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OBSTRUCTIONS TO THE EXTENSION PROBLEM
OF SOBOLEV MAPPINGS

TAKESHI ISOBE

ABSTRACT. Let M and N be compact manifolds with OM # (. We show
that when 1 < p < dim M, there are two different obstructions to extending
a map in W1=1/P(dM, N) to a map in W1P(M, N). We characterize one
of these obstructions which is topological in nature. We also give properties
of the other obstruction. For some cases, we give a characterization of
f € Wi=1/PP(§M, N) which has an extension F € W?(M, N)

1. Introduction

Let M and N be two compact connected Riemannian manifolds of dim M =
m and dim N = n. We assume M has a smooth boundary and N = §. How-
ever, our argument also applies to the case ON # () under a suitable assumption.
To define the Sobolev spaces defined between manifolds, it is convenient to as-
sume that N is isometrically imbedded in some Euclidean space R¥. Indeed, by
Nash ([15]), this is always satisfied for some large k. For 1 < p we define

WYP(M,N) :={f € W-P(M,R¥) : f(z) € N for a.e. x € M}.

For the basic properties of this space, see [2], [12], [13], [18] and [19].
Recall that there is a well-defined continuous surjective linear map, called
the trace operator, v:W'P(M,R*) — W'=V/Pr(9M,R*) such that for g €
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CY(M,R*), vg = glanm (see [1]). Here the trace space W'=1/PP(OM,RF) is
the subspace of LP(OM,R*) with a norm

p 1/p
st = Wiy + [ [ TR gy}

where d(-, -) is the distance function defined by the Riemannian structure of
OM and dp is the Riemannian density associated to the Riemannian metric
on OM. We are concerned with the trace space defined between manifolds,
W=1/p2(9M, N), defined as

W=YPP(OM, N) .= {f ¢ W=VPP(QM,R¥) : f(z) € N for a.e. z € dM}.

One natural question, first treated systematically in [4], is the following:

QUESTION. For f € W'=1/PP(9M, N), is there a function F in W'P(M, N)
with vF = f7?

For N = RF, this question is, of course, solved positively for any f €
Wi=1/pr(9M,R*). For p > dim M, by using the Sobolev imbedding theorem
W1=1/PP(9M, N) «— C(OM, N), one can easily prove that f has an WP (M, N)-
extension if and only if f can be extended to M as a continuous map M — N
(see [4, Theorem 1]). Less obvious case is the limiting case p = dim M. In
this case, Bethuel and Demengel proved that any f € W'~1/»P(9M, N) has a
WLP(M, N)-extension if and only if any continuous map from OM to N has
a continuous extension M — N (see [4, Theorem 2]). Their argument in fact
proves the following:

THEOREM 1.1 (Bethuel-Demengel). Assume p > dim M. Let f be a map
in W'=Y/PP(OM,N). Recall that f has a well-defined homotopy class which
is defined by the homotopy class of g € W =1/PP(OM,N) N C(OM,N) with
lg = flli=1/p,p sufficiently small (see [3, Lemma 1]). We denote the homotopy
class of f by [f]. Then f has a WYP(M, N)-extension if and only if any h €
C(OM, N) with h € [f] has a continuous extension M — N.

The problem is much more complex when 1 < p < dim M. Also in this
case, for some M and N, there exists f € W1/PP(9M, N) such that the above
question is negative for f, that is, there is no F € WtP(M, N) with vF = f.
The first example is given by Hardt and Lin (see [14]). They considered the case
W1/22(B3,S') and showed that the map f(x) = z’/|2’| (B is the unit ball in R3,
x = (2/,23) € B and |2/| is the Euclidean norm of 2/ € R?) is in W'/2-2(9B3,S1),
but it has no W12(B3,S!)-extension (see Section 3 for more detailed discussion
including this case). Later in [4], Bethuel and Demengel proved that the above
question is negative for some f € W!=1/PP(9M, N) provided 7, _1(N) # 0 (and
any M), or m;(N) # 0 for some j < [p] — 1 (and for a suitable M), or M =B™,
N =S!' and 3 < p < m (B™ is the unit ball in R™) (see also Section 3). The only
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known positive answer for the case 1 < p < dim M is due to Hardt and Lin (see
[14, Theorem 6.2]). They proved that if w1 (N) = ... = 7 _1(N) = 0, then the
question is positively solved for any f € W'=1/PP(9M, N) (M is arbitrary). Note
that the case p = 1 is a special case. In this case, the trace space of W11 (M, RF)
is L' (OM,R¥) and it is shown in [4] that YW1 (M, N) = LY(OM, N). Note also
that White ([18]) considered the case f € Lip(OM, N), however, little is known
for the general case about the above question.

Our main purpose of this paper is to clarify the following: For a given f €
W=1/p2(9M, N), what is the obstruction to extending f to M as a W'P(M, N)-
map?

At least to the author’s knowledge, it is not well understood. Our first
observation is that, contrary to the case p > dim M, there are two different kinds
of obstructions to this problem. Roughly speaking, they are defined as follows:
The first obstruction, we denote it by 04(f), is the obstruction to extending f
to the collar neighbourhood of M and the other, we denote it by op(f), is the
obstruction to extending the map defined in the collar to the whole M. (However,
we note here that op(f) will be defined whether f is extended to the collar or
not, see below). We will see that these behave very differently. In this paper,
we completely characterize the second type of obstruction og(f). The other
obstruction 04(f) is defined (see below) and some of its properties are studied.
We also give, for some cases, a characterization of the space TP(OM,N) :=
{f e W=YPP(OM,N) : IF € W'P(M,N), vF = f}. (We use the notation
introduced in [4]).

To state our results, we introduce some notations. We denote by C(OM)
the collar neighbourhood of OM in M. It is a neighbourhood of OM in M
diffeomorphic to [0, 2) x M. It is unique up to diffeomorphism. Let ¢: C(OM) —
[0,2) x M be a diffeomorphism. We denote by C;(OM) := »~1(]0,t) x M) for
t €[0,2]. For u € WhP(C,(OM), RF), define

1
(1.1) B (u) :/ VP + Ldo(u(z), NY? |dal,
C:(OM) €

where d is the Euclidean distance in R* and |dz| is the Riemannian density of M.
E_.; is an approximation of p-Dirichlet energy defined in WP (C,(M), N).
For f € W'=YPP(9M, N), define

(12) 0a(f) = limlim £..(f),

where & ;(f) := inf{E.;(u) : u € WHP(C,(OM), R*) with yu = f on OM}.
Note that 04(f) is well defined for all f € W'=Y/PP(9M, N) and o4(f) €

[0,00]. In fact, in Section 2, we show that 04(f) = 0 or 04(f) = oo for any

f € W'=YPP(9M, N). Also note that it only depends on M (not on M),
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N and f. (In fact, we will show that 04(f) depends only on f and the topologies
of OM and N.)

In this paper, we denote by MF* the k-skeleton of M with respect to some
CW-structure of M. Throughout this paper, we consider (M,9M) as a relative
CW-complex, thus M is obtained by attaching cells to M. Then (OM)* is
defined by (OM)* := OM N (J{0¢ : for all I-cell ! of M with | <k +1}. For
our purpose, the “cubeulation” of M given in [18] (see also [2]) is sufficient.

We first give a result which characterizes maps in TP(OM, N) in terms of
o4(f) and op(f) (op(f) is defined below):

THEOREM 1.2. Assume 1 < p < dimM and p ¢ Z. Let f be given map in
W=Y/PP(OM, N). There exists F € W P(M, N) satisfying YF = f if and only
if the following conditions hold:

(a) 04(f) = 0.

(b) o(f): flomym-1 € C((OM)PI=1 N) has a continuous extension to
Ml for a generic relative pair (MWP! (OM)PI=1), that is, there exists
up € C(MPN) such that ugloanye-r = flonr)m-1-

The case p € Z is treated in the following theorem.

