g is non-degenerate of index 1 on P;
g is degenerate on P).

Let A be a smooth vector field on M. We shall study the existence and the
multiplicity of trajectories under the action of A i.e. solutions of

(1.1) Vit = ((A'(2)" — A'(2))[2]

where V denotes the covariant derivative relative to the Levi-Civita connection
of the metric tensor g, A’ is the differential of the vector field A and (A4’(z))*
denotes, for any z € M, the adjoint operator of A’(z) on T, M with respect
to g. When A = 0 solutions of (1.1) are geodesics. For this case, the problem
of geodesic connectedness has been recently widely studied (see for example the
survey [20]); in this context, lightlike geodesics joining two submanifolds has
special physical interest [7].

In the general case for A, solutions of (1.1) joining two fixed events p,q €
M have been studied in [1]-[3], [9] where it is assumed that M is a standard
static or stationary manifold, that is M admits a global space-time splitting as
M = My x R where, for any ¢t € R, My x {t} is a spacelike submanifold of
M with metric independent of ¢ and, for any x € My, {z} X R is a timelike
submanifold of M. Then, under assumptions of completeness for My and on
the growth of the metric coefficients with respect to the given splitting, existence
and multiplicity results can be obtained.

Recently (see [4]), some of the quoted results have been generalized to the case
of orthogonal solutions of (1.1) joining two given submanifolds of M according
to the following definition.

DEFINITION 1.1. Let ¥1,¥5 be two submanifolds of M. A curve z:[0,1] —
M is called orthogonal trajectory (under the action of A) joining 1 to Xy if

(a) z satisfies (1.1),
(b) 2(0) € £1,2(1) € By, 2(0) € To(y X1, 2(1) € TS5

Aim of this paper is to study orthogonal trajectories joining two submani-
folds using global variational methods and under intrinsic (i.e. coordinate free)
assumptions. This approach has been introduced in [12] where the authors study
the geodesic connectedness of M. Here we extend the techniques and the results
in [12] in two directions: (a) we consider a non-trivial field A; (b) we study
orthogonal trajectories according to Definition 1.1. Moreover, some discussions,
complementary to the ones in [12], are introduced in the appendixes.

We recall that a Lorentzian manifold (M, g) is stationary if it is endowed
with a smooth timelike Killing vector field Y. A vector field Y is Killing if
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Ly g =0, where Ly g denotes the Lie derivative of g with respect to Y. It is well
known that Y is Killing if the stages of its local flows are isometries i.e. if the
metric tensor ¢ is invariant by the flow of Y.

Consider a C!-vector field A on M which is stationary with respect to ¢ that
is

(1.2) LyA=[Y,A] =VyA—V,Y =0

and two spacelike submanifolds P; and P of M.

We shall consider orthogonal trajectories under the action of A joining Py
and P;. By standard arguments (see e.g. [14]) it can be proved that if A is
orthogonal to P; and Ps, that is,

(1.3) (A(2),¢) =0 forall ze€ P forall (€ TP, i=1,2

then, our problem has a variational structure i.e. orthogonal trajectories joining
Py and P; are the critical points of the following functional, introduced in [6]

(1.4) F(z) = %/0 (2, %) ds—l—/o (A(2), %) ds

on the manifold of the C!-curves 2: [0, 1] — M such that z(0) € P; and 2(1) € P,.
We observe that equation (1.1) has a prime integral: in fact if z:[0,1] — M
is a solution of (1.1), then E, € R exists such that

(1.5) (¢2,2) =E, on[0,1]

(see e.g. [6]). Moreover, when M is stationary and (1.2) holds, a further conser-
vation law can be derived: indeed if z:[0,1] — M is a solution of (1.1), C, € R
exists such that

(1.6) (24 A(2),Y(2))=C, on|[0,1]

(see Section 2).

The functional F' defined at (1.4) is strongly indefinite, nevertheless using
(1.6) a suitable variational principle allows us to apply variational techniques
(see Section 3).

REMARK 1.2. Let us set

(1.7) Cp, p, = {z €C([0,1], M) | 2(0) € Py, 2(1) € Py,
(34 A(2),Y(2)) = C.}.

We observe that Cp, p, may be empty. This possibility is discussed in Appen-
dix B, where some conditions are also given in order to ensure that Cp, p, is not
empty. Notice that a sufficient condition is to assume that Y is complete i.e. all
its flow lines are defined on the whole real axis.
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In our problem, the following condition replaces the completeness condition
for Riemannian manifolds.

DEFINITION 1.3. Let F' be asin (1.4) and ¢ € R be such that ¢ > infc, , F.
The set Cp, p, is said to be c-precompact if every sequence (z,) C Cp, p, with
F(z,) < ¢ has a uniformly convergent subsequence in M. We say that F' is
pseudocoercive on Cp, p, if Cp, p, is c-precompact for any ¢ > infc, ., F.

Definition 1.3 allows us to state the following existence result (see Section 5).

THEOREM 1.4. Let M be a stationary Lorentzian manifold endowed with a
timelike, Killing vector field Y. Let Py and Py be two closed, spacelike submani-
folds of M such that either Py or Py is compact. Let A be a smooth vector field on
M satisfying (1.2), (1.3). If Cp, p, is not empty and, for some ¢ > infc,, p, F,
Cp,,p, is c-precompact, then at least an orthogonal trajectory joining P to P>

m M exists.

Under some topological assumptions on M we can also prove a multiplicity
result (see Section 5).

THEOREM 1.5. Let M, P1, P>, Y, A satisfy the assumptions of Theorem 1.4.
Moreover, letY be complete, M non-contractible in itself, P; and Py contractible
in M and F pseudocoercive on Cp, p,. Then a sequence (z,) of orthogonal
trajectories joining Py to Py in M exists such that lim,,_. F(z,) = co.

REMARK 1.6. We point out that our problem has a physical interpretation.
Indeed, the Lorentz world-force law which determines the motion of relativistic
particles v submitted to an electromagnetic field is the Euler-Lagrange equation
related to the action functional

S(z) = —moc% /Sl Vv —(%,2)ds + q/Sl<A (2),2)ds

where mg is the rest mass of the particle, ¢ is its charge, c is the speed of light
(see [15]). In [6] it is proved that for timelike trajectories the search of critical
points of S is equivalent to that of the critical points of F'. In particular, when
E, <0 (see (1.5)), this constant of the motion turns to be, up to a dimensional
factor, the inertial mass (necessarily equal to the gravitational mass), which is
determined by the initial conditions, [6]. On the other hand, one of the spacelike
submanifolds P; may represent an astronomical object under an electromagnetic
field such as a neutron star. Of course, it is also interesting to consider the
timelike submanifold generated by the world-lines of the particles in P;, as we
will discuss in what follows.

The previous remark makes clear that from a physical point of view it is
interesting to prove existence and multiplicity results for timelike trajectories.
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To this aim, we assume that Y is complete and denote by ¥: M x R — M its
flow. Then, for any ¢t € R we can consider the submanifold of M given by

(1.8) Py =1(Ps,1).

