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ABSTRACT. We consider a family of non-autonomous reaction-diffusion

equations
N
(Ew) ur = Z aij(wt)0;0;u + f(wt,u) + g(wt,z), x€ RN
i,j=1

with almost periodic, rapidly oscillating principal part and nonlinear inter-
actions. As w — oo, we prove that the solutions of (E,) converge to the
solutions of the averaged equation

N
(Boo) ur =Y @;0;0;u+ f(u) +g(x), xRV

4,j=1

If f is dissipative, we prove existence and upper-semicontinuity of attractors
for the family (E,) as w — oo.
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1. Introduction

In this paper we study a family of non-autonomous reaction-diffusion equa-

tions
N
(1.1) up = Z aij(wt)0;0;u + f(wt,u) + g(wt,z), =RV
ij=1

with almost periodic, rapidly oscillating principal part and nonlinear interac-
tions. Under suitable hypothesis (see Section 2), the Cauchy problem for (1.1)
is well-posed in H'(R") and the equation generates a (global) process, that is,
a two-parameter family of nonlinear operators I1, (¢, s) from H!(RY) into itself
such that
IL, (¢, p)IL,(p, s) = L (t,s) t>p>s,
{Hw(t,t):I t e R,

where, for every us € HY(RY), I1, (¢, s)us is the solution of (1.1) with u(s) = us.

We are interested in the behaviour of the solutions of (1.1) as w — oo. It
is a well known fact that, given a Banach space M, if a function o: R — M is
almost periodic, the mean value

exists. We observe that, for fixed T" > 0,

lim (oc(wp) —7)dp =2T lim 1 /w (o(p) —7)dp = 0.

w—oo J_p w—00 2W —wT

Even if this convergence is very weak, it suggests that the averaged equation

N
(12 w= Y @000+ T +g), (ha) €R, xRY
i,j=1
should behave like a limit equation for (1.1) as w — 0.

Results of this kind have been known for quite a long time for ordinary
differential equations with almost periodic coefficients and are related to the so
called Bogolyubov principle (see [4]). For partial differential equations, local
results in this direction have been obtained in an abstract setting (fit also for the
study of functional equations) by Hale and Verduyn Lunel ([9]). They consider
an abstract semilinear parabolic equation

(1.3) up = Lu+ f(wp,u) + g(wp)

in a Banach space E, where L is the generator of a strongly continuous semigroup
of linear operators and f(-,u) and g(-) are almost periodic. They show the
convergence of local solutions of (1.3) to solutions of the averaged equation

(1.4) uy = Lu+ f(u) + 7.
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Moreover, they prove a continuation principle for strongly hyperbolic equilibria
of (1.4) and obtain an upper-semicontinuity result for local attractors of the
Poincaré map of (1.3).

In a recent paper (see [12]), Ilyin proposes a global criterion for comparison
between the process generated by (1.3) and the semigroup generated by the av-
eraged problem (1.4). For autonomous equations like (1.4), it is well known that
if f is dissipative and compact, then the semiflow generated by (1.4) possesses
a compact global attractor in E. In this case, it is possible to express the concept
of closeness of two semiflows in terms of the Hausdorff distance of their attrac-
tors. As Ilyin shows in [12], the same can be done in the non-autonomous case.
Ilyin considers an abstract semilinear parabolic equation like (1.3), where now L
is a sectorial linear operator, and the corresponding averaged equation (1.4). Us-
ing a notion of global attractor for families of processes introduced by Chepyzhov
and Vishik in [6] (see Section 3), he shows that, under suitable dissipativeness
and compactness hypotheses, the global attractor A, of (1.3) converges in the
Hausdorff metric to the global attractor A of (1.4). Then he applies the ab-
stract results to reaction-diffusion, Navier-Stokes and damped wave equations
on a bounded domain Q.

The aim of our paper is to extend the results of [12] to reaction-diffusion
equations on the whole R with time dependent principal part, like (1.1) To
this end, we cannot apply directly the abstract results of [12]. Indeed, since
we are working on the whole RV, the imbedding of H' into L? is not compact;
this makes much more difficult to recover the asymptotic compactness of the
processes generated by (1.1). Even in the autonomous case, establishing the ex-
istence of compact global attractors becomes then a nontrivial interesting task.
In [3] Babin and Vishik overcame the difficulties arising from the lack of com-
pactness by introducing weighted Sobolev spaces. The choice of weighted spaces,
however, imposes some severe conditions on the forcing term g and on the initial
data. Very recently, Wang ([20]) established the asymptotic L?-compactness of
the semiflows and consequently the existence of global (L? — L?) attractors for
reaction-diffusion equations on R™ (or, more generally, on unbounded subdo-
mains of RY) avoiding the use of weighted spaces. Following Wang’s pattern,
we shall prove uniform asymptotic L?-compactness of the processes generated
by (1.1). Then we shall obtain the asymptotic H'-compactness by a continuity
argument similar to that of [1] and [16].

On the other hand, since we assume that the principal part is time-dependent,
in the variation of constant formula the linear semigroup e ** has to be re-
placed by the linear processes V,,(t,s) generated by the linear equations u; =
Zgjzl a;;(wt)0;05u. As a consequence, we have to prove also the convergence
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of V,(t,s) to e as w — oo, where 4! denotes the linear semigroup gen-
erated by the averaged linear equation. This is done by mean of an explicit
representation of the solutions of the linear equations in terms of their Fourier
transforms.

The paper is organized as follows. In Section 2 we introduce notations and
some necessary preliminaries; moreover, we obtain some a priori estimates for
equation (1.1) and we deduce the existence of uniformly absorbing sets for the
corresponding process. In Section 3, we recall some basic properties of almost
periodic functions and the notion of uniform attractor for a family of processes
introduced by Chepyzhov and Vishik in [6]; then we prove the existence of com-
pact global uniform attractors for the families of processes associated to (1.1).
In Section 4 we investigate the behaviour of the solutions of (1.1) as w — oo,
proving that the solutions of (1.1) with initial datum ug € H'(RY) converge,
as w — 00, to the solution of (1.2) with the same initial datum. Finally, we
prove the upper-semicontinuity of the family of the uniform attractors of (1.1)
as w — 00, showing that the uniform attractor of (1.1) is H'-close to that of (1.2)
for sufficiently large w.

We would like to remark that the same results hold for a family of reaction-
diffusion equations of the form

N
uy = v(wt) Z 0i(aij(x)0ju) + f(wt,u) + glwt,z), x€Q,

ij=1

with Dirichlet or Neumann boundary conditions on a bounded domain Q ¢ RY.
To this end, it suffices to replace the Fourier transform representations of the
linear processes with their spectral representations on a basis of eigenfunctions
of the linear operator ij:l 0;(a;j(x)0;) with the given boundary conditions.