THEOREM 1.3. Assume 1 < p < dimM and p € Z. Let f be given map in
W=Y/PP(OM, N). There exists F € WYP(M, N) satisfying YF = f if and only
if the following conditions hold:

(a) oa(f) =0.

(b) op:(f): For a generic relative pair (MP,(OM)P~1), there exists a se-
quence { f;} C Lip((OM)P~', N) such that f; — f in W'=1/PP((9M)P~,
N) and f; (i > 1) has a Lipschitz extension F; to MP, that is, F; €
Llp(Mp,N> and Fi|(aM)p—1 = fi-

It is easy to show that o4(f) = 0 if and only if f is extended in some
neighbourhood of dM (see proof of Lemma 2.1). As noted before, the above
definition shows that op(f) is defined whether 04(f) = 0 or not (i.e. for any f €
W1=1/PP(9M, N)). The obstructions op(f) and op/(f) are purely topological,
that is, they only depend on the topologies of the pair (M1, (9M)PI=1) N and
the homotopy class of f|garwi-1: (OM)PI=1 — N (in the case p ¢ Z. In the
case p € Z, we take the homotopy class of f € W=V/PP((OM)P~1 N) as the
generalized sense as in [3, Lemma 1]). Thus by the above theorems, once f is
extended to a neighbourhood of dM, there is only a topological obstruction to
extending f to M. Sufficient conditions for og(f) and op/(f) are given by the
vanishing of cohomology groups H*+* (M1 (9M)PI=1; 7, (N)) = 0 (0 < k <
[p] = 1) or H*H(M, (OM)PI=1;mp (N) = 0 (0 < k < [p] —2), 7)1 (V) = 0, see
Section 3.
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On the other hand, it turns out that the structure of 04(f) is more compli-
cated. The following result gives a simple condition for f implying o4(f) = 0
(for the definition of VMO(9M), see [9] and [10]):

PROPOSITION 1.4. Let 1 < p < dimM. Assume f € WYP(OM,N) or
fewW=1r2(dM, N) N VMO(OM). Then o.(f) = 0.

COROLLARY 1.5. Let1 < p < dim M. Assume

HML(MP OM)PL 7 (N)) =0 for0< k< [p] -1,
or Hk+1(M,(5M)[p]_1§7Tk(N)) =0 for0O<k<[p] -2

and 7y —1(N) = 0. For any f € WYP(OM,N) or f € WI=V/PP(9M,N) N
VMO(OM), there exists F € WYP(M, N) satisfying YF = f on OM.

In general, for a given f € W'1/»P(9M, N), deciding whether 04(f) = 0
seems a difficult problem. In some cases, however, we can characterize a map
f € Wi=Y/PP(OM, N) with 04(f) = 0. Also, for some cases, we can give a
concrete characterization of T?(OM, N). In the following, we give two results
in this direction. By the theorem of Hardt—Lin (see [14, Theorem 6.2]), when
1 <p<2(ie. [p] = 1), we always have T?(OM, N) = W=1/»P(9M, N) for any
N. Thus by the same theorem, the first non-trivial case where T?(0M,N) #
W=1/PP(9M, N) occurs is the case 2 < p < 3 and m(N) # 0. The first result
concerns the case where 71(N) is finite.

THEOREM 1.6. Let 2 < p < 3. Let M be a compact Riemannian manifold
with boundary with dim M > p. Assume N is a compact Riemannian manifold
with finite m1(N). Let m: N — N be the universal covering of N. Then we have:

(a) Assume moreover that m (M) = 0, then
{f € WHVPR@OM; N) s 04(f) = 0} = {m(f) : [ € W'V/PP(OM, N)}
(b) Assume 71 (OM) =0 or m (M) = 0. Then we have

TP(OM,N) = {x(f): f € W'=VPP(OM, N)}.

The next result treats the case where 71 (N) is not necessarily finite, but N
has some additional structure, that is, N is a compact Lie group. This class of NV
is also important since the Sobolev space with values into a Lie group naturally
arises in gauge theory and harmonic maps into Lie groups (known as classical
solutions of the Chiral Model), see [17]

THEOREM 1.7. Let 2 < p < 4. Let M be a compact Riemannian manifold
with boundary with dim M > p. Assume that N = G is a compact Lie group. Let
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G — G be the universal covering of G. Then we have:

(a) Assume moreover that w (9M) =0, then
{f e W'VPP(OM, G) s 0a(f) = 0} = {n(f) : f e W'V/PP(OM, G)}.
(b) Assume w1 (0M) =0 or m (M) = 0, then

TP(OM,G) = {x(f) : f € W'=YPP(OM,G)}.

One may wonder whether the above theorems (especially, Theorem 1.6)
hold for general compact N. For general compact N, N is non-compact and
the definition of the Sobolev space W1=1/P2(9M, N) is not so clear. (In the
cases treated in the theorems, there is a natural definition of the Sobolev space
W1=1/pP(9M, N), see Section 3. This is the reason why we restrict our consider-
ation to the above two cases). Thus to prove Theorem 1.6 for general N, we need
a suitable definition of the Sobolev space W'=1/P2(9M, N). For such a “Sobolev
space” Wi-1/pp (OM, N ), Theorem 1.6 will continue to hold. This observation
indicates some aspects of difficulty involved in the extension problem.

Theorems 1.6 and 1.7 show that the extension problem is closely related to
the lifting problem. Recall that N = S! is a compact Lie group (this is the
most simple compact Lie group) and our Theorem 1.7 shows that under appro-
priate conditions, the problem of finding an extension of f € W'=1/PP(9M,S")
is equivalent to finding a lifting of f to R (that is, to find ¢ € WHP(OM,R)
satisfying f = e'?). In this special case N = S', the lifting problem is exten-
sively studied by Bourgain, Brezis and Mironescu. In their papers [6], [7], they
showed that there are both topological and analytical obstructions to the lifting
problem. Thus the above equivalence (04(f) = 0 if and only if f has a lifting)
shows that, contrary to the obstruction og(f), 04(f) contains both topological
and analytical information.

Theorems 1.6 and 1.7 are also related to the conjecture of Bethuel-Demengel
(see [4, Conjecture 2]). In [4], Bethuel-Demengel conjectured that if 7, (V)
= 0 and 7;(N) is finite for all j < [p] — 2, then T?(OM, N) = W=1/P»(9M, N).
In view of the theorem of Hardt-Lin (see [14, Theorem 6.2]), the first non-
trivial case is the case 3 < p < 4 (i.e. [p] = 3). In this case, their conjecture
is: When my(N) = 0 and 7, (N) is finite, T?(OM, N) = W'=Y/P2(9M, N) for
3 < p < 4. Thus the conjecture of Bethuel-Demengel is closely related to
the problem treated in Theorems 1.6 and 1.7. We show that this conjecture
is not true in general, see Example 3.4. However, one may conjecture that it
is true under some additional assumptions on M, for example, 71 (0M) = 0 or
M =B™ etc.

Please recall the examples stated after Theorem 1.1. We will show in Sec-
tion 3 that the obstruction W[p],l(N) # 0 is contained in 04 in the sense that
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if 04(f) = 0 for any f, it is necessary mp,—1(N) = 0. But the condition
T[pl—1(N) = 0 is not sufficient to imply 04(f) = 0 for any f (as we have seen, it
also depends on analytical nature of f). Other topological obstructions (namely
7 (N) # 0 for some j < [p] — 1) is contained in oz (f). This is also explained in
Section 3.

In the next section, we give proofs of Theorems 1.2 and 1.3.

2. Proofs of Theorems 1.2 and 1.3
We first prove elementary properties of o4(f) for f € W'=1/PP(9M, N).

LEMMA 2.1. For any f € W'=VPP(OM,N), oa(f) = 0 or oa(f) = oo.
Moreover, 04(f) depends only on f and the topologies of OM and N.

PrOOF. We need to show 04(f) = 01if 04(f) < oco. So assume 04(f) < oo.

