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IMPULSIVE HYPERBOLIC DIFFERENTIAL INCLUSIONS
WITH VARIABLE TIMES

M. BENCHOHRA — L. GORNIEWICZ — S. K. NToUuvAS — A. OUAHAB

ABSTRACT. In this paper the nonlinear alternative of Leray—Schauder type
is used to investigate the existence of solutions for second order impulsive
hyperbolic differential inclusions with variable times.

1. Introduction

In this paper, we shall be concerned with the existence of solutions for the
following second order impulsive hyperbolic differential inclusions with variable

times:
(1.1) % € F(t,z,u(t,z)), ae. (t,x)€ Jy, x Jp,

t# p(u(t,z)), k=1,...,m,
(1.2) u(tt,z) = Ip(u(t,z)), t=me(ut,z)), k=1,...,m,
(1.3) u(t,0) = (), t € Jy, u(0,2) = o(x), x € Iy,

where F:J, x J, Xx R® — P(R™) is a multivalued map with compact values,
J = Ja X Jb = [070“} X [07b]a Ik € Ol(an]Rn)a d) € O(JL“]RW‘), u(t+7y) =
lim g, 2y 0+ ) u(t +h,x) and u(t™,y) = lim, 5y ) u(t — h, ) represent the
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right and left limits of u(t,z) at (t,x), respectively and R™ a Euclidean space
with norm | - |.

Impulsive differential and partial differential equations with fixed moments
have become more important in recent years in some mathematical models of
real phenomena, especially in control, biological or medical domains, see the
mongraphs of Lakshmikantham et al ([12]), Samoilenko and Perestyuk ([16]),
and the papers of Bainov et al ([2]), Kirane and Rogovchenko ([11]), Liu ([14])
and Liu and Zhang ([15]). However the theory of impulsive partial differential
equations with variable time is relatively less developed due to the difficulties
created by the state-dependent impulses.

Very recently, by means of a Martelli’s fixed point theorem for condensing
multivalued maps, a particular case (I, =0, k = 1,... ,m) of the problem (1.1)—
(1.3) was studied by Benchohra in [3]. Let us mention that that with the aid
of the Leray—Schauder nonlinear alternative ([6]), the problem (1.1)—(1.3) was
considered by the authors (see [4]) in the case where the instant of impulses
are fixed. Hence the present result is an extension of the problem to variable
moments. Our proof is based also on the nonlinear alternative. It can also be
considered as a contribution to the title literature.

2. Preliminaries

We will briefly recall some basic definitions and facts from multivalued anal-
ysis that we will use in the sequel.

C(J, x Jp,R™) is the Banach space of all continuous functions from J, x J
into R™ with the norm

[ulloo = sup{lu(t, s)| : (t,5) € Ja X Jo}.

A measurable function z: J, x J, — R"™ is integrable if and only if z is Lebesgue
integrable.

L'(J, x Jp, R™) denotes the Banach space of functions z: J, x J, — R™ which
are Lebesgue integrable normed by

a b
Izl L1 :/ / |2(t, s)| dt ds.
o Jo

Let (X, - ||) be a normed space and

Pa(X) ={Y € P(X) : Y closed},
Py(X) = {Y € P(X) : Y bounded},
Pp(X) ={Y € P(X) : Y compact},

P o(X) ={Y € P(X) : Y compact, convex}.
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A multivalued map G: X — P(X) is convex (closed) valued if G(z) is convex
(closed) for all z € X.

G is bounded on bounded sets if G(B) = (J, .3 G(z) is bounded in X for all
B e Py(X) (i.e. sup,ep{sup{|lyll : y € G(z)}} < o0).

G is called upper semi-continuous (u.s.c.) on X if for each xy € X the
set G(zp) is a nonempty, closed subset of X, and if for each open set U of
X containing G(zg), there exists an open neighbourhood V of z( such that
GV)CuU.