2. Preliminaries

We consider the equation

N
(2.1) up = Z aij(wt)0;05u — ag(wt)u + f(wt,u) + g(wt,z), =€ RN,
ig=1

where w is a positive constant.
We make the following assumptions: the functions a;; and ag are Holder

continuous on R with exponent 0, a;;(7) = a;;(7) fori,j =1, ..., N and for all
7 € R, and there exist positive constants 14 > 1y > 0 and C' > 0 such that

N
(2.2) wlél? < D ai(1)6& < mf¢)* forall T € R and £ € RY

ij=1
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and

lag(T)] < C for all T € R.
Moreover,
(2.3) lg(r, Nz < C forall T € R

and there exist go € L2(RY) and 0 < 6 < 1 such that

(2.4) l9(71,2) = g(72,2)| < go()|m1 — 72|

for all 71,7 € R and for a.e. € RY. Finally,

(2.5) f(1,0) =0, |fu(r,u)|] < C(1 + |ul?) for all u, T € R,
(2.6) |f(1,u) — f(ro,u)| < C(Ju| + [u|®TY)|m — 1|?  for all u,m, 7 € R,
where

(2.7) 0<B IfN<2 0<pB<27/2-1 if N>3.

For t € R and w > 0 we define the operator A, (t): H*(RY) — L?*(RY) by

N
A, (Hu = — Z aij(wt)0;0u, ue H*(RN).

i,j=1

Then A,(t) is a self-adjoint positive operator in L2(RY) and our assumptions
on the coefficients a;;(7) imply that the abstract parabolic equation

= —A,0)u

generates a linear process U, (t,s): L2(RY) — L2(RY), t > s, such that

(2.8) |Uu(t, s)ullzz < Mlul|re, ue L*(RY),
(2.9) 1Uw(t, s)ull < M, ue H'(RY),
(210)  [[Uu(t, s)ullzn < M1+ (t—8)"Y2)|Jufl g2, we LARY),

where M is a positive constant (see e.g. [15, Chapter 5], [18]).

A useful explicit representation of U, (¢, s) can be given in terms of its Fourier
transform. We denote by Fv the Fourier-Plancherel transform of v € L2(RY),
normalized in such a way that, for v € L2(RY) N LY(RY),

1 )
(Fu)(€) = W /RN e_”'fv(x) dz.

It is well known that F is an isometry of L?(RY) onto itself, and v € H*(R") if
and only if (14 |£]2)F/2(Fv)(€) € L*(RYN). Moreover,

(2.11) lullF = /RN(l +[€1°) (Fu)(§)* de.
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Then an easy computation gives

N

(2.12) <fau@ﬁm»@r:mp{—ét(§jaﬁwma@)@}wmxo.

i,5=1

An immediate consequence of (2.12) is that the constant M in (2.8)-(2.10) de-
pends only on v, so in particular is independent of w.

As for the nonlinear term, conditions (2.5) and (2.6) and the Sobolev em-
bedding Theorem imply that the Nemitskii operator

FiR x HY(RN) — L*(RY)

is well defined and satisfies

(2.13) 1F(r )z < Cllullzz + [ull5H), 7€ Rue HY(RY)
and
(2.14) 1 F(riun) = F(m, us)|| 2

< C(lurllpe + lluzllzz + w5t + luzll5t)|m — 7

+ O+ [fur [ + uall ) lun = usl| s,

0

where 71,75 € R, uj,us € H'(RY) and Cisa positive constant depending only
on C, vy, v1 and (. By classical results of [7], [11] and [15], for every s € R and
for every us € H'(RY) the semilinear Cauchy problem

(2.15) { U= —Au,(t)u — ag(wt)u + f(wt, u) + g(wt),

u(s) = us,

is locally well-posed and hence possesses a unique maximal classical solution
ue C%[s,s+T[,H)NC(]s,s + T[,L?), T depending on s and us. Moreover,
u satisfies the variation of constant formula

~

u(t) = Uy (t, s)us +/ Us(t,p)(—ao(wp)u(p) + f(wp,u(p)) + g(wp)) dp, t>s.

The following set of dissipativeness and monotonicity conditions ensures that
the solutions of (2.15) are global and bounded:

(2.16) ap(T) > Ao >0 forall 7 € R,
(2.17) frwu <0, fu(r,u) <L foralwu,7eR.

We start with the following a priori estimates in L?:
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LEMMA 2.1. Let u,:[s,s +T[ — H'(RYN) be the mazimal solution of the
Cauchy problem (2.15). If |lusl|z < R, then, fort € [s,s + T,
02

Huw(t)||2L2 S e_AO(t_S)RQ + F
0

PrROOF. Fort € ]s, s+ T, we have

L Ol = Gt i)

= (U (£), —Aw(t)uu(t) — ao(wt)uu (1) + Fwt, uu(t)) + g(wt))
< — (g (t), Au () (t)) — Mofuw(t), uu(t)
), f () + (uw(t), g(wt)).

~—

By (2.17) and by Young’s inequality, we get

d1

Tl @7z + (wo(®), Au(ua(®)) + Xoflus ()72

< (a0, 9(01)) < Plua Ol + 51 o)

By (2.3) it follows that

d C?
Tl Oz + dolluw (Bl < o

Multiplication by e*o* and integration yields

02
(2.18) e ON72 < e lua(s)[72 + 35,
0

and the conclusion follows. O

In order to get H'-estimates, we need the following lemmas:

~

LEMMA 2.2. Let u € H*(RYN). Then (f(wt,u), —Au) < L{u,—Au) for all
t € R, where L is the constant of condition (2.17).

PRrROOF. For n € N, choose a function h,, € C*°(R), with 0 < k] (u) < 1 for
all u € R, such that
U if —mn <wu<mn,
ho(u) =< n+1 if 2n < w,
—(n+1) ifu<-—2n.

Let us fix t € R and define f,(wt,u) = f(wt, h,(u)). By (2.17), it follows
that fp(wt,0) = 0, |(fn)u(wt,u)| is bounded on R and (fy,)y(wt,u) < L for all
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u € R. By Proposition IX.5 in [5], it follows that f,(wt,u(-)) € H'(RY) and
Vfn(wt,u(-)) = (fn)u(wt,u(-)) - Vu. Then, for all n € N, we have

(Fulwtiu=du) = [ (h)ulituta))| V(o) da
< L/RN |Vu(z)|? de = L{u, —Au).

The proof will be complete if we show that f,(wt,u(-)) — f(wt,u(-)) in L?(Q)

as n — oo. Now, since f, (wt,u(z)) — f(wt,u(z)) almost everywhere in RY and
the estimates

|[fn(wt, u(z))| < C(
[f(wt, uz))] < O

Ju(@)] + u(@)7F1),
Ju(z)| + Ju(z)|7+)
hold, the conclusion follows from the Lebesgue dominated convergence theo-
rem. O

LEMMA 2.3. For all u € H*(RN) and for allt € R

—(A,(H)u, Au) > V()HAUH%Q-

PRrROOF. Again denoting by Fuv the Fourier-Plancherel transform of v €
L*(RY), we have

[ (B )omo(S-e)o
> [ <is (fu><s>>2ds ~ o Aul?s. 0

=1

— (A (t)u, Au) = (F (A, (t)u), F(—Au))
N

2%

Now we are able to prove

LEMMA 2.4. Let ug,:[s,s +T[ — H'(RYN) be the mazimal solution of the
Cauchy problem (2.15). There exist two positive constants K1 and Ko, depending
only on C, vy, v1, Ao and L, such that, if ||us||gr < R, then, fort € [s,s + T1,

s @) < KR Ky,

PROOF. For t € ]s,s + T, by Lemma 2.3 and by (2.16) we have

&‘g‘

IV = —(Aua(0) ()
7 _

Uy (1), =Aw (D) (t) = ag(Wt)uy (t) + fwt, uy (1)) + g(wt))
< —vol| Au (D72 = o Vet (8)]172 = (A (8), Flwt, uo (1)) = (Auu(t), g(wt)).
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By (2.3), Lemma 2.2 and Young’s inequality we obtain

d C?
(2.19) QIIVUW(UIIQLQ < —wol|Auu (t)[I72 = 2(h0 — L)[[Vuw (1)]1Z> + '

Let 6 > 0 and v € H?(R"Y). We have
] 1
IVollz: < SlIAvlZ: + xllvliZe,
2
whence
2 2 2 L2
(2.20) —l1Av]z: = =51IVollze + S lvllz.

