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MORSE DECOMPOSITIONS
IN THE ABSENCE OF UNIQUENESS, II

MARIA C. CARBINATTO — KRZYSZTOF P. RYBAKOWSKI

ABSTRACT. This paper is a sequel to our previous work [3]. We first ex-
tend the concept of 7-Morse decompositions to the partially ordered case
and prove a generalization of a result by Franzosa and Mischaikow char-
acterizing partially ordered 7-Morse decompositions by the so-called 7-
attractor semifiltrations. Then we extend the (regular) continuation result
for Morse decompositions from [3] to the partially ordered case. We also
define singular convergence of families of “solution” sets in the spirit of
our previous paper [4] and prove various singular continuation results for
attractor-repeller pairs and Morse decompositions. We give a few applica-
tions of our results, e.g. to thin domain problems. The results of this paper
are a main ingredient in the proof of regular and singular continuation
results for the homology braid and the connection matrix in infinite dimen-
sional Conley index theory. These topics are considered in the forthcoming
publications [6] and [7].

1. Introduction

Let (X,d) be a metric space and C = C(R — X) be the set of all con-
tinuous maps from R to X. Let 7 be an arbitrary subset of C. We view 7
as a set of full solutions of a semiflow on X or of a differential equation on X
which might not define a semiflow. In our previous paper [3] we defined the
concepts of 7-attractors, 7-repellers and 7-Morse decompositions (M;)ic[1,m]
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(of the first and second kind), extending the corresponding concepts introduced
in [8] for the flow case and in [15] and [18] for the semiflow case. We showed
that all the main results about Morse decompositions from, e.g., [18] continue
to hold in the more general setting. We also defined a concept of convergence of
sequences in C and established various continuation results, i.e. stability results,
for T-attractor-repeller pairs, 7 -attractor filtrations and 7-Morse decomposi-
tions (Theorems 2.19, 3.14 and 3.15 in [3]), which were new even in the semiflow
case. We applied the latter result to give an alternative proof of a multiplicity
result for a variational problem previously obtained in [1] by the use of Floer
homology. Our continuation result was later applied in the paper [11] to prove
a multiplicity conjecture made in [1].

Replacing, in the definition of Morse decompositions (of the second kind),
the set [1,m] by an arbitrary finite set P and the standard ordering of the
integers by an arbitrary (strict) partial order < on P we arrive at the more
general concept of a partially ordered Morse decomposition (M;);cp. This was
done for the first time in [9] for the flow case and in [10] for the semiflow case.
Partially ordered Morse decompositions are more appropriate for proving the
non-existence of certain connections: if ¢« and j € P, but neither ¢ < j nor j < i,
then there is no connection between M; and M;.

In the present paper we extend the concept of 7-Morse decompositions to
the partially ordered case. Analogously as in [10], we show that partially ordered
T-Morse decompositions can be characterized by the so-called 7 -attractor semi-
filtrations (Theorems 2.16 and 2.17).

We then extend the continuation result from [3] to the partially ordered case
(Theorem 3.3). Again this is new even in the semiflow case (cf. Corollaries 3.5
and 3.6). We illustrate this result by extending Theorems 4.5 and 4.15 from [3]
to the partially ordered case.

In the last section of this paper we define singular convergence of families
(72)c€)0,e0) Of “solution sets” in the setting of our previous article [4]. We es-
tablish various properties of this convergence concept leading to the main sin-
gular continuation result for partially ordered 7-Morse decompositions (Theo-
rem 4.12). After specializing to the semiflow case we apply this result to some
thin domain problems. Some other applications of the abstract results of this pa-
per to parabolic and singularly perturbed hyperbolic equations are given in [17].

The results of this paper are fundamental for proving the regular and singular
continuation of the (co)homology index braid and the resulting connection matrix
in infinite dimensional Conley index theory. These topics are considered in the
forthcoming publications [6] and [7].

In this paper we use the notation and results of [3] without any further

comment.
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2. Partially ordered Morse decompositions

In this section we will define partially ordered 7-Morse decompositions and
establish some of their properties. In particular, we will extend a result from [10]
which characterizes such 7-Morse decompositions in terms of certain 7 -attractor
semifiltrations.

Recall that a strict partial order on a set P is a relation < C P x P which
is irreflexive and transitive. As usual, we write z < y instead of (z,y) € <. The
symbol < will be reserved for the less-than-relation on R.

For the rest of this paper, unless specified otherwise, let P be a fixed set and
< be a strict partial order on P.

A set I C P is called a <-interval if whenever i, j, k € P, i, k € I and
i < j <k, then j € I. By I(<) we denote the set of all <-intervals in P. A set
I is called a <-attracting interval if whenever i, j € P, j € I and i < j, then
i € I. By A(<) we denote the set of all <-attracting intervals in P. Of course,
A(=<) C I(=). The following result is obvious.

PROPOSITION 2.1. Let J € I(<) be arbitrary. Define K to be the set of all
k € P for which there is a j € J such that k =j or k < j. Then K € A(<) and
I:=K\JeA).

Let us also note the following known results.

PROPOSITION 2.2. Let I be an arbitrary <-attracting interval. Then < can
be extended to a total order <*==<7 on P such that I is an <*-attracting interval.

PROOF. Let <’ C P x P be defined by
<'=<U{(@,j)| iel,jeP\Iand (i,j) & <}

It is easily seen that <’ is a (strict) partial order on P. By Zorn’s Lemma there
is a total order <* extending <’. It is clear that <* has the desired property. (]

PRrROPOSITION 2.3. Let k € Ny be arbitrary and suppose P has k+1 elements.
Then there is a bijective map : [0, k] — P such that whenever i, j € [0,k] and

o(1) < o(j) then i< j.

PrOOF. This is proved by induction on k € Ny. The result is obvious for
k = 0. Assume the proposition for k—1 and let P have k+1 elements. There is a
<-maximal element a € P. By the induction hypothesis there is a bijective map
©': [0,k — 1] — P\ {a} such that whenever ¢ and j € [0,k — 1] and ¢'(i) < ¢'(j)
then i < j. Let ¢ be the extension of ¢’ to [0, k] obtained by setting ¢(k) = a.
The map ¢: [0, k] — P has the desired properties. O

For the rest of this paper we assume that P is a finite set.
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DEFINITION 2.4. Let 7 be a subset of C. A family (M;);ep is called a
<-ordered T -Morse decomposition if the following properties hold:
(1) The sets M;, i € P, are closed, T-invariant and pairwise disjoint.
(2) For every o € T either o(R) C My, for some k € P or else there are k,
l € Pwith k<1, a(c) C M; and w(o) C M.

REMARK 2.5. If < is a strict total order on P and P has m elements, then
there is a unique order isomorphism ¢: ([1,m],<) — (P,<). In this case, a
family (M;);ecp is a <-ordered 7-Morse decomposition if and only if the sequence
(M), is a T-Morse-decomposition of the second kind (cf. Definition 3.3 in [3]).
Here, M| = My, v € [1,m].

REMARK 2.6. Let 7 be a local semiflow on X and S be a compact invariant
set relative to m. Let 7 := 7. g be the set of all full solutions of 7 lying in
S. In this case the concept of a 7-attractor is equivalent to the concept of an
m-attractor in S and the concept of a 7-attractor-repeller pair is equivalent the
concept of an attractor-repeller pair in S (relative to 7) as introduced in [15].
Moreover, the concept of a <-ordered 7-Morse decomposition is equivalent to
the concept of a Morse decomposition for S (relative to 7) in the sense of [10].

More explicitly, a family (M;);cp of subsets of S is called a <-ordered Morse
decomposition of S (relative to ) if the following properties hold:

(1) The sets M;, i € P, are closed, m-invariant and pairwise disjoint.
(2) For every full solution ¢ of 7 lying in S either o(R) C Mj, for some
k € P or else there are k, | € P with k <[, a(c) C M; and w(c) C M.

We have the following proposition.

PROPOSITION 2.7. Let w, S and T be as in Remark 2.6. Then T is compact
in C(R — X), translation and cut-and-glue invariant.

PROOF. Let 0:R — S be a full solution of w and ¢t € R. We claim that tsl;o
is a full solution of 7. In fact, notice that tsl;o(R) C S. Now let A > 0. Since
o € T, it follows that o(s+h) = o(s)wh for all s € R. Astslyo(s+h) = o(t+s+h)
and tslio(s)mh = o(s + t)wh, we have that tslio(s + h) = tsl(s)wh.

Let 01:R — S and 09:R — S be full solutions of 7 with ¢1(0) = 02(0).
Define o := o1 > 03. Since o1 and o9 are solutions of 7, it follows that o1(s) =
o2(s) = 01(0)7s, for all s > 0. Therefore, 01 >02 = 07 is a full solution of 7 and
so we have proved that 7 is translation and cut-and-glue invariant.

In order to prove the compactness of 7, let (0y,),, be an arbitrary sequence
in 7. Using the standard Cantor diagonalization procedure and the fact that
S is compact, we obtain a subsequence of (¢,,),, which it is denoted again by
(0n)n, such that for all k € Ny

(2.1) on(—k) > x_p €8S asn— oco.
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For each k € Ny and for t € [—k, oo[ define

o_ik(t) :=x_gm(t+ k).

The compactness of S implies that w, = oo for all y € S so o_: [—k, 00 — S is
well-defined.

Note that if £ < k" and ¢t € [—k,o00] then o, (=k)n(t + k) = o,(t) =
on(—k)m(t + k') for all n € N, hence

o_k(t) =x_m(t+ k)= nlirrgo on(—=k)m(t + k)
and

o_pt)=z_prt+k)= Jim on(—K)m(t+ k)
so o_j, and o_j coincide on [—k, co[. Thus there is a unique map o: R — S such
that o(t) = o_x(¢t) for all k € Ny and ¢t € [—k,00[. It follows that o is a full
solution of 7 lying in S.

To complete the proof we need to show that o,, — ¢ in C. This is equivalent
to showing that whenever (¢,), is a sequence in R such that ¢, — ¢t € R as
n — oo, then o, (t,) — o(t) as n — oo. Thus let (¢,), be a sequence in R such
that t, -t € R asn — .

There is a k € N such that ¢, ¢, € [—k,o0[ for all n € N. Therefore,
o(t) =0_k(t) = z_pm(t+k) and 0, (t,) = on(—k)7(t, + k). Now, the continuity
of m and formula (2.1) imply that o, (t,) — o(t) as n — co. This completes the
proof. O

If A, B C X then the T-connection set CSt(A, B) from A to B is the set
of all points x € X for which there is a ¢ € T with ¢(0) = z, a(0) C A and
w(o) C B.

DEFINITION 2.8. Let (M;);ep be a <-ordered 7-Morse decomposition. For
an arbitrary <-interval I set

MI) = |J CSr(M;, M)
(1,)EIXI
Note that M(I) also depends on 7 and the family (M;);cp. Sometimes we
need to stress this dependence and then we write M (1,7, (M;);cp) instead of

just M(I). If m, S and 7 are as in Remark 2.6 then we write M, g(I) :=
M(I, T, (M;)icp)-

We have the following simple result:

PROPOSITION 2.9. Let (M;);cp be a <-ordered T-Morse decomposition and
I be a <-interval. Then

M(I) = M;u U CS7(M;, M;).

iel (i,)€IXI, (i,j)€<
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Moreover, if I is a <-attracting interval, then

M(I)={zeX| JoeT, Jiel, witho(0) =z and a(o) C M; }.