G is said to be completely continuous if G(B) is relatively compact for every
B € Py(X). If the multivalued map G is completely continuous with nonempty
compact values, then G is u.s.c. if and only if G has a closed graph (i.e. z,, — .,
Yn — Ys, Yn € G(xy,) imply y. € G(x)). G has a fixed point if there is z € X
such that € G(z). The fixed point set of the multivalued operator G will be
denoted by Fix G.

A multivalued map N: J, x J, x R” — P, (R") is said to be measurable, if for
every w € R", the function ¢ — d(w, N(t,z,u)) = inf{||lw —v|| : v € N(¢,z,u)}
is measurable where d is the distance induced from the normed space R™. For
more details on multivalued maps see the books of Aubin and Cellina ([1]),
Deimling ([5]), Gérniewicz ([8]) and Hu and Papageorgiou ([10]).

DEFINITION 2.1. The multivalued map F:J, x J, x R" — P(R") is said to
be an L'-Carathéodory if

(a) (t,x) — F(t,z,u) is measurable for each u € R,
(b) w+ F(t,z,u) is upper semicontinuous for almost all (¢,z) € J, X Jp,
(c) for each r > 0, there exists ¢, € L*(J, x Jp, R) such that

|F(t, z,u)|| =sup{|v| : v € F(t,z,u)} < @.(t, )

for all |u| <7 and for a.e. (t,z) € J, X Jp.

For each u € C(J, x Jp,R™), define the set of selections of F' by
Spu={ve L' (J, x Jp,R") s v(t,s) € F(t,z,u(t,x)) ae. t € J,, v € Jp}.

LEMMA 2.2 ([13]). Let X be a Banach space. Let F: Ju X Jy x X — Pep o(X)
be an L'-Carathéodory multivalued map with Sg # 0 and let ¥ be a linear
continuous mapping from LY(J, x Jy, X) to C(J x Jy, X), then the operator

o SFZC(Ja X Jb,X) — Pcp,c(C<Ja X Jb,X)),
u— (VoSp)(u) :=T(Sru)

is a closed graph operator in C(Jy X Jp, X) x C(Jy X Jp, X).
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LEMMA 2.3 ([6]). Let X be a Banach space with C' C X a convex. Assume
U is a relatively open subset of C with 0 € U and G: X — P, o(X) be an upper
semi-continuous and compact map. Then either

(a) there is a point u € OU and X € (0,1) with u € AG(u) or
(b) G has a fized point in U.

REMARK 2.4. By U and OU we denote the closure of U and the boundary
of U, respectively.

3. Main result

In this section we are concerned with the existence of solutions for problem
(1.1)—(1.3). In order to define the solution of (1.1)-(1.3) we shall consider the
following space

Q={u:J, x Jy > R" : there exist 0 =tg <t1 < ... <ty <tmi1 =a
such that ¢, = 7 (u(tx, - )) and u € C(T%,R"),k=0,...,m
and there exist u(t, , - ), and u(t'k", D, k=1,...,m

with u(t,, -) = u(ty, -)}
which is a Banach space with the norm
[ulle = max{||u||,k =0,... ,m},

where uy, is the restriction of u to T'y = (g, tk+1) X Jp, £k =10,... ,m. So let us
start by defining what we mean by a solution of problem (1.1)—(1.3).

DEFINITION 3.1. A function u € QNJ;~; A' (T, R") is said to be a solution
of (1.1)—(1.3) if there exist v € L'(J, x Jp) such that v(t,z) € F(t,z,u(t,z)) sa-
tisfied a.e. on J, X Jy, 0%u(t, z)/0tdx = v(t, z) a.e. on J, x Jp, and the conditions
(1.2)—(1.3).