By (2.19) and (2.20), choosing § := vy/L, we obtain

d 9 9 L? 9 C?
IV ®llze < =220V )22 + —=lluw ()72 + -~
0 o

By (2.18),
G (B2 + 2ol Vs Ol < Zllun(s)[Zee=200 4 (L 4 L2
dt w L 0 w L2 = v w L VO)\g ” .

2ot

Multiplication by e and integration yields

IVuu (@)lIF: < e[V ()] 72

L? 2 o(t—s) L? 1 2
- s — | C
+ l/0>\0 HUW(S)HLﬂa + 21/())\8 + >\OVO ’

and the conclusion follows. O
As a consequence, we have the following result:

PROPOSITION 2.5. Let u,:[s,s +T[ — HY(RY) be the mazimal solution of
the Cauchy problem (2.15). Then

(a) T = o0.

(b) If |lus||grr < R, then, for every t > s, ||luw(t)]|3: < K1R? 4+ Ko, where
K; and Ky are independent of R and w.

(c) There exists a positive constant K, and for every R > 0 there exists
T(R) > 0 such that, whenever ||us||gr < R, ||uw (&) < K for all t
such that (t —s) > T(R). Both K and T(R), besides R, depend only on
C, vy, v1, Ao and L. In particular, they are independent of s and w.

Proposition 2.5 says also that the global process generated by (2.15) possesses
a bounded absorbing set in H'(R") independent of w.

We end this section with a result which will be useful in proving the asymp-
totic compactness of the processes generated by (2.15).
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LEMMA 2.6. Let uy:[s,00[ — HY(RY) be the solution of the Cauchy problem
(2.15), with ||lus|lgr < R. Assume moreover that the set {g(r, ) | 7 € R} is
compact in L>(RY). Then, for every n > 0, there exist two positive constants
k(R) and T(R) such that, if (t —s) > T(R) and k > k(R),

/ o (t, )| de < 1.
{lz|>k}

The constants k(R) and T(R), besides R and n, depend only on C, vy, v1, \o
and L. In particular, they are independent of s and w.

PROOF. We adapt to the non-autonomous case the proof of Lemma 5 in [20],
being careful that all the estimates involved are independent of w.

Let 8:R; — R be a smooth function such that 0 < 6(s) < 1 for s € Ry,
0(s) =0for 0 < s < 1andf(s) =1for s >2. Let D :=sup,p, |#'(s)]. For
k € N, let us define the multiplication operator

Or: HY(RY) — HYRY), (0u)(z) := 0(|z)?/E*)u(z).

By (2.16) and (2.17), we have

dt2/ 0(|2?/ k) uw (t, ) da

d1

= %§<@kuw( ) uw(t)> = <®kuw(t)7uw(t)>

= (O (1), —Aw (D)o, () — ao(wt)uw () + Flwt, uy(£)) + glwt))
S <®kuw(t)7 _Aw(t)uw(t)> - )\O<®kuw(t)7 UW(t)> + <@kuw(t)7g(wt)>

and hence

5t (1), (1)) + 20O (), o (1)

< =2(Oxuy (1), Aw(t)uy () + 2(Oruy(t), g(wt)).

Since

N
(Oruy(t), Au(t)uy(t)) = - 0(|z|?/k%) Z a;; (wt)O;uy, (t, ©)0juy (t, z) dz

N
+ /RN 9'(\x|2/k2)uw(t,x)% Z a;j(wt)x;05u, (t, v) du,

i,j=1

it follows that
2
—(Okuu(t), Au(t)uu(t)) < /RN 9’(|1‘I2//€2)\uw(f,x)IIVUw(t,w)Iﬁlx\dx

<2D 2 2| lue (¢, )| |V (t, )| de
(k<|zl<vaK} K
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- 2v/2D

< |[ue (t, 2)|[Vuw (8, z)| dz
ko Jik<izi<vary

< 2222 ) | V)
So, by Proposition 2.5, for (t — s) > T'(R), we have

2v/2DK?

—(Oruy (1), Au (t)u,(t)) < L

Let 7 > 0 and choose k = k(n) such that 2v/2DK?/k < n. Then for (t — s) >
T(R) and k > k(n), we obtain

@ (©10(1) 1 (1)) + 200 (Ot (1), (1)) < 20+ 2{Onus (1), g().

By Young’s inequality, we have
)\(] 1 2 /1.2 2
(Oruw(t), g(wt)) < = (Okuw(t), uw(t)) + 5= [ O(|”/k")g(wt, )" dz.
2 2)\0 RN
Since we have assumed that { g(7, -) | 7 € R} is compact in L?(R"), there exists

k' = K'(n) such that, if k > k'(n),

1

—/ 0(|z*/k*)g(wt, x)? de <n forallt € R.
Mo Jun
As a consequence, for (t —s) > T(R) and for k > max{k(n), k" (n)}

(O (8), 1 (0) + X0 (Ot (1), (1)) < .

Multiplication by e*o* and integration yields

e”\"t(@kuw(t), uy(t)) — eAO(SJrT(R))(@;@uw(s +T(R)),u,(s+T(R))) < i—ne)“’t
0

for (t —s) > T(R). It follows that, for (t — s) > T'(R),

4
(Ot (t), u (1)) < e = =TENO uy (s + T(R)), uu(s + T(R))) + 777
0
< e dollt—s)-T(R) 2 | A1
< o

Finally, for (t —s) > T(R) + A\ ' log(n~") and for k > max{k(n), k'(n)}, we get

0

/ g (t,2) 2 da < / 012/ K)o (1, ) d < (K2+4)n,
{l=|>V2k} RN By

and the proof is complete. O
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3. Existence of the compact global attractors

It is well known (see e.g. [13], [8], [2] and [19]) that if a continuous semigroup
P(t), acting on a complete connected metric space X, is bounded, pointwise-
dissipative and asymptotically compact, then it possesses a compact global at-
tractor. The attractor is non-empty, connected, strictly invariant, and can be
characterized as the union of all complete bounded trajectories of P(t). This idea
can be quite naturally extended to the class of processes generated by periodi-
cally time-dependent partial differential equations, since such systems undergo
a discrete semigroup structure given by the period map. In more general sit-
uations, like the almost periodic case considered here, the leading property of
invariance fails and new approaches had to be developed.

In [10], Haraux proposed a notion of attractor for a process II(¢, s) based on
the concept of minimality rather than invariance. However, as it was suggested
by the same Haraux, the theory of skew-product flows introduced by Sell in
[17] provides the right extension of invariance, at the expense of introducing an
extended phase space. This alternative approach, developed by Chepyzhov and
Vishik in [6], turns out to be particularly well suited if the process is generated
by an almost periodic partial differential equation.