REMARK 2.10. In the situation of Remark 2.5 the set I’ = ¢~ 1(I) is a <-
attracting interval in [1,m] and so there is a j € [1,m] such that I’ = [1, j].
Consequently, by Proposition 2.9,

MI)={ze X | Jo T, Irec(l,j], with 0(0) = 2 and a(o) C My, }.

If 7 is compact, translation and cut-and-glue invariant, Theorem 3.10 in [3]
implies that M (I) is a 7-attractor.

We now obtain the following results.

PROPOSITION 2.11. Let T be compact, translation and cut-and-glue invari-
ant and (M;)icp be a <-ordered T-Morse decomposition. Whenever I € A(=<),
then (M(I), M(P\ I)) is a T -attractor-repeller pair.

PrOOF. Let A = M(I) and A* = M(P \ I). By Proposition 2.2 there is a
strict total order <* extending < such that I € A(<*). Remark 2.10 implies
that A = M (I) is a T-attractor.

We claim that

(2.2) ANA*=0.

In fact, if there is an x € AN A* then there are o1 and oy € 7 with 01(0) =
02(0) =z, a(o1) C M; and w(oz) C M, for some j € I and ¢ € P\ I. Letting
o =01b>0y we see that 0 € 7, 0(0) = z, a(0) C M; and w(o) C M;. It follows
that either ¢ = j or else ¢ < j. Since IN(P\I) = § and I € A(<), both
possibilities lead to a contradiction, proving (2.2). We now prove that A* = A%
If x € A* is arbitrary then there is a 0 € T with 0(0) = = and w(o) C M; for
some ¢ € P\ I. Since M; C M(P\ I) it follows that w(c) C X \ A by (2.2), so
x € A%. Conversely, let € A% be arbitrary. Then there is a 0 € 7 such that
0(0) = z and w(o) C X \ A. Moreover, a(o) C M; and w(o) C M; for some i
and j € P with j =i ori < j. Ifi €I then w(o) C M; C A, a contradiction.
Thus i€ P\ I, so0j€ P\ andsox € CSy(M;,M;) C M(P\I). O

PROPOSITION 2.12. Let T be compact, translation and cut-and-glue invari-
ant and (M;)icp be a <-ordered T-Morse decomposition. Let K € A(<) be
arbitrary. Define T to be the set of all 0 € T with o(R) C M(K). Then
TX is compact in C, translation and cut-and-glue invariant. Moreover, the fam-

ily (M;)icr is a <-ordered T -Morse decomposition. Furthermore, whenever
I e I(-<) with I C K, then M(I, T, (Mi)iEP) = ]\4([7 TK, (Mz)zEK) Fmally,



MORSE DECOMPOSITIONS IN THE ABSENCE OF UNIQUENESS, II 21

whenever I € A(<) with I C K, then (M (I), M(K\I)) is a T -attractor-repeller
pair.

PROOF. It is easy to show that 7% is compact in C, translation and cut-and-
glue invariant. Since the family (M;);cp is a <-ordered 7-Morse decomposition,
it follows from Proposition 2.11 that

(2.3) M(K)N M(P\ K) =0.

Moreover, the sets M;, ¢ € K, are closed, 7 -invariant and pairwise disjoint. Now
let 0 € 75 C 7. Thus either o(R) C M}, for some k € P or else there are k,
l € Pwith k<1, a(c) C M; and w(o) C M.

Suppose o(R) C My, for some k € P. If k ¢ K, then M, C M(P\ K) and so
o(R) C M(K)N M(P\ K) which contradicts (2.3).

Now assume that there are k, [ € P with k <[, a(o) C M; and w(o) C Mj.
Let t € R and x := o(t). Define 7 := tsl;o. Hence, 7(0) = z and a(1) C M.
Since 7(R) € M(K), it follows that a(7) C M(K) and so formula (2.3) implies
that [ € K. Recall that K is a <-attracting interval. Thus, £ € K. This
completes the proof that (M;);cx is a <-ordered 7%-Morse decomposition. Let
I €I(<) with I C K. Since T¥ C 7, it follows that

U CSye(Mi M) c | CSr(M;, My).
(1,7)eIxI (i,7)eIxI
Now let € CS7(M;, M;) for some i and j in I. Therefore, there exists a 0 € T
with ¢(0) = =, a(o) C M; and w(o) C M;. We claim that o(R) C M(K).
Let t € R and y := o(t). Define 7 := tsl;o. Hence, 7(0) = y and (1) C M.
Proposition 2.9 implies that y € M(K). This concludes the proof of our claim
which in turn implies that M (I, 7, (M;)icp) = M (I, T, (M;);cx). The last
part of the proposition follows from Proposition 2.11. O

PROPOSITION 2.13. Let T be compact, translation and cut-and-glue invari-
ant and (M;);ep be an <-ordered T-Morse decomposition. Then there are fam-
ilies (Vi)iep and (Vi)rer(<) of closed subsets of X such that M; = Invr(V;) C
Intx (V;) and M(I) = Invy(Vy) CIntx (Vr) for alli € P and I € I(<).

PrOOF. For every i € P the set I := {i} is an <-interval and M; = M(I).
We thus only have to show that for every I € I(<) there is a closed set Vi
with M(I) = Invy(Vr) C Intx(Vy). If I € A(<) then M(I) is a T-attractor
so the existence of V; follows from Theorem 2.8 in [3]. Now let J € I(<) be
arbitrary. By Proposition 2.1 there are I and K € A(<) such that I ¢ K
and J = K \ I. By what we have proved so far there is a closed set Vi with
M(K) =Invy(Vk) C Intx (V). By Proposition 2.12 the set M (J) = M(K \ I)
is a TH-repeller i.e. a (75) -attractor so there is a closed set V such that
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M(J) =Tnvzxy- (V) C Intx (V). Since Inv(zx)- (V) = Invyx (V) and M(J) C
M(K) we see that V; := V N Vi is closed and M (J) = Invy(Vy) C Intx (V;).O

Let us introduce the following concept.

DEFINITION 2.14. A finite collection A of 7T -attractors is called a 7 -attractor
semifiltration if
(1) [Z), St € A,
(2) whenever A, B € A, then AUB € Aand wr(ANB) € A.

REMARK. In the special case of a local semiflow 7 on X and S and 7 =
T s as above, the concept of 7T-attractor semifiltration boils down to the one
introduced in [10].

We will now show that, under certain hypotheses on 7, <-ordered 7-Morse
decompositions can be characterized by certain 7 -attractor semifiltrations. We
require the following technical proposition.

PROPOSITION 2.15. Let T be compact and translation-invariant and (A, A*)
be a T -attractor-repeller pair. Let U C X be such that A = wr(U) C Intx (U).
Then the following properties hold:

(1) If V is open in X with A C V, then there is a to = to(V) such that
T(U, [tg,0]) C V.

(2) If BC X isclosedin X, AC X\B, V* C X is open in X and A* C V*
then there is a to = to(B, V™) such that whenever o € T and t € [tg, 0]
are such that o(t) € B, then o(0) € V*.

(3) If C C X is closed in X with AC C C X\ A*, then A = w7 (C).

PRrROOF. If (1) is not true then there is an open set V in X with A C V and
there are sequences (0,,), in 7 and (¢,), in R such that ¢, — o0, 6,,(0) € U and
on(tn) € X\ V for all n. Since 7 is compact and translation-invariant we may
assume that o, (t,) — x for some z € X. It follows that z € X \ V. Moreover,
Proposition 2.1 in [3] implies that z € wr(U) = A. Thusz € A\V =0, a
contradiction, proving (1).

If (2) is not true, then there is a closed set B, A C X \ B, and an open set
V* such that A* C V* and there are sequences (0,,), in 7 and (t,), in R such
that t,, — oo, o,(t,) € B and 0,(0) € X \ V* for all n. By compactness and
translation-invariance of 7 we may assume that o,, — o for some o € 7. It
follows that o(0) € X \ V* so, by Theorem 2.11 in [3], we obtain that w(c) C A.
Hence there is an s; € R with o(s;) € Intx(U). Thus there is an ng such
that o,(s1) € Intx(U) for all n > ng. By part (1) there is an s3 € R such
that 7 (U, [s2,00[) C X \ B. Since 7 is translation-invariant, we thus see that
on(t) € X\ B for all t > s1 + s and all n > ng. Thus o, (¢,) € X \ B for all n
large enough, a contradiction, proving (2).
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Let us now prove (3). It is clear that wr(A) = A so A C C implies A =
wr(A) C wr(C). Therefore, if (3) is not true, then there is a closed set C' in X
with A C C C X\ A*, and there is a y € wr(C)\ A. There are sequences (o), in
T and (sp)n in R with s, — 00, 0,(0) € C and 0, (s,) — y. Set V = Intx (U).
We claim that for every ¢ € R there is an m € N such that o, (¢t) € X \ V for all
n > m. In fact, otherwise there is a ¢ € R and a sequence (n,, ), in N such that
Ny — 00 as m — oo and such that o, (t) € V. Thus s, —t — 00 as m — o0.
Since tslio,,, (0) € V and tslio,,, (Sn,, —t) = 0n,,(Sn,,) — Yy as m — oo, we
have y € wy(U) = A which is a contradiction. This proves our claim. Let
V* =X\ C. Then V* is an open set in X such that A* C V* and V*NC = (.
Let to = to(B,V™*) be as in part (2), where B = X \ V. By the above claim
o, (tg) € B for all n large enough so, by part (2), we have that 0,,(0) € V* for all
such n. However, this contradicts the fact that C' is disjoint from V*. Part (3)
is proved. O

We can now prove the first characterization result, which extends Theo-
rem 2.4 in [10].

THEOREM 2.16. Let T be compact, translation and cut-and-glue invariant.
Suppose (M;)icp is a <-ordered T -Morse decomposition and define

A={MI)|Ie A=)}
Then A is a T -attractor semifiltration.

PRrROOF. We proceed as in the proof of Theorem 2.4 in [10]. Let I € A(<)
be arbitrary. By Proposition 2.2 there is a strict total order <* extending <
such that I € A(<*). Remark 2.10 implies that M(I) is a T-attractor. Now
note that § = M () € A and S+ = M(P) € A. Next, let I and J € A(<) be
arbitrary. Then I U J € A(<). An application of Proposition 2.9 clearly shows
that M(I)UM(J) = M(IUJ) € A. Finally, note that I NJ € A(<). Therefore,
since M(INJ) € A, the theorem will be proved if we show that

(2.4) wr (M(I) N M(J)) = M(IN.J).

Since M (I) and M (J) are 7-attractors hence closed it follows that C := M (I)N
M(J) is closed. Clearly, C D A:= M(INJ). We show that

(2.5) CNAy=0.