Let us introduce the following hypotheses:

(H1) There exist constants ¢j such that |I(u)] < ¢k, k = 1,...,m for each
u € R™.
(H2) There exist functions p,q € L'(J, x Jy, Ry ) such that

[ 2, w) || < plts x) + q(t, 2)|u|

for a.e. (t,z) € J, X Jp and each u € R™.
(H3) The functions 7, € C*(R™,R) for k = 1,... ,m. Moreover,

0<m(z)<...<7p(z) <a forall zeR"
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(H4) For all u € C(J, x Jp,R™) and all v € S, we have

(o), [ vts.0105) #1

for all (¢,t,z) € Ju X J, X R™ and k = 0,... ,m, where (-, -) denotes
the scalar product in R"™.
(H5) For all x € R™

Tr(Ip(2)) < m(x) < Top1(Ig(z)) fork=1,...,m
THEOREM 3.2. Assume that the hypotheses (H1)-(H5) are satisfied. Then
the IVP (1.1)—(1.3) has at least one solution.

PROOF. The proof will be given in several steps.
Step 1. Consider the following problem

(3.1) % € F(t,z,u(t,x)), ae. (t,x) € JuxJp
(3.2) u(t,0) =¢(t), te€Js, u(0,z)=4¢(x), z€.

A solution to problem (3.1)—(3.2) is a fixed point of the operator
N:C(Jy % Jp,R™) — P(C(J, % Jy, R™))
defined by:

t x
N(u) = {h € Clx I ) hit,) = 20(t.0)+ [ [ wls,)dsdy. ve sp,u},
o Jo
where zo(t, x) := 1(t) + ¢(x) — 1(0). The proof will be given in several claims.
CrLAmM 1. N(u) is convez for each u € Q.

Indeed, if hy, hg belong to N(u), then there exist vy, ve € Sp, such that for
each (t,z) € J, x Jp we have

t x
m(t,x):z()(t,m//w(&y)dsdy, =12

Let 0 < d < 1. Then for each (¢,z) € J, x Jp, we have

(dhy + (1 — d)ho)(t) = 20(t, x) / / [dv1(s,y) + (1 — d)va(s,y)] ds dy.
Since Sg,, is convex (because F' has convex values) then
dhyi + (1 — d)hg € N(u)
CLAIM 2. N maps bounded sets into bounded sets in C(J, x Jp, R™).

Indeed, it is enough to show that there exists a positive constant ¢ such that
for each u € By = {u € C(J, X Jp,R") : ||u]lco < g} one has ||N(v)|lec < ¥.
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Let h € N(u) then there exist v € S, such that

h(t, ) zo(t,x)Jr/Ot /Ozv(s,y)dsdy.

Since F' is an L-Carathéodory we have for each (¢,2) € J, X Jp

a b
Iht,2)] < Jz0(t, )] + / / (alt, @) ds < l120lloe + lpqllzs = £.

CLAM 3. N maps bounded sets into equicontinuous sets of C(J, x Jp, R™).

Let (t1,21), (f2,x2) € Jo X Jp, t1 < t2, 21 < 22 and B, be a bounded set
of C(Jy x Jp,R™), as in Claim 2. Then

|h(t2, x2)) — h(t1, z1)| < |20(t2, z2)) — 20(t1, 21)|

t2 t2
//goqtsdtder/ / ©q(t, s) dtds.

The right-hand side tends to zero as ¢t —t; — 0, £ — 1 — 0.
As a consequence of Claims 2 and 3 with the Arzela—Ascoli Theorem we can
conclude that N: C(J, x Jp, R™) — C(J, x Jp, R™) is completely continuous.

CLAIM 4. N has a closed graph.

Let u, — tx, hyy € N(uy,) and h, — h,. We shall prove that h, € N(u.).
hn, € N(u,) means that there exists v, € S, such that for each t € J

t T
han(t,x) = zo(t,x) + / / (s, x) ds dz.
o Jo

We must prove that there exists v. € Sg,,. such that for each (t,z) € J, x J,

t T
hi(t,z) = 2zo(t,x) + / / Vi (s, x) ds dz.
o Jo

Clearly, since ¢ is continuous we have that
[(hpy — 20(t,2)) — (he — 20(t,2))|]oo — 0 as n — oo.
Consider the linear continuous operator

(J XJb,Rn _)CJ XJba )a

v— U(v)(t,x) // (s,7)dsdr.