As Y is a timelike, Killing vector field, P; is an immersed submanifold of M.
Thus it is natural to wonder if P; and P; can be joined by a timelike orthogonal
trajectory.

Defining by Cp, p, the set of curves analogous to Cp, p, (see (1.7)), the
following results hold (see Section 6).

THEOREM 1.7. Let M, Py, P>, Y, A satisfy the assumptions of Theorem 1.4,
assume that Y is complete and let P; be as in (1.8). If tg > 0 exists such that,
for any t € R with [t| > to, Cp, p, is co-precompact for some co > infc, ., F,
then at least a timelike orthogonal trajectory joining Py to each Py, |t| > to in M
erists.

THEOREM 1.8. For any t € R, let N(t) denote the number of timelike or-
thogonal trajectories joining Py and P;. If all the assumptions of Theorem 1.7
are satisfied, M is not contractible in itself, P, and Py are contractible in M,

then it is
lim N(t) = oc.
[t|—o0

Note that, in the previous two theorems, it is not necessary to assume for
Cp,,p, to be non-empty, because of the completeness of Y. At any case, if P, and
P; must be connectable by a timelike geodesic then they must be connectable by
a causal curve, and this weak assumption also implies Cp, p, # 0 (see Appen-
dix A).

REMARK 1.9. In Appendix A we will test the accuracy of our results by
applying it to stationary standard manifolds. Recall that a product manifold
(M = My xR, (-, -)) is a standard stationary Lorentzian manifold when the
metric can written as

(1.9) (€, ¢) = (& &0+ (0(x),§)o7" + (5(2), §)or — Bla)r7’

for any z = (z,t) e M, ¢ = (§,7), ¢ = (¢,7") € T,M = T, Mo x R, where
(-, )0, 0 and 3 are, respectively, a Riemannian metric on My, a smooth vector
field and a smooth, positive scalar field on M.

We shall state some conditions on 3, 6 and A implying that Cp, p, is pseu-
docoercive, generalizing the ones in [12, Appendix A]. As a consequence, some
of the results in [2], [4], [9] can be obtained as particular cases of Theorems 1.4,
1.5, 1.7 and 1.8.
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2. The functional framework

A Riemannian metric can be defined on M by setting, for any z € M and
G, G € TLM,

(€1, Y(2))(C2, Y (2))
(Y(2),Y(2))

Using (2.1) it is possible to assume that M is a submanifold of R* for k suffi-
ciently large (see [17]), thus we can define

(2.1) gr(2)[C1,C2] = (C1,C2)r = (C1,C2) — 2

H'([0,1], M) = {z € H'([0,1], R¥) | 2([0,1]) Cc M}
where H1([0, 1], R¥) is the usual Sobolev space. We consider
QPth = {Z € Hl([oa 1]7M) | Z(O) SHSE Z(l) € PQ}

It is well known that Qp, p, is an infinite dimensional Hilbert manifold whose
tangent space at z € Qp, p, can be identified with

T.Qp, p, = {¢ € H'([0,1],TM) | {(0) € Ty P1, ¢(1) € To(1) P}

Observe that T,{)p, p, is a Hilbert manifold with respect to the norm

1/2

(2.) jet= ([ 1<V§<,v§<>Rds)

where V¥ is the covariant derivative with respect to gg. The functional F
defined at (1.4) is well defined on Qp, p, (in fact it is [(2, 2)| < (2, 2)r) and it
is smooth. By using standard arguments (see [6], [14]) the following proposition
can be proved.

PROPOSITION 2.1. Let z € Qp, p, and assume that (1.3) holds. Then z is
a critical point of F if and only if it is an orthogonal trajectory joining Py to Ps.

As in the problem of geodesic connectedness, F' is a strongly indefinite func-
tional and this fact makes difficult the search of its critical points. Nevertheless,
a variational principle based on the conservation law (1.6) allows one to overcome
this difficulty.

We recall the following characterization of Killing vector fields: a C* vector
field Y on M is Killing if and only if for any couple of C! vector fields Wy, Wa
on M there results

(23) <VW1 Yv W2> = _<VW2Y; W1>
In particular, if 2:[0,1] — M is a smooth curve

(2.4) (2,V:Y(2)) =0 on [0,1].
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This implies that, if z is a solution of (1.1), Y is Killing and (1.2) holds, by (2.3)
and (2.4)

%(z +A(2),Y(2)) = (V2 + V;A(2),Y(2)) + (24 A(2), V:Y (2))

= (£ Vy (9 A(2)) = (V:4(2), Y (2)) + (V:A(2), Y (2)) = (2, Va)Y(2)) =0
then C, € R exists such that (1.6) holds. Thus each solution of (1.1) belongs to
the set
Np, p, ={2€Qp, p, | £+ A(2),Y(2)) is constant a.e. in [0,1]}.

We observe that the curves in Np, p, are less regular than the ones in Cp, p, (see
(1.7)). Using standard arguments in Sobolev spaces one can prove that Cp, p, is
a dense subset of Np, p,. Thus in Definition 1.3 and Theorems 1.4, 1.5, 1.7, 1.8
we can replace Cp, p, by Np, p,. The reason for introducing N'p, p, is that it is
the suitable space to obtain the Palais—Smale condition for the action functional
(see Section 5).

We end this section by proving that N p,,p, is the subset of Qp, p, such
that the derivative F’(z) vanishes in the directions of the distribution on Qp, p,
consisting of vector fields parallel to Y. More precisely, consider

W ={(2,0) € TQp, p, | ((s) | Y (2(s)) for all s € [0,1]}.
If II(z, () = z is the projection of W onto Qp, p,, we define
W, =11"z2) = {¢C € T.Qp, p, | ¢(5) || Y(2(s)) for all s € [0,1]}.
We remark that, for any ¢ € W, a function p € H'([0, 1], R) exists such that
C(s) = u(s)Y(2(s)) forall s €]0,1].

Moreover, u satisfies p(0) = 0 = p(1) so that p € H([0,1],R). Indeed, if
z € Qp, p, we can consider the local flow ¢ of Y around zy = 2(0) € P;. AsY
is timelike and P; is spacelike, di(zg,0), the differential of ¥ at z, is injective
so that an open neighbourhood U C P; of zp and € > 0 exist such that

V:U X |—e,e[ >V

(where V' = (U x ]—¢,¢[)) is a diffeomorphism. Let T:V — |—e,¢[ be the
projection of ¥~! on |—¢,¢[, that is for any ¢ € V, ¢ = ¢(z,t), T(q) = t. As
T71(0) = U, we get, for any z € U,

T.U = {C € T.V | (VT(2),¢) = 0}.
In particular ¢(0) = u(0)Y (20) € T.,U and

(VT'(2),Y(2))=1 forallzeV
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thus ¢(0) = 0. We can apply this argument again, with obvious changes, to
obtain u(1) = 0.

