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CHAOS ARISING NEAR A TOPOLOGICALLY
TRANSVERSAL HOMOCLINIC SET

FLAVIANO BATTELLI — MICHAL FECKAN

ABSTRACT. A diffeomorphism on a Cl-smooth manifold is studied pos-
sessing a hyperbolic fixed point. If the stable and unstable manifolds of
the hyperbolic fixed point have a nontrivial local topological crossing then
a chaotic behaviour of the diffeomorphism is shown. A perturbed prob-
lem is also studied by showing the relationship between a corresponding
Melnikov function and the nontriviality of a local topological crossing of
invariant manifolds for the perturbed diffeomorphism.

1. Introduction

Let M be a C'-smooth manifold without boundary. Consider a C'-smooth
diffeomorphism f: M — M possessing a hyperbolic fixed point p and let W,
W' be the global stable and unstable manifolds of p, respectively. Let W, W
be open subsets of W, W, respectively, which are submanifolds of M, that is
the immersed and induced topologies on W7 and W, respectively, coincide. We
assume that W; N W;‘ \ {p} # 0, i.e. there is a point ¢ homoclinic to p. We also
suppose the existence of a compact component K > g of the set W7 N Wy, that
is a compact subset K C W N W'\ {p} such that ¢ € K and there exists an
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open bounded subset U C U C M \ {p} satisfying U N W; N Wﬁ = K. Since
K is compact there is an mg such that f™°(K) is in a local chart U, of p. By
shrinking U, we can assume in addition that W; WAT = W;(u) NU and as
well as f™°(U) C U,, and consequently, U is orientable. Moreover, since U is
bounded and open, W )\ are also submanifolds of M and there is an Ny > 0

such that W;(u) NU C fFo (W;(lzi) \ {p}. Hence W;(u) NU are also orientable.
Then we can define the local intersection number #(W; NnU, W;‘ N U) of the
manifolds W; NU and W;‘ NU in M (see [5]).

Let £ = {0,1}% be the set of doubly infinite sequences of 0 and 1 endowed
with the metric ,

dlfen). feh) = Y0 ol
neZ

On & it is defined the so called shift map 0:& — € by o({e;}jez) = {ej+1}jez-
The main purpose of this note is to prove the following result.

THEOREM 1.1. If #(W; N, /VV;L NU) # 0 then there exists wy € N such
that for any N 3 w > wq there is a set A, C M and a mapping 7,: A, — &€ such
that

(i) f*(As) = Au,
(ii) m,, is continuous, one to one and onto,

(iii) 7, 0 f2 = o om,, where o: & — & is the shift map.

-1
w

general, that A, is homeomorphic to £. However, if ¢ is a transversal homoclinic

Note that we do not know whether 7~ is continuous. Thus we cannot say, in
point, 7w, is a homeomorphism, since in the considerations that follow we can
use the implicit function theorem instead of the Brouwer degree theory, getting
the standard Smale horseshoe (see [7]).

Results similar to Theorem 1.1 have been proved by other authors. For ex-
ample, a semiconjugacy to the shift ¢ on £ of some power of a given map is
proved in [6] provided an isolating neighbourhood of the map satisfies some con-
ditions on the Conley indices of its subsets. On the other hand, Lefschetz Fixed
Point Theorem and Topological Principle of Wazewski is applied in [8] to prove
the existence of a compact invariant set for the Poincaré map of a time-periodic
vector field on which the same map is semiconjugated to the shift ¢ on £ and
the counterimage (by the semiconjugacy) of any periodic point of o contains
a periodic point of the Poincaré map. The notion of periodic isolating segments
is an essential tool for the proofs in [8]. Finally, the same situation as in this
paper is studied in [3] (that motivated the present work). By using geometric
and homological methods, it is proved in [3] that, under the conditions of The-
orem 1.1, there is an invariant set of some power of f on which the same power
of f is semiconjugated to the shift o on £. In all these papers by semiconjugacy
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it is meant that the associated map between the invariant set and the symbolic
set (in our paper it is the map 7, ) is shown to be continuous and onto. Hence
the semiconjugacy does not directly imply the existence of infinitely many peri-
odic orbits of a given map (apart from the result in [8]), but it implies positive
topological entropy of the map. Our approach instead, which is based on an idea
in [1], namely on the notion of exponential dichotomies of difference equations,
allow us to prove that 7, is one to one, a result that was not stated in [3], [6], [8].
Consequently, f has infinitely many periodic orbits as well as quasiperiodic ones
(this fact has not been proved earlier). Moreover, we are able to identify the
periodic points of the map as solutions of a particular equation.