From Lemma 2.2, it follows that W o Sg is a closed graph operator. Moreover,
we have that

(hn(t,z) — 20(t,z)) € U(SEu, )
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Since u, — u, it follows from Lemma 2.2 that

t x
ha(t.o) = o(to)+ [ [ ospdsdy
0o Jo
for some v, € Spy, -
CLAM 5. A priori bounds on solutions.
Let u € € be a possible solution to (3.1)—(3.2). Then there exists v € Sp,
such that for each (t,z) € J
t T
u(t,z) = zo(t, ) +/ / v(s,y) ds dy.
o Jo

This implies by (H2)—(H4) that for each (¢,z) € J, x J, we have
t x
fu(t, 2)] < Jlz0llo0 + / / (s, 7)) + la(s, 7)l[us, 7)) ds dr
0 0
t xT
< Jlzolloo + / / la(s, 7)fu(s, 7)] ds dr -+ ||pll 1.
0 0

Invoking Gronwall’s inequality (see for instance [9]) we get that

ut, ) < [l20llc0 + [Pl Lr]ezp(llgllL1) = M.
Then |Ju|lq < M. Set
Uy ={u€C(Jy x Jp,R") : |Julloo < M + 1}.

N:U; — P(C(Jq X Jy,R™)) is completely continuous. From the choice of U;
there is no u € 9U; such that u € AN (u) for some A € (0,1). As a consequence
of the nonlinear alternative of Leray Schauder type (see [6]) we deduce that N
has a fixed point w in U; which is a solution of (3.1)—(3.2). Denote this solution
by uy.

Define the function 7y 1(¢, z) = 7 (u1(t,z)) — ¢ for t > 0. (H3) implies that
r.1(0,0) #0 for k =1,... ,m. If rp1(t,x) #0on J, x Jp for k =1,... ,m,
ie. t # 1i(ui(t,z)) on J, x Jp and for k = 1,... ,m, then u; is a solution of the
problem (1.1)—(1.3).

It remains to consider the case when ry 1(¢,z) = 0 for some (¢, x) € J, X Jp.
Now since 71,1(0,0) # 0 and 7 1 is continuous, there exists ¢; > 0,21 > 0 such
that

Tl,l(tl,xl) =0 and 7“171(7’5,.%) 7é 0 for all (t,l‘) S [O,tl) X [0,.’171].
Thus by (H4) we have

7“1,1(7f1,.131) =0 and 7“171(t,l‘) 7é 0 for all (t,.]?) S [O,tl) X [O,xl] U (l‘l,b].



326 M. BENCHOHRA L. GORNIEWICZ S. K. NTOUYAS A. OUAHAB

Suppose that there exist (¢,%) € [0,¢1) x [0,21) U (21, b] such that r 1(¢, %) = 0.
The function r; ; attains a maximum at some point (s,3) € [0,¢1] X Jp. Since
Ou(t, x)
otox
then there exist v( -, -) € LY(J, x Jp) with v(t,z) € F(t,x,u;(t, 7)), a.e. (t,x) €
J, X Jp such that

€ F(t,z,u1(t,x)), ae. (t,x)€ J, x Jp

O?u(t, x)
W = v(t,x) a.e. t € Ja X Jb.
Ouy (t,x) /0t and Ouy (t, x)/O0x exist. Then
ori11(s,8) .\ Ouy(s,3) B
T—Tl('l,tl(s,s))T 1—0
Since .
8ul (ta J}) _
9 = /0 v(s,x,ui(s,z))ds,
then A
T{(ul(s,§))/ v(1,3)dr — 1 =0.
0
Therefore

<T{(u1(s,s)),/osv(7',s) dT> _1,

which contradicts (H4). From (H3) we have
rea(t,z) #0 forallte€[0,t1) x Jyand k=1,... ,m.
Step 2. Consider now the following problem

0%u(t, )
otox
(3.4) u(t],x) = I (u1 (t1, x)).