Formula (2.5) together with Proposition 2.15 implies (2.4) and completes the
proof. Suppose (2.5) is not true and let x € C' N A%. Then there is a 0 € T
with 0(0) = z and w(o) C X \ A. Moreover, there are oy and o2 € T such
that 01(0) = 02(0) = z, a(o1) C M; and a(oz) C M; for some ¢ € I and
j € J. Since 7 is cut-and-glue invariant it follows that 7, := op > o € 7T,
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7(0) = x and w(7;) = w(o) C M; for some [ € P and k = 1, 2. Since
a(m) = a(o1) C M, it follows that [ < i or ! =isol € I. Similarly, [ € J. Thus
w(o) C My C M(INJ)= A, a contradiction proving (2.5). O

Theorem 2.16 has the following converse, which extends Theorem 2.6 in [10].

THEOREM 2.17. Let T be compact, translation and cut-and-glue invariant.
Let A be a T -attractor semifiltration with #A =m + 1 for some m € Ng. Then
there is a partial order < on P := [1,m] and a <-ordered Morse decomposition
(M;)iep such that

(2.6) A=8:={MI)|Ie A=)}

PROOF. We proceed as in the proof of Theorem 2.6 in [10]. By Propo-
sition 2.3 there is a bijection ¢:[0,m] — A, ¢ — A;, such that whenever i,
j € [0,m], i # j and A; C Aj then ¢ < j. In particular, Ay = (. Set
A; = Ui:l A,, i € P. Then A; is a T-attractor for every i € P and i < j
implies A; C Zj. Moreover, Ag = () and A,, = Sz. Define M; = A; N (A;i_1)%.
Now Definition 3.2 and Theorem 3.8 in [3] imply that (M;);cp is a <-ordered
T -Morse decomposition.

LEMMA 2.18. Leti € P and A € A be such that M;NA # (. Then M; C A.

PROOF. Since M; C A;\ A;_1 it follows that M; C A;. Choose an x € M;NA.
Then z € (A;NA)NM;. Since M; is T-invariant, it follows that thereisa o € T
with ¢(0) =  and o(R) C M;. Since T is compact and translation invariant
there is a sequence (t,), with ¢, — oo and a y € X with o(¢,) — y. Since M;
is closed it follows that y € M; Nwr(A4; N A). Hence M; Nwz(A; N A) # 0. Now
wr(A;NA) € Aso wr(A;NA) = A; for some [ € P. Since M; N A; = () for
all 7 <7 —1 we have that ¢ <[. But 4; = wr(4; N A) C wr(4;) = A; and so
I <i by our ordering property. Thus I =4 and so 4; = wyr(A; N A) C A. Thus
M; Cc A; C A. The lemma, is proved. O

Now define a relation R on P by (i,7) € R if and only if whenever A € A
and M; C A then M; C A. It is clear that R is transitive. This implies that the
relation < defined by

i < j if and only if (i,5) € R and (j,%) ¢ R

is a strict partial order on P. We show that (M;);cp is a <-ordered 7-Morse
decomposition. Let ¢ € 7 be arbitrary. We have to show that one of the
following cases holds:

(1) o(R) C M; for some i € P.

(2) a(o) € M; and w(o) C M; for some i, j € P with i < j.
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Suppose that (1) does not hold. Since (M;);ecp is a <-ordered T-Morse decompo-
sition it follows that a(o) C M; and w(o) C M, for some 4, j € P with ¢ < j. In
particular, this implies that M; # (. To show that i < j let A € A be arbitrary
with M; C A. Then a(o) C A so Theorem 2.11 in [3] implies that o¢(R) C A
and so w(o) C A. Thus M; N A # () which, by Lemma 2.18 implies that M; C A.
It follows that (i,7) € R. Now M; C X \ A; and M; C A;. If (j,i) € R then
M; C A; so M; = 0, a contradiction proving that (j,7) ¢ R. It follows that
i < j, as claimed. To complete the proof we only have to check formula (2.6).
We need a lemma.

LEMMA 2.19. If (i,5) € R, (j,i) € R and j # i then M; = or M; = 0.

ProoOF. We may assume that 7 < j. Then we obtain M; C A; and M; C
X \ A;. Since (j,4) € R we conclude M; C A; so M; = 0. O

Now let A € A be arbitrary. Define 14 to be the set of all ¢ € P with M; C A.
It follows from the definition of < that I4 € A(<). We claim that A = M(I,4).
This claim implies that A € S and so, since A € A is arbitrary, it follows that
A C S. To prove the claim let x € A be arbitrary. Since A is 7 -invariant, we
obtain a ¢ € 7 with 0(0) = z and o(R) C A. Moreover, there is a j € P with
a(o) C Mj, so M;NA# 0. Lemma 2.18 now implies that M; C Aso j € I4.
It follows that x € M(I4) and so A C M(14). Conversely, let x € M(I4) be
arbitrary. Then there is a 0 € 7 with ¢(0) = « and «(0) C M; for some j € 4.
Thus M; C A and so a(o) C A. Hence, by Theorem 2.11 in [3], we obtain that
o(R) C Asoxz € A. Tt follows that M(I4) C A. The claim follows. Now let
us prove that S C A. Let I € A(<) be arbitrary. We only need to prove that
M(I) € A. Let A be a minimal element of .4 containing M (I). To complete the
proof we only need to show that A C M(I). Using Lemma 2.18 together with
the closedness and 7 -invariance of A we only need to show that ¢ € P, M; C A
and M; # () imply ¢ € I. Suppose this is not true. Then there is an ¢ € P\ [
with M; C A and M; # 0. Now, whenever j € P and (i,j) ¢ R then there is
a Bj € A such that M; C B; and M; ¢ B;. By Lemma 2.18 we thus obtain
M,;NB; = 0. Let B be the union of all the sets B; such that j € I and (¢, j) ¢ R.
It follows that B € A and BN M; = (). We claim that

(2.7) M(I) C B.

This implies that M (I) C C :=wr (AN B) C A. Since C C B, M, is nonempty,
B is disjoint from M; and A contains M; it follows that C is strictly included
in A. Moreover, C € A, so this contradicts the minimality of A and completes
the proof of the theorem. To prove (2.7) we only have to show that j € I and
M; # 0 imply M; C B. Now if (i,j) ¢ R then M; C B by the definition of B.
Thus assume (4, j) € R. We cannot have (j,¢) ¢ R since otherwise i < jso j € I
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implies that ¢ € I, a contradiction to our choice of ¢. Thus (j,7) € R. However,
this implies, by Lemma 2.19, that at least one of the sets M; or M, is empty,
which again is a contradiction. The theorem is proved. O

3. Continuation of partially ordered Morse decompositions

In this section we will extend the continuation result for 7-Morse decompo-
sitions from our previous paper [3] to the partially ordered case. We apply this
to the semiflow case and to the nonuniqueness case considered in [3].

Recall the following definition from [3].

DEFINITION 3.1. Let (7)xen be a sequence of subsets of C and 7 C C
be arbitrary. We say that (7)xen converges to T, and we write 7,, — T (as
Kk — 00), if for every sequence (kp)nen in N with x, — oo as n — oo and
every sequence (op,)nen such that o, € 7,; for all n € N there is a subsequence
(0n,,)men and a o € T such that o,,,, — o in C as m — cc.

We saw in [3] that this convergence concept is applicable, e.g., to ordinary
differential equations in Banach spaces and their Galerkin approximations. An-
other sufficient condition for 7, — 7 is furnished by the following proposition.

PROPOSITION 3.2. Let N be a closed set in X and let 7., k € Ny, be local
semiflows on X. Assume that m, — mg as kK — 00. Furthermore, suppose that
for each k € Ng, N is strongly m,-admissible and N is (7., )n-admissible for
every subsequence (7, )n Of (7). For each k € Ny, define T, := T, to be the
set of all full solutions of m, lying in Sy, =Inv, (N). Then T, — Ty as k — 0.

PROOF. Let (k,)nen be a sequence in N with k,, — oo as n — oo and
(0n)nen be sequence such that o, € 7, for all n € N. We need to show that
there is a subsequence (oy,,, )men and a o € T such that o,,, — o in C as
m — oo. Using the standard Cantor diagonalization procedure and the (7, )n-
admissibility of IV, we obtain a subsequence of (o},),, which it is denoted again
by (0)n, such that for all k € Ny

(3.1) on(—k) > z_ € N asn — oo.

We claim that for each k& € Ny the solution of my through z_j is defined for all
t € [0,00[. In fact, if this is not true for some k € Ny, then the assumption that
7o does not explode in N implies the existence of a ¢t € [0, oo[ such that x_,mot is
defined and x_gmot ¢ N. Since 7, — 7, we see that, for all n € N large enough,
on(—k)m,, t is defined and o, (—k)m,, t ¢ N, a contradiction which proves our
claim.

For each k € Ny and for t € [—k, oo[ define

ok (t) ;== x_pmo(t + k).
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The above claim implies that o_j: [—k, 0o[ — N is well-defined.
Note that if & < K/, and ¢ € [k, o0] then o, (k)7 (t + k) = on(t) =
on(—K)m, (t+ k') for all n € N, hence

o_k(t) =z_pmo(t+ k) = nlLIIOlO on(=k)me, (t+ k)
and

G,k/(t) = iE,k/’iTo(t + k/) = nllrnéo O'n(—/ﬂ/)ﬂ',in (t + k/)
so 0_ and o_ coincide on [—k,o0[. Thus there is a unique map o:R — N
such that o(t) = 0_x(t) for all k € Ny and t € [—k, oo[. It follows that o is a full
solution of my lying in N.

To complete the proof we need to show that o,, — ¢ in C. This is equivalent
to showing that whenever (¢,), is a sequence in R such that ¢, — t € R as
n — 0o, then o, (t,) — o(t) as n — oco. Thus let (¢,), be a sequence in R such
that t, —t € R asn — oo.

There is a k € N such that ¢, ¢, € [—k,o00] for all n € N. Therefore,
o(t) =o_k(t) = x_gmo(t + k) and 0, (tn) = on(—k)ms, (tn + k). Now, the fact
that 7, — m and formula (3.1) imply that o,(t,) — o(t) as n — oco. This
completes the proof. O

We state our continuation result for partially ordered Morse decompositions.

THEOREM 3.3. Suppose T,, — T, where T and T,, k € N, are compact
(in C), translation and cut-and-glue invariant. Suppose (M;);cp is a <-ordered
T -Morse decomposition. For each i € P, let V; be closed in X such that

(32) M; = II’IVT(V;‘) C Intx(‘/;)
Moreover, for every I € 1(=<), let Vi be closed in X such that
M(I) = IHVT(V[) C Intx(V[).

(In view of Proposition 2.13 such sets V;, i € P, and Vi, I € I(=<), always exist.)
For k € N and i € P set M;(k) := Invy, (V;). Then there is a ko such that
for every k > kg the family (M;(k))iep is a <-ordered T,,-Morse decomposition.
Moreover, for every I € I(<),
Mi(r):= |J CSz(Mi(k), M;(r)) = Invg, (V7) C Intx (V7).
(ig)eIxI

To prove this theorem we need the following lemma.

LEMMA 3.4. Under the hypotheses of the theorem there is a k' such that
for every k > k' the family (M;(k))icp is a <-ordered T,-Morse decomposition.
Moreover, for every I € A(<)

(3.3) M;(k) =Tnvr (V) CIntx(Vr), Kk >*
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and

(34) Mp\[(/ﬁl) = IIlVTN (Vp\[) C Intx(Vp\I), K> K.