Next, checking the topological transversality of stable and unstable manifold,
is not an easy task. This is the reason why in Section 4 we study the case
where W7 and W) intersect on a homoclinic manifold and consider a C?-smooth
perturbation of f (again, this point was not considered in [3], [6], [8]). Associated
to such a perturbation there is a Melnikov function. Then we obtain the following
result:

THEOREM 4.4. Let f(x,€) be a C*-map in its arguments, and assume there
exist open, connected, bounded subsets 2 C Q C Ug C R* and C?-smooth map-
pings x,(a), o € Uq, such that the following hold:

(i) @pt1(e) = flxn(®),0), n € Z, lim,_ 400 zp(a) = p uniformly with
respect to a € Ugq for a hyperbolic fized point p of the mapping f(x,0),

(i) {0zn/0ai(a), i = 1,...,u} are linearly independent and they form a
basis for the space of bounded solutions of the equation

Un+1 = fx(l‘n((l), O)Un

on 7 for any o € Ug. Moreover, the mapping xo: Ug — RN is one to
one.

Assume, moreover, that the Melnikov function associated to the perturbation
satisfies the following conditions:

(H1) M(«) # 0 on 09,

(H2) deg(M,,0) # 0.
Then there exists g > 0 such that for 0 < |e| < eq, it is nonzero the local
intersection number of the stable and unstable manifolds of the hyperbolic fized
point of the map xp11 = f(xn,€) which is located near the fized point p of the

map Tni1 = f(zn,0).

Thus when a map satisfies the conditions of Theorem 4.4, we obtain, thanks
to Theorem 1.1, a kind of chaotic behaviour of the perturbed diffeomorphism
f(z,e), when € # 0.
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Finally, at the end of the paper, we make some remarks about certain exten-
sions and consequences of our results.

2. Preliminary results

To avoid the use of either the tangent vector bundle of M or local charts
of M, we assume for simplicity in this section that M = RN. This restriction is
only technical. Next, for any £ € Wz‘f NU and n € W;j NU we set &, = f(¢),
n € ”Zy, g = f"(n), n € Z_, where Z, ={0,1,...} and Z_ = {... ,—1,0}.
Then the linear systems

(2.1) Vnt1 = Df(€n)vn, n€Zy,

(2.2) Wnt1 = Df(np)wn, ne€Z_, n#0,

have exponential dichotomies on Z and Z_, respectively, i.e. there are posi-
tive constants L > 1, § € (0,1) and orthogonal projections Pe:RY — W,
Qn: RN — T, W such that the fundamental solutions Ve(n) and Wy (n) of (2.1)

and (2.2) respectively, satisfy the following conditions:

IVe(m)PeVe(m)™"| < L6™™™, m < n, m,n € Zs,

2.3
%) [Ve(n)(I — Pe)Ve(m)™H|| < L6™™", n<m, m,n€ Ly,
and
(2 4) ||Wn(n)(l - QU)W’V](m)_lH S L(Sn_mv m S n) man c Z—a

||W77(n)Q77W77(m)71H S L(;mfn, n S m, man S Z*a

respectively (see [7]). We note that L and ¢ can be chosen to be independent
of £ € W; NU and n € W; NU. In fact, let £ € W; NU, then f*(¢) — p as
n — oo. From the roughness of exponential dichotomies ([7]), it follows that Le,
¢ exist such that v, 11 = f'(£,)v, has an exponential dichotomy on Z, with
constants L¢ and d¢. Again from the roughness of exponential dichotomies, given
any £ € W; N U there exists r¢ > 0 such that when |E— & < e, Ee W; NnU,
Upa1 = f/ (gn)vn has an exponential dichotomy on Z, with constants 2L¢ and
(14 0¢)/2. Covering W;} N U with a finite number of balls centered at ¢ and
of radius 7¢ the result follows as far as the dichotomy on Z, is concerned. A
similar argument applies for the dichotomy on Z_.

Note that any projection having the same range as Pe, (resp. Q) satisfies
condition (2.3) (resp. (2.4)). Thus, it is the additional requirement that P¢ and
@y, are orthogonal that makes them unique. This uniqueness also implies that
P: and @Q,, are continuous in &, 7, respectively.

In fact let us prove this for P¢. Since W; is C1, we get that T, 5W; depends
continuously on ¢ and the same holds for its orthogonal complement (TEWPS)L
in R™. So, if {v1(§),...,v4(§)} is a (local) orthonormal basis of TgWZ‘f that
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depends continuously on £ in a neighbourhood of some &, € Wp"} we have Prv =
Z?Zl (v,v;(€))v;(€) and then P is continuous in . Note that the uniqueness of
P implies that Pgv does not depend on the choice of the basis {v1 (), ... ,vq(§)}.
A similar argument holds for @),,. Moreover, note that, when M is a C"-
manifold and f is a C"-diffeomorphism, P and Q,, are of class C" 1.
Now we fix w € N large and put

Jo e W

{—w
J, ={-w,...,0}, I, ={-w,...,—1},
JF={0,...,w}, If ={0,...,w—1}.

Arguing as in Lemma 2 of [1], we can prove the following results. In this paper,
RL and N'L denote, respectively, the range and the kernel of a linear operator L.