PROPOSITION 2.2. Assume thatY is a timelike Killing vector field and (1.2)
holds. Then

Np, p,={2€Qp, p, | F'(2)[¢] =0 for all ( € W, }.

PROOF. Let (2,{) € W with ((s) = u(s)Y (2(s)) for some u € H([0,1],R).
As Y is Killing, by (1.2), (2.3), (2.4), we can compute

F(2)[¢] = / (5, V20) + (Ve A(2), £) + (A(2), V20)] ds

1
- / (Y (2)) + 1Ty Al2), 2)
T+ (A(), Y (2)) + 1{A(2), VY (2))] ds
:/0 WG+ A(2), Y (2) ds.

The last integral is null if and only if (¢ + A(z),Y(z)) is constant a.e. O

3. A variational principle
At first we prove a regularity result for Np, p,.
PROPOSITION 3.1. The set Np, p, is a C* submanifold of Qp, p,.
PROOF. Reasoning as in [12, Proposition 3.1], we define the map
G:Qp, p, — L*([0,1],R)
such that, for any z € Qp, p,,
G(z) = (24 A(2),Y(2))

so it results Np, p, = G~ (C) where C is the regular submanifold of the functions
in L?([0,1],R) constant a.e. The map G is C? and its derivative is given by

G'(2)[C] = (V:C+ V(A(2), Y (2)) + (2 + A(2), VY (2))

where z € Qp, p,, ¢ € T.Qp, p,. It suffices to prove that for any z € Np, p, and
h € L*([0,1],R) the equation

(3.1) G =h+ec

has a solution ¢ € T,Qp, p, for some constant ¢ € R. We show that (3.1) has a
solution

(3.2) ((s) = p(s)Y (2(s))
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for some p € H([0,1],R). Indeed, as Y is Killing, substituting (3.2) in (3.1), by
(2.3) we obtain

(3:3) WY (2),Y(2))

As (Y(2),Y(2)) is negative on [0, 1], equation (3.3) is solved by

B 8 h(r)+c
us) = / W)Y (=0)

Clearly 1(0) = 0 and choosing

c—-(des)(/Jmii«z»)_l

we also have u(1) = 0. O

dr.

By the previous proposition, (using the Implicit Function Theorem) for any
z € Np, p,, T.Np, p, can be identified with the set of all ¢ such that G'(z)[¢] €
Ta)C. As Tg(»)C can be identified with the set of the constant functions on
[0, 1], we get the following corollary.

COROLLARY 3.2. For any z € Np, p, the tangent space T.Np, p, is

TNp,.p, = {C € T:Qp, p, | (V20 + VcA(2),Y(2)) + (2 + A(2), VY (2))

is constant a.e. on [0,1]}.

Define a new functional as J = F| Ny by By the previous proposition J is
smooth. The following variational principle proves that the set of its critical
points agrees with the set of the critical points of F.

PROPOSITION 3.3. A curve z € Qp, p, s an orthogonal trajectory joining
Py to P if and only if z is a critical point of J.

PRroOOF. By Proposition 2.1 and (1.6), if z is an orthogonal trajectory joining
Py to Py, z € Np, p, and it is a critical point of J.

Vice-versa, let z be a critical point of J. Then F’(z) vanishes on all vectors
in T,Np, p,. By Proposition 2.2, F’(z) vanishes also on any vector field ((s) =
u(s)Y (2(s)) for some pu € H}([0,1],R). Then it suffices to show that any vector
field ¢ € T,Q2p, p, can be written as

CZ/*LY(Z)_ng MEH(%([OvlLR)v geTzNPth'
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To this aim, fixed ¢ € T,Qp, p,, we prove that a function p € H{ ([0, 1], R) exists
such that

¢ — ,uY(z) S TzNPl,PQ-
By Corollary 3.2, (1.2) and (2.3) it is easy to see that p has to satisfy the following
equation

—p (Y (2),Y(2)) + (Vi€ + V A(2), Y (2)) + (2 + A(2), VY (2) = c.

Since (Y (2),Y (2)) is negative on [0, 1], this equation is solved by

P (V0 + VeA(2), Y (2)) + (£ + A(2), VY (2)) — ¢
)= V(.Y () v
and
. (/1 (Vi€ + VeA(2),Y (2)) + (2 + A(2), VY (2)) ds)
0 (Y(2),Y(2))
! ds -t
' (/0 <Y(z),Y(Z)>> ’
so that u(0) =0 = u(1). O

4. The properties of J

In this section we shall prove that if Np, p, is c-precompact for some ¢ >
infpr,, p, J then the functional J is bounded from below.
For z € Np, p,, let C, be the real number such that (1.6) holds and, as usual,
let us set for c € R
J¢=Az E./\/Php2 | J(2) < c}.

LEMMA 4.1. Let ¢ > infyr, , J be such that Np, p, is c-precompact. Then
D > 0 exists such that

(4.1) |C.| <D forall ze€ JC.

PROOF. Let (z,) C J¢ be a sequence such that

lim |C,, | = sup |C.|.

n—0o0 zeJe
It is sufficient to prove that (C,,) is bounded. By the c-precompactness, up
to a subsequence, we can assume that (z,) is uniformly convergent to a curve
z € Qp, p, (since P; and P are closed). Thus a compact neighbourhood U of
([0, 1]) exists such that z,([0,1]) C U for n sufficiently large. As every stationary
Lorentzian manifold has a local structure of standard type (see [12, Appendix
C] and Remark 1.9) we can choose a finite number of local charts of M

1 N-1
(Uk7mk;a"' y Lo atk:)k:L...,r
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where N = dim M such that

o (Ug)k=1....r is a covering of Y and for any k=1,... ,r

U}c = Ek X ]—Ek,&‘k[

where ¥ is a spacelike hypersurface parameterized by z},... ,Jciv -1
and ¢, is a positive number,
forany k= 1,...,r we have
0
Y\Uk = aitk
and setting xj, = (z},... ,ngl) the Lorentzian metric on Uy is given
by
g(xka tk)[(é-? T)a (57 T)] = <§7 §>0 + 2<§k(xk)a £>OT - ﬁ(xk)7_2
where = —(Y,Y) and (-, - )¢ denotes the Riemannian metric induced
by g on Ek?
maxg=1,... »(Supx, {0k (Xx), 6x(Xx))0) = Do < 00,
a finite sequence 0 = ag < a1 < ... < a, = 1 exists such that for n

sufficiently large

zn([ak—1,ar]) CUx forallk=1,... r

e by (1.2), for k=1,...,r

A(Xk,tk) = (Allﬁ(xk),A%(Xk)) for all z, = (Xk,tk) e Uy.

Moreover, we set

(4.3) A= sup |tg(p1) —te(p2)|, A= max A
p1,p2€Ug k=1,...,r

For n large enough, we can write, for any k=1,... ,r

(4.4) 2n(8) = Kien(8),ten(s)) € Uy s € [ag—1, ak].