We shall describe this approach in the context of equation (2.1).

We define M as the space of N x N real symmetric matrices and My := R;
moreover, we denote by M3 the set

Mz :={UT:R—-R|¥(0)=0, [|[V||m, < o0},

where

1\ I=sup ————.
H ||M3 ueg 1 + |u|/6

Finally, we set My := L%(R").

Besides conditions (2.2)—(2.7) and (2.16)—(2.17), from now on we assume that
also the following condition is satisfied:

(AP) the functions t — (ai;(t))i; € Mi; t— ao(t) € Ma; t— f(t,-) € M3
and t — g(t, -) € My are almost periodic.

By Bochner’s criterion (see e.g. [14]), whenever o: R — M is almost periodic,
the set of all translations {o(- + h) | h € R} is precompact in Cp(R, M). The
closure of this set in Cy(R, M) is called the hull of ¢ and is usually denoted by
H(o); if ¢ € H(o), then ¢ is almost periodic and H({) = H(o).

For an almost periodic function o, the mean value

1 /7
lim —/ o(t)dt =5 € M

T—oo 2T T
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exists. More remarkably, (see again [14]) there exists a bounded decreasing
function p: Ry — Ry, u(T) — 0 as T — oo, such that

(3.1) H (;) /SS+T(C(t) ~7) dtHM < u(T) for all s € R and all ¢ € H(o).

We will denote by X1, X9, X3 and 34 the hulls of the functions t — (a;;(¢));,
t— ap(t), t — f(t, ) and t — g(t, -) in Cp(R, My), Cp(R, M3), Cp(R, M3)
and Cy(R, M,) respectively. The corresponding mean values will be denoted
by (a;;) € My, @p € Ma, f(-) € M3z and g(-) € My. Moreover, let us set
=31 X Yo X X3 X 4.

REMARK. It is an easy exercise to check that properties (2.2)-(2.7) and
(2.16)—(2.17) are satisfied by any element of ¥;, o, 33 and X4, as well as by
the corresponding mean values (with the same constants!). Hence, the results of
Lemmas 2.1 and 2.4, of Proposition 2.5 and of Lemma 2.6 still hold true if we
replace a;;(7), ao(7), f(7,u) and g(7,x) with arbitrary elements of X, Xo, X3
and 34 or with the corresponding mean values.

REMARK. Applying (3.1) to f(7,u), we have

s+T
[ U T dr] < WDl + ) forall s and u e R

and integration yields

< Ku(@)(fullze + ul5).
L

82 |5 [ Girw =T

As a consequence of Lemmas 2.1 and 2.4 and of Proposition 2.5, for any
o = ((asj), ag, ¢,7y) € ¥ and for any w > 0, the equation

N
U = Z ij(wt)0;0;u — ap(wt)u + p(wt, u) +y(wt,x), xRN
ij=1
generates a global process I17(¢, s) in the space H!(RY).
According to [6], now we are able to give the following

DEFINITION 3.1 (Chepyzhov and Vishik, 1994). A closed set AZ is said to
be the E-uniform attractor of the family of processes {II7, | o € X } if and only if
(a) For every bounded set B C H'(RY)

lim sup dist(I1% (¢, s) B, A%) =0 for all s € R.

t—oo cED

(b) AZ is minimal among all closed subsets of H'(RY) satisfying prop-
erty (a), i.e. AZ C A’ for every closed set A’ C HY(RY) which satisfies
property (a).
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Our first goal is to prove that the almost periodic dissipative equation (2.1)
possesses a Y-uniform attractor in H'(RY). Following [6], we introduce the
extended phase-space ¥ x H1(R™); for w > 0, we define on ¥ the unitary group
of translations

(To(h)o)(-) :==o(- + wh).

One can easily prove the following translation identity:
(3.3) I°(t+h,s+h) =T1Mot s), heR.

Thanks to (3.3), we can associate to the family of processes {II7 | ¢ € X}
a (nonlinear) semigroup P, (t) acting on the extended phase-space ¥ x H(RM),
by the formula
P,(t)(o,u) := (T, (t)o, 112 (¢, 0)u).

In [6], Chepyzhov and Vishik proved that, if the semigroup P, (t)(c,u) above
is continuous, bounded, pointwise-dissipative and asymptotically compact (and
hence possesses a compact global attractor M>), then the projection of M>
onto HY(RY) is the global ¥-uniform attractor of the family of processes { II7 |
oeX}.

Let us describe in some detail the results of [6].

DEFINITION 3.2. A curve t — u(t) € HY(RY), ¢t € R is said to be a full
solution of the process I1Z (t, s) if and only if

7 (t, s)u(s) = u(t) forallt>s, seR.

DEFINITION 3.3. The kernel of the process IIZ (¢, s) is by definition the set
Kg of all full bounded solutions of the process I17(¢, s). We call the set

Kg(s) = {u(s) [u(-) € KJ}  H'(RY)
the kernel section at time s.

We introduce also the two projectors J; and Jy from ¥ x H'(RY) onto ¥
and H'(RY) respectively: Ji(o,u) := o, J2(o,u) := u. Then we have

THEOREM 3.4 (Chepyzhov and Vishik, 1994). Assume that the semigroup
P,(t) is continuous, bounded, pointwise-dissipative and asymptotically compact,
s0 it possesses a compact global attractor MZ. Then

(a) JoMZ =: A is the global S-uniform attractor of the family of processes
{1 |oeX},

(b) IME =3,

(€) MZ =Usexio} x KZ(0),

(d) AZ = U,es K(0).
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As in [6], in order to apply Theorem 3.4, we need to check that P, (t)(o,u) is
continuous, bounded, pointwise-dissipative and asymptotically compact. Bound-
edness and pointwise-dissipativeness are a straightforward consequence of Propo-
sition 2.5. For continuity and asymptotic compactness, we need some preliminary
lemmas.

LEMMA 3.5. Let (oj;(-)) and (aZ;(-)) € X1, For k = 1,2, let VE(t,s) be
the linear process in L?(RN) generated by the equation

N

up = Z afj(wt)aiaju.

3,5=1
Then

(a) there exists a continuous function p:Ry — Ry, p(qg) — 0 as ¢ — 0,
such that, for any w > 0, for u € L*(RY) and, fort > s,

V28— Vel < (14 G )ollal) = @)l

(b) there exists a continuous function x:Ry — Ry, x(¢) — 0 as ¢ — 0,
such that, for any w >0, u € H*(RN) and t > s,

IV (¢, s)u = VE(t s)ull < x(ll(ad;) = (a3)lloo) el -

PrOOF. Let u € L2(RY). By (2.11) and (2.12), for any R > 0, we have

V2 s)u - V2t syl
- [ s (- t;a%jwp)@sj )
oo (- [ S ent )] (e de
< /{ I |s’|J2> exp(—200[€[2(t — ) (Fu) (€)? de
L (IR expl2mle (=)
o (- 3 [ (@hn) — o vt ) 1] (Fuier e

=:51 + S;.