By definition, there exists ¢y € (0,2) such that lim. o & +,(f) < co. Thus, we
easily see that {u. } is bounded in W1?(C, (OM), R¥), where yu.,, = f on
OM and E. 4 (uct,) = Ecty for ue sy € WHP(Cyy (OM), N). From this, for some
sequence {e,} with &, | 0, we have u., ;, — uy, weakly in WHP(C, (OM), RF)
for some uy, € WHP(Cy, (OM), R¥) with yu, = f on OM. Since, by passing to
the limit &,, — 0,

sup/ ld(u(x),N)p |dx]

e>0Jcy, (0M) €
is finite, we easily see that u,, € WP (Cy,(OM), N). Then we have

< limli oy » _o
UA(f)iltllr(I)llglfglEs)t(utO) ltlfgl ct(aM)|VUtO| |dz| =0

It is obvious that 04 (f) is independent of the metric of N. Since any collar of OM
is diffeomorphic to [0,2) x OM, one can easily prove that 04(f) is independent
of a collar of M and the metric of M. In particular, 04(f) depends only on f
and the topologies of OM and N. 0

Now we turn to proofs of Theorems 1.2 and 1.3. We first give the proof of
necessity of 04(f) = 0 and op(f) (or op/(f)). After that, we give the proof of
sufficiency.

PROOF OF THEOREM 1.2 (Necessity). We assume 1 < p < dim M and
p ¢ Z. Assume that f € W'=1/PP(9M, N) has an extension F € WP (M, N):
~vF = f. Then we have

T . . 2 sl — O,
04(f) =limlim & ,(f) < limlim Ee o(Fle,on)) = lim Ct(aM)IVFI |dz| =0

Therefore, 04(f) = 0.
Next we prove the necessity of og(f). Since p ¢ Z, by the Sobolev imbedding
F € C(MWPI N) for generic M. Thus F|ym is a continuous extension of
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fleonryw-1 to MPl. Here (OM)PI=1 is taken as in Section 1, that is, (M,dM) is
considered as a relative CW-complex. g

PrOOF OF THEOREM 1.3 (Necessity). The proof of 04(f) = 0 is the same
as in the proof of Theorem 1.2. To prove necessity of op/(f), let F be a map
in WhP(M, N) with vF = f. For generic MP, F|y» € WLP(MP, N). Since
Lip(MP, N) is dense in WP(MP, N), there exists {u;} C Lip(MP?, N) such that
u; — F|yp in WHP(MP,N). Trace theorem then implies that w;|garye—1 —
Flomye-1 in WHHPP((OM)P~1, N). O

ProOOF OF THEOREM 1.2 (Sufficiency). Let p ¢ Z. Since 04(f) = 0, Lem-
ma 2.1 and its proof show that there exists ¢y € [0, 2] and u;, € WP(Cy, (OM), N)
such that yuy, = f on OM. We may assume without loss of generality ¢y = 2
(since Cy, (OM) is diffeomorphic to C(OM)) and set F := u,, € WHP(C(OM), N).
We use the identification C(OM) =2 [0,2) x OM throughout the proof. Since
for almost every t € [0,1], Flixom € WLP(OM, N), we may assume without
loss of generality F|{iyxom € WLP(OM, N). Thus our problem is reduced to
extending F'|(1}xan to M\ [0,1] x OM as a WhP-map (with values in N). To
proceed, we need the following lemma:

LEMMA 2.2. Assume f|gprym1-1: (OM)PI=Y — N has a continuous extension
up: MP! — N for a generic pair (MWP), (OM)PI=1). Set 0, M := {1} x OM. Then
for a generic pair (M\[0,1)xdM)P! (9, M)PI=1), Fl o, myw-1: (O M)PI=1 N
has a continuous extension (M\[0,1)xOM)P! — N. Here (M\[0,1)xOM, 5, M)
is considered as a relative CW-complex as in Section 1.

To prove the above lemma, we need

LEMMA 2.3. For a generic [p] — 1-skeleton (OM)PI=" (which comes from
some relative CW-structure of (M,0M) as before), we have F| 11 onr)w-1 €
WP ([0,1] x (OM)IPI=1 N). Here, as always, we use the identification C(OM) =
[0,2) x M.

PRrROOF. Give a [p] — 1-skeleton (OM)[P)=1 (coming from some relative CW-
structure of (M,0M)) arbitrary. We may assume without loss of generality
OM is isometrically imbedded in R” for some r > 1. Let O(OM) C R” be a
tubular neighbourhood of 9M and m: O(OM) — OM a nearest point fibration,
ie. do(z,m(x)) = do(xz,0M) (dp is the Euclidean distance in R"). We take
e > 0 so that {x € R" : do(z,0M) < e} C O(OM). For v € O(OM), define
¢p:OM — OM by ¢,(z) = w(x +v). Then ¢,:OM — OM is C'*-isotopic to
Idgar: OM — OM. Define ®@,,:[0,1] x OM — [0,1] x OM by @, (t, z) = (t, py(z)).
®,, is C*°-isotopic to Idjg 1jxaar: [0,1] x M — [0,1] x OM.
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By Fubini, we have

/ (/ |V(F o ®,(t,x))|Pdt dx) dv
lv|<e [0,1]x (8M)P1-1

<C (/ / [VE(t, ()P dt dv) dx
(oM)lp1 -1 [0,1] J|v|<e

SC/ IVE|Pdx < co.
c(oM)

Thus for almost every v with |v| < &, Fo®, € WP([0,1] x (OM)PI=1 N). Note
that @, 1([0,1] x (OM)PI=1) = [0,1] x ¢ 1 ((9M)PI=1).

To complete the proof, we need to prove that ¢, 1((OM)PI=1) is a [p] — 1-
skeleton of M coming from some relative CW-structure of (M, M. For this,
it is sufficient to prove that ®, has an extension &)U:M — M which is also
isotopic to Idp;: M — M. Then if (MP! (OM)PI=1) is a relative pair, so is
(@51 (M), gL ((OM)#1=1)).

To extend @, to M, we recall the identification C(OM) = [0,2) x OM. Let
a € C™([1,2]) be a function satisfying a(t) = 1 for ¢ near 1, a(t) = 0 for
t near 2 and 0 < a(t) < 1 for t € [1,2]. Define ®, by ®,(t,z) = ,(t, )
for (t,2) € [0,1) x OM, ®,(t,z) = Qo tyo(t, ) for (t,z) € [1,2) x OM and
P = Idancony in M\ C(OM). Clearly, ®, is an extension of ®, to M and
C°-isotopic to Id ;. O

PROOF OF LEMMA 2.2. By Lemma 2.3, for generic [p]—1-skeleton (9M)PI=1,
F e Wh([0,1] x (OM)PI=1 N). Since p ¢ Z, by the Sobolev imbedding the-
orem, Flg 1jx@aanyw-1 € C([0,1] x (9M)PI=1 N). Therefore F|(pyy onrwi-1 =
fl(onrywi-1 is homotopic to F| g, arywi-1. By assumption, f|ganw-1 has a con-
tinuous extension uy: M [Pl — N. Thus by the homotopy extension property, see
8], [18], (since (OM)PI=1 < MIPl is a cofibration), F'[ (9, aym—1 has a continuous
extension (M \ [0,1] x dM))P! — N too. O

Our problem is reduced to the special case f € W1P(9M, N). Indeed, by
Lemma 2.2, Fls,; € WHP(91 M, N) has a continuous extension (M \ [0,1) x
OM)IPl — N and to extend f to M as a W'P(M, N)-map, it is sufficient to
extend Flg,nr to M\ [0,1) x OM as a WHP(M \ [0,1) x M, N)-map. Thus in

the following, we assume
oc(f): fe WHP(OM, N) and f|pprym-1 has a continuous extension M N
for a generic pair (M, (9M)PI=1),
We construct an extension of f by the following two steps.
Step 1. We extend f to MPLUOM as a WHP(MPLUOM, N)-map.
Step 2. We extend the map obtained in Step 1 to M as a W1P(M, N)-map.
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For the moment, we assume Step 1, that is, we assume f has an extension
Fy e Wh»(MPly oM, N) and give a construction of an extension of F; to M.