We set for any (xg,vg) € Tk

(4.5)
(4.6)

By (xg,v) = %<Uk7vk>o + (AL (%), vik)o + (O (Xk), vi)0 A7 (Xk),
Gr(xk, k) = (0 (xk), vr)o + (Or (X)), Af (X1))o — B(xk) AZ (xk).

By (1.6) and (4.2)

(4.7)

Cs, = Gr(Xkns Xk,n) — B(Xp,n)te,n
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hence, integrating (4.7) on [ag_1, a]

din = tin(ag) — tepn(ar—1)

:/ak t_k dS:/ak Gk(Xk7n,5{k7n)—Czn s
ap—1 T s ﬁ(xk,n) ;

k—

so that

_ “* Gr(Xkn, Xkn) o 1 -
(48) C‘</ Blk) d‘d)</ Ben) ds) |

Note that by (4.3)

and, as U is compact, v, p > 0 exist such that

(4.10) v< —(Y(2),Y(2))<p forall zel
then
ap 1 -1
(4.11) Y < ( ds> < B
ap — ag—1 an_y BXkon) ar — ag—1

By (4.8)-(4.11)

(4.12) |C-.,

1 [ .
< ,u(/ |Gk(xk)n,xk’n)|ds+A>.
a

ap — Qp—1 \V o1
Thus, it suffices to prove that
ak
[ 16 ds
Qp—1

is bounded (with respect to n) for at least one value of k. To this aim we compute
(using (4.7) and (4.8))

(4.13) / h [;@n ) + (Azn), zn>} ds

k—1

ke ) ) . 1 .
= / |:Ek(xk,naxk,n) + Gr(Xken, Xien ) ten — Zﬁ(xk,n)(tk,n)2:| ds

k—1

Ok lG (an,i(kn) 1 Cg ]
= Ey(Xk,ns Xken) + 5 : : - = ~ ds
/[ KO X)) 2 Ak

otk 1 ak G2 (Xk: ns Xk n)
= En(Xpoms Xpn) ds + = / ST TR ds
~/¢zk1 ak ﬁ(xk n)

o 1 - 1 G ( an,an) )2
- < ap_1 6(Xk,n) > |: < an

G Xk Xkyn) 2 }
+d n/ Gl Xen) 5o Lpa |
" ak_1 ﬁ(xk,n) 2 k,
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From the Schwartz’s inequality, (4.9)—(4.11) we obtain

/ B(zn, Zn) + (A(zn), zn>] ds > / Ey(Xppn, Xin) ds

k—1

A @k 1 A?
—37/ |G (X1, K1 ) s — > —

Vag—ag-1 Jg,_, 2a —ap_1

Summing over k we obtain

ak
(4.14) c> J(zn) > Z (/ Ek(X}g,n,Xk’n) ds
k ak—1

ak
—E/ |Gk(Xk7n,)‘Ck7n)d8> - F
Ak —1

for some positive constants F, F.. As U is compact

. 1,. . /. .
(415) Ek(xk,'ruxk,n) Z §<Xk,na Xk,n>0 -G <Xk,n; Xk,n>07
(416) ‘Gk(xk,na an)| S H\/ <Xk,n7 xk,n>0 + La

for some G, H, L > 0. Substituting (4.15), (4.16) in (4.14) we get

1 [ . . . .
c> Z */ ((Xke,ns Xke,n)o — N/ (Xkeyns Xkn)o) ds | — P
k 2 A —1
where N, P > 0, then R > 0 exists such that

ay
(4.17) / A/ <)'(k7n, Xk,n>0 ds < R,
A —1

so, by (4.16) the proof is complete. O

PROPOSITION 4.2. If Np, p, is c-precompact for some ¢ > infrr, p, J, then
J is bounded from below in Np, p,.

PROOF. Let (z,) be a minimizing sequence for J. For n sufficiently large,
zn € J¢. By the c-precompactness a compact subset K of M exists such that

2n([0,1]) C K.

We can use local coordinates as in the previous lemma and, by (4.13), (4.1) and
(4.10), we have

(4.18) /ajkl B(z’n,én> + <A(zn),z'n>] ds

1 D?

ag
> / Ei(Xpn, Xin) ds — = —(ag — ap—1).
a1 2 v
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Moreover, (4.15) and (4.17) hold, then S > 0 exists such that
ag
(419) / Ek(ka, Xk,n) ds Z —S.
Ap—1

Finally, summing over k in (4.18) and by (4.19) we get, for some T > 0,

5. Proof of Theorems 1.4 and 1.5

We recall that if (X, k) is a Hilbert manifold and f: X — Ris a C! functional,
f is said to satisfy the Palais—Smale condition at a level ¢ € R if every sequence
(x5) C X such that

(5.1) lim f(r)=c lim |2, =0
has a converging subsequence. The norm || || is the norm induced by hon T, X.

We also recall that if z:[0,1] — M is an absolutely continuous curve and
B € LY([0,1],TM) is a vector field along z, the covariant integral of 3 is the
unique vector field B along z such that

(5.2) V:B=8, B(0)=0.

THEOREM 5.1. Under the assumptions of Theorem 1.4, if Np, p, is c-pre-
compact for some ¢ > infyr, , J, then J satisfies the Palais-Smale condition at
any level ¢’ < c.

PROOF. Let (z,) be a sequence in Np, p, satisfying (5.1) at the level ¢/ < c.
Reasoning as in Proposition 4.2, we can prove that (z,) is bounded in H! then it
has a subsequence (again denoted by (z,)) weakly convergent to some z in H?!.
As P; and P; are closed, z € Qp, p,. We have to prove that the convergence
is strong. Let (¢,) be a bounded sequence in H' such that, for any n € N,
Cn €T, 8p, p,- By Proposition 3.3 we can write

Cn = Mny(zn) + Zn

where En € T, Np, p, and i, is as in the proof of Proposition 3.3. As ((,) is
bounded and by the definition of p,, also ({,) is bounded, by (5.1)

lim J'(2,)[Ca] = 0.

n—oo

Then, by Proposition 2.2, for any bounded (¢,,) € T%, p, . p,

(5.3) lim F'(z,)[¢a] = 0.

n—oo
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We can express F’(z,) by using the norm defined at (2.2): there exists a sequence
(©,,) such that, for any n € N, ©,, is a vector field along z,, and

1
F(20)[Ca] = /0 (VE ©,,VE ) ds.

By (5.3) the sequence of vector fields A,, = V£ ©,, goes to 0 in L2([0,1], TM).
Using the Christoffel symbols of the metric tensors g and gr we can write

1 1
(5'5) /O <An7v§n<n>Rd3:/0 <An7v2n<n+G(Zn)[z.an]>Rd5

where G(z)[(1, (2] is a bilinear form in (7, {2 continuous in z. Using (2.1), it can
be checked that two sequences B,, and C,, going to 0 in L? exist such that (by
(5.4) and (5.5))

(5.6) F(20) o] = / (B, V. G} ds + / (CosGo) ds.