Proor. We will consider two cases.

Case 1. We first suppose that < is a total order. In view of Remark 2.5 we
may assume that P = [1,m] for some m € N and < is <. It follows that (M;);cp
is a T-Morse decomposition of the second kind. Therefore, Theorem 3.15 in [3]
implies that there exists a kg such that for every k > Ko, (M;(k))™, is a 7,,-Morse
decomposition.

Let r € [0,m] and consider the sets

AT:{x

Theorem 3.10 in [3] implies that (A,)™, is a 7-attractor filtration and M, =
A, N (A_1)% for r € [1,m]. Recall that Ag = 0. Now, Remark 2.10 implies
that, for r € [1,m], A, = M([1,7]). Moreover, Proposition 2.11 implies that
M([r+1,m]) = (A,)5-

For each r € [0,m] define W, := V1 ;) and W) := V[, 1 - It follows that

Jdo € T with ¢(0) = z and a(o) C U MZ}

i=1

A, =TInvy (W) C Intx (W,.),
(A7 =Invy— (W) = Invy (W) C Intx (W)).

Since the set M, is 7-invariant and M, C W, N W}_, we obtain

M, C Invy (W, N W)_;) C Invg(W,)) NInvy (W)
=Invy(W,) NInvy- (W)_,) = A, N (A_1)5F = M,

r—1

SO

(3.5) M, =Invy(W, N W) = Invg(W,) NInvy— (W)
C Intx(WT> n IntX(W;Ll) C Intx(Wr N W:fl)'

For each r € [0,m] and for each x € N, define A% = Invy (W,) and A% =
Invy, (W}). Theorem 3.14 in [3] implies that there exists a k1 > Ko such that,
for every > r; and r € [0,m], A% C Intx (W,), A% C Inty (W), (A, is a
T.-attractor filtration and (gf)TZO is its dual 7,-repeller filtration.

For all € [1,m] and for all k € N with & > k1, define M = A* N A% | Tt
follows that the set M,’? is 7,,-invariant and Mf C W, N W;_,. Hence

M? C Invy (W, "NW_,) C Invy, (W,) N Invy, (W)
= Invy, (W) v, (W) = AF 0 (AF))7, = MY

T
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and so

(3.6) My =Invy, (W, "W, ) = Invy, (W) NInv - (W)
C Intx(W,) NIntx (W) C Intx (W, N W,)_,).

Now, formulas (3.2) and (3.5) and Proposition 2.17 in [3] implies that there exists
a k' > k1 such that for all r € [1,m]

Invy, (W, "W} ) =Invy, (V,), forall k>«

Thus, for all r € [1,m] and for all kK > &/, Mf = M,(k). Let K > k’ and
I € A(<) be arbitrary. Then there is an r € [0, m] such that I = [1,r]. Now
Proposition 3.9 in [3] implies that

Invy, (W,) = AF = {J: Jdo € 7,; with ¢(0) = z and «a(o) C U Ml(m)}

i=1

= Ml[l,r]] (li)

Since (Af,gf) and (M ,,q(k), Mr41,m1(K)) are Ti-attractor-repeller pairs, it
follows that gﬁ = M|, 41,m] (k) and this completes the proof of the first case.

Case 2. Now suppose that < is an arbitrary strict partial order on P. It
follows from case 1 that for each total order <* extending <, (M;(k))icp is a
<*-ordered 7,,-Morse decomposition for all k large enough. Since there is a finite
number of such extensions, it also follows that there exists a k¢ such that for
every extension <* of < and for all K > Ko, (M;(k))icp is a <*-ordered 7,,-Morse
decomposition.

Let k > Ko be arbitrary. It follows that the sets M;(k), i € P, are closed,
7..-invariant and pairwise disjoint. Moreover, for each o € 7, either

(1) o(R) C My(r) for some k € P
or else

(2) there are 4, j € P such that i # j, a(o) C M;(k) and w(o) C M;(k).

Assume the second alternative. We shall prove that i < j. Indeed, define

J={keP|k=jork=<j}

It is clear that j € J. Moreover, J € A(<). By Proposition 2.2, there is a
total order <* extending < such that J € A(<) N A(<*). We also have that
(M;(K))iep is a <*-ordered 7,-Morse decomposition. Thus ¢ <* j and so i € J.
This implies, as ¢ # j, that ¢ < j. This concludes the proof of our claim. Hence,
we have proved that (M;(k));cp is a <-ordered 7,-Morse decomposition for all
K > Ko.

Let I € A(<). By Proposition 2.2, there is a total order <* extending <
such that I € A(<) N A(<*).
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It follows from Case 1 that, for some " € N large enough,
M(k) =Invr, (Vi) C Intx(Vy), &>+

and
Mp\1(k) = Invy, (Vpyr) C Intx (Vpyg), &>k
This completes the proof the lemma. O

PROOF OF THEOREM 3.3. Let ' be as in Lemma 3.4 and K € A(<) be
arbitrary. Using the notation of Proposition 2.12 we will now show that
(3.7)  the assumptions of Theorem 3.3 hold with P replaced by K and 7, 7,

x € N, replaced by 75, TK ke N.

First we claim that 7.5 — 7K as k — oo. Indeed, let (£, )nen be a sequence
in N with &, — 00 as n — oo and (oy,)ren be a sequence such that o, € T,ff for
all n € N. Since 7, — 7, there is a subsequence (o, )men and a o € T such
that ¢, — o in C as m — oo. We only need to show that o € T¥. Tt follows
from Lemma 3.4 that for m large enough

MK(K/TLm) = IHVTN”m (VK) C Intx(VK)

Since oy, (t) € Mk (kp,, ) for all t € R and for all m € N, it follows that for m
large enough, o, (t) € Vi for all ¢ € R. Hence, o(t) € Vi for all ¢t € R, that is,
o(t) € M(K) for all ¢ € R. The proof of our claim is complete.

For each i € K we have M; C M(K) and T C T, hence

M; C Invyx (V;) C Invy (Vi) = M;
SO
M; = Invyx (‘/1) C Intx(‘/z)
Let I € I(<), I C K, be arbitrary. It follows that M (I) C M(K) and so
M(I) C Invyx (Vi) C Invy (Vi) = M(I).

Thus

M(I) = Invyx (V]) - Intx(V[).
Now Proposition 2.12 implies that, indeed, (3.7) holds.

Now let J € I(<) be arbitrary. By Proposition 2.1 there are I and K € A(<)
with I C K and J = K \ I. Therefore, (3.7) and Lemma 3.4 imply that

M;(k) = Mi\1(k) = Invzx (V) C Intx(Vy), for all & > Ko(J),
where Ko(J) is chosen large enough. We claim that
(3.8) Invyx (Vy) = Invy, (V) for all k large enough.

Suppose that (3.8) is not true. Since Invzx (V) C Invy, (V) for all &, it follows
that there exist a sequence (ky), in N with &, > &’ for all n € N, k,, — 0o as
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n — oo and a sequence (0, )nen such that, for all n € N, o, € 7, , 0,(R) C V;
and 0,(R) ¢ My, (K) = Invy, (V). By the translation invariance of 7, x € N,
we may thus assume that 0,(0) ¢ Vi for all n € N. Taking subsequences if
necessary we may assume that there is a o € 7 such that o,, — o in C. It follows
that 0,(0) — 0(0) =: . Moreover, o(R) C V; and so z € Invy(Vy) = M(J) C
M(K) C Intx (V). Therefore, for all n large enough we have ¢,,(0) € Intx (Vk)
which is a contradiction. Thus formula (3.8) holds. Therefore, for each J € I(<),
there exists a #o(J) > Ko(J) such that

(3.9) Mj(k) =Invy, (Vy) CIntx(Vy) for all & > ko(J).

Since the set I(<) is finite, formula (3.9) implies that there is a xg such that, for
all kK > ko and for all J € I(<),

Mj(k) =Invy, (Vy) C Intx (Vy).
The theorem is proved. O

Specializing to the semiflow case we thus arrive at the following corollaries.

COROLLARY 3.5. Assume the following hypotheses:

(1) 7 — mo, where me, k € Ny, are local semiflows on X. N is a closed
subset of X which is strongly m.-admissible for every k € Ny and
(74, Jnen-admissible for every subsequence (mw, )n of (Tx)k. (Mi)iep
is a <-ordered Morse decomposition of So := Inv,, (N) relative to mg.

(2) For each i€ P, V; C N is closed in X such that

M; =Inv., (V;) C Intx (V5).
Moreover, for every I € 1(<), Vi C N is closed in X such that

Mﬂ'o,So(I) = Ian)(VI) C IntX(V]).

For k € N and i € P set M;(k) := Inv,_(V;). Then there is a ko such that
for every k > ko the family (M;(k))icp is a <-ordered Morse decomposition of
Sy = Inv,, (N) relative to m,. Moreover, for every I € I(<),

Mﬂ-msm (I) = IIlVTrN (V]) C Intx(V]).

Proor. For k € Ny let 7, := 7, s.. By Proposition 2.7 the set 7,; is com-
pact in C, translation- and cut-and-glue-invariant for every x € Ny. Moreover,
by Proposition 3.2 we have that 7, — 7y. Finally, if W C N and k& € Ny,
then Inv, (W) = Invy, (W). Now the corollary follows immediately from Theo-
rem 3.3. 0
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COROLLARY 3.6. Assume hypothesis (1) of Corollary 3.5. Moreover, suppose
that So C Intx (N). Then there are sets V;, i € P and sets Vi, I € 1(<), such
that hypothesis (2) of Corollary 3.5 (and, consequently, its assertion) holds.

PrROOF. Let 7j be as in the proof of Corollary 3.5. For every V C X it is
clear that
Invy, (VNN)=Inv,, (VNN).
If, addition, Invz, (V) C Intx (V), then

Inv.,(VNN)CIntx(VNN).

By Proposition 2.13 there are families (V);cp and (V])rer(<) of closed subsets
of X such that

M; =TInvy, (V/) C Intx(V)), i€ P,
My, s,(I) =Invg, (V]) C Intx(V]), Ie€I(<).

Setting V; :=V/ NN, i€ Pand V; :=V/ NN, I € I(<), we thus conclude the
proof. O

We will now extend some results from [3] to the partially ordered case. We
use the notation of section 4 in [3]. In particular, for the rest of this section,
let (E,| -|) is a Banach space, set X = E and define the metric d on X by
d(z,y) = ||z —y|| for z and y € X. Let U C X be and f € C(U — X) be
arbitrary. Suppose S is invariant relative to f (i.e. invariant with respect to
the ordinary differential equation @ = f(x) on U) and let 7 = 75 5) be the
set of all (full) solutions of f lying in S. We say that (M;);cp is a <-ordered
Morse decomposition of S (relative to f) if (M;);cp is a <-ordered 7-Morse
decomposition. If I € I(=<) we write My s(I) := M (I, 75 s),(M;)icp)-

We now have the following extension of Theorem 4.5 in [3] (with a slightly
different notation).