LEMMA 2.1. There exist wg € N and a constant ¢ > 0 such that given any
weN w>w, (&n) € (WinU) x (WrnU), and b,h, € RN, n € J,,
¢ € RFg, v € RQ,, there exist unique solutions {”n}ner and {wn}neJ; of the
linear systems

Un+41 :Df(gn)anrhm ne I:;ra
Wpy1 = Df(np)wn + hyy, nel,,

respectively, together with the boundary value conditions
P§U0 = ¢= anO = 1/)7 Uy — Wy, = b.
Moreover, such solutions are linear in (b, h,¢,), h = {hp}nes, and satisfy

max [vy, |, max [wn| < c(max [hn |+ [b] +[¢] + [¢]).
cJl neJy neJz

LEMMA 2.2. For any (&,1) € (W NU) x (WenTU), ¢ € RP, ¥ € RQ,,
and for any bounded sequence {hy }nez, there exist unique solutions {vy, n>0 and
{wn }n<o of the linear systems

Un+1 = Df(gn)vn + hnu n> Ou
Wnp+1 = Df(nn)wn + hna n S _17
respectively, together with the boundary value conditions: Pevy = ¢, Qpwo = 9.

Moreover, such solutions are linear in (h™, ¢,1), hT = {hy}n>0, h~ = {hn }n<o,
and there exists a constant ¢ > 0, independent of (h*, ¢,1)), such that

sup [vp| < c(sup |hn| +¢]),  sup |wy| < c(sup [hn| + [¥]).
n>0 n>0 n<0 n<0
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Now we study the nonlinear system

(25) Tn+1l = f(xn)

near {§,},c;+ and {n.},c,;-. By arguing as in [1, Theorem 1] we obtain the
following result.

THEOREM 2.3. There exist wg € N and a constant ¢ > 0 such that, for
any w € N, w > wo, and (§,n) € (Wi NU) x (WrnU), there exist unique
{ah (W, &M} esr and {z; (W, &,m)},,c ;- which satisfy (2.5) separately on I}
and 1 such that

Pﬁm(;r(w7§777> = ng, ana(“}’fﬂi) = an7
a2l (w,&m) =7, (w, &),
together with

max |z (w,§,n) = &l < e6¥,  max [a, (w,&,7) = na| < 6.

neJdJy neJg,

Moreover, i (w,&,n) are continuous with respect to & and 1, more precisely they
are C"=t when M is a C"-manifold and f is a C"-diffeomorphism.

PROOF. Putting z;7 =&, +v,, n € J and z,, = n, +w,, n € J;. We get
the systems

(2.6) 1 = Df(&n)vn+ f(&n+vn) — f(€n) = Df(En)vn = Df(&n)vn +o(|vnl),

for n € I}, and

(27) Wn+1 = Df(nn)wn + f(nn + wn) - f(nn) - Df(nn)wn
= D f(nn)wn + ofJwn)),

for n € I,. Since we are looking for solutions of equation (2.5) such that

x} =a”,, we add the boundary value conditions:
(2.8) Vp — Weg =Ny —&w = 0(8¥), Pevg=0, Quwo=0.
Let v = (vo,...,v,) € RN@WH) "y = (w_y, ... ,wg) € RN@HD . To solve

equations (2.6)—(2.8), we take the mapping

T.,:(W:NT) x WenT) x RN+, g2N+D)

defined by
(Un+1 - f(gn + ”n) + f(gn))nel:i
(wn+1 - f(nn + wn) + f(nn))nGIJ
Fw(ga n,v, U}) = Vo = Weo — (77—0.: - gw)

Pg’UO

anO
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where (QI;Z}O has to be meant as a vector in RY = RP; x RQ,,. We have
already observed that Pr and (), are continuous. Thus, for any fixed w > wo, Iy,
is continuous in (£, 7, u,v) as well as its derivatives with respect to (v, w) when we
take on R2V(“@+1) the maximum norm max;{|v;|, |w;|}. We have T\, (£,7,0,0) =
O(6“) uniformly with respect to (£,7) and the linearized map D, .,y I'w,(§,7,0,0)
has the form

(Un+1 - Df(fn)vn)nejj
v (wn+1 - Df(nn)wn)nelg
D(v’w)Fw(f,T],0,0) (w> = Vy — W—y
ngo
anO
Lemma 2.1 implies that the map D, ., \I'w(£,7,0,0) is invertible and that its
inverse is bounded uniformly with respect to (£,n). Hence from the implicit
function theorem we get that ¢ > 0 and wg > 1 exist such that for w > wy, the
equation T, (&, n,v,w) = 0 can be solved uniquely for (v, w) in a neighbourhood
of (0,0) in terms of (£,7,w). Moreover, max;{|v;|, |w;|} < ¢d*, and the solution
is continuous in (&, 7), for any fixed w > wy. O

We note that if f and M are C"-smooth, » > 1, then xoi(w,f,n) is o1
with respect to (£,n) for any fixed w > wy.