Choose R := k'/2(t — 5)~/2 k to be determined. If k > 1/(2u) we have

z

1
S51<2 s 1+ ———— Je *|lull7. <2(1 ke ||u|3.
v=2 sw (1 gt el < 214 g e ull

z>2v0k
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On the other hand,

s, < (1 +7 ))k[eua;)(ammk 12 2.

t—s
Choosing k = ||(ey;) — (afj)u;l/3 we obtain the desired result with
plg) = V2q 0 0d P L mS[ed ) g <8
If u € HY(RY) we argue in the same way: we get
IVt 8)u — VIt s)ullFpn < Sy + Sa,

where Sy = 2¢=240%||y||2,, and Sy = [el (@)= (%) lek _ 1]2||y|12,, . Again, choos-

ing k as above, we obtain the desired result. O

LEMMA 3.6. Let o € ¥ and let (0, )nen be a sequence in 3, such that o,, — o
as n — 00. Let (tp)nen and ($p)nen be two sequences of real numbers, with
tn, > s for all n and assume that t, — t and s, — s as n — oo. Finally, let
u € HY(RYN) and let (un)nen be a bounded sequence in HY(RN). Then, for any
w >0,

(a) if up, — u in L*(RY) and t > s,
T (ty Sp)un — IO (E, $)ullgr — 0 as n — oo,
(b) if up — u in HY(RY),

T (ty Sp)um — IO (E, $)ullgr — 0 as n — oo.

PRrOOF. First let us notice that
TI77 (tny Sp ) tn, = HZW(S”_S)”” (tn — (Sn — 8), 8)Un.

Since T,,(sp — 8)op, — o in ¥ and t, — (s, — $) — t as n — 00, we can assume
without loss of generality that s, = s for all n. Let’s write

U (t) := T2 (E, $)uy, o(t) := T (t, s)u.
We introduce the following notations:

on(1) = ((@35(7)), a5 (1), on(T), (7)),
(1) = ((@5(7)), ao(7), (1), (7)),

and
Ap = sup [(af; (7)) — (@iz(7))], By, := sup |ag (1) — ao(7)],
T€R T7ER
Cn)ulT,U) — Py (T, U
D,, := supsup [(fn)ulr, 1) ( )|, E, = sug v (T) = v(7)|lL2-
TE

TERuUER 1+ |u|[j
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Notice that A,,, B,, D,, and E,, tend to zero as n — oo. Moreover, let’s observe
that for every 7 € R we have

_ . 1
18n (7, 1) = (7, w)ll 2 < Dalllullzz + ]Gt
Finally, in view of Proposition 2.5, there exists K > 0 such that, for every t > s,

vn ()|l < K for all n € N,
lv(®)|lm < K.
Let T be a positive number, for 0 <t — s < T we have
v (t) —v(t) =V, s)un — Vo (t, 8)u
t

+ | VG p)=ag(wp)on(p) + @n(wp, vn(p)) + n(wp)] dp

Voo (t, p) [—a(wp)v(p) + B(wp, v(p)) + v(wp)] dp.

/
/

Hence

vn(t) = vl <[Vt 8)[un — ]|l
+ H[Vj(t,s) - Vn(tas)]u”Hl + Il + 12 + I37

where
I = / (V' (¢, p) = Vio(t, p)ag (wp)vn(p) + @nl(wp, vn(p)) + yn(wp)ll| 1 dp,

I = / 1Vt p)[(—af (@p) + co(wp))vn(p)
+ Pn(wp, vn(p)) — P(wp, vn(p)) + Yn(wp) — Y(wp)]ll 5 dp,

t
Is:= / Voo (2, p) [= a0 (wp) (vn (p) — v(p)) + @(wp, va(p)) — @(wp, v(p))]|| m2 dp.
First of all, let’s observe that, thanks to Lemma 3.5,
IV (p) = Vo (p)ull s < x(An)llullmr < X(An)K.
As for I;, Lemma 3.5 implies that
t
I < / (1+ (¢ =) /*)p(An)[[aG (wp)on (p) + Pn(wp, vn(p)) + Ya(wp) || L2 dp
S

= / t(l +(t=p)T?)p(An)(CK + C(K + K'Y + C) dp < Q1p(Ay),
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where Q1 is a positive constant depending on T. Analogously, (2.10) implies
that

B [ MO+ D)) + aoler)a )
+ @n(wp, vn(p)) — B(wp, va(p)) + yn(wp) — v(wp)|l L2 dp
/ M1+ (t—p) Y (B,K + D, (K + K°tY) + E,) dp
<Q2(Bn+ D, + E,),

where Q)2 is a positive constant depending on T'. Finally, (2.10) implies

hs [ MOt p)
| = ao(wp)(vn(p) — v(p)) + Pwp, va(p)) — Pwp, v(p))llL2 dp
/ M(1+(t—p)~*/?)
[Cllon(p) = o)l + C(1+ 2K7) on(p) — v(p) | 1] dp
<@s [ (0= 2) 1) — o)l
where @3 is a positive constant depending on T'. As a consequence,
[[on () = (@)l < NVE (s 8)(un — W)l + Zn
+Qs /:(t =) |loa(p) = v(@)lla dp,
where Z,, — 0 as n — oo. In case (a) we have, due to (2.10),
V2t 8) (un =)l < ML+ (t= )72 [up =l 12 < M(E=8)""?[[un —ul| 2,
hence
Jen®) = o0ls < (¢~ 772E, + Qs [ 0= o) — o)

where F,, — 0 as n — oo, and by the singular version of Gronwall’s inequality
(see [11, Theorem 7.1.1])

[va(t) = o) a1 < QFu(t — )72,

where @ is a positive constant. This implies v, (t) — v(t) in H' uniformly on
[s+0,s+T] for every T > 6 > 0, and proves (a).
In case (b), (2.9) implies that

IVE (s 8) (un — w)l[g < Mljun —ul[g,
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hence
ot
[vn(t) = v(®)||ar < F + Q3/ (t =)~ |lvn(p) — v(p) |l dp,

where Q3 is a positive constant and EL — 0 as n — oo. Again by the singular
version of Gronwall’s inequality

lon(t) = v(®) |1 < QF,

where @ is a positive constant. This implies v, (t) — v(t) in H' uniformly on
[s, s + T}, and proves (b). O

We recall the following

DEFINITION 3.7. A bounded semigroup P(t) acting on a complete metric
space X is said to be asymptotically compact if and only if for every bounded
sequence (un)nen and for every sequence (t,)nen, tn — 00 as n — 00, there
exists uo, € X such that, up to a subsequence, P(t,)u, — us as n — oo.

Now we can prove

PROPOSITION 3.8. The semigroup P, (t) is continuous and asymptotically
compact on ¥ x HY(RY).

PRrROOF. The continuity of P, (¢) is a straightforward consequence of Lem-
ma 3.6 and we omit the easy proof.

In order to prove the asymptotic compactness of P, (t), we take a bounded
sequence ((0p,,Un))nen in & x HY(RY). Let R > 0 be such that ||u,|/z: < R for
all n € N. We seek for (000, Uoo) € 3 x HY(RY) such that, up to a subsequence,

Py(tn)(on, un) = (T (tn)on, T (tn, 0)un) — (00, Us)  in X X Hl(RN)

as n — oo. First of all, since ¥ is compact, we can assume, without loss
of generality, that there exists 7o, € X such that T,(t, — 1)o, — T and
To(tn)on — T,(1)T00 =: 0o as n — 0o0. Moreover, since the sequence (uy,)nen
is bounded in H'(RY), by Proposition 2.5 the set {II%"(t,,0)u, | n € N} is
bounded, and hence weakly compact in H'(R"). So, passing to a subsequence
if necessary, we can assume that there exists us, € H'(RY) such that

% (t,0)uy, — Use in HY(RY) as n — oc.