Construction of an extension of Fy to M. By using the filtration M c
MPHY . c M of M, we successively construct an extension. By Step 1, we
have Fy € WhP(MWPLUOM, N) with Fi|an = f.

Assume that F} is extended to MPITF=1 as a WhP(MPIHE=1 oM, N)-map
F, (1 <k<m+1—[p]). Let ol** be a [p] + k-cell of M. We may assume it
is bi-Lipschitz equivalent to [—1, 1][”]”“, that is, there exists a bi-Lipschitz map

Qo [=1,1]PIHF 2 GloIHE

Define Fj 41 on olPItk by homogeneous degree 0 extension of Filogiprtr:

-1

Fiy1 1= Fi 0 fao 0 9o ( HzilH )7

where fs, is the attaching map dePl*F — MPIHE=1 for the cell oItk elpl+h .=
{z € RPFE -z < 1} and ||yl := maxi<icprn [yil for y = (v, ypien) €
[—1,1]PI+% Note that Fjyq € WhP(alPltk N).

We carry out this construction for all [p] + k-cell and obtain an extension
Fjy1 of Fj, to MIPHF as a map in WP (MPIH* N). By the induction on k, we
finally obtain an extension Fj,_(,j+1 of f to M as a map in WLP(M, N). O

We now give a construction of an extension of f to M U Ml

Construction of an extension of f to OM U M), Here the condition op(f)
is used. In other words, the topological obstruction op(f) exists here. By the
condition o (f) (and our reduction of the problem), f|garw-1: (OM)PI-1 & N
has a continuous extension wus: M Pl — N. In the following, we successively
construct an extension of f using the filtration M° C ... ¢ M!. In this process,
we construct extensions U'Ji: OMUM* — N (k=0,...,[p]) not only v’} = f on
OM but also satisfying:

(a) v’; C v’;"’l (this means UI;H

is an extension of v’;),
(b) v§ ~ uy on M* (vf ~ up on M* means that v} is homotopic to uf
on M¥).
The existence of v? satisfying (a) and (b) is obvious. Assume we have con-
structed v}, . .. ,v’Jf satisfying (a) and (b) (k+1 < [p]). Let o**! be a k + 1-cell
of M. We may assume o**! is bi-Lipschitz equivalent to [—1,1]**1. We define

UI;H by v’; on dokt1

UOM. By the induction assumption, v]]’? ~ Uy on MP*. Since
ug|pre has a continuous extension to M Pl (ie. u ), by the homotopy extension
property (since M* — M Pl is a cofibration), v’]ﬁ has a continuous extension
ka:M [Pl — N which is homotopic to uy on M [Pl We use ka to extend v’;

to oFtl. We first extend v’]? to a neighbourhood of dg**t! in ¢*+1. For this,
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we identify the collar of dc**1 by [0,1] x do¥*! and define for x € do**! and
0<h<l:
1

_— ) d'Hk,
HE (B (x)) /IB',;(x) !

where B (x) C 9o**1 is the metric k-ball of radius h with center at z and H* is
the k-dimensional measure induced from the Riemannian metric on M.

It is well known that v € Lip((0,1) x do**1) nWLP((0,1) x do*+1, RF) and
v(h, ) — v]]? in Wi=1/PP(9ok+1 RF) as h | 0. Moreover, for small h > 0,
v(h, -) € O(N), where O(N) is a tubular neighbourhood of N in R¥. The last
claim easily follows from the Sobolev imbedding theorem and k + 1 < [p]. We
may assume without loss of generality v(h, -) € O(N) for h € (0,1).

v(h,x) :=

Let mn: O(N) — N be the nearest point projection. Then 7y o v is well-

defined and in Lip((0,1) x o) nW2((0,1) x do**1, N). Since v}|gqr+1 has

k+1

a continuous extension ka in 0", mny o v also has an continuous extension to

oMt (since my 0 v|ggki1 = vf|ggri1). Since my 0w is Lipschitz in (0,1) x 9o+,

k+1 k+1

we can take this extension also Lipschitz in o and homotopic to ka in o¥.

In o**1, we define UI;H by this extension.

By construction v’;‘H c Whr(MF Uy, k1 N), U?+1‘Mk = vy, v’}“ ~
Vi ~upon MF Uy | ot We continue this construction for all k 4 1-cell
of M and obtain v§*': M* 1 UM — N with v§*' € W'P(OM U M1 N),

okt1 O

U]; C UI;H and v’}“ ~ uy in M**1. By induction, we obtain v?c,v}, o ,’U}p]
satisfying (a) and (b). Clearly, v}p e Wir(dM U MP!|N) is an extension of f
to OM U M7, O

PrROOF OF THEOREM 1.3 (Sufficiency). We assume p € Z and 1 < p <
dim M. We prove Theorem 1.3 by the same steps in the proof of Theorem 1.2.
If f has an extension to 9M UMP as a map in WP (OM UMP, N) (Step 1), then
by the same argument given in the proof of Theorem 1.2, f can be extended
to M as a WHP(M, N)-map. Thus we only need to prove the assertion: Under
the assumption of Theorem 1.3, f has an extension to M U MP as a map in
WLP(OM U MP, N).

By Lemma 2.1 and its proof (see also the argument in the proof of Theorem
1.2), there exists F € WLYP(C(OM), N) with vF|sn = f. The following lemma
is the analogue of Lemma 2.2 when p € Z.

LEMMA 2.4. Under the assumption op:/(f), there exists {v;} C Lip((M \
C(@M))p,N) such that 'Ui'(@lM)pfl — F|(81]\/{)p71 m Wlil/p’p((alM)pil, N)

PROOF. As usual, we identify C(OM) = [0,2) x OM. By Lemma 2.3, for
generic p — 1-skeleton (OM)P~L F € WbHP((0,1) x (OM)P~L N).
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Since Lip([0, 1] x (OM)P~1, N) is dense in WP ((0,1) x (OM)P~1, N) (see [16],
[12]), there exists F; € Lip([0,1] x (9M)P~* N) such that Fi|1)x@ne—1 —
F|(O,1)><(8M)P—1 in Wl’p((()?l) X (8M)p71’N)'

Set flo = Fi‘{o}x(aM)pfl and fil = Fi|{1}><(8]\/[)p71. Note that flo ~ fil
on (OM)P~! (by the homotopy F;) and by the trace theorem, f° — f in
Wi=1/pp((OM)P~1 N) and f} — F|1yx@ae— in WI=VPP((OM)P~L N).

Since f; — f and f0 — f in W'=V/PP((OM)P~1 N), by [3, Lemma 1],
2~ fion (OM)P~1 if i is large. Thus f; ~ f? ~ f! on (OM)P~1.

By assumption, f; has a continuous extension MP — N, so by the homo-
topy extension property (since (OM)P~1 < MP is a cofibration), f} also has a
continuous extension v;: MP? — N.

Since f} is Lipschitz, one can take v; as a Lipschitz map. Here note that by
our identification, M? is identified with (M \ C(OM))P. Clearly, {v;} satisfies
the required property. O

As in the case of Theorem 1.2, we may assume F|p, 5y € WHP(9y M, N). Thus
as in the proof of Theorem 1.2, by Lemma 2.4, we have reduced the problem to
the case f € W1P(OM, N). Therefore to complete the proof of Theorem 1.3, we
need to extend f to M under the assumption

oc'(f): f € WHP(OM, N) and there exists {f;} C Lip((OM)P~1, N) such that
fi = Floaryp—1 in WI=V/PP((OM)P=1, N) and f; has a Lipschitz exten-
sion F;: MP — N.