On the other hand, we can compute

(5.7) F'(zn)[Cn] :/0 |:<2n7vingn>+<A(Zn)7v,%n<n>+<(A/(Zn))*[2}n]7§n> ds.

By (5.6) and (5.7), integrating by parts
1 1
(5.8) 0= / (20 + A(2n) — Bp, V3, Cn) ds + / (A" (20))"[2n] — Cny Cn) ds
0 0

- /01<zn + A(zn) = Bu = 50, Ve, Ca) ds + (Su(1), Gu(1))
where S, is the covariant integral of (A’(z,))*[2,] — Cn. Setting
(5.9) Wn = 25+ A(2zn) — By, — Sy,
by (5.8) we have that w, is C! and
(5.10) Vi, wy = 0.

Applying to (A’'(z))*[2n] — Cn [12, Lemma 5.1], we get that .S, is bounded in
L? so that, by (5.9) also w, is bounded in L2. This implies that a sequence
(sn) C [0, 1] exists such that

(5.11) lwn (s5)] < co

for some ¢y > 0. Gronwall’s Lemma applied to the differential equations (5.10)
and (5.11) give the existence of 7o > 0 such that

(5.12) lwn(s)| < coe™ Jolznlds gor all s € [0,1].
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It follows that (w,,) is bounded in L. Writing equation (5.10) in coordinates it
becomes

(5.13) W4T (2n) 20, wn] =0

where I is a continuous function in z, (that can be expressed using the Christoffel
symbols of g) which is linear in the variables %, and w,. From (5.13) we get
that (w!) is bounded in L? and thus (w,) is bounded in H'. It follows that
a subsequence of (w,,) (still denoted by (w,,)) is weakly convergent in H! and, in
particular, it is convergent in L2.

Observe now that, as (Z,) is bounded in L%, 2,(0) € Py, 2,(1) € P> and
Py or P, is compact, (z,) is uniformly bounded. Moreover, again as in [12,
Lemma 5.1], also S,, is bounded in H! then, up to a subsequence, it is convergent
in L2, Finally, by (5.9) we obtain that (%,) converges in L?, so (z,) converges
in H' (up to a subsequence) to a curve z € Qp, p,. By the L?-convergence,
a subsequence of (%, + A(z,),Y (z,)) converges pointwise to (¢ + A(z),Y (2))
almost everywhere which implies that (2 + A(z),Y(z)) is constant a.e. on [0, 1]
so z € Np, p,, completing the proof. O

PROPOSITION 5.2. If Np, p, is c-precompact for some ¢ > infprp p, J, then

for any ¢ <c, J s a complete metric subspace of Np, p,.

ProoF. It suffices to consider the c-sublevel. As all the curves in J¢ are
contained in a compact subset of M, we can assume that M is complete with
respect to the metric gr thus Qp, p, is a complete Hilbertian manifold. Let (z,)
be a Cauchy sequence in J°. Then, (z,) converges to z € Qp, p, and, up to a
subsequence, (2, + A(z,),Y (z,)) converges pointwise to (2 4+ A(z),Y (z)) almost
everywhere which implies that (¢ + A(z),Y (z)) is constant a.e. on [0, 1] hence
z € Np, p,. By the continuity of J, J(z) < c¢so z € JC. O

The Palais—Smale condition and the completeness of the sublevels of J imply

the existence of a minimum point for J.

PROOF OF THEOREM 1.4. Set a = infys, ,, J. By Theorem 5.1, Proposi-
tion 5.2 and classical arguments in Critical Point Theory, a is a critical level for
J then, by Propositions 2.1 and 3.3, an orthogonal trajectory joining P; and P;
exists. g

The proof of Theorem 1.5 is based on the Lusternik—Schnirelmann category
theory. We recall the following

DEFINITION 5.3. Let A be a subspace of a topological space X. The category
of Ain X, denoted by catx A, is the minimum number of closed and contractible
subsets of X covering A (possibly co). We shall write cat X = catx X.
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If we assume that M is not contractible in itself and P; and P> are con-
tractible in M we can use the following result (see [8], [10]).

THEOREM 5.4. Let M be a non-contractible in itself C* Riemannian man-
ifold. Let P and Q be two submanifolds of M both contractible in M. Then
a sequence (K,,) exists of compact subsets of Q(P, Q) such that

nhHH;O cato(p,g)Kn = 0.
The previous theorem implies that
(514) cat Qphp,z = Q.

Now we prove that if Y is a complete vector field, then there exists a homotopy
equivalence between (2p, p, and N, p,,p,- More precisely the following proposition
holds.

PROPOSITION 5.5. Assume that'Y is complete. Then a smooth map
F:Qp, . p, = Np, p,
exists such that F is a strong deformation retract. Moreover,
(5.15) J(F(z)) > F(z) forallz € Qp, p,
where the equality holds if and only if z € Np, p,.

PROOF. Let 9): M x R — M be the flow of Y. Let 2:[0,1] — M be a curve
such that z(0) € P; and z(1) € P,. We define a curve w: [0,1] — M by

w(s) =(z(s),d(s)) for all s € [0,1]

where ¢:[0,1] — R will be chosen such that (w + A(w),Y (w)) is constant on
[0,1] and ¢(0) = 0 = ¢(1). This last condition gives that w(0) = 2(0) € P, and
w(l) = 2(1) € P. Moreover, by (1.2) and as Y is Killing, it is not difficult to
prove that, for any p € M and s € R

(5.16) (AW (p, ). Y (¥(p, 5))) = (A(p), Y (p))
and, by using the property of the flow
V(W(p,s),t) =U(p,s+t) forallpe M, s,t €R
we also get
(5.17) d1p(z,¢)[Y(2)] = Y (w) on [0,1].
Thus, computing

(5.18) W= d1(z,)[2] + Y (w)¢f
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by (5.16), (5.17) and as d, is an isometry, we have

(W + A(w), Y (w)) =(d=1p(2, )[2], d=4p(z, §)[Y (2)])
+ ¢ (Y (w),Y (w)) + (A(w),Y (w))
=(4,Y(2)) + ¢'(V(2), Y (2)) + (A(2), Y (2)) = c.

Then w € Np, p, if the function ¢ satisfies the following problem

¢/ _ Cc— <Z + A(Z)7 Y(Z)>
(5.19) { T Y @)
6(0) = 0 = 6(1)
We take
L [P rARYE)
(5.20) o) */o Y@ Yey

so that ¢(0) =0 and

s o= ([T ([ seve)

so that ¢(1) =
We can define the map F:Qp, p, — Np, p, by

F(z)=w forall z€Qp, p,.