COROLLARY 3.7. Assume the following hypotheses:

(1) X = E is a finite dimensional Banach space, U is open in X, N is
bounded and closed in X with N C U and sup ¢y || fx(2)— fo(z)||g — 0
as k — 00 where (fi)wen, 5 a sequence in C(U — X). (M;)cp is a
=<-ordered Morse decomposition of S := Inv(fo, N) relative to fo.

(2) For each i € P, V; C N is closed in X such that

Mi = IHV(fo, V;) C IntX(V;)
Moreover, for every I € I(<), Vi C N s closed in X such that

Mfmso (I) = InV(fO,VI) C Intx(VI).
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For k € N and i € P set M;(k) := Inv(f.,Vi). Then there is a ko such that
for every k > ko the family (M;(k))icp is a <-ordered Morse decomposition of
Sk :=Inv(f,, N) relative to f.. Moreover, for every I € I(<),

MfK,S,{ (I) = IHV(fH, V]) - IntX(VI).

PrOOF. For k € Ny, let 7, := T;,_ s.. By Propositions 4.1 and 4.2 in [3] the
sets 7., K € Ny are compact in C, translation- and cut-and-glue-invariant and
7. — To. Finally, if W C N and x € Ny, then Inv(f,, W) = Invz, (W). Now the
corollary follows immediately from Theorem 3.3. g

COROLLARY 3.8. Assume hypothesis (1) of Corollary 3.7. Moreover, suppose
that So C Intx (N). Then there are sets V;, i € P and sets Vi, I € 1(<), such
that hypothesis (2) of Corollary 3.7 (and, consequently, its assertion) holds.

PrOOF. Let 7y be as in the proof of Corollary 3.7. For every V C X it is
clear that
Invy, (VN N) =Inv(fo, VN N).

If, addition, Invz, (V) C Intx (V), then
Inv(fo, VA N) C Intx (VN N).

By Proposition 2.13 there are families (V);cp and (V})rer(<) of closed subsets
of X such that

M; = InVTO(ViI) C Intx(vi/), 1€ P,
My, 50(I) = Invg, (V) € Intx (V}), 1€ I(=).
Setting V; := V/ NN, i€ Pand V; := V/NN, I € I(<), we thus conclude the
proof. O

We now extend Theorem 4.15 in [3] to the partially ordered case (again with
a slightly different notation).

COROLLARY 3.9. Assume the following hypotheses:

(1) X = E is an infinite dimensional Banach space, Hypothesis 4.9 in [3] is
satisfied and L, L*, P*, E*, { € N, be as in that hypothesis. U is open
in X, N is bounded and closed in X with N CU and K € C(U — X)
is such that K(N) is relatively compact in X. The maps fo:U — X
and fp:UNE*— EY ( €N, are defined by

fo(z) = La + K(z), zeU,
felx) = L'z + P'K(z), (€N, zeUnNE".

(M;)iep is a <-ordered Morse decomposition of Sy := Inv(fo, N) rela-
tive to fo.
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(2) For each i€ P, V; C N is closed in X such that
M; =Tnv(fo,V;) C Intx (V5).
Moreover, for every I € 1(<), Vi C N is closed in X such that

My, s,(I) = Inv(fo,V7) C Intx (V7).

For ¢ € N and i € P set M;(¢) := Inv(f;,V; N E*). Then there is a {y such that
for every £ > £y the family (M;(£))icp is a <-ordered Morse decomposition of
S¢ = Inv(fe, N N EY) relative to f,. Moreover, for every I € 1(<),

Mfg,Sz ([) = IIlV(fz,V[) C Intx(VI).

ProoOF. For ¢ € Ny, let 7; := T}, 5,. By Proposition 4.11 in [3] the sets 7o,
¢ € N are compact in C, translation- and cut-and-glue-invariant and 7, — 7, as
¢ — oo. Finally, if W C N and ¢ € Ny, then Inv(f,, W) = Invy,(W). Now the
corollary follows immediately from Theorem 3.3. O

COROLLARY 3.10. Assume hypothesis (1) of Corollary 3.9. Moreover, sup-
pose that Sy C Intx (N). Then there are sets V;, i € P and sets Vi, I € I(=<),
such that hypothesis (2) of Corollary 3.9 (and, consequently, its assertion) holds.

ProOOF. The proof is identical to the proof of Corollary 3.8. g

4. Singular convergence and totally ordered Morse decompositions

In this section we will discuss perturbations of Morse decompositions within
the framework introduced in [4] for the study of singular perturbation problems.
After recalling some concepts from [4] we define singular convergence for sequence
of “solution sets”. Then we prove a few properties of this convergence concept,
in particular we obtain a few basic continuation results for singularly perturbed
T-attractor-repeller pairs, (totally ordered) 7-attractor filtrations and (totally
ordered) 7-Morse decompositions. We then extend the latter result to the par-
tially ordered case. We end this section by specializing to the semiflow case and
considering some thin domain problems.

Let us recall the basic concepts related to singular perturbation problems,
introduced in [4]. For the rest of this paper, unless specified otherwise, let
(Xo,dp) be a metric space, g9 be a positive number and, for each ¢ € ]0,e¢],
(Yz,d.) be a metric space and . € Y; be a distinguished point of Yz.

The open ball in Y; of center in v and radius 8 > 0 is denoted by B (v, 3).

For each ¢ € ]0,¢] define the set Z. := Xy x Yz. Endow Z. with the metric

. ((u,v), (W', ") == max{do(u,u’),de(v,v")}, (u,v), (u',0v") € Z..
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Let Cy denote the set of all continuous functions from R to Xy endowed with the
metric introduced in [3], replacing d by dy. For every € € |0, ¢], denote by C. the
set of all continuous functions from R to Z. endowed with the metric introduced
in [3], replacing d by T'..

Given an € € ]0,¢¢] and o € C. we denote, for each ¢t € R, the components of
a(t) by (¢(t),%(t)), where ¢(t) € Xo and 9(t) € Y. This notation will also be
used if the symbol ¢ carries an index, e.g. 0,,. Then the components of o,, are
written with the same index, e.g. ¢,, and ¥,,.

DEFINITION 4.1. Given a subset V of Xg, > 0 and ¢ € ]0,¢] define the
“inflated” subsets |V'[ 3 and [V, 3 of Z. as follows:

]V[Eﬂ s {(u, U) € Z. | ueV and v e Be(eaaﬂ) }a
V]eg:={(w,v) € Z. |ueV and v € Cl.B. (6., 5) }.

Now we introduce a solution convergence concept in the context of singular
perturbations.

DEFINITION 4.2. For each € € ]0,¢q], let 7c be a subset of C. and let 7y be
a subset of Co. We say that (72).co,c,) converges singularly to To, and we write
T. 2T, if for every sequence (en)nen in ]0,e0] with €, — 0 as n — oo and
every sequence (op,)nen such that o, € 7. for all n € N there is a subsequence
(0n,, )men and a o € 7y such that

re, (Unm (t), (o(t),0 )) —0 asm — o0

1Ven,,

uniformly on compact subsets of R.

The next proposition gives sufficient condition for 7. 2% 7. We first recall
two basic definitions introduced in [4].

Let w9 be a local semiflow on X, and for every e € ]0,&¢] let 7. denote a
local semiflow on Z..

We say that the family (7.).¢)o,¢,] of local semiflows converges singularly to
the local semiflow 7y if whenever (&,,)nen and (t,)nen are sequences of positive
numbers such that e, — 0, t,, — to as n — oo, for some ty € [0, oo[ and whenever
ug € Xo and w,, € Z. , n € N, are such that I'c, (w,, (up,0:,)) — 0 asn — oo
and ugmoty is defined, then there exists an ng € N such that for all n > ny,
Wy Te, tp is defined and

L., (wpme, tn, (ugmoto, bs,)) — 0 asn — oo.

Let 1 be a positive number and N be a closed subset of Xy. We say that N
is a singularly strongly admissible set with respect to n and the family (7:)zc[o,¢,)
of local semiflows if the following conditions are satisfied:

(1) N is a strongly mp-admissible set;
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(2) for each € € ]0,e¢] the set [N]. , is strongly m.-admissible;

(3) whenever (€,)nen and (t,)nen are sequences of positive numbers such
that ¢, — 0, ¢, — 00 as n — oo and whenever w,, € Z. , n € N, are
such that w,m., [0,t,] C [Nle,n, n € N, then there exist a ug € N
and a subsequence of the sequence (wy, e, tn)nen of endpoints, denoted
again by (w,7e, tn)nen, such that

T., (wpme, tn, (ug,0:,)) — 0 asn — oo.

PROPOSITION 4.3. Let n be a positive number. Suppose (Tc)cejo,co] 5 @
family of local semiflows that converges singularly to the local semiflow my and
N is a singularly strongly admissible set with respect to 1 and (7)zc[0,e,]- For
each € € 10,e¢], define T, := T be the set of all full solutions of me lying in
Se = Inv,_([Nle) and Ty := Ty, be the set of all full solutions of my lying in
So =Inv,, (N). Then T, 2.

PROOF. Let (¢, )nen be a sequence in N with ,, — 0 as n — oo and (0, )nen
be sequence such that o,, € 7;, for all n € N. We need to show that there is a
subsequence (o, Jmen and a o € 7Ty such that

L., (o4, (t),(0(t), 0., ) —0 asm— oo

uniformly on compact subsets of R. Using the standard Cantor diagonalization
procedure and the singular admissibility of NV, we obtain a subsequence of (o, ),
which it is denoted again by (o, ), and a sequence (u_g)ren, in N such that
for all k£ € Ny

(4.1) T, (on(=k), (u_p,0c,)) asmn — oo.

We claim that for each k& € Ny the solution of my through u_j is defined for all
t € [0,00[. In fact, if this is not true for some k € Ny, then the assumption that
mo does not explode in N implies the existence of a t € [0, oo such that u_jmot
is defined and u_jmot ¢ N. Since (7c)-¢]o,e,] converges singularly to mo, we see
that, for all n € N large enough, o,,(—k)m, t is defined and o, (—k)m., t ¢ [N]., »,
a contradiction which proves our claim.

For each k € Ny and for t € [—Fk, oo[ define

o_k(t) ;= u_gmo(t + k).

The above claim implies that o_j: [—k, co[ — N is well-defined.

Note that if & < k" and t € [—k,o00[ then o,(=k)m., (t + k) = on(t) =
on(—k")me, (t+k") for all n € N, hence, by the singular convergence of (7<)¢]0,¢.]
to mo,

T, (on(=k)me, (t+ k), (0_k(t),0,)) =0 asn — oo
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and
U, (on(=K)me, (t+ k), (G i (t),0-,)) =0 asn— oo
so 0_j and 0_j coincide on [—k,oo0[. Thus there is a unique map o:R — N
such that o(t) = 0_x(t) for all k € Ng and t € [—k, oco[. It follows that o is a full
solution of my lying in V.
To complete the proof we need to show that whenever (¢,), is a sequence in
R such that ¢, — t € R as n — oo, then

(4.2) T., (0n(tn), (o(t),0-,)) — 0.

Thus let (¢,,), be a sequence in R such that ¢, —t € R as n — oo.

There is a k € N such that t, t, € [—k,o0] for all n € N. Therefore,
o(t) = o_(t) = u_gmo(t + k) and o, (tn) = on(—k)ms, (t, + k). Now, the
singular convergence of (7.).¢jo,c,] t0 7o and formula (4.1) imply (4.2). This
completes the proof. O

Some elementary properties of the above concepts are proved in the next
propositions.