€ F(t,z,u(t,z)), ae. te€]lty,a]l x Jp,

Transform the problem (3.3)—(3.4) into a fixed point problem. Consider the
operator Ny: C([t1,a] X Jp, R™) — C([t1,a] x Jp, R™) defined by

Ny(u) = {h € O([ts, a] x Jo, R") :

Wty ) = I (ur (b, 2)) + / o(s,y)dsdy, v e sF,u}.
0

As in Step 1 we can show that Nj is completely continuous, and each possible
solution of (3.3)—(3.4) is a priori bounded by constant M. Set

U,y = {u S C([tl,a] X Jb,Rn) : ||UH<>0 < M5 + 1}.

From the choice of Uy there is no u € 9Us such that u = AN;(u) for some
A € (0,1). As a consequence of the nonlinear alternative of Leray—Schauder type
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(see [6]) we deduce that N; has a fixed point u in Uy which is a solution of
(3.3)—(3.4). Denote this solution by us. Define

rr2(t, ) = T (u2(t,x)) —t  for (¢t,x) € [t1,a] X Jp.
If ri2(t, ) # 0 on (t1,a] X Jp and for all k = 1,... ,m then

(t.2) = ur(t,x) if (t,z) € [0,t1) X Jp,
= (t,x

u2(t, ) if (t,$) € [tlaa] X Jb7

is a solution of the problem (1.1)—(1.3). It remains to consider the case when
roo(t,x) = 0, for some (t,x) € (t1,a] X Jy. By (H5) we have

roa(ty, 1) = mo(ua(tf, z1)) — t1 = (L1 (ur (t1, 1)) —
> 7y (ui(th,21)) —t1 =r11(t1,21) = 0.
Since 12,2 is continuous and by (H3) there exists t2 > t1,x2 > 1 such that
roa(uz(ta, x2) =0 and roqo(t,x) #0 for all (¢,2) € (t1,t2) X Jp.
It is clear by (H3) that
rio(t,x) #0 forall (t,z) € (t1,t2) X Jp, k=2,... ,m.
Suppose now that there is (s,3) € (t1,t2] x [0,22) U (22, b] such that
r1,2(s,3) = 0.
From (H5) it follows that
ra(tf 1)) = m(ua(t, 21)) —t1 = 7 (L (ua (tr, 1)) — £y
<7 (ui(tr,z1) —t1 =r1,1(t1,21) = 0.

Thus the function 71 2 attains a nonnegative maximum at some point (s1,31) €
(t1,a] x [0,22) U (22, b]. Since
0?us(t, )
otox
then there exist v(t,x) € F(t,z,ua(t,)) a.e. (t,x) € [t1,a] x J, such that
D?us(t, x)
otox

€ F(t,z,us(t,x))

= U(t,l‘)7 (t,l‘) € [tlaa] X Jp.

Then we have

Ous(t, )
ot

(rituatenm0). / s ) =1

which contradicts (H4).

T o (t ) = i (uz(t, )

Therefore
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Step 8. We continue this process and taking into account that wu,, :=
Yl[t,,a]xJ, 1S a solution to the problem

O%u(t, )
otox

(3.6) u(th ) = Ln(um—1(t,,)).

The solution u of the problem (1.1)—(1.3) is then defined by

ul(t,x) ifte [O,tl) X Jb,

UQ(t,.”L') ifte [tl,tz) X Jp,

(3.5) € F(t,z,u(t,z)), ae. t€ (tm,a] x (0,0],

u(t,x) =

U (t, ) it € [tm,a] X Jp.
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