As [12, Propositions 5.8, 5.9], F is smooth and it is a strong deformation retract.
Notice that if z € Np, p,, ¢ = 0 is the unique solution of (5.19), then F is the
identity on Np, p,.

In order to prove (5.15), we observe that, as consequence of (1.2), the flows
of A and Y commute that is, for any p € M, s € R and t € R with |¢| sufficiently
small

e(¥(p, s),t) = Y(p(p,t),s)

where ¢ denotes the flow of A (see e.g. [23, Chapter 5, Lemma 13]). Then,
differentiating with respect to ¢ it is not difficult to prove that

(d(z, 8)[v], A(¥(z,9))) = (v, A(z)) forallze M, seR, veT,M.

Now let w = F(z). Taking into account (5.16)—(5.19) and as d, is an isometry,
we have on [0, 1]

(w,w) = (2,2) = (¢)*(Y(2), Y (2)) +2¢/(Y (2), 2),
(A(w), ) = (A(2), 2) = ¢'(A(2),Y (2))-
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Then, by (5.19), (5.20) and the Holder inequality

so the proof is complete. O
The proof of Theorem 1.5 is an application of the following classical result.

THEOREM 5.6. Let X be a Hilbert manifold, f € C*(X,R) be a functional
bounded from below such that, for any ¢ > inf f, f satisfies the Palais—Smale
condition at the level ¢ and the sublevel f¢ is a complete metric subspace of X.
Then f has at least cat X critical points. Moreover, if cat X = oo there exists
a sequence {yn} of critical points of f such that

lim f(yn) = oo.

n—oo

PRrOOF OF THEOREM 1.5. By Proposition 4.2, Theorem 5.1, Proposition 5.2,
J satisfies all the assumptions of Theorem 5.6. O

6. Timelike orthogonal trajectories

In this section we shall prove Theorems 1.7, 1.8. To this aim, for all ¢t € R
we define a map £; between the spaces Np, p, and Np, p,. Let z be a curve
in Np, p, and C, such that (1.6) holds. We define the curve

(6.1) Li(2)(s) = w(s) = ¥(z(s), 9e(s)) for all s € [0,1]

where, for any ¢t € R,

As ¢(0) = 0 and ¢,(1) = t it is clear that (by (1.8)) w(0) = 2(0) € P,
w(l) = 9¥(z(1),t) € P, hence w € Qp, p,. Moreover, using the properties of the
flow v already introduced in the previous section and as Y is Killing
(6.3) (A(w) +w, Y (w))
= (A(w), Y (w)) + (d=(2, ¢0)[], Y (w)) + ¢y (Y (w), Y (w))
=(A(2),Y(2)) + (£,Y(2)) + ¢, (Y (2),Y (2))

:C“f(/olaf@fﬁ«z»)_l:%

so that w € Np, p,.
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PROPOSITION 6.1. Let t be a real number and Et:/\/pl,pz — /\/'pl,pt be as
in (6.1). Then, L; is a bijection, Ly is of class C*> and, for any compact subset B
of Np, .p,, c1,ca,c3 > 0 exist (depending only on B) such that

(6.4) sup J(L(2)) < ¢1 — cot? + calt].
z€B

PROOF. Observe that the map £_¢: Np, p, — Np, p, defined by £L_;(z) = w
where

w(s) = (z(s),p—t(s)) for all s € [0,1]
is the inverse of £;. Clearly, L; is of class C? (as ¢; depends smoothly on z).

Now, let B be a compact subset of Nphpz. As in Lemma 4.1, D = D(B) > 0
exist such that

|C.| <D forall z€ B
and p = p(B) >0, v=v(B) >0, C =C(B) > 0 exist such that for any z € B

(6.6) —u < (Y(2),Y(2)) — v,
(6.7) J(z) < C.

Let z € B and w = L4(2). As Y is Killing and (5.16), (5.17), (5.22), (6.2), (6.3)
hold, we can compute

1
68)  Jw) =5 [ (594260 Y ) + @RV E)LY () ds

+ / (5, A(2)) + G1(A(2), Y(2))] ds
0

s+ [ O+ P )Y ()] s

:J(z)-l—Czt‘f';tQ(/Ol <Y(z)d,SY(z)>>_1

c?-c? [t ds
=16+ [ v vy

Note that, by (6.3), (6.5), (6.6)

1 B —1
(6.9) Cul > |t|<— / M) _|C.| > vt] - D.
Then by (6.5)—(6.9)

2

D 1
<c+ =—— —(v|t| - D)?
sup J(Li(2) < e+ 5 = 5 (vlt = D)

and the proof is complete. O
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PROOF OF THEOREM 1.7. Let z = z; be a minimum point of J on Npl’Pt
(whose existence is given by Theorem 1.4 applied to Np, p,). We have to prove
that, if |¢| is sufficiently large

(6.10) (3,3) < 0.

Hereafter, we shall denote by ¢;, ¢ = 1,...,19, suitable positive constants. Let
v € Np, p, be a fixed curve. By (6.4)

(6.11) J(z)= min J(2) < J(L:(7)) < c1 — cot® + cs]t].

2eNP, P,

By (6.11)

(6.12) %(z’,é’} = J(z) _/O (3, A(2)) ds < ¢1 — cat® + c3)t] —/0 (2, A(2)) ds.

We have to estimate the last term in (6.12). To this aim, we use local coordinates.

We can choose a finite number of local charts
1 N—1
(Uk,xk,... 7xk 7tk)k:1,...,7’

with the same properties listed in the proof of Lemma 4.1, (where I/ is a compact
neighbourhood of z([0, 1])). We can write

2(s) = (xk(9),tx(s)) € Uy for all s € [ag_1,ax], k=1,...,r

Then
(6.13) —/ 2, A(2))ds < Z/ 2))| ds
< Z/ |(%5, Ak (x5))0 + (O (X1), Xk )0 A% (x1,)| ds

Ak —1

’ §/ (006), AL (k) )o = Bxk) A (01 s

ag ag
<o ([ tatass [ laas)
k ak—1 ak—1

where || - || denotes the norm associated to the Riemannian metric (-, -)o. Set
di = tr(ag) — ti(ag—1)-

By the definition of Gy, (given in (4.6))

(6.14) |G (x5, X1)| < es|%x|| + co

then, by (4.8) (applied to z) and (4.10)
ak
(6.15)  |C.] < “(|dk| +C7(/ I5ill ds + (ar — ak_l))).

ap — ag—1 ag_1
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By (4.10), (6.14), (6.15)

| Gr(xk, %) = C,
lte| = |——F——
B(xk)
. 1 1 o
<es| %kl + |dk| + [%kllds | + g
ak — ag—1 ak — ak—1 Ja,_,
then
ag . ag
(6.16) / e ds < 010(/ el ds + [di] + (a —ak1)>.
ap—1 A —1

By the definition of E} (see (4.5))
ap 1 ap ak
(617) / Ek(Xk,Xk) ds Z 5/ <Xk,Xk>0 ds — 011/ ||Xk|| ds.
ak—1 ak—1 ap—1