PROPOSITION 4.4. Suppose N is a closed set in Xo, T. 25 Ty and Inv, (N) C
Intx,(N). Assume also that each Tz, € € 10,0], is translation-invariant. Let
n > 0. Then there is an € € ]0,e0] such that Invy. ([N].,) C Intz_([N].,) for
all e €]0,€].

PROOF. If the proposition is not true, then, by Definition 4.2 and the trans-
lation-invariance of 7, there is a sequence (g, )neny with €, — 0 as n — o0, a
sequence (op)nen such that o, € 7; for all n € N and a o € Ty such that for
each t € R

(4.3) T., (on(t),(0(t),0,)) — 0 asn— oo,

on(R) C [N]., 5 and 0,(0) € 0z, ([N]e, ) for every n € N. It follows from (4.3)
that for each t € R

(4.4) do(én(t),0(t)) = 0 asn— oo
and
(4.5) de, (Vn(t),0:,) — 0 asn — oo.

Letting ¢ = 0 in (4.5), it follows that there exists an ng € N such that for all
n > ng
(4.6) de,, (¥n(0),0z,) <.

Since 0,(0) € 9z, ([Nle, ) for every n € N, formula (4.6) implies that ¢(0) €
0x,(N). On the other hand, since N is closed and ¢, (t) € N for every t € R,
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formula (4.4) implies that o(R) € N. Our assumption implies that o(R) C
Intx,(N). Thus, 0(0) € dx,(N) NIntx,(N) which is a contradiction. O

PROPOSITION 4.5. Suppose N is closed in Xy and U is open in Xo, T. 2T,
and Invy, (N) C Invy, (U). Assume also that each Tz, € € ]0,&0], is translation-
invariant. Let n > 0. Then there is an € € |0,e0] such that Invy ([N].,) C
Invy. (JU[e,,) for all € €]0,€].

PROOF. If the proposition is not true, then, by Definition 4.2 and the trans-
lation-invariance of 7, there is a sequence (g, )neny with €, — 0 as n — o0, a
sequence (op)nen such that o, € 7c for all n € N and a o € 7 such that for
each t € R

(4.7) T., (on(t), (0(t),0,)) — 0 asn— oo,

on(R) C [N]., n and 0,(0) € Z. \|U[c, n for every n € N. It follows from (4.7)
that for each t € R

(4.8) do(én(t),0(t)) = 0 asn— oo
and
(4.9) de, (Yn(t),0:,) =0 asn — oo.

Letting t = 0 in (4.9), it follows that there exists an ng € N such that for all
n > ng

(4.10) de, (¥ (0),0:,) <n.

Since 0,(0) ¢ |U[., , for all n € N, formula (4.10) implies that ¢,(0) ¢ U for
all n > ng. Thus, we obtain that 0(0) € X \ U. However, since N is closed it
follows from (4.8) that o(R) C N and so ¢(0) € Invg (N) C Invg (U) C U, a
contradiction. The proof is complete. O

COROLLARY 4.6. Suppose that N is a closed set in Xo, N' C X is a arbitrary
set, T. 8 Ty and Inv, (N) C Invy, (N') C Intx,(N'). Assume also that each Tz,
e €10,¢g0], is translation-invariant. Let n > 0. Then there is an € € |0,&¢] such
that Invy, ([Nle,) C Inv ([N']e,,) for all € € ]0,¢].

PrOOF. Define U := Intx,(N’). Since Invgz, (N’') C U, we obtain that
Invy, (U) = Invy, (N') so the corollary follows from Proposition 4.5. O

COROLLARY 4.7. Suppose N and N’ are closed in Xo, T. 2Ty, Invy, (N) C
Intx, (N), Invy, (N') C Intx,(N') and Invy (N) = Invg, (N'). Assume also
that each T, € € |0,&0], is translation-invariant. Let n > 0. Then there is an
€ €10,g0] such that Invy, ([N]. ) = Invy ([N'].,,) for all € €]0,€].

ProoF. This is an immediate consequence of Corollary 4.6. g
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PROPOSITION 4.8. Suppose that N is a closed set in Xo, T. 2Ty, t' € 10, 00|
and To(N,t') C Intx,(N). Let n > 0. Then there is an € € |0,eq] such that
T.([N)ey t') C Intz_ ([N]e,) for all e €]0,€].

PRrROOF. If the proposition is not true then, by Definition 4.2, there is a
sequence (&p,)nen With &, — 0 as n — oo, a sequence (o, )nen such that o, € T,
for all n € N and a o € 7 such that for each t € R

(4.11) T, (on(t), (0(t),6:,)) = 0 asn — oo,

on(t") & Intz, ([Nle, ) and 0,(0) € [N]., , for every n € N. Formula (4.11)
implies that for each t € R

(4.12) do(dn(t),o(t)) =0 asn— oo
and
(4.13) de, (Yn(t),0e,) — 0 as n — oo.

Letting ¢t = ¢’ in (4.13), it follows that there exists an ng € N such that for all
n > ng

(4.14) de, (Yn(t), 0e,) <.

Since 0, (t') & Intz. ([Nle, ), formula (4.14) implies that ¢, (t') ¢ Intx,(N)
for all n > ny and so o(t') & Intx, (V). Now, notice that ¢,(0) € N for every
n € N and N is closed. Therefore, it follows from (4.12) that o(0) € N. Hence,
o(t') € To(N,t') \ Intx, (N) which is a contradiction. O

In the next theorem we prove the stability of attractor-repeller pairs under
singular perturbations.

THEOREM 4.9. For each ¢ € ]0,eq], let T be a compact and translation-
invariant subset of C. and Ty C Cy be compact and translation-invariant. Suppose
T. 275 and let (A, A*) be a Ty-attractor-repeller pair. Let V (resp. V*) be closed
in Xo and such that A = Invg (V) C Intx, (V) (resp. A* = Invg - (V*) C
Intx,(V*)). Let n > 0. Then there is an & € |0,eg] such that, for all € € 0, €],
the pair (Invy. ([V]e,n), Invr ([V*]en)) is a To-attractor-repeller pair.

PRrROOF. Let N and N* be closed and such that A = wg, (N) C Intx, ()
and A* = wp - (N*) C Intx,(N*). Since A and A* are disjoint and closed by
Theorem 2.11 in [3] we may use Proposition 2.7 in [3] and choose N and N*
smaller, if necessary, to ensure that N and N* are disjoint. For ¢ € ]0,&¢] set

A =Tnvy ([N].,) and A, = Invz ([N*].,).
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By Theorem 2.8 in [3] there is a tg € |0, 00[ such that To(N,tp) C Intx, (V).
Furthermore, by Proposition 4.8 there is an ¢ € ]0, €o] such that 7o ([N, ,to) C
Intz_([N]c,) for all € €]0,e1]. Now Theorem 2.8 in [3] implies that

(4.15) A. =wr ([Nl.,y) CIntz ([N].,) forallee]0,e]

so A is a Tc-attractor for all € €]0,¢1]. Set

Ife €]0,e1] and (u,v) € A, then thereis a o € 7; with 0(0) = (u,v) and o(R) C
[N*]e.. Since [N*]., is closed, we conclude that w(o) C [N*];,, C Z. \ [Nz,
so w(o) N A; = 0. Hence (u,v) € A* which proves that

A, C AL

Now suppose that it is not true that A} C gs for all € small enough. Then
there are sequences (£, )neny With €, — 0 as n — oo and ((un, vpn))nen such
that (u,,v,) € AL \ggn for all n € N. Thus there is a sequence (o, )pen With
on €7Tc,, 0n(0) = (up,v,) and w(oy,) N Ae, = 0 for all n € N. Proposition 2.10
in [3] and (4.15) imply that o,(R) N [N].,, = 0 for all n € N large enough.
On the other hand, for every n € N we have 0,(R) ¢ [N*]., , since otherwise
(un,vn) € Invy, ([N¥]c, ) = A.,, a contradiction. It follows that for every
n € N there is a t, € R with 0,,(t,) & [N*]., n. Let 7, = tsl;, 0, n € N. Taking
subsequences if necessary we may assume that there is a 7 € 7y such that for
each t € R
e, (ma(t), (7(1),0:,)) — 0 asn — oo,

which implies that for each t € R

(4.16) do(dn(t), 7(t)) =0 asn— o
and
(4.17) de, (Vn(t),0:,) — 0 asn — oo,

where 7, (t) = (¢n (1), ¥n(t)) with ¢, (t) € Xo and ¢, (t) € Yz . Letting ¢ =0 in
formula (4.17), it follows that there exists an ng € N such that for all n > ng

(4'18) dEn (wn (0)7 GETL) < n‘
Since 7,(0) = 0, (tn) € [N¥]e,, n for all n € N, formula (4.18) implies that
(4.19) on(0) € N* for all n > ng.

Formulas (4.19) and (4.16) imply that 7(0) ¢ Intx,(N*). This fact together
with Theorem 2.11 in [3] imply that w(7) C A and so 7(¢') € Intx,(N) for some
t" € R. However, 7,(R) = 0,,(R) C Z., \ [N]z,, »-
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Now, letting ¢t = ¢/ in formula (4.17), it follows that there exists an n; € N

such that for all n > ny
de, (n(t),0.,) < n.
Thus, ¢, (t') ¢ N for all n > n; and so 7(t') ¢ Intx, (), a contradiction. This
proves that
Ar C A,

so Af = A, for all sufficiently small. Thus, for all such e, the pair (Ae,gg)
is a 7Z;-attractor-repeller pair. Now, since A = Invy, (V) C Intx, (V) and A =
Invy, (N) C Intx,(N), Corollary 4.7 implies that

Invy, ([V]en) = Invy ([N]e,,) = Ac  for all € sufficiently small.

Similarly, Inv..— ([V*]: ) = Inv— ([N*] ;) = A, for all £ sufficiently small. This
completes the proof. O

We will now state and prove two continuation (i.e. “stability”) results for
attractor filtrations and Morse decompositions under singular perturbations.

THEOREM 4.10. For each e € |0, 0], let T. be a compact and translation- and
cut-and-glue-invariant subset of C. and Ty C Cy be compact and translation- and
cut-and-glue-invariant. Suppose that 7. 2 7,. Let (A be a To-attractor fil-
tration. For every r € [0,m] let V; and V' be closed sets with A, = Inv, (V;) C
Intx,(V;) and (A,)5 = Invy - (V¥) C Intx, (V,¥). Letn > 0. Fore €]0,50] and
r € [0,m] set

A =Tvy ([Vilew),  AS =Tnv- ([Ve).

Then there is an € € ]0,e0] such that, for all € € ]0,£], the sequence (AS)™, is
a Tc-attractor filtration and (AS)7L, is its dual Tz-repeller filtration.

PROOF. An application of Theorem 4.9 shows that (A%, A%) is a T-attr-
actor-repeller pair for all » € [0, m] and all e sufficiently small. Furthermore,
we conclude from Corollary 4.6 that AS C A7, for all r € [0,m — 1] and all €
sufficiently small. Thus we only have to show that

Af =0 and A5, = Sz. for all € sufficiently small.