We also need the following lemma:

LEMMA 2.5. Let {f;} and {F;} be sequences satisfying oc/(f). Then we can
assume that {F;} satisfies F; ~ F; on MP for any i # j.

PROOF. Since f; — f in W'=V/PP2((OM)P~1, N), by Bethuel ([3, Lemma 1]),
fi ~ f; on (OM)P~1 if i,j are large. Discarding finitely many f; if necessary,
we may assume f; ~ f; on (OM)P~! for all i # j. Then f; ~ f; on (OM)P~!
for all 4 and since f; has a continuous extension F;: MP — N, by the homotopy
extension property f; has a continuous extension F;: M? — N satisfying Fy ~ F
on MP. Since f; is Lipschitz, we can take F/ also Lipschitz. Replacing {F;} by
{F\,F},... ,F/,...}, we complete the proof. O

) g
By Lemma 2.5, we may assume that the sequence {F;} in oc/(f) satisfies
F; € [a], where [a] is a fixed homotopy class of continuous maps from M? to N.
We now complete the proof of Theorem 1.3. The idea is the same as in the
case p ¢ Z: We use the filtration M? C ... C MP? and construct an extension
successively.

COMPLETION OF THE PROOF OF THEOREM 1.3. As in the proof of The-
orem 1.2, we are going to construct v’;:Mk — N (k = 0,...,p) such that
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v? Cc...C U? and v’]? € [a] on M* (the meaning of the last condition is that if
G: MP — N is a representative of [«], then v’]? ~ G on M*). The existence of U?
satisfying the above condition is obvious.

Assume that we have constructed v?p Cc...C v’f“ satisfying vgf € [a] on M7
for 0 < j <k (k+1<p). Let o*! be a (generic) k + 1-cell of M. Note
that vf[ggr+s € WHP(9o"H!, N) < C(d**!, N) by the Sobolev imbedding.
Since v’; € [a] on M* and [a] = [G] for some continuous G: MP — N, by
the homotopy extension property (since M* < MP is a cofibration), v’; has a
continuous extension Vf: MP — N with ka € [a] in MP. Then we proceed as in
the proof of Theorem 1.2 and obtain an extension of U]; to M* Ufy ki ok+l
whe(M* Ufy kit o*+1 N)-map. We continue this construction for all k + 1-cell
of M and obtain UI;H:M’“‘|r1 UOM — N with ’U];+1 € WhP(OM U MF+1 N),

ok v];é“ and UI;H € [o] in M¥H. By induction, we construct v}, ... U

as a

satisfying the required property. Clearly, v? € WHP(OMUMP, N) is an extension
of f to OM U MP. g

3. Obstructions 04(f) and op(f) (and op/(f))

Since the structures of the obstructions op(f) and op/(f) are simpler than
that of the obstruction o4(f), we first study op(f) and op/(f).

3.1. The obstructions op(f) and op/(f). We first point out that the ob-
structions o5 (f), op/(f) are topological one, that is, it depends only on the topol-
ogy of (MP! (9M)PI=1) N and the homotopy class of fl(anrywi-1: (OM)PI=1 N,
A sufficient condition to hold op(f) (or op:(f)) for any f € W'=Y/PP(9M, N)
is given by the following:

PrROPOSITION 3.1. Let 1 < p < dim M. We assume that N s simple and
HFY(MPL (OM)PI=1 1 (N)) = 0 for 1 < k < [p] — 1. Then the conditions
og(f) and op:(f) hold for any f € W'=1/PP(OM, N).

Before we give the proof, we explain the terminology “simple” in the above
proposition. Recall that (see [8], [20]) there is a natural action of 71 (N) on 7 (V)
for any k > 1 (it is defined by the condition that «-«, the action of v € 71 (N) on
a € T, (N), is freely homotopic to « along 7). N is simple if w1 (N) acts trivially
on 7 (N) for any k > 1. For example if N is simply connected, N is simple. If
N =SS!, N is simple since 71(S') = Z is abelian and 7,(S*) = 0 for k > 2.

PrOOF OF PROPOSITION 3.1. This is a direct consequence of the obstruction
theory in topology. The obstruction theory concerns, for example, the problem
of extending a continuous function g: A — Y to X, where (X, A) is a relative
complex and Y is a topological space. By the obstruction theory, obstructions
to extending g to X are (essentially) cohomology classes in H*+1 (X, A; 71, (Y))
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(k > 0) (for more precise statement and details of this theory, see [8] and [20]).
In particular if H*+1(X, A;m(Y)) = 0 for all k > 0, g has an extension to X.
Returning to our problem, under the assumption of the proposition, we have
HM1 (ML (OM)PI=1; 7 (N)) = 0 for all k. Thus for the case p ¢ Z, the
condition op(f) follows directly from the obstruction theory. When p € Z,
since Lip((OM)[P)=1 N') is dense in W=/PP((OM)PI=1 N) (see [3]), there exists
{f;} € Lip((0M)PI=1 N) such that f; — f in W'=1/P2((9M)PI=1 N). Under
the assumption, f; has an continuous (and hence Lipschitz) extension to M (]
and the condition op/(f) follows. O

We will show in Section 3.2 that if 04(f) = 0 for any f € W'=Y/PP(9M, N),
it is necessary mp—1(N) = 0. (The importance of the condition mj,_(N) =0
for the extension problem was first pointed out by Bethuel [3], and Bethuel-
Demengel [4]). Thus it seems useful to restate the above proposition under the
condition 7, _1(N) = 0.

PROPOSITION 3.2. Let 1 < p < dim M. Let f € W'=VPP(9M,N). Assume
N is simple, wp)—1(N) = 0 and H*1 (M, (OM)PI=1 m (N)) = 0 for 1 < k <
[p] — 2, then op(f) and op/(f) hold.

PrROOF. Under the assumption, we need to show that
H¥*Y (MWL (M) m (N)) =0 for 1 <k < [p] —1.

Since mp—1(N) = 0, HPI(MP, (OM)PI=Y; 7,1 (N)) = 0. The remaining cases
follow from the cohomology exact sequence of (M, M (9M)PI=1):

SN Hk(M,M[p]) — H*(M, (8M)[p}_1)
N Hk(M[p]’(aM)[p]fl) N H’““(M,M[p]),

where the coefficient of the cohomology is an arbitrary group G. (Of course,
we are interested in the case G = m,_1(N).) From the above sequence, if k <
[p] — 1, 0 = H*(M, (OM)PI=1) ~ H*(MP! (9M)IPI=1). Thus the assertion of
Proposition 3.2 follows from Proposition 3.1. U

EXAMPLE 3.3 (Hardt—Lin [14] and Bethuel-Demengel [4]). Bethuel-Demen-
gel (and Hardt—Lin for a special case) produced an example under the condition
7j(N) # 0 for some 1 < j < [p] — 1. Under this condition, they proved that for
some M there exists f € W'=1/PP(9M, N) which is not in T?(0M, N). They
choose M = B/t x §™=i=1 (with m > p).

We will see in the next section that if 7, _1(N) # 0, there always exists
f € Wi=1/P»(9M, N) which does not admit an extension to M as a WP (M, N)-
map, thus we may assume 1 < j < [p] — 1. f is constructed as follows (cf. [14]
and [4]): By m;(N) # 0, there exists u € C°°(S7, N) such that u is not homotopic
to 0. For (w,y) € OM = S¥ x S™I=L define f(z,y) := u(x). Obviously
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feW=1/pp(SixS™=i~1 N). Note that in this case f satisfies 04(f) = 0, since
f obviously has an smooth (and hence W) extension to a collar neighbourhood
of OM.

We claim that f does not admit any W1P(M, N)-extension. There are two
proofs.