3. Chaotic iterations

In this section we prove Theorem 1.1. Let V' C M be an open subset such
that K ¢ V C V C U and wy be as in Theorem 2.3. We also assume that wy
is large enough that ¢§“° is less than the distance of V' from QU and for any
€€ W; nV,ne W;j NV and n > wy we have |£, — p|, |7, — p| < C6™ where
C can be chosen independent of £, n because of the compactness of W; nv
and W; N V. Of course, here we assume that &,,n,,p are in the local chart
U, of p, for any n > wy so that we can consider their differences. Note that
the solutions {xf(w,f,n)}neﬁ are defined for (§,7n) € Wps NV x W;f NV, and
#(W; nv,wy ﬂV) = #(V[/pS NU, W;ﬁU) because K C V implies K NV = (.
The first step is to show that, for w > wg, the map z,+1 = f(z,) has enough
periodic orbits. We recall that f™(U) C U, for some mg, and then we can
assume that U is embedded in RY, i.e. U < RY. Let h, k be non negative
integers. For any finite sequence F = {ej};?:_h, e; € {0,1} such that ey = 1, we
set

{jlv"‘ 7]115} = {.7 | ej = 1}7
where —h < j; < jo < ... < jip < k. Note that, being eg = 1, we have
j1 €0 < j;,. Then we set

(3.1) Jjo=Jip —h—k—1, jizx1=h+k+1+j1.
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Note that jo < —h —1 < j; and jiz41 > k+ 1 > j;,,. Moreover,

(3.2) Jig+1 = Jip = J1 — Jo-

Next, for w € N fixed and large (that is greater than wy), we define
FE((WENV) x (WenV))e - RNe FE = (PP .. FE)

where

FT‘E(£17 7717 cee 7£iE7 772E) = ‘TO_((]T‘ 7.7.7’—1)(")7 £T7 T]T) 7'%8_((]‘7‘-‘1-1 7.].7")‘*}5 €T+1a 77T+1)»

and

(3.3) giptl — gl piptl _ 1

and 2 ((j, — jr_1)w,&", ") are derived as in Theorem 2.3.

We note that g ((jr — jr—1)w,&",n") is at a distance from ¢" € W; nv c
U — R less than ¢§* and that the same holds for xy ((j, — jr—1)w,&",1") and
n" e W; NV c U < RN. Consequently, z= ((j, — jr_1)w,&",n") € U and we
can consider the above differences in the definition of F'¥.

Let us now give a brief motivation for such a definition. Assume that the
equation FF (¢t nt ... £ n'P) =0 has a solution (¢%,7%,... %5 7'B). Then,
starting from

xO_((jT - jr—l)a},gra TIT) = xa_((jr+l - jr)wagr+177lr+1)

and using
ol oG =G, &y =2 (G = e, €
we obtain

PRI (G = jo1)w, €7 17)
= fA I (G = o), €0
— f(jrﬂ7jr)wxar+1—jT)w((jr+1 _ jr)w7§T+1777T+1)
- f(jr+1—jr)wx:(jrﬂ_jr)w((jrﬂ —jr)w,ﬁrﬂ,nr“)
= g ((Gr1 — gr)w, €70,

and then, using the induction,
(3.4) fREZI0 g (G — Grm1)w, 70" = 2g (s — Jsm1)ws E5,1°),
for any 0 < r < s < j;,+1. Now, from ey = 1 we see that 7 € {1,... ,ig} exists

such that jz = 0. Then we define

(35) x(](wv E) = xa(_jffluh fzv 77?) = xa((]f - jffl)u% £Z7 /’7?)
=z ((Jrg1 — Jo)w, &0 = 2 (rrw, & 0 )

)
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and note that from (3.1), (3.2) and (3.4) we obtain
f2(h+k+1)w$0(w’E) — fQ(jiE+1_j1)w$0(w,E)
= P[P (i G 1), €,
= PO (G~ Go)w, €' ")
=5 ((jr = Ji-1)w, &,1°) = o (w, E),
that is xo(w, F) is a 2(h+k+ 1)w-periodic point of the map x,,+1 = f(z,). Next,
using (3.4), for any r € {1,...,ji, } we have
Frewo(w, B) = f20r=90%00 ((j — jom1)w, €11°)
= 24 ((Gr = Jr=1)w, €7, 0") = 25 ((Gra1 = Jr)w, €10,
and then Theorem 2.3 implies that
[ £2r“zo(w, B) — || < edUr—Ir=1w < ¢
| 220 (w, E) — £ < e§Ur=ir=1)w < o5,
that is f2/r“z¢(w, E) belongs to a (small when w > wy is sufficiently large)
neighbourhood of K for any r = 1,... ;ig. Moreover, for any j € N such that
0<7<jr+1 — Jr, we have
P (w, B) = [P0 ((Grgr = ), €770
=}, (Urg1 — G, €50,
and then, again from Theorem 2.3,

1 £20r )% go(w, B) — pl| < || f20 D0 (w, E) — &3 + [|€54 — p| < 2¢0%.