If there is a sequence (g, )nen in |0, o] with £, — 0 and Af" # 0, then there is a
sequence (0, )nen such that o,, € 7, and 0,(R) C [Vyle, , for all n € N. Then,
taking a subsequence if necessary, we may assume that there exists a o € 7
such that for each ¢t € R

e, (on(t), (0(t),0:,)) = 0 asn— oo.
In particular, for each t € R

(4.20) do(¢n(t),o(t)) = 0 asn — oo.
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Since o,(R) C [Vole,,n, formula (4.20) implies that o(R) C V; and so Ay =
Invy, (Vo) # 0, a contradiction.

Now clearly A. C Sz. for every € € ]0,g9]. Consequently, if there is a
sequence (€, )nen in ]0,&o] with e, — 0 and A5» # Sz, , then there is a sequence
(0n)nen such that o, € 7., and 0,(0) ¢ [Vi,].,, for all n € N. Taking a
subsequence if necessary, we may assume that there exists a ¢ € 7 such that
for each t € R

T., (on(t),(0(t),0,)) — 0 asn— 0.

Therefore, do(pn(t),o(t)) — 0 as n — oo and
(4.21) de, (Yn(1),0:,) =0 asn — oo.

Letting ¢ = 0 in formula (4.21) we have that there exists an ng € N such that
for all n > nyg

de,, (¥n(0),0c,) <.
Since 0,(0) ¢ [Vinle,.,, for all n € N, we see that ¢,,(0) & V,,, for n large enough.
Thus, 0(0) € Xo \ Intx, (Vin) so A, # ST, a contradiction. O

THEOREM 4.11. For each € € ]0,eq], let T be a compact and translation-
and cut-and-glue-invariant subset of C. and Ty C Cy be compact and translation-
and cut-and-glue-invariant. Suppose that 7. 2 7. Let (M), be a Ty-Morse

decomposition. Let (W,)™, be a finite sequence of closed sets such that
M, =TInvg, (W,) C Intx,(W,.), r€][l,m].
Let n > 0. Fore €]0,g0] and r € [1,m] set

(4.22) ME = Tnvy, ((Wylen)-

T

Then there is an € € |0,e¢] such that for all € € 10, €] the sequence (ME)7, is a
T.-Morse decomposition.

PrOOF. Choose a Tp-attractor filtration (A,)'_, such that M, = A, N
(Ar_1)%,, for all r € [1,m]. For every r € [0,m] let V;. and V;* be closed
sets with A, = Invg, (V) C Intx, (V) and (A,)5 = Invy - (V) C Intx, (V).
Let r € [1,m] be arbitrary. Since M, is To-invariant and M, C V., N V¥ ;, we
see that

M, C Invg,(V, NV ) C Invg (Vi) NInvy (V)
=Invy, (Vo) NInvy, - (V2 ) = A, N (A1) 7, = M,

SO

(4.23) M, =Invg (V. NVE) =Invg (V) NInvy - (V)
C IIltXO (V;) n Il'ltxo (Vr*—l) - IntXO (‘/r n Vr*—l)'
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For r € [0,m] and ¢ € ]0,eg] define
AL =TI ([Vi]en), A= Ian; ([Vi¥lem)-

By Theorem 4.10 there is an €1 € ]0, £¢] such that, for all € € ]0, £1], the sequence
(A2)™m ) is a Tc-attractor filtration and (AS)™ , is its dual T -repeller filtration.
It follows that, for all € € ]0,e1], the sequence (M2)™ , is a 7T.-Morse decomp-
osition, where
ME=ASNAS |, re[l,m].
Proceeding as in the proof of formula (4.23) we see that
My =Invy ([Viley N [Viilen) = vy ([Vilen) N InVT; (Viiilem)
C Intz, ([Vp]e) NIntz ([V24]en) € Intz ([Vo]ey N[V ]e)-

Notice that, for all subsets B and C of X, and all 8 € ]0,00[ and € € ]0,£0] we
have

(4.24) [BlesN[Cles=[BNClep.

Now (4.22)—(4.24) and Corollary 4.7 imply that there is an € € ]0, 1] such that
for all r € [1,m] and for all € € ]0, ],

My =Tovr, ([Velew N Vo) = Tve (Ve 0 Ve ) = Tovr (Wile) = M.
The theorem is proved. O
We will now prove the main result of this section.

THEOREM 4.12. Suppose T. 5Ty, where, for each ¢ € [0,e0], Tc C C- is
compact, translation and cut-and-glue invariant. Suppose (M;);cp is a <-ordered
To-Morse decomposition. For each i € P, let V; be closed in Xq such that

(4.25) M; = Invg, (V;) C Intx, (V7).
Moreover, for every I € I(<), let Vi be closed in Xy such that
M(I) =Invy, (Vi) C Intx, (V1).

(In view of Proposition 2.13 such sets V;, i € P and Vi, I € I(<), always exist.)
Fore €]0,e0] and i € P set M;(e) := Invy. ([Vile,n). Then there is an € € ]0, &)
such that for every e € )0,€] the family (M;(€))icp is a <-ordered T.-Morse

decomposition. Moreover, for every I € I(<),

Mie) = |J OSz(Mi(e), Mj(e)) = Tnve ([Viley) C Itz ([Vilen)-
(i,5)eIxI

To prove this theorem we need the following lemma.
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LEMMA 4.13. Under the assumptions of the theorem there is an €' € ]0,¢&¢)
such that for every ¢ € |0,¢'] the family (M;(g))icp is a <-ordered T.-Morse
decomposition. Moreover, for every I € A(<)

(4.26) M;(e) = Invz ([Vile,) C Intz ([Vi]e,n)
and
(427) Mp\](€) == IHVTE([VP\I]EJ]) C IntZE([VP\I]E,n)~

Proor. We will consider two cases.

Case 1. We first suppose that < is a total order. In view of Remark 2.5 we
may assume that P = [1,m] for some m € N and < is <. It follows that (M;);cp
is a 7-Morse decomposition of the second kind. Therefore, Theorem 4.11 implies
that there exists a &y such that for every ¢ € |0,&], (M;(e))™, is a T.-Morse
decomposition.

For r € [0, m] let A,., W, and W} be as in the proof of case 1 of Lemma 3.4,
with (X, d) replaced by (Xo,dp) and 7 replaced by 7y. As in that proof we see
that

(4.28) M, =Tnvg,(W, NW)_;) C Intx, (W, " W,_,).

For each r € [0,m] and each € € ]0,¢¢], define AZ = Invy. ((W,]c,) and As =
Invy ((W}]e,). Theorem 4.10 implies that there exists an e; € ]0,e0] with
g1 < & such that, for every ¢ € ]0,e;1] and r € [0,m], A% C Intz ([W,]: ),
A: C Intz, ((W}]en), (AS)IL, is a Tc-attractor filtration and (As)m, is its dual
7.-repeller filtration.

For all r € [1,m] and for all ¢ € ]0,¢;] define Mg = A A . Tt follows
that the set Mf is 7.-invariant and

Mf C Wil MW ilen = W N W e -

Hence
Mg C Tove ((We N W e ) © Inv ((Wyle ) 0 Tnve, (W e )
= Tnvr, ((Wrle) NInvy (W )e) = A5 0 (A50)5 = M

and so

(4.29) M7 = Invy (W, N W] y) = Invy ((W]en) N Inv,- (Wiilem)
C Intz, ([Wr]en) NIntz, ((Wi_y]en) = Intz (W, N W] ).

Now, formulas (4.25) and (4.28) and Corollary 4.6 imply that there exists a
¢’ €]0,¢e1] such that for all r € [1,m]

Invy (W, "W _1]cn) = Invy ([Vi]e,n), forall e €]0,&'].
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Thus, for all r € [1,m] and for all ¢ € ]0,¢'], Mf = M,(g). Let ¢ € ]0,&’] and
I € A(<) be arbitrary. Then there is an r € [0,m] such that I = [1,7]. Now
Proposition 3.9 in [3] implies that

Jo € T with ¢(0) = z and a(0) C | J Mi(s)}
i=1

tiv, (W;]..) = 4 = {o

= M[[l,r] (6)

Since (A, A%) and (Mp1,r1(€), Mppy1,m)(€)) are To-attractor-repeller pairs, it fol-
lows that AS = Mir41,m () and this completes the proof of the first case.

Case 2. Now suppose that < is an arbitrary strict partial order on P. It
follows from case 1 that for each total order <* extending <, (M;(¢))icp is a
<*-ordered 7.-Morse decomposition for all £ > 0 small enough. Since there is a
finite number of such extensions, it also follows that there exists an &y € ]0, 9]
such that, for every extension <* of < and for all € € ]0,&], (M;(€))icp is a
<*-ordered 7.-Morse decomposition.

Let € € ]0,&p] be arbitrary. It follows that the sets M;(e), i € P, are closed,
7T.-invariant and pairwise disjoint. Moreover, for each o € 7 either

(1) o(R) C My(e) for some k € P
or else

(2) there are i, j € P such that i # j, a(o) C Mj(e) and w(o) C M;(e).

Assume the second alternative. We shall prove that i < j. Indeed, define

J={keP|k=jork=j}

It is clear that j € J. Moreover, J € A(<). By Proposition 2.2, there is a
total order <* extending < such that J € A(<) N A(<*). We also have that
(M;(€))iep is a <*-ordered 7.-Morse decomposition. Thus i <* j and so i € J.
This implies, as i # j, that ¢ < j. This concludes the proof of our claim. Hence,
we have proved that (M;(e));cp is a <-ordered 7.-Morse decomposition for all
€ €10,&].

Let I € A(=<). By Proposition 2.2, there is a total order <* extending <
such that I € A(<) N A(<*).

It follows from Case 1 that, for some ¢’ > 0 sufficiently small,

Mi(e) =TI ([Vile ) C Intz ([Vile,n), e€]o,e],
Mp\[(€) = InVTE([VP\I]E,n) C IIltZE([Vp\I]gm), € }0,6/] .

This completes the proof the lemma. 0

PROOF OF THEOREM 4.12. Let ¢’ be as in Lemma 4.13 and K € A(<) be
arbitrary. Using the notation of Proposition 2.12 we will now show that
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(4.30) the assumptions of Theorem 4.12 hold with P replaced by K and 7,
e €10, 0], replaced by TX, e €0, ).

First we claim that 7 28 7/, Indeed, let (£, )nen be a sequence in 0, o]

with €, — 0 as n — oo and (6, )nen be a sequence such that o,, € 7;15 for all

n € N. Since 7; 38 Ty, there is a subsequence (o, Jmen and a o € Ty such that
(4.31) L., (on,(t),(0(t),0:,, ) —0 asm— oo

uniformly on compact subsets of R. We only need to show that o € 7%, It
follows from Lemma 4.13 that for all €,,, with m large enough

Mk (en,,) =Ivr, ([Vkle,, n) CIntz. ([Vkle,, n)-

Since oy, (t) € Mk(ep,,) for all t € R and for all m € N, it follows that, for
m € N large enough, o,,, (t) € [Vk].,, ., for t € R. In particular, we have

(4.32) Gn,, (t) € Vk forallt € R

where o, (t) = (¢n,, (t), Vn,, (t)) € Xo x Yz, . Formula (4.31) implies that, for
all t € R,

d0(¢n7n (t)’ O-(t)) - 0 and dan-,” (w'nwn (t)7 95n7n) - 0 as m — o0.