The first proof goes as follows (see [14], [4]). Assume contrary, there ex-
ists F € WY (M, N) such that yF = f. By Fubini’s theorem, for almost
every yo € S™ L F(-,y0) € WYP(B/TL N). Clearly, vF(-,y) = u on
OB/t = SJ. Then there exists V € WH?(B/T! N) which minimizes the func-
tional WhP(B/*1, N) 3 v — [3;,, |[Vo[P do under the Dirichlet condition yv = u
on OBI*L. Since j + 1 < [p], we know V € C'(Bi+1, N) (see [14]). This is a
contradiction since u ¢ 0.

The second proof uses Theorems 1.2 and 1.3. For the case p ¢ Z, one
can easily show the existence of a relative CW-structure of (M, dM) such that
(OM)PI=1 contains S x {yo} and MP! contains B/ x {yo} for a given yo €
Sm=3=1 (cf. the construction below). Then the assertion readily follows from
Theorem 1.2.

The case p € Z is similar by using Theorem 1.3. In fact, if f has an extension,
by Theorem 1.3 there exists {f;} such that op/(f) holds. By [4], flaane—1 ~
fil(oaryr—1 for large i and by the homotopy extension property, f|ar)»-1 has an
continuous extension to MP? since f;|snry»—1 has an continuous extension to MP?.
Then we have a contradiction as in the case p ¢ Z.

As noted above, 0 4(f) = 0 in this case. Thus the obstruction to the extension
is in op(f). In view of Proposition 3.2, it follows that

H* (M, (6M)[p]_1,7rk(N)) #0 for some 1 <k < [p] —2.
In fact, we have the following claim:

Cram 1. HITY(M, (OM)PI=1 7,(N)) # 0 for some relative CW -structure
of (M,0M).

PRrROOF. As a CW-structure of 9M, take OM = ST x S7 771 = P Uel U
em~Ii=lyem~1, where €* is a k-dimensional cell. Attaching a j+1-cell e/ to S
by the identity Id: de/*! — S/, we obtain a relative CW-structure of (M,dM).
We have

(OM)PI=1 = (ST % gmi—1)lPl=t

{ij{*} (m—j—1=]p)),
SIx {x}u{s} x ST (m—j— 1< [p]).

Case m —j — 1 > [p]. In this case,

HITH M, (0M)P= 7y (N) = HIPH (B < S (87 x {a)imy (V).
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By the cohomology exact sequence of the pair (B/*1 x S™=7=1 S§I x {x}), we
have

(3.1) HIBIT x S™ 717 (N)) — HI(S? x {x};7;(N))
— HITHBIT x SIS x {x};m(N))
— HITHBITL x ™I i (N)) — -

By assumption m —j — 1 > [p], we have 1 < j <m — j — 1 and H7(B/+! x
Sm=3=1;7;(N)) = 0. Thus the assertion H/TH(BIH1 xSm=I=1 Six {x}; 7;(N)) #
0 follows easily from (3.1).

Case m—j—1 < [p]. In this case, HITY (M, (OM)P)=1; 7;(N)) = HIH(BI+! x
Sm=ITL ST x {x} U {*} x S"I=1; 7;(N)). By the cohomology exact sequence of
the pair (B! x S~ ' S7 x {x} U {x} x S™77~1), we have

(3.2) HI(BI! x ™1 m;(N)) == HI(S x {x} U{x} x S" =1 m;(N))
S HITBIT x SIS ) {6} U {x} x ST (N)) = -

Since pjw € HI(S7 x {x} U {x} x S"9=1;7;(N)) is not in the image of i and
image(j) ~ H7(S7 x {x} U {x} x S™ =1 7;(N)) /image(i),

where p1:S7 x S®7-1 — §J is the projection to the first factor and w €
HIi(S7;m;j(N)) = m;(N) is a generator, we have image(j) # 0. In particular,
HITHBITL x Sm=I=1 ST x {x} U {x} x S" 7L 7;(N)) # 0.

Combining the two cases, we complete the proof of the claim. O

When H*+1(MPL (OM)PI=1; 7 (N)) # 0 for some 1 < k < [p] — 1, we do
not know whether there exists f € W=/PP(9M, N) such that f does not admit

any extension.

3.2. The obstruction 04(f). Our proof of Lemma 2.1 shows that, for
f € W'=UrP(9M,N), oa(f) = 0 is equivalent to the condition that f has
an extension I € WHP(C(OM),N). Since 04(f) does not depend on specific
extension of f to C(OM), the condition 04(f) = 0 may be considered as a
“universal” form of the expression “f has an W1?(C(OM), N)-extension to some
collar C(OM)”.

Assume 04(f) = 0, and so there exists an extension F € W1P(C(M), N)
of f. Since C(OM) = [0,2) x OM, F is parameterized by (¢,x) € [0,2) x IM.
Under the identification C(OM) = [0,2) x OM, set ¢(t)(z) := F(¢,z). Then by
the trace theorem, ¢|o 1jxan € C([0,1], W=V/PP(OM, N)) and

/ IVo(t,z)P dt du(z) < oo.
(0,1]x0M
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Conversely, the existence of such a family of maps {¢(t) };c[0,1] implies 0.4 (f) = 0.
The family {¢(t)}+c[0,1) may be considered as a “regularization” of f, since ¢(t) €
WLP(OM, N) for a.e. t € [0,1] and p(t) — f in W'=V/PP(OM, N) as t — 0.
From this observation, one may think that we can extend f to a neighbour-
hood of OM by regularizing f (for example, by using the method of Friedrichs
mollifier, etc.). In fact, for the cases f € W'P(OM, N) or f € W'=1/»P(9M, N)N
VMO, such method works well. (However, it does not work for general f).

PROOF OF PROPOSITION 1.4. We first consider the case f € W1P(OM, N).
In this case, 04(f) = 0. Indeed, as always under the identification C(0M) =
[0,2) x OM, we set ¢(t,x) = f(x). Clearly, this satisfies the above condition and
therefore 04(f) = 0. Thus the only obstruction of extending f € W?(OM, N)
is op(f) (or op/(f) =0).

Next, we consider the case f € W'=YPP(9M, N) N VMO(dM). Our proce-
dure is based on the work of Brezis—Nirenberg (see [10]).

We define ¢: C(OM) — R* by (recall N is isometrically imbedded in R¥)

1 / —1
S famnn,
H™ 1(Bd(1) (P(I))) B(z) (P(z))

where d(z) := dist(z,0M), P:C(OM) — OM is the nearest point retraction and
Bg(z)(P(x)) is the geodesic ball in M with center P(x) and radius d(z). By the
result of Brezis and Nirenberg (see [10, Example 3 and Lemma 7]) it follows that
# € VMO(C(OM)). It is also a fundamental result that ¢ € WLP(C(OM),R¥)
and v¢ = f on OM. Since ¢ € VMO(C(OM), R¥) and f takes values in N on OM,
it follows from [9] and [10] that ¢(x) takes values in O(N) if d(x) < e for some
small € > 0. Then ¢ := my o ¢ is defined in some collar neighbourhood of OM
and we have 04(f) = 0. Note that by our identification C(OM) = [0,2) x M,

(3.4) ¢(z)

1

o(t,z) = H™=1(By(z)) /B,,(z) fdmr -

As for the case f € WI=V/P2(9M, N) N VMO(OM) in the above proof, we
may replace ¢ in (3.4) by h, the harmonic extension of f in C(OM). In fact, Brezis
and Nirenberg ([9]) proved that if f € VMO(OM,R¥), its harmonic extension
also belongs to VMO. Thus, by the same reason as above, ¢ := my o h is defined
in some collar neighbourhood of M and belongs to WP, In this case, denoting
by Pi(x,y) = P((t,z),y) the Poisson kernel, where (t,z) € [0,2) x M and
y € OM, py(z) = mn o ¢y(x), where ¢(x) = [,,, Pi(x,y)f(y)dy. Note that
the case f € Lip(0M, N) (which is considered in [19]) is included in both of the
above cases.