We must show that the convergence is actually strong in H!(RY).
We claim first that 1197 (¢,,,0)u,, — us in the strong L2-topology. To this
end, it is enough to show that the set

{II2" (tn, 0)u, | n € N}
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is relatively compact in the strong L? topology, or equivalently that it is totally
bounded. This is a consequence of Lemma 2.6 and of Rellich Theorem. Let
n > 0. By Lemma 2.6, there exists £k > 0 and @ € N, depending on R and 7,
such that

/ [TI%" (t,,, 0)up, (x) [ dox < n  for all n > 7.
{lz|>k}

We introduce the operator Z: L?(RY) — L2(RY),

(@ itk
(Eu)() '_{o if 2] > k.

Then we have

{I17" (tn, 0)uy, | n € N} ={ETI2" (tn, 0)up, + (I — E)IT (tn, 0)uy, | m € N}
C{ET" (tn,0)uy, | n € N}
+{(I = =" (tn,0)u, | n € N}
C By (0) + {E1I7" (tn, 0)uy, | n € N}

where B, (0) is the ball of radius 1 centered at 0 in L2(RY). The set
{EM7" (tn, 0)uy, | n € N}

consists of functions of L?(R") which are equal to zero outside the ball of radius
k in RN and whose restriction to the same ball is in H'. On the other hand, the
H'-norm of these functions is uniformly bounded. Then, by Rellich Theorem, we
deduce that the set {Z11%"(t,,,0)u,, | n € N} is precompact in L?(RY). Hence
we can cover it by a finite number of balls of radius 7 in L#(R™). This implies
that the set {II?"(t,,0)u, | n € N} is totally bounded and hence precompact in
L?*(RY). The claim is proved.

The same conclusions obviously hold also for the set {IIZ" (¢, — 1,0)u, | n €
N}, so there exists G, € H 1(RN ) such that, up to a subsequence,

HZJ” (t’ﬂ - 1a O)Un — Ueo in LQ(RN) as n — oo.
Finally, by Lemma 3.6, we have

%" (£, 0)uy, = 1107 (£, £y — IO (£, — 1,0)uy,
= 112 =1 (1 0) 17" (t, — 1,0)uy, — 1157 (1,0) T

in HY(RY) as n — oo. It follows that u., = I1%=(1,0)Us and %" (t,,0)u, —
Uso in HY(RN) as n — co. The proof is complete. O

Finally, combining Theorem 3.4 and Proposition 3.8, we have:
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THEOREM 3.9. The family of processes {119, | o € ¥} in H'(RY) possesses
a compact S-uniform attractor A>. As a point set,

AL = K200,
ocx
where KZ(0) is the kernel section introduced in Definition 3.3. In other words,
AZ is the union of all the full bounded trajectories of 11%, o € 3.

w?

4. Behaviour as w — 00

In this section we shall investigate the behaviour of the solutions of (2.1)
as w — 00. As we explained in the Introduction, we expect that the averaged
equation

N
(4.1) ue =Y @;;0:0;u—aou+ f(u) +g(x)
i,j=1

behaves like a “limit” equation of (2.1). Roughly speaking, this means that the
solutions of (2.1) with initial datum ug € H'(RY), as w — 0o, converge in some
sense to the solution of (4.1) with the same initial datum. Moreover, we claim
that the attractor of (2.1) is H!-close to that of (4.1) for sufficiently large w.

Let us denote by A: H2(RY) — L2(RY) the self-adjoint positive operator
defined by

N
Ay = — Z Eijaﬁju, u e HZ(RN).
i,j=1
We denote by e~ At the analytic semigroup generated by A. Then equation (4.1)
can be written as an abstract parabolic equation in L2(RY), namely

(4.2) = —Au — Gou + ?(u) +9.

Equation (4.2) defines a global semiflow m in H'(RY): in fact, as we already
observed in Section 3, all a-priori estimates of Section 2 are independent of w
and o € 3, and are valid also for the averaged equation (4.1). So the semiflow 7
possesses a compact global attractor A.

We begin with a convergence result for the linear problems associated to (2.1)
and (4.1).

PROPOSITION 4.1. For (a;;(-)) € 1 and w > 0, let VI(t,s) be the linear
process in L2(RY) generated by the equation

N

U = Z ozij(wt)&-@ju.

ij=1
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Moreover, let et be the linear semigroup in L2(RY) generated by the equation

N
Uy = Z Eij&-aju.
i,j=1
There exists a bounded, continuous and decreasing function 0:Ry — Ry, 6(q) —
0 as ¢ — 0o, such that, for u € L>(RY) and fort > s,

VSt s)u— e 20|l g, < (1 + O(w(t = s))|ull L2

1
)
for any (a;5(-)) € £1 and w > 0.

ProOF. Let u € L(RY) and ¢ > s. By (2.11) and (2.12), for any R > 0 we
have

IV (¢ s)u— e A0l
Z/RN(1+|£2)[6XP<—/S %:aij(wp)&fjdp)
2
~epl- Las(e o)) | (Fuer de
<2 (IR exp(-2mle (e - s))(Fu)e) de
{11z R}
[ e exp(-2mleP(e - 5)
{IgI<R}
oo (=3 [ asiten) —m) vy ) 1] (Fue? de

=:51 + 5.
Choose R := k'/2(t — s)~/2 k to be determined. If k > 1/2vy,

z
s )l < 21 s el

In order to estimate Sy, we observe that

‘ /st(aij(ufp) —aij) dp‘

S1 < 2sup <1 +
z>k

1
(t—s)

ws+tw(t—s)
—t-9ory [ (s - a) | < - et o).

w(t —s) Jos

Then
_k
(t—s)

1
< (1 n )k[eN’W(t—s)) — 1122

Sy < (1 + ) / [eNkr@t=s)) _1)2(Fu)(€)? de
{1€12<k(t—s)"1}

(t—s)
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By the mean value theorem, we get

8 < (1 + )k[eN’Wﬁs”Nku(w(t )Pl

1
(t—s)
1 273 2Nkp(w(t—s)) 2012
=(1+ ) N-<k’e p(w(t —8))*|lull7e-

Now, set oo = sup,>q p(q) and take

v =)

With this choice of k, we obtain that there exist positive constants &, p1 and s,
depending only on N, py and vy, such that

1
(t—s)

+ p(w(t — s))/2erarl =Dy 12,

S1+ 52 gn(l + >(u(w(t - S))71/2€w1u(a«)(t7s))*”2

The conclusion follows if we define
_ _ ()2 " 1/2
0(q) := Hl/Q(M(Q) 1/2 g—p1p(q) +M(Q)1/2€‘ w(a) )1/2

and, if necessary, modify it on some bounded interval in order to make it de-
creasing on Ry . The proof is complete. O

COROLLARY 4.2. Let (wn)nen be a sequence of positive numbers, w, — 0o
asn — oo. Let (afy(+))nen be a sequence in X1 and let V) (t,s) be the linear
process in L2(RYV) generated by the equation