This together with formula (4.32) implies that o(t) € Vi for each ¢t € R, i.e.
o(R) C M(K). The proof of our claim is complete.
Since for each i € K we have M; C M(K) and 7 C 7o, it follows that
M; C Invzx (Vi) C Invy, (Vi) = M;
so M; = Invzx (Vi) C Intx,(V;). Let I € I(<), I C K, be arbitrary. It follows
that M(I) C M(K), M(K\ I) C M(K) and so
M(I) C Invgx (Vi) C Invy, (Vi) = M(I),
M(K \ I) - InVTOK(VK\I) - IHVTO(VK\]) = M(K \ I)
Thus
M(I) = InVTOK (V[) C Intx, (V[)
and
M(K \ I) = InVTOK (VK\I) C Intx, (VK\I)-
Now Proposition 2.12 implies that, indeed, (4.30) holds.

Now let J € I(<) be arbitrary. By Proposition 2.1 there are I and K € A(<)
with I C K and J = K \ I. Therefore, (4.30) and Lemma 4.13 imply that

MJ(&) = MK\[(E) = IHV’TEK([VJ]E,U) C Intzg([VJ]Em), for all € € ]O,gj],
where €5 €]0,¢'] is chosen small enough. We claim that

(4.33) v ([Vilen) = Invey, ([Vs]ey) for all € > 0 small enough.
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Suppose that (4.33) is not true. Since Invzx ([Vsle,) C Inve, ([Vs]e ) for all e €
10, 0], it follows that there exist a sequence (e,,), in ]0,&’] with e, — 0 as n — oo
and a sequence (op)nen such that, for all n € N, 0, € 7, 0,(R) C [Vile, .y
and 0,(R) ¢ M. (K)=Invr, ([Vkle, ). Hence, by the translation invariance
of 7., € €]0,¢¢], we may assume that 0,(0) ¢ [Vk]e, », Taking subsequences if
necessary we may assume that there is a o € 7 such that

(4.34) e, (on(t), (0(t),0e,)) = 0,

uniformly on compact subsets in R.
Letting ¢ = 0 in (4.34), it follows that

(4.35) do(¢n(0),0(0)) = 0 and de, (¥,(0),0.,) =0 asn — occ.
Formula (4.35) implies that

(4.36) de, (¢n(0),0:,) <n for all n large enough.

Since 0,(0) ¢ [Vk]e, n, formula (4.36) implies that

(4.37) ¢n(0) ¢ Vi for all n large enough.

We claim that o(R) C M (J). Indeed, formula (4.34) implies that for each ¢ € R,
do(@n(t),o(t)) — 0 as n — oo. Since o,(R) C [Vyle, , for all n € N, it follows
that ¢, (t) € V; for all n € N and for all ¢ € R. Since Vj is a closed set in X, it
follows that o(R) C V; and so o(R) C Invg, (Vy) = M(J). This completes the
proof of our claim. Since M(J) C M(K) C Intx,(Vk), our claim implies that,
for all n large enough, we have 0, (0) € Intx (Vi) which contradicts (4.37). Thus,
formula (4.33) holds. Therefore, for each J € I(<), there exists an €; € ]0,&,]
such that

(4.38) Mj(e) = IDVTE([VJ]E777) C Intz, ([VJ]EJ]), for all € € ]0,¢].

Since the set I(<) is finite, formula (4.38) implies that there is a £ € |0, g such
that, for all € € ]0,€] and for all J € I(<),

M; () = Invr ([Vi]e,y) € Intz, ([Vilen)-
The theorem is proved. O
Specializing to the semiflow case we obtain the following results.

COROLLARY 4.14. Assume the following hypotheses:

(1) 1 is a positive number, (< )zcjo,e,] 5 @ family of local semiflows that con-
verges singularly to the local semiflow mg and N is a singularly strongly
admissible set with respect to n and (T<)-[o,e0]-

(M;)icp is a <-ordered Morse decomposition of So := Inv,, (N) relative
to mg.
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(2) For eachi € P, V; C N is closed in Xy and such that
(4.39) M; = Inv., (V;) C Intx, (V7).
Moreover, for every I € I(<), Vi C N s closed in Xo and such that

Mﬂ—O,SO (I) = IIIV-,TD(V[) C IHtXO (VI)

For ¢ € ]0,e0] and i € P set M;(¢) := Inv,_([Vilcn). Then there is an € €
10, e0] such that for every e € ]0,€] the family (M;(€))icp is a <-ordered Morse
decomposition of S. := Inv_([N].,) relative to m.. Furthermore, for every
IeI(=),

Mi(e) := Mr_ s, = Invr ([Viley) C Intz ([Vi]e.).

PRrROOF. For each ¢ € 10, ], define 7, := T_ be the set of all full solutions of
7 lying in S; = Inv,_([N]. ;) and 7y := 7, be the set of all full solutions of g
lying in Sp = Inv,, (V). Then 7; 27 by Proposition 4.3. Now Theorem 4.12
implies the assertion. O

COROLLARY 4.15. Assume hypothesis (1) of Corollary 4.14. Moreover, sup-
pose that So C Intx (N). Then there are sets V;, i € P and sets Vi, I € 1(=<),
such that hypothesis (2) of Corollary 4.14 (and, consequently, its assertion) holds.

PROOF. The proof is identical to the proof of Corollary 3.5. g

We will now apply Corollaries 4.14 and 4.15 to a thin domain problem con-
sidered in [12] and [2]. We assume the reader’s familiarity with [2] and only
recall some of the relevant notations and definitions.

Let M and N be positive integers. Write (, ) for a generic point of RM xRV,
Let © be an arbitrary nonempty bounded domain in RM x RY with Lipschitz
boundary and let £ > 0 be arbitrary. Define the symmetric bilinear form

a.: HY(Q) x HY(Q) —» R
by
1
ac(u,v) = / <Vzu Vv + gvyu . Vyv) dx dy
Q

and let b be the scalar product (-, -)r2(q). Let A.: D(A:) € HY(Q) — L*(Q2) be
the linear operator generated by the pair (a.,b). We define on H'(2) the scalar
product

(u,)e = ac(u,v) + blu,v), u,ve HY(Q)

and the corresponding norm
|u|8 = ((IE(U, u) + |u|%2(9))1/2’ u € Hl(Q)

which is equivalent to the usual norm on H((Q).
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We also define the “limit” space H!(2) by H}(Q) = {u € H' () | V,u =0}.
Note that H!(€) is a closed linear subspace of H!() so H}() is a Hilbert space
under the usual scalar product of H'(2).

Furthermore, define the space L2(2) to be the closure of the set H!(f2) in
L2(Q). Tt follows that L2(€2) is a Hilbert space under the scalar product of L?(2).

Now let ag: HX(Q2) x H}(2) — R be the “limit” bilinear form defined by

ag(u,v) :z/Vu-Vvdxdy:/qu-vadxdy.
Q Q

Finally, let by be the restriction of the scalar product b to L2(Q) x L2(£2). Denote
by Ao the operator generated by the pair (ag, bp).

Now let g € ]0, 1] be arbitrary and (f:).c[0,c,] be a family satisfying hypoth-
esis (A1) introduced in Definition 2.6 in [2]. For € € ]0,&q] let 7. be the local
semiflow on H'(Q) generated by the solutions of the evolution equation

= Au+ fo(u).

Moreover, let mg be the local semiflow on H1(Q) generated by the solutions of
the evolution equation
= Aou+ fo(u).

We now have the following singular convergence result.

PROPOSITION 4.16. Let (€,,)nen be an arbitrary sequence of positive numbers
convergent to zero. Moreover let t € [0,00[ and (tn)nen be a sequence in [0, 00|
converging to t. Finally, let ug € HX(Q) and (un)nen be a sequence in H' ()
such that

|, — ugle, = 0 asn — oo.

Assume that ugmot is defined. Then, for all n € N large enough, u,m,t, is
defined and

|tn e, tn — womot|e, — 0 asn — oco.

PROOF. We choose an open ball Y C H'(Q) such that ugm [0,¢] C Y. Then
we modify the family (f:)-c[o,¢,] as in Proposition 2.9 of [2] to obtain the modified
family (f!)ceo,c,) satisfying the stronger hypothesis (A2). Let (7.)ccjo,,] be
the corresponding family of modified semiflows. These modified semiflows are
global and coincide on Y with the original local semiflows 7., € € [0,20]. Now
Corollary 2.15 in [2] shows that

(4.40) [UnTL Sy — US|, — 0

for every sequence (s, ), with s, € [0,%,], n € N such that s,, — s € [0,¢]. In
particular, for all n € N large enough, u, 7}, [0,t,] C Y so, in particular, u,m,t,
is defined and w,m,t, = upm,t,. Now formula (4.40) concludes the proof. O
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For all € € ]0,&0] set 6. := 0 € HY(Q) and let Q.: H'(Q) — H(Q) be
the orthogonal projector onto H} () with respect to the scalar product (-, -)..
Let Xy := H!(Q) be endowed with the usual norm of H(Q2) and dy be the
corresponding metric on Xo. Moreover, let Y. := (I — Q.)(H'(2)) be endowed
with the norm | - | and let d. be the corresponding metric on Y. Set Z. :=
Xo x Y. 2 HY(Q) and note that the norm

I 0)lle = max{lulmi oy fol-}, (u,0) € Xo x Yz,

is equivalent to the norm |-|. on H!(Q) with constants independent of ¢ € ]0, g¢].
Let T be the metric on Z. generated by the norm || - ||c.

The remarks just made imply that, for every € € ]0,eq], 7. is a local semiflow
on Z. and mg is a local semiflow on X, while Proposition 4.16 just says that
(72)ee]o,e0) Singularly converges to 7.

Now an application of Lemma 2.21 in [2] shows that whenever n > 0 and N
is closed and bounded in X, then N is singularly admissible with respect to n
and the family (7. ).¢[0,c,]- Therefore we finally obtain the following result:

THEOREM 4.17. Let n be a positive number and N C HL(Q) be closed and
bounded. Suppose that (M;);ep is a <-ordered Morse decomposition of Sy :=
Invy, (N) relative to my. For each i € P, let V; C N be closed in Xy and such
that

M; =Tnv., (V;) C Intx, (V7).
Moreover, for every I € 1(=<), let Vi C N be closed in Xo and such that

Mﬂ'o,So (I) = IHVWO(VI) C IntXO(VI).

For € € 10,e0] and i € P set M;(e) := Invy_([Vile,y). Then there is an € €
10, 0] such that for every e € 10,£] the family (M;(€))icp is a <-ordered Morse
decomposition of S = Invy_([N].,) relative to m.. Furthermore, for every
Iel(=),

Mi(e) i= Mx, 5. = v ([Vile,y) € Intz ([Vile,y)-

Theorem 4.17 also holds for the more general case of reaction-diffusion equa-
tions on curved squeezed domains considered in [13]. Furthermore, an analogous
result can be proved for damped wave equations on squeezed domains considered
in [5] and [4]. The formulation of this result is left to the interested reader.
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