Thus, as in (4.13) (using also (6.14), (6.17))

k—

1
>

(6.18) / " [;@ 5+ (A(2), z>} ds
/ Ei(xi, 50) ds

dk: ag ) 1 d2
_ﬁ#/ |G (o, %) | ds — 22— Tk
vag —ag-1 Jo,_, 2vag —akp_1

[ A d e
Z*/ <Xk,xk>o d8—612(1+|k|> / HXk”dS
2 Jap_y A — Q-1 ) Ja,_,

d2
—C12 (k + |dk|>~
ap — Ak—1

By the Schwartz’s inequality and (6.18), setting

ar 1/2
el = ( / <xk,xk>ods)
Ak —1
it results

a 1
(6.19) / {2<z,z> + (A(z),é)] ds
arp_1
1. dy; . d?
sl = ra ( (14 2 Y+ )
ap — Qp—1 ap — Ak—1
Lo (1 el \?
> gl = 5 (Il + 2k (14 )

ap — Ak—1
d2
k
- C12< + |di|
ap — Qk—1

1. d 2 2
e (14 ) )
ar — Ap_1 ap — Ak—1

>
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1.
> l%kl3 = cra(1+ [di| + df)

where the Young’s inequality
Lfoo 1.
ab< —|e“a”*+ =b for a,b >0
2 e?
(with € = 1//2) has been applied. By (6.19), for any k=1,... 7,
6200 Il < 3 Il < 4(6) 4 eas S0+ i+ )
k k
Then, by (6.13), (6.16), (6.20) and the Schwartz’s inequality
1 agk
20— [eae) sen( S [ I+ Yl +1)
0 k ak—1 k
<o S Iulla+ X il +1)
k k
1/2
<2c15 <J(Z) +ew )y (1 + |dk| + di))
k
+Cl5<2|dk| + 1).
k

Observe now that, as z(1) € P; = 9(/%,t) and Y|y, = 9/0t, we have

Z(l) = (l‘o,to + t) (ﬂﬁo,to) c by

then
(6.22) D ldk| < exs + 11,
k
(6.23) Z |di|* < err (8 + [t +1).

3
Finally, by (6.11), (6.12), (6.21)~(6.23)
1
{82 Ses(l =12+ [t) + (1 +# + |t])Y/2
so (6.10) is proved. O

PrOOF OF THEOREM 1.8. By Theorem 5.4, for any n € N a compact subset
K, of Qp, p, exists such that catop, p, K, >n.

As the map F defined in Proposition 5.5 is a strong deformation retract,
setting for any n € N K,, = F(K,,), also catnp, p, K, >n.

Let ¢ and ¢y be as in the statement of Theorem 1.7 and fix ¢ < ¢o. By (6.4),
for any n € N, t = ¢(n) > 0 exists such that for any ¢ with [¢| > ¢

/.Zt(f(i) CJ°NNp, p, foralli=1,... n.
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As L; is a homeomorphism, we have
catNPLPt,Ct(f(i) = catnp, p, (K;) foralli=1,... n.
For any : =1,... ,n, we set
Ari ={ACNp, p, | Ais closed, caty,, , A> i}

and

; = inf supJ(z).
G

From classical arguments in Critical Point Theory, each ¢; is a critical value of J
on Np, p, and, if i # j exists such that ¢; = ¢;, there are infinitely many critical
points of J at the level ¢;. Then it has been proved the existence of at least n
critical points {z1,...,z,} of J on Np, p, such that, by (6.4)

ci = J(z) < sup J(Ly(2)) <1 — cot? + st
Zefgn

where c¢q, co, c3 are positive constants. Moreover,

1

(6.24) HOE R /O (i, A(z)) ds

thus, reasoning as in the proof of Theorem 1.7, the integral in (6.24) can be
estimated with a term which grows linearly with ¢. Then, if ¢ is sufficiently large
each z; is timelike and the proof is complete. O

Appendix A. Sufficient conditions for Cp, p, # 0

It is easy to give an example where Cp, p, is empty. Filling a small gap in [12,
p. 160], consider the following example with A = 0. Let £* be the 4-dimensional
Lorentz—Minkowski space (+,+,+,—) with usual coordinates (z,y, z,t), and
let II be the plane t = 0 = . Put M = L*\ I, P, = {(-~1,0,0,0)},
P, = {(1,0,0,0)}. Assume that a curve (x(s),y(s),z(s),¢(s)) joins P; and Ps.
Necessarily, ¢(s) cannot be a constant, because P; and P, lie in different con-
nected parts of the set {(z,y,z,t) € M | t = 0}. Thus, t(s) as well as £(s)
cannot be constant. But f(s) = —(2(s),d;) = —(2(s) + A,Y), in contradiction
with (1.6).

When Y is complete, it is not necessary to impose that Np, p, (or Cp, p,)
are not empty. Indeed, we can define a map F:{lp, p, — N, p,,p, as in the proof
of Proposition 5.5. Thus the following proposition hold immediately.

ProOPOSITION A.1. Under the assumptions of Theorem 1.4, assume that' Y
is complete. Then Np, p, (and thus Cp, p,) are not empty.

Next we give another sufficient condition. We recall that P; and P» are said
causally related if either J*(P;)N Py or J*(P2)N Py is non-empty, where J*(F;),
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i = 1,2 denotes the subset of all the points of M which can be joined by a causal
curve z starting at any point of P;. Recall that, as Y is timelike, then necessarily
(Y(2), 2) # 0 for any causal curve z at any point.

PROPOSITION A.2. If P; and P, are causally related, Np, p, (and Cp, p,)
are not empty.

PROOF. Under the above assumptions, a causal curve z:[0,1] — M exists
such that

(A.1) (2(5),Y(2(s))y <0 forall s €]0,1]
and, for example, z(0) € Py, z(1) € Po. We set z*(r) = z(s(r)) where s(r): [0, 1]
— [0, 1] is an increasing diffeomorphism to be determined in way that
(Z"(r) + A(Z"(r)), Y (" (r))) = C
where C'is a real constant. As 2*(r) = §(r)2(s(r)) and by (A.1), s must satisfy

C — (A" (r), Y (" (r))
(2(s(r), Y (2(s(r))))

Set p(s) = (A(2(s)), Y (2(s))) and consider pg = p(sg), its (possible non-unique)

8(r) =

minimum in [0, 1].
If we assume C' < pg then 7(s) (the inverse of s) must satisfy
S _ /3 Y
r(s) = / —&Y(2) dr.
0 p—C
Thus, if we put

[ YE)
A(C)—/O s

it is enough prove the existence of some C < py such that A(C) = 1.

This is straightforward from

(A.2) lim A(C)=0 lim A(C) = 0.