Jw w

Thus the map F' is constructed so that if FF (&1, nt,... £ ni&) = 0, then the
diffeomorphism f has a periodic orbit attracting and repelling several times by
the hyperbolic fixed point p. More precisely, if the initial point of this periodic
orbit is given by (3.5), the point f2/“zy(w, E) is near the set K if e; = 1 and it
is near the fixed point p if e; = 0. Using this it is easy to see that starting from
different £ we get different periodic orbits. To solve Fg = 0, we take the simple
homotopy

HE:(W:NV) x (WenV))e x [0,1] — RNz,
HP = (H,... ,H)
given by
HP(Eh ' 68 0 A) = AR (€t € ) + (L= A) (" — €7,
for 0 < A < 1. Theorem 2.3 gives

[FE(Ent, .. 87 ') — " + & < 268¢,
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where the constant c is the same as in Theorem 2.3. Hence we get
|HE (€t ... €08, ) — 7 4 €7FY| < 2e0%.

Consequently HE (- \) # 0 on the boundary 8((W§ nvV) x (W;j NV))iE for any
0 < A < 1. This gives for the Brouwer degree

deg(F®, (W; N V) x (W' nV))'=,0) = £#(W; NV, W N V)™= 0.

Summarizing, we see that, under the assumptions of Theorem 1.1, the equation
Fgr =0 is always solvable in the set ((W; nV) x (W; NV))E for any sequence
E = {e, ;?:1 € {0,1}*, e; = 1 and any k € N for a fixed large (i.e. greater than
wo) w € N. Thus we have seen that the map f has enough periodic orbits. Now
let ~ be the equivalence relation on the set £ = {0,1}% defined as follows:

let E,E' € £ We say that E ~ E’ if ng € Z exists such that £ =
o™ (E").
Then we choose a unique element for any equivalence class in £/~ and form a
metric subspace £.. Without loss of generality we can also assume that £. C
& ={E ={ej}ljez € E:e; =0forany j€Zorey =1}. We obtain in this
way a subspace £. C &; such that if Fy, Ey € £, then either £y = E5 or
Ey # 0™(E2) for any n € Z.

Now we define a map F — Op from &; in the space of orbits of f as follows.
If e; =0, for all j € Z then we put O = {p} the fixed point orbit of f. On the
other hand, if eg = 1, we have the following two possibilities: either FE is periodic
with the minimal period m, i.e. 0™ (FE) = E and o*(E) # E for 1 < k < m, or
E is nonperiodic, that is there is no m € N such that ¢™(E) = E.

In the first case we apply the above procedure to the finite sequence {e; };”:_01
(m being the minimal period of E). We obtain then a 2mw-periodic orbit O
such that f27%(xz) is either near the set K or the point p according to e; = 1 or
e; = 0, respectively.

In the second case we consider, for any m € N, the finite sequence E,, =
{el = {ej}jL_,,, m € N, to obtain a periodic orbit Op,, of x,41 = f(zn)
with the same oscillation property between K and p as above.

We set Og,, = {2"}nez. Then take a convergent subsequence z("* of zj* and
let g be its limit as ¢ — oo. Note that, O, being an orbit of 2,41 = f(z,), we
have z* = f7(zf') for any j € Z. Thus 7" converges to f/(xo). Hence we set
Og = {f7(20)}jez. Note that OF is an orbit of the map f such that f27“(x) is
either near the set K or the point p according to e; = 1 or e; = 0, respectively.
In fact, for any given j € Z, there exists mo € N such that ej" = e; for any
m > mg. Thus the conclusion follows because it is satisfied by f2/¢(zg") for any
i sufficiently large. Observe also that if E is not periodic (that is o™ (F) # E
for any n € Z) then O is also a non periodic orbit of f because of the stated



TRANSVERSALITY OF HOMOCLINIC SETS 205

oscillation properties. Moreover, if Op = Og then E = E’, that is the map
E + Og is one to one. Finally, for O = {f*(z0)}icz we set

(3.6) F22(0p) = {f¥* " (20) }icz-

At this point we would like that the following holds: O,n(g) = f2“"(Og) when
E and o™(E) belong to &. However this is not generally true even if it is
true that Oyn gy and f 2on(Og) have the same oscillating properties between K
and p. The point is that in order to define the orbit O we actually use the
axiom of choice to choose a convergent subsequence z("* of 2. Thus, in general
Os(E) # f?%(Og), because we can perhaps choose convergent subsequences of
a2l and z§* such that their limits do not satisfy the equality z1 = f(zo) (of
course, when the sequence z{]* is itself convergent this does not happen). For
this reason, in order to extend the map F — OF to £ we have to pass through & .

Let E = {e,}nez € € be a doubly infinite sequence of 0 and 1. If e; = 0 for
any j € Z we set J,(F) = {p}, the fixed point orbit of f. If j € Z exists such
that e; = 1, a unique E’ € £ exists such that E = ¢"°(E’) for some ny € Z.
Such a ng is unique when F is nonperiodic and is defined up to a multiple of the
least period, when FE is periodic. Then we set

(3.7) Ju(B) = f*"(Op).

This definition does not depend on ng. We only have to prove this in the case
where E is periodic with least period, say, m. We have:

wi(km+n0)(OEl) — f2wno (wikm(OE/)) — f2wno (OE’)7

for any k € Z, since Op is 2wm-periodic. Thus the definition (3.7) is independent
of ng. Moreover, if E = o™ (E'), E' € ., then o(E) = ¢ }(E’) and

Ju(o(E)) = f2ot)(0g) = f2*(J,(E))
that is
(3.8) J,oo = f*olJ,.