N
up = Z ;i (wnt)0;0ju.

ij=1

Fiz 0 < § < T and take a sequence (uy)nen in L2(RN), u, — u in L2(RY).
Then

sup  sup ||V} (t,s)un — e_z(t_S)U/HHl —0 asn— oo.
SER tE[s+6,5+T] '

Proor. We have
Vi (t, 8)wn, — e_z(t_s)UHHl
< V2, (8 sun = VE, (&)l s + IV (8 sy — =2l
< ML+ (¢ =5)7%) (lun = ull 2 + 0(u(wn(t = 5))ull2)
< M(1+672) (lun = ull 2 + 0(u(wnd)) |[ull 12) — 0
as n — 0o, and the corollary is proved. O

If we deal with a fixed u € H!(RY), we obtain uniform convergence on the
whole interval [s, s + T|. Indeed, we have the following
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PROPOSITION 4.3. Let (wn)nen be a sequence of positive numbers, w, — oo
asn — oo. Let (afi(+))nen be a sequence in 3y and let V! (t,s) be the linear
process in L*(RY) generated by the equation

N
Uy = Z ;i (wnt)0;0ju.

=1
Finally, let u € H*(RYN). Then, for any T > 0,

efz(tfs)

sup sup ||V} (t,s)u— ullgr = 0 asn — oo.

s€ER te[s,s+T)

PrOOF. Let u € HY(RY) and ¢ > s. Arguing like in the proof of Proposi-
tion 4.1, for any R > 0, we have

IV (ts)u— e A2, <2 / (1+ J€[2) (Fu)(€)? de
{l¢|1>R}

2 t 2 )
+/{£§R}(1+§| ){exp (—;/S (a%(wnp)—aij)dpfifj) —1} (Fu)(§)” d¢.
Since .

’/q (aij(wp) —%')dp' < (t = s)u(w(t —s)),
we obtain
V2 (¢, s)u — e A0=Du3,

< 2/ (1+ |&%) (Fu) (6)? de + (N Ummton =D _1)2 2,
{l¢|>R}
Now, given € > 0, we choose R > 0 (depending on u and ¢) such that

[ s <.
{I¢|=R}

Let § be a positive number, depending on R, ||u||g: and e, such that 6 < T and
(eNome B _1)2||u||2,, <e. Then, for t — s < 6,
(N In NI 12|, < (N — 1) ulF < e
On the other hand, if § < (t — s) < T, we have
(eN(t—s)/L(wn(t—s))Rz - 1)2 < (eNT,u,(uné)RZ _ 1)2_

As a consequence, given € > 0, we can find R and ¢ (depending on ) such that,
for all n € N,

sup  sup [V (t,s)u— e A3y < 3e 4 (NTHERDRES _1)2)1 )12,
sER te[s,s+T) )

The conclusion follows by letting n — oo. O
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REMARK. The convergence in Proposition 4.3 is not uniform with respect to
u in a bounded subset of H!(RY). As a matter of fact, if we try to repeat the
arguments of Proposition 4.1, we see that there exists a bounded, continuous and
decreasing function §: R, — R, 6(q) — 0 as ¢ — oo, such that, for u € H*(RY)
and for t > s,

Vet syu— e 2 ul| gy < 0(w(t = 5))[ful o

for any (a;(-)) € 1 and w > 0. It is clear that this is not enough to detect
uniform convergence up to t = s, since there is still an initial layer one cannot
get rid of. This is due to the microlocal effect of the rapid oscillations of the
coefficients a;;(wp).

Now we can state our first “local” averaging result for the nonlinear equa-
tion (2.1):

THEOREM 4.4. Let (0y,)nen be a sequence in 3. Let (tp)nen and (Sp)nen be
two sequences of real numbers, with t, > s, for alln and assume that t, — t and
Sy, — s asn — 00, witht > s. Let u € H'(RY) and let (un)nen be a bounded
sequence in H'(RYN) and assume that u, — u in L>(RY). Finally let (W, )nen
be a sequence of positive numbers, w, — oo as n — oo. Then

T (tn, Sn)un — T(t — 8)ullgr — 0 asn — oc.

In order to prove Theorem 4.4, we need the following

LEMMA 4.5. Let (), n,Yn)nen be a sequence in Yo X X3 X Xy. Let (wp)nen
be a sequence of positive numbers, w, — 00 asn — oo. Finally, let v: [s,s+T]| —
HY(RY) be a continuous function. Fort € [s,s + T set

GL(t) == / e~ A=D) [ () — @o] v(p) dp,
G2(1) = / DG (wnp, v(p) — F(0(0))] dp.
G (t) = / e APy (wnp) — 7] dp.

Then GI(t) — 0 in HY(RY) uniformly on [s,s +T] for j =1,2,3.

PROOF. The proof of this lemma is essentially contained in [12, Theorem 1.1]
and, in a more general setting, in [11, Theorem 3.4.7]. We give the details for
sake of completeness.
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We start by considering G2. First of all, we observe that, for s < p < t,
d (G- [
—|e / Tn(wnq) =7 dq)
o [ i) 3
_ t _
= Ae e / [ (wna) = 91 dg + e AP [ (wnp) — 7).
P

Since

@&Hmﬂwd[mwm—mﬂ

Hl
wWnpFwn (t—p)

<wn<t——zn>*lb/" bra(9) — 7] dg

nD L2

< M(t—p) Y2 p(wa(t — p)) € L(p, t])

< M(t—p) 2t —p)

and
le= P [y (wnp) = Gl < 2C(—p) =12 € L} (Ip, ),

the “integration-by-part” formula
t
/ e AP [Vn(wnp) — gl dp
’ _ t t t
= —e A0 / [ (wnp) — gl dp — / Aem AP / [n(wna) — 9] dg dp
s s p
is valid. In view of (4.3), we get
1
3 1 < -_— — —
nGn@>f,__<1+(t_s)U2>u ulwn(t - )
t
+ [ = p) P ulen(t ~ p)dp
t
< (6= 9" 2ulwnlt =) + [ (6= p)ulonlt - ) do.

Now let £ > 0. If t — s < ¢, a simple integration yields ||G3 ()| g1 < 3pecc™/?. If
t — s > ¢, we have

t—e t
IG5 @) < Tl/zu(wnsHu(wns)/ (t—p)~ /2 dpﬂm/ (t—p)~ 2 dp
s —

I
< 3T1/2,u(wn6) + 2#0061/2.

It follows that, for all n € N,

sup |G ()|l < Bpooe™? + 3T 2 pu(whe).
te(s,s+T|

The conclusion follows by letting n — oo.
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Next we consider GL. We assume first that v(t) = v € H'(RY). Then,
arguing as above, we see that

_ t
GL(t) = —e A=) / (af (wnp) — @o]T dp

t _ t
— / e / [ag (wnq) — Go] U dq dp,
s P

hence

IGL Ol < (= s)u(wn(t = )Tl + / plwn(t = p)) dpl[vl|m-

The same argument used for estimating G2 shows that GL(¢) — 0 in H*(RY)
uniformly on [s,s + T]. One can easily see that the same is true if v(¢) is
an arbitrary bounded step function. The conclusion then follows by a density
argument.