C——o0 C—po
Indeed, as c1,co > 0 exist such that
1 < —(2(5),Y(2(s))) < cg forall s€|0,1]

we get
C2

1
ca

AC §/ ds <

) 0o p—C po—C

from which the first limit (A.2) follows. For the second one, by using the power

expansion of p(s) around sg, which yields that

p(s) = C < Mls — s
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for some positive M, we have

1 1
lim A(C) > lim A ds= / — D ds=c0
C—po C=poJo p(s)—C o P(s) = po

so the proof is complete. O

Appendix B. The standard stationary case

Next, the case of standard stationary manifolds as in Remark 1.9 will be
discussed. Our aim is to find conditions on the coefficients of the metric (1.9)
and on the vector field A such that F' is pseudocoercive. Our conditions can be
stated with a more general language in terms of the spatial growth with respect
to a time function as in [12, Appendix A]. Nevertheless, under these conditions
the spacetime is always standard stationary. Thus, we prefer to state our result
directly on standard spacetimes for the sake of clarity. In fact, recall the following
result:

LEMMA B.1. Let (M, g) be a Lorentzian manifold admitting a timelike Kill-
ing vector field Y such that

(a) the Riemannian metric gr in (2.1) is complete;
(b) there are constants v, > 0 such that

0<v<—gY(2),Y(2) <p foralze M.

Then the vector field Y is complete and the Lorentzian metric g is geodesically
complete.

Proor. Condition (a) and the inequality gr(Y,Y) = —¢g(Y,Y) < p imply
the completeness of Y. For the geodesic completeness of g, use (a) and the first
inequality in (b) to apply [19, Proposition 2.1]. O

Notice that the hypotheses of [12, Proposition A.3] imply those in Lemma B.1.
Thus, Y will be complete. Then, the hypotheses on the time function in [12,
Appendix A] imply the existence of a spacelike hypersurface 3 which is inter-
sected exactly once by all the flow lines of Y. Therefore, moving ¥ with the flow
of Y, one sees that the applications in [12, Appendix A] hold only for standard
stationary spacetimes.

On the other hand, the geodesic completeness of ¢ in Lemma B.1 poses an
interesting question (compare with [12, Introduction and Remark A.5]). The fol-
lowing static (i.e. stationary with irrotational ¥') Lorentzian manifolds are used
in the literature as counterexamples to geodesic connectedness: (1) Universal
anti-de Sitter spacetime, which is also (geodesically) complete and standard, but
not globally hyperbolic, (2) the example in [12, Appendix B], which is globally
hyperbolic, but neither standard nor complete, and (3) the first example in [22,
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p. 925, Counterexamples|, which is globally hyperbolic and standard but not
complete. Thus, it would be interesting to know if there exists a counterex-
ample being static (or, at least, stationary), globally hyperbolic and complete.
We stress that the pseudosphere S (de Sitter spacetime) is complete, globally
hyperbolic and admits a standard splitting (as a Generalized Robertson—Walker
spacetime), but it is not stationary. Moreover, it is not difficult to check, by
using [11, Section 6, Corollary 5], that a two-dimensional globally hyperbolic
standard static spacetime (complete or not)

((a,b) x R, dz? — f*(x) dt?)

is geodesically connected (in fact, global hyperbolicity implies fcb f= fac f=
for ¢ € (a,b), which is sufficient to ensure Condition A of this reference). For
further discussions and related results see also [20], [21].

Thus, let (M, (-, -)) be a standard stationary Lorentzian manifold as in
Remark 1.9. A complete Killing vector field Y on M is given by

Y(z)=(0,1)=0, forall ze M.
whose flow ¥: M x R — M is defined by
¥(z,8) = (x,t+s) forall z=(x,t) € M.

We can fix two submanifolds S, Ss of Mg and consider the corresponding
spacelike submanifolds of M

Py =58, x{0}, Py=5,x{r}

where 7 is a fixed real number. In the standard case, equation (1.2) is equivalent
to require that the field A does not depend on the time variable, that is

A(z) = (A1(z), Az(x)) for all z = (z,t) € M.

Observe that, as Y is complete, Cp, p, is not empty (see Appendix A).
In order to give simple conditions for the pseudocoercitivity of F on Np, p,,
let us consider (see Lemma 4.1) for z = (x,t) € Np, p,

1
Plz) = /O {E(a:,x’)—i—G(z,:t)—;ﬂ(x)iZ ds

(&,2)0 + (A1(z), T)o + (0(2), T)o A2(2),
6(x), )0 + (0(z), A1(z))o — B(x) A2(x).

—~
o8,
[\
~
Q
&
8
~
I
el
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PRrROPOSITION B.2. Let M be a standard stationary spacetime as in Re-
mark 1.9. Assume that v, > 0 exist such that

(B.3) v<Bx)<p foralxe Mg

and that p,q,r € [0,1[, h € [0,2[, ¢; > 0, i = 1,...,8 exist such that, for any
S Mo,

(B.4) |A1(2)| < eqld(zx,S1)])P + co,
(B.5) [Az(@)|[6(x)] < esld(x, S1)]* + ca,
(B.6) |0(z)| < esld(z,S1)]" + c,
(B.7) |As(2)| < erld(z, S1)])" + cs,

where d is the usual distance in (Mo, (-, -)o). Then, Cp, p, is pseudocoercive.

PROOF. As in Lemma 4.1, if (B.3) holds

/Exx s—T= /|Gxx|ds—f/n

d(z(s), 5)) < d(z / dldr < [}é]l2

then, by (B.4)—(B.7) we obtain

As z(0) € 54

1, , , , .
¢ F(2) 2 gll#l3 = (erl|2llf + e2)llll2 — (esll 13 + ca)llz 2

7 i . - , , 1
=7 lesll@l5 +co) 12+ (esllll + co) (eall2llE + c2) + pler |43 + es)] = 5 7

then Ky > 0 exists such that ||Z]j2 < Kj.
Let C, be such that (¢ + A(2),Y(z)) = C,. As

o= ([ G ([ )

by (B.2)—(B.7), also |C,| is bounded. Now, as

[P G(z,2) - C, <
t(s)*/o O

we get ||t]a < Ko, ||f||ls < K3, where Ko, K3 are positive constants. Thus if
(zn, = (Tn,tn)) C Np, p, is such that F(z,) < ¢, it results that (z,) is bounded
in H! and the thesis follows. O

Then, if S;, S5 are closed and at least one of them is compact, from our
Theorem 1.4 it follows in particular [4, Theorem 1.3] where standard static



ORTHOGONAL TRAJECTORIES ON STATIONARY SPACETIMES 267

(6 = 0) Lorentzian manifolds are taken into account. Moreover, if the topo-
logical assumptions are verified, from our Theorem 1.5, [4, Theorem 1.4] follows
as a particular case.

Finally, we also point out that if in Theorems 1.4, 1.5, 1.7, 1.8, the submani-
folds P; and P, reduce to a point, then we re-obtain the results in [2] and some
of the results in [9] for trajectories under a vectorial potential joining two fixed

events.
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