Now we prove that J, is one to one. Because of the oscillating prop-
erty, it follows immediately that J,(E) # {p} when E is not the identically
zero sequence. Now, let Fq, Ey € £ be two, non identically zero, sequences
such that J,(E1) = J,(E2). Write E; = o™ (E}) and Eo = 0"2(E}), with
E{ = {e’%l)},Eé = {6/512)} € &v. Then J,(E1) = J,(E2) implies Op; =
fQW(”Z*’Ll)(OEé). From this equation and the oscillating property we see that
e’gi)rnl) = 1, that is o™ ™ (E}) € &. Moreover, as we have already ob-
served, f2«(m2=m) (0O ;) has the same oscillating properties between K and p as
Oy nz-n1)(gy)- Thus B and o("2=m1)(EL) are two elements of £ such that Op;

and (’)U(nrm)(Eé) have the same oscillating properties between K an p. But this
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means that B} = ¢("2~"1)(E}) from which we get immediately F; = Fy. So J,
is one to one and satisfies (3.8).

Now we consider the map P:J,(€) — RY given by P(J,(E)) = xo, where
Jo(E) ={x;}jez. Weset A, = P(Ju(E)), we define Q: A, — J,(€) as Q(zo) =
{7 (xo)}jez-

Finally, we define m,: A, — & as m,(x0) = J51(Q(z0)).

Now we state some of the properties of m,:

(i) 7, is one to one. This easily follows from the fact that different initial
points give different orbits (that is Q is one to one).

(ii) m, is continuous. To show this, let 28, {z}}ien C A, and zf — 2] as
i — oo. Then fi(z}) — f7(x)) as i — oo for any j € Z. Hence for
any No € N, and |j| < Np, the points f27“(z) of the orbit Q(x}) =
J,(EY) € J,(€) and f2«(x]) of the orbit Q(z8) = J,(E°) € J,(E)
have, for i large, the same kind of oscillation between K and p. Conse-
quently, the sequences E? and E°, for i large, have the same elements
in the first j, |j| < No places. This implies that E* — E° as i — oco.

(iii) o(mu(70)) = mw(f*(20)). In fact, we know that J,,(o(E)) = f*(J,(E))

for any F € £ Thus if E = m,(x9) we have J,(E) = Q(xg) =
{f?(x0)}jez, then
Ju(o(m(@0))) = Ju(0(B)) = [ (Ju(E)) = {f7(f*(20))}jez = Q(f** (w0))-
Thus o (7, (20)) = T, (f2*(x0)) for any ¢ € A,,.
Summarizing, 7, is continuous, one to one and 7, o f?* = ¢ o m,. By the

construction it is also clear that m,, is onto. This result proves the statement of
Theorem 1.1.

4. Topological transversality and Melnikov function

In this section, we consider a C?-smooth perturbation of f on M = RN
given by f(z,e), f(x,0) = f(x) for ¢ € R. Moreover, we suppose that f has
an u-parametric nondegenerate family of orbits homoclinic to a hyperbolic fixed
point p, that is there exist open, connected and bounded subsets Q C Q C Uq C
R* and C%-smooth mappings z,(a), a € Ug, n € Z, such that

(i) Tpy1(a) = f(zn(@)), n € Z,lim,, .+ T, () = p uniformly with respect
to a € Ug,
(i) {(0zn/0c;)(c), i =1,...,u} are linearly independent and they form
a basis for the space of bounded solutions of the equation v,41 =
Df(xn(a))v, on Z for any « € Ug. Moreover, the mapping zq: Ug —
RY is one to one.
We note that xo(a) € W NW, for any a € Ug. In the next constructions of
this section, the set 2 is fixed but the neighbourhood Uq of 2 could be shrunk
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by keeping its connectedness. Let U C RY be an open and bounded subset such
that

(4.1) Ha = {zo(a) | a € Ug} =UNWS NWY,

where again W; and W;j are open subsets of W, and W

»» respectively, which

are submanifolds of RV,

Let P: and @, be the projections of Section 2 for the open subset U, which
are now Cl-smooth in ¢ and 7, respectively. Arguing as in Section 2 (see also
[1, Theorem 1]), we get the following result.

THEOREM 4.1. There ezist € > 0 and p > 0 such that for any |e| < €o and
§eWynNU, ne WyNU the equations

$I+1(57§) = f(l‘j{(&,f),é;‘), P§$SF<E?£) = PE§

forn >0, and

mr:+1(€7 77) = f(x; (87 77)7 5)7 Qn‘ra (57 77) = an
for n < —1, have unique solutions {z;} (£,&)}n>0 and {x;, (¢,1)}n<o respectively,
such that

(4.2) sup [z, (e,€) — &l < p,  suplz;, (e,m) — na| < p.
n>0 n<0

Moreover, {z;}f(g,€)}n>0 and {z, (¢,m)}n<o are C'-smooth in their arguments
and

(4.3) lim sup |z} (,€) — &,| =0, limsup |z, (€,17) — 7| = 0.
e=0p>0 e—=0p<0

PrOOF. We give the proof for n > 0 the case n < 0 being handled similarly.
Let £ € W;NU, and z,, = &, + v,. Then {vn }n>0 satisfies the system

Unt1 = ['(€n)vn = {f (& + vn,€) — f(&) — f'(&n)vnt,

(4.4)
ngo =0.