Finally, we consider G2. Again we assume first that v(t) = v € HY(RY).
Then we have

G2(1) = —¢ A=) / Bwnp,7) — @) dp

\
v\ﬁ
b

ks
=
ﬁ\ﬁ
=S
&
3
=
)

(V)] dq dp.
By (3.2), we obtain
IG5 @) < K(l + (1)1/2) (t = $)plwn(t = ) (7] 22 + [ 7
# K [0 D 2ttt - ) + 1 dp
<k (0= 920ttt 9)
+ /st(t =) Pu(wa(t —p))d )(|U||L2 + Bl
Arguing as before, G2 () — 0 in H'(RY) uniformly on [s,s + T], and the same

is true if v(t) is an arbitrary bounded step function. The conclusion then follows
again by a density argument. 0

PROOF OF THEOREM 4.4. First, let us notice that
O (tny S0)Un = HZJZ" (sn=s)on (tn — (8n — 8), $)tn.

Since t,, — (s, — ) — t as n — 0o, we can assume without loss of generality that
s, = s for all n.
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Let’s write v, (t) := IIJ" (, 8)un, v(t) := 7(t — s)u. We recall that, in view of
Proposition 2.5, there exists K > 0 such that, for every t > s, ||vn(t)||g: < K
for all n € N, ||v(t)||g2 < K. By the variation of constant formula we get

lon(8) = o(O)lan < V2 (t 8)un — e Dull g+ 1) + L(t) + (1),

where

/ JV2 (6,) — 0P = (wap)on(p)
+ @n(wWnp, v (p)) + Yo (wnp)] || 1 dp,
/ e~ A4 [ o (wp) (0(p) — vn(p))

+ @n(wnp, v(p)) = Pn(wnp, v ()]l 1 dp,

O I T

L F0(0)) — Bulwnp, v(p)) + Y (wnp) — 71 ‘”’Hm

First of all, we have

IV (t, 8)un — 672(#5)““]{1

< M(t— )" V2|ju —ullpz + sup (VD (t,5) — 2|
t€[s,s+T]

As for I, (t), by Proposition 4.1
L) < / (L4 (t— ) V2)B(wnlt — p))
N = 08 (@nP) o (D) + B (@n, 0n (D)) + () | 2 dp
<(CR + O(F + BP1) / (t = )~ 20(wn(t — p)) dp.

By the same argument used in the proof of Lemma 4.5, we find that I;(¢) — 0
as n — oo uniformly on [s,s + T.
Next we consider I5(¢):

< / M1+ (t = p)"Y2)| = o (wnp) () — va (p)
+ Gn(wnp, v(p)) — Pn(wnp, v (p)) L2 dp
/ M(1+(t—p)~/?)
A(Cllo®) = va®)llmr + C(L+ 2K7)[0(p) — va(p)]| 1) dp

<0 / (t = )2 0(p) — v(p)|| 1 dp,
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where () is a positive constant. Finally,

no<| [ D (5 — o () op)] z

H!

+

/ D [F0(p)  Bulwnp,v(p)] de

H1
t
+ H / e APy, (wnp) — 7] de 7
S Hl
and, by Lemma 4.5, I3(t) — 0 as n — oo uniformly on [s,s + T.
Summing up, for t € |s, s + T| we get

lon(t) = v(®)llg: < (t— )72 F, +Q / (t = p) " 2|lon(p) — v(p)l| 1 dp,

where F,, — 0 as n — oo.

By the singular version of Gronwall’s inequality (see [11, Theorem 7.1.1]),
[on(£) = v(t) [ 12 < QFn(t —5)7"/2,

where @ is a positive constant. This implies that v,(t) — v(t) in H*(RY)
uniformly on [s + d, s + T for every § > 0, and completes the proof. g

REMARK. If in Theorem 4.4 we assume that u,, — u in H'(R"), by the same
techniques we can show that v, (t) — v(t) in H'(R"Y) uniformly on [s,s + 7.

The following lemma provides a kind of joint asymptotic compactness of
12 (t, s) with respect to t and w.

LEMMA 4.6. Let (uy)nen be a bounded sequence in HY(RYN), (0,)nen an ar-
bitrary sequence in X, (tn)nen and (wy)nen two sequences of positive real num-
bers, t, — 0o and w, — oo as n — oo. Then there exists us € H*(RN) such
that, up to a subsequence,

17" (tn, 0)up — oo in H'(RY) as n — oo.

ProOOF. The proof is analogous to that of Proposition 3.8: from the bound-
edness of (up)nen in H1(RY) it follows that there exists us, € H'(R") such that,
up to a subsequence, 117" (t, —1,0)u, — T in H'(RY) as n — oco. Again, by
Lemma 2.6, 117" (t,, — 1,0)un, — T in L*(RY) as n — oo, and, by Theorem 4.4,

7 (tn, 0)uy = G (tn, tn — DIIT" (E, — 1,0)uy,

w
— 1122 D (10 (£, — 1, 0)u, — (1)
in H1(R™) as n — co. This completes the proof. O
Finally, we can prove the upper-semicontinuity result announced in the in-
troduction:
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THEOREM 4.7. For w > 0, let AZ be the S-uniform attractor of the family
of processes {11, | o € £}. Moreover, let A be the attractor of the semiflow .
Then, for every § > 0, there exists w > 0 such that, if w > @,

dgi (A A) := max dgi(u, A) < 6.
u€ AL

PRroOOF. Let’s assume, by contradiction, that the thesis is not true: then
there exist § > 0, a sequence (wy, )nen Of positive numbers, w,, — oo, and a se-
quence (Up )neN, Un € AEH for all n € N, such that dg1 (uy,,.A) > 0 for all n € N.
Since u, € Afn, by Theorem 3.4 for every n € N there exists 0, € ¥ and
vy, € K2 such that u, = v,,(0). Since (£ — v, (t+h)) € K22 ™M™ for all h € R,
it follows that v, (t) € Afn for all t € R. Hence, by Proposition 2.5, there exists
K > 0, independent of n, such that [|v,(t)||g: < K for t € R.

Let k be a positive integer and let (h,)nen be a sequence of positive numbers,

h,, — o0o. We have

vn(—k) =TT (—k, Ty — k) 0(=hy — k) = TIL2n T (1 0)o(—hy, — k),
so, by Proposition 4.6, there exists 7, € H'(RY) such that, up to a subsequence,
(4.4) vp(—k) = 1, in HY(RY) as n — .

By a Cantor diagonal procedure, we can assume that (4.4) holds for any positive
integer k. By Theorem 4.4, for every t > —k,

(4.5)  vn(t) = TI7" (£, —k)vn(—k) = TI520 TR (6 4 &, 0)w, (—k)

— 7t +k)a, in H (RY) as n — oo.

In particular, choosing t = 0 we get u,, — 7(k)uy in H'(RY) as n — co. Notice
that 7(k)uy is independent of k, so we can define uy, := 7(k)ug. The proof will
be complete if we show that us, € A. So we must prove that there exists a full
bounded solution v (t) of the semiflow 7, such that v.(0) = us To this end,
we just have to define v (t) := m(t + k)ux, t > —k. By (4.5) it follows that
7(t + k)uy, is independent of k and therefore v (t) is unambiguously defined for
every t € R. Moreover, vs(t) is by construction a full bounded solution of 7,
with v56(0) = teo. This finally implies that u. € A, a contradiction. O
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