Under more restrictive hypothesis on N, other method is possible. Hardt—
Lin (see [14]) showed that when 71(N) = ... = 7,—1(N) = 0, any extension
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F' € WYP(M,RF) of f € W=V/PP(9M, N) can be suitably projected to N to
produce an extension F € WLP(M,N) of f. For general N, of course, this
method does not work well.

Next we give proofs of Theorems 1.6 and 1.7.

PROOF OF THEOREM 1.6. Since the fiber of 7: N — N is naturally identi-
fied with 7 (N) and 7 (N) is finite, N is a compact Riemannian manifold (its
Riemannian structure is defined by requiring N — N is a local isometry).
Thus the Sobolev space W'=1/PP(9M, N) is defined by imbedding N into some
Euclidean R’.

We first prove (a) and assume 7 (OM) = 0. Suppose 04(f) = 0. Then
there exists I € WYP(C(OM), N) such that vF = f on M. By the approx-
imation theorem of Bethuel (|2, Theorem 2]), F' can be strongly approximated
by maps {F,,} € RX(C(OM),N), where R>*(C(OM), N) is defined as follows:
u € RX(C(OM), N) if and only if u is smooth except on a singular set ¥(u),
where X(u) = 25:1 Y, (r € N), where for j =1,...,r, ¥, is a subset of a sub-
manifold of C(OM) of dimension n — [p] — 1, and the boundary of ¥, is smooth.

By assumption 2 < p < 3, we have codim X(F,) > 3 and the inclusion

C(OM)\ (F,) — C(OM) induces an isomorphism

(tn): 71 (CM) \ B(F)) = 1y (C(OM)) = m,(OM) =

for all n. Thus there exists a lift F,:C(OM) \ 2(F,) — N of F, for all n.
Note that F), € R;"(C(@M),ZV) and since F, — F in WhP(C(OM), N), {F,} is
Cauchy in WhP(C(dM), N) (recall that 7: N — N is a local isometry)

Let F € WlP(C (8M) N) be the limit of {F,,}. Define f := vF. f sat-
isfies f c wWi- 1/1”7”(3M N) and f = 7T(f). On the other hand, for any f €
Wi=1/p2(9M, N), we have w(f) € W=1/PP(9M, N). This completes the proof
of (a).

We next prove (b). Assume first w1 (M) = 0. Suppose f € TP(OM, N). Then
there exists F' € Wl’p(M N) such that vF = f. By arguing as in the proof of ( ),
we can find a lifting F € W(M, N) of F. Set f := vF € W'=1/PP(9M, N).
We then have f = 7(f).

On the other hand, assume f = 7(f) for some f € W'=/22(9M, N). Since
71 (N) = 0, by the result of Hart-Lin in [14] ([p] — 1 = 1 under our assumption),
f has an extension F € W'P(M,N). Set F := w(F). Then F € W'?(M,N)
and vF = f, that is, f € TP(OM, N).

The proof for the case w1 (OM) = 0 is similar. Assume f € TP(OM,N).
Let F € Wh?(M, N) be such that vF = f. Since F|c@ny € WHP(C(OM), N),
arguing as in ( ), we find F € WLr(C(OM), ) such that m(F) = F‘C(E)M)
Define f = vF on OM. We clearly have f = n(f) and f € W=1/Pr(dM, N).



OBSTRUCTIONS EXTENSION PROBLEM 363

The proof of the converse is the same as in the case w1 (M) = 0. This completes
the proof. O

Before to give the proof of Theorem 1.7, we need to give the definition of the
Sobolev space W1=1/P(9M,G) since G is in general a non-compact manifold.
However, as we will see, when G is a compact Lie group, there is a natural
definition of it.

We recall briefly the structural theory of compact Lie groups. Let g be the
Lie algebra of G. By the structural theory of compact Lie algebras (see [11]),
g splits into the direct sum of its center ¢ and its simple ideals g1, ... , g;, namely

(3.5) g=cPg1P...Dg.

Let k = dimg ¢ (where ¢ is considered as a vector space over R) and G; for
j = 1,...,1 the connected, simply connected Lie group with the Lie algebra
g;. By (3.5), the universal covering Gof Gis G=RFx Gy x...x G, Since
G; (j = 1,...,1) is a compact manifold, the Sobolev spaces W'?(M, G,) and
W1=1/PP(9M,G;) are defined as in Section 1 and we define

(3.6) WLP(M,G) = WP (M,RF) x WHP(M,Gy) x ... x WHP(M, &),
(3.7) WIVPP(OM,G) =W =VPP(9M, R*) x W'=V/PP(OM, G,)
X ..ox WITYPP(9M, Gy).

Under these preparations, we now prove Theorem 1.7.

PROOF OF THEOREM 1.7. We first prove (a). Assume f € W!=Y/PP(9M,G)
is written f = 7(f) for f = (fo,...,fi) € WY/P2(dM,G). Since G, in (3.6)
and (3.7) is a connected, simply connected compact Lie group and 72(G) = 0 for
any Lie group G, it is in fact 2-connected, that is, 7, (G;) = 0 for k = 0, 1,2. Thus
applying the usual trace theorem to ﬁ) and the result of Hardt—Lin (see [14]) to
each component fj (j=1,...,0) (recall 2 < p < 4), there exists Fe WP (M, é)
such that vF = f. Define F := 7 (F). We have vF = f and o4(f) = 0.

Conversely, suppose 04(f) = 0. There exists F € W1P(C(OM), G) such that
vF = f on OM. Let Z° be the connected center of G, that is, the connected
component of the center Z = {x € G : xg = gx for all g € G} of G containing
the identity. Then it follows from the above direct sum decomposition of g (3.5)
that Z% = T* (k-dimensional torus) and

WIZG/Z:ZOXGlx...XGl—)G; (go,...,gl)Hgo...gl

is a covering homomorphism with a finite kernel. By arguing as in the proof of
Theorem 1.6, there exists F' € WP (C(OM),G") such that 7'(F’) = F.
Let p: R* — T* be the universal covering of T* given by the exponential

ity ... ty) = (e, efth),
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Here we have assumed without loss of generality that Z° = T* is the standard
torus TF = {(e®1,... e ) : (t1,... ,t;) € RF}. Let

™ =pxidx...xid:G—Z°x G x ... x G.

Here we recall the results of Bethuel-Zheng ([5, Lemma 1], see also [6] for a
simpler proof). Their result asserts that for simply connected manifold Q, u €
WLP(Q,S!) can be written as u = €' for some p € W1P(Q,R). Applying this
to the Z° factor of F', we have ' € WP(C(OM),G) such that F' = 7" (F).
Set f :=~F € W=V/PP(dM,G). Since m = 7' o 7, we have 7(f) = f. This
completes the proof of (a).

One can prove the assertion of (b) by combining the arguments in the proof
of Theorems 1.6(b) and 1.7(a), so we complete the proof of Theorem 1.7. O

Under the assumptions of Theorems 1.6 or 1.7, one may wonder whether any
feW=1/PP(9M, N) can be written as f = 7(f) for some f € W=1/PP(OM, N).
This is not true in general. We give the following example.

EXAMPLE 3.4. Let 3 < p < 4, M = B? x S and N = SO(3). Recall
that SO(3) = {4 € M3(R) : A'A = I, det A = 1} is a compact connected
Lie group and its universal covering is the 2-fold covering 7:S® — SO(3) (there
are many ways describing it, see [11]). From this m(SO(3)) = Z. is finite
and m(SO(3)) ~ m(S?) = 0. Note also that m(M) = 0. We show that
there exists f € W1=1/PP(9M, N) which can not be written as f = 7(f) for
fewi=1/rp(9M, N).