We are looking for solutions of (4.4) such that sup,~q[v,| — 0 as e — 0. Let

p > 0 be fixed. From Lemma 2.2 it follows that the map

I (v) = ({U”“ - {D;(fgt)vn}wo)

has a bounded inverse. So, for any {v, }»>0 such that sup,,>q [v.| < p we define
{Vn}n>0 as the unique solution of

{f(fn + Vn, €) — f(gn) - fl(fn)vn}roo) -

S(CANSEN ;
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From Lemma 2.2 it follows that

sup [0, | < esup |f(§n + vn, ) = f(&n) = f/(&n)vn] < c{A(p) sup va] + O(e)}
n>0 n>0 n>0

where A(p) — 0 as p — 0. Thus it is easy to see that the map {v,}n>0 —
{Un}n>0 is a contraction on the ball {{vy}n>0 : sup,>q|va| < p} provided p
and ¢( are sufficiently small. As a consequence there exists a unique fixed point
{vn(€, &) }n>0 that gives rise to the solution x,(e,§) = &, + v,(g,§). From the
smoothness of the map {v,}n>0 — {f(&n + vn, &) — f(&n) — F (&) vn >0, We
obtain that (e, ) is smooth and that (4.2), (4.3) hold. O

Now we consider the function H: W; NU x W;j NU x (—gg,€0) — RY given

by
H(&n,e) = xg (€,€) — x4 (e,7).

Note that, because of the hyperbolicity of p, the map x,+1 = f(z,,¢) has, for
small |e|, a unique hyperbolic fixed point p(¢) such that p(e) — p as ¢ — 0.
Such a fixed point is C?-smooth in ¢ and the solutions of H(&,n, ) = 0 give rise
to orbits {x,(¢)}nez of the map x,11 = f(x,,e) that are homoclinic to p(e).
Moreover, if Uy € U; C U is an open, connected subset of U, the functions
zg(g,€), £ € Wp"' NU; and z; (e,1), n € W;j N Uy, describe open subsets of the
stable and unstable manifolds W;’(E) and W;‘(E) of p(e) that are also immersed
submanifolds in R™. So, denoting with Wps( o) and W;( o) these submanifolds of

RY, we see that the intersection number #(W;(E) NUy, W;‘(E) NU;) can be studied

by looking at the Brouwer degree deg(H (&, n,€), (WPS NUL) x (W;j NU1),0).

Thus, let ds = dim W;, and d, = dim W;j From the hyperbolicity of p we
get dy +d, = N, hence we can write RV = W, oW, W, ®V, where dimW, =
dimV), = p, Vit = W, & W, & Wy, dimW, = dg — pi, dimW,, = dy, — p1, and Ug is
an open subset of W,,. Then, replacing U and Uq with smaller, open, connected
and bounded subsets of R™ and R* respectively, so that (4.1) and Q C Ugq are
still satisfied, we can find open and convex subsets O° C W,, O* C W,,, O* C V,,,
containing 0, and a C'-diffeomorphism ®:Ug @ O° & O* @ O* — U C RY such
that the following holds:

®(a) = xo(er), for any a € Ug,
d(Ug @ 0°) =W:NU,
d(Ug @ O%) =WrNU.

Let E, 7 be the coordinates on W, W, and W, ®W,, respectively. Then possibly
shrinking Ug, O° and O" we consider, the function

H:([Ug & 0°) x (Ug ® O¥) — RN
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given by
H(E 7 e) == @ (ag (6, (€))) — D7 (x5 (e, 2(7))).
Obviously, f{r@, 7,e) =0 if and only if H({,n,¢) =0, and then

deg (H(&,m,2), (W NU) x (WENU),0)
= +deg(H(E,7,¢), (Ug ® O°) x (Ug @ O%),0).

Theorem 4.1 implies that f](g7 7,0) = € — 7 from which we get fI(a,mO) =0
and

A7)
~ ~ g ~ 11 0Ty ~ ~ _
G-t @ G 0.0@) - @I G2 0.0+ rE o)

where ||7(&,7,¢)|| = o(e) uniformly in (£,7) € (Uq & 0%) x (Ug & O%).

Let L: (W, & W) x (W, &W,) — RY be the linear map defined as L(E,7) =
g—ﬁ. We have L(g,?ﬂ = 0 if and only ifg:ﬁe Wyand RL=W,® W, W,,
so we can write RN = RL & V. Next, let VVIf- be a fixed subspace of (W, &
Ws) x (W, & W,) transversal to N'L = {(€,6): €€ W, }. Then, there exists an
open convex set O; C W~ such that 0 € Oy and for any (£,7) €0y and @ € Q
the pomt (&7 = (« +&a+ 1) belongs to (Uq ® O°) x (Ug @& O"). We define a
mapH 01 x Q — RV as

H(Ef,oye) = H(a + & a +17,e).

Let Q:RY — RY be the projection that corresponds to the splitting RY
RL &V, that is such that NQ =V, and RQ = RL, and set 7 = 7(§,7, o, €)
“r(a+ & a+1,¢e) = o(l). We write H(E,7, a,¢) as

H(E M, ae) = & =+ eHi (€7, . €) + e Hy (€, 7, vy )

where
A€ ae) = Q{[cb'(a + g2

- @+ ] S 000+ )+ 7.

Note that H1(§ n,a,e) € RQ and H2(§ M,o,€) € NO. Thus H(E, 7, a,e) = 0
if and only if § -0+ eH, = 0 and Hy = 0. Next we introduce the Melnikov
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function M:Q — NQ:

gl T
M) = (- Q@' () | 5 (0.au(e) ~ S0 0l

whose components with respect to a fixed orthonormal basis {e1,... ,e,} of V,
are:
* 5/ -1 al’(J)r ama
My(a) = €' (a) | S22 (0,20(a) — 2 (0, z0()

08 g ey O

=@ re] (%8 0.m(@) - % 0.20(w)]

oxd Oxy

—5(a)" | G 0.a0(0)) — S 0,20

where 9;(a) are defined by the equality. Note that for any v € T, wo(a)ﬁ//]f we have
Pj(@)*v = e;®' ()" 'v = 0 because V;- = W, @ W, & W, and &' (a)(W, & W,) =
TIO(Q)W;. Similarly ¢;(a)*w = 0 for any w € TIO(Q)W;. Thus the vectors 1; ()
are exactly the initial conditions to assign to the adjoint of the variational system
Unt1 = f/(zn(@))vy, to obtain solutions that are bounded on Z. Thus M («) is the
usual Melnikov function associated to the system x,, 11 = f(zn,€) (see [1], [4]).
We assume that
(H1) M(«) # 0 on 092,
(H2) deg(M,,0) # 0.
From the smoothness of the functions z (¢,€), zg (g,7), 7(£,1,€), zo(a) and
possibly changing O;, we see that
oz
Oe

Oy

500,77+ w0(a)) + 7€, 0,2)

(0, + zo(a))

is bounded on Oy x Q0 x [~g,]. Then we plug H(£,7,,¢) in the homotopy
ﬁ(f,ﬁ,a,&,t), 0 S t S 1 given by

H(Ef,e,0,t) = € — G+ etHy (€7, €, a) + ke (1) Ha (1€, 17, £, )

where k. (t) = et+1—t for ¢ > 0 and k.(t) = et — 1+t for ¢ < 0. Note that
|k (t)] > |e| and then k() # 0 for & # 0.
We have the following

LEMMA 4.2. Assume (H1) holds. Then, if the neighbourhood Oy is chosen
sufficiently small there is an g9 > 0 such that H(&, 7, a,e,t) # 0 for any 0 <
t<1,0< el <ep and (&,7,a) € I(O1 x Q).

PROOF. We have already seen that ﬁ(g, n,a,¢e,t) =0 if and only if E— n+
etHy(€,7,6,0) = 0 and ke (t)Ho(t€, 17, €, @) = 0. Now, if (£,7,@) € d(O; x Q)
then either (£,7) € 001 or a € 9.
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If (aﬁ) € 00, we have £ # 7 and then & — ﬁ—&—atﬁﬁ(aﬁ,aa) # 0 for &g
sufficiently small, because of the boundedness of

Oxy , ~ oz
5 (0:&+20(a)) = =

on 01 X Q x [—eg,&0]. If & € 9Q then M («) # 0. Since |k.(t)| > |e|, we get
ke(t)ﬁ2(té\7 t,;)\a€7 Oé) # 0

provided O; and |e| # 0 are sufficiently small. So again H({A, n,a,e,t) # 0 and
the proof is finished. O

(0,7 + zo(@)) + (€, 7, v, €)

Lemma 4.2 gives the next result.

THEOREM 4.3. Let O1 be as in Lemma 4.2. Assume (H1), (H2). Then it
follows that deg (f[(f, nya,e),01 x 2,0) #£0, for any € # 0 sufficiently small.

PROOF. Lemma 4.2 implies

deg (ﬁ(gvﬁvaa€7 1)701 X Q,O) = deg(ﬁ(gﬁ,a7€,0)701 X an)

o LER)
/e~ » 7
H 0) =
(fﬂ%faa, ) (sgnEM(a))
and L: VVML — RL is invertible. Thus
deg (H(E,7,,2,0),0; x ©,0) = deg (M, ,0) # 0. O

Possibly shrinking Ug, O® and O* and using similar arguments like in the
proof of Lemma 4.2 along with assumption (H1), we get H(g, 7,¢