Let v: 0B? = St — SO(3) be an essential smooth loop. Define f(z,y) = v(z)
for (x,y) € OB? x S2. Clearly f € W'=Y/PP(9M,N). Assume that there exists
f € WYre(OM,N) such that f = w(f). Let hy € W»(M,R') be the
harmonic extension of f

By Fubini h}v(~7y) € WhP(B? R?) for a.e. y € S2. Thus for a.e. y € S?,
hi(-5y)lomz = f(-,y) € Wi=1/pr(9B2 S?). Since 3 < p < 4, by the Sobolev
imbedding, f(,y) € C°0B2?,S?) for a.e. y € S? and w(f(,y)) =f(,y) =~
for a.e. y € S%. Since m (S?) = 0, it follows that v is homotopic to 0. This is a

contradiction.

As noted in the introduction, in view of Theorem 1.7, this example shows that
the conjecture 2 in [4] is not true in general. However, under the assumption that
3 < p <4, m(N) is finite and some additional assumption on M, for example
the case m (OM) = 0 or M = B™ etc. it is reasonable to conjecture that any
f € Wi=VP»(M, N) can be written as f = 7(f) for some f € W=1/PP(9M, N)
and Conjecture 2 in [4] holds at least for such a case.

We recall here the important role played by 7, —1 (V) in the extension prob-
lem (see [3], [4]). The following result holds (which is also due to Bethuel and
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Demengel [4]). For readers convenience, we give a proof using our Theorems 1.2
and 1.3. (Note that the proof given in [4] relies on the approximation theorem
of Bethuel [2]. Our proof does not rely on such an approximation theorem).

PROPOSITION 3.5. Let 1 < p < dim M. Assume mpp_1(N) # 0, then there
exists f € WI=Y/PP(OM, N) such that f has no WYP(M, N)-extension.

PRrOOF. By assumption mp,_1(N) # 0, there exists ¢q: SlPI=1 — N such that
o is not homotopic to a constant map. We inductively define ¢: SPIHE=1 . N
for 0 < k < m — [p] by

1,/

o1(T) == pr—1 <|x’|)’ where € SIPIFF=1 5 — (@', 2 11)-
One can easily verify o, € W=V/PP(SPIHF=1 N) for k=0,... ,m — [p].

Define ® := ¢,,_[,. ® is in W=V/PP(S™=1 N) and smooth away from
a m — [p] — 1-dimensional closed set. Let zp € S™~! be a smooth point of
® and consider the geodesic ball Bo,.(z9) C S™~! with center zg and radius 2r.
Choosing r > 0 small enough, we may assume ® is smooth in Ba,.(xq). Modifying
® in By, (20), one can easily construct ® satisfying ® = ® in S™ 1\ By, (z0) and
® =ain B, (x0), where a € N. Let yo € M and consider the geodesic ball
B,(yo) in M. Since S™ !\ B,(z9) = B,(yo), there exists a diffeomorphism
G:B,(z9) = S™ 1\ B, (). Define f by

o on OM \ B,(yo),
/= doG on B,(yo)-

Then f € W'=V/PP(9M,N). We claim that f does not have W'P(M, N)-
extension. We prove this by contradiction. Suppose there exists ' € W1P(M, N)
such that vF' = f. In the case p ¢ Z, by Theorem 1.2 f|(3M)[p]71 has a continuous
extension MPl — N for any generic pair (MP!, (OM)PI=1). By the construction
of f, there exists a [p]-cell olP! of M such that f|y,u: 00! = SPI=1 — N is
continuous, F|, i € W'P(clPl, N) and f|s, 1 is not homotopic to a constant
map. This is a contradiction, since F_ ) is a continuous extension of f5, .
In the case p € Z, by the construction of f, there exists a p-cell P such that
floor: 0P — N is continuous, F|,» € WP(oP, N) and f|ge» is not homotopic
to a constant map. By Theorem 1.3, there exists {f;} C Lip(c?, N) such that
fi — f in W'=1/PP(9gP N). Then by [3, Lemma 1], f; ~ f on daP for large i.
This is a contradiction since f; ~ 0 on doP. g

In fact, the above proof also works if f has only a WP (C(OM), N)-extension.
Thus we have
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COROLLARY 3.6. If 04(f) = 0 for any f € W'=1/PP(OM, N), then it is
necessary mp—1(N) = 0.

One may wonder whether the condition 7p,_1(N) = 0 is also sufficient to
conclude 04(f) = 0 for any f € W'=Y/PP(OM,N), that is, mp,—1(N) = 0 is
equivalent to 04(f) = 0 for any f € W'=Y/PP(9M, N)? It turns out that this is
not true in general. We explain this by using Theorem 1.7 for the special case
G = S! (S! is the simplest compact Lie group). Note that in this special case,
Theorem 1.7 holds for any 2 < p < dim M since S! = R is contractible.

By Theorem 1.7, 04(f) = 0 for f € W'=V/P»(9M,S") if and only if f =
¢ for some ¢ € W'=1/PP(OM, R) (recall that ¢":R — S' is the universal
covering). That is, the extension problem is equivalent to the lifting problem.
The latter problem is extensively studied in [6] and [7]. In their papers [6]
and [7], Bourgain et al. studied the problem of lifting WP (€, S!) to W*?(Q, R)
for simply connected 2 and 0 < s < 00, 1 < p < 00. One of their results asserts
that when 1 < sp < dim M, there exists f € W1P(M,S') which does not admit
a W*P(M,R)-lifting, that is, there is no ¢ € W*P(M,R) satisfying f = e'%.
Applying their result to our case (we replace Q by OM and take s =1 — 1/p),
there exists f € W'=1/PP(9M,S') which does not admit a W=/PP(9M,R)-
lifting when 2 < p < dim M.

By Theorem 1.7 and the above remark, we in particular derive the existence of
few=1/rr(9M,S") (2 < p < dim M) which does not satisfy 04(f) = 0. Note
that when p > 3, m,_1(S') = 0. We thus conclude that in general 04(f) =0
for any f € W1=Y/PP(9M, N) is not equivalent to the condition 7,1 (N) = 0.

As noticed in the beginning of this subsection, the condition 04(f) = 0 may
be seen as a regularization condition, that is, ¢(¢, - ) may be seen as a regulariza-
tion of f (see the beginning of this subsection). From this observation, one may
ask the following question: Assume that there exists {f,} in W1P(9M, N) such
that f, — f in W'1/»P(9M, N). Under this assumption, 04 (f) = 0 holds?

Unfortunately, the answer is no even if we assume f,, € C>*(0M,N). In
fact, consider the case N = S! and p = 2. It is shown in [7] that there exists

feC>(OM, Sl)Hl/2 (the strong closure of C>°(dM,S") in HY/2(0M,S")) which
does not admit a H'Y2(9M,R)-lifting, that is, there is no ¢ € HY?(M,R)
such that f = €. For such f the above assumption is satisfied (for f, €
C>(0M,S')), however, by Theorem 1.7, f does not satisfy 04(f) = 0. In [7],
such f is constructed independent of the topology (and geometry) of M, and the
existence of such f seems to rely on the global structure of S' and the analytical
structure of S'-valued maps. From this, in general, one may conclude that the
condition 04(f) = 0 contains both topological and analytical information.

In Example 3.3 we have seen that, for some M, N and 1 < p < dim M, there
exists f € W'=Y/PP(OM, N) such that 04(f) = 0 but og(f) is not satisfied.
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On the other hand, Theorems 1.6 and 1.7 show that for some cases there exists
f € Wi=UpP(9M, N) such that oa(f) # 0 but og(f) is satisfied. Combining
these two examples, one can produce an example of M, N, 1 < p < dim M and
f e Wi=1/P»(9M, N) such that 04 (f) # 0 and 0p(f) is not satisfied. Therefore,
in general, 04 and op is essentially independent to each other.

In this paper, we have defined two obstructions 04(f) and op(f). We
have shown that op(f) is completely characterized by the topology of the pair
(M1 (OM)PI=1) | the topology of N and the topology of the map f: (OM)PI=1 —
N. However, as for 04(f), we have characterized f satisfying 04(f) = 0 only
for some special cases. In general, giving a reasonable criterion of f satisfying
04(f) = 0 still remains as a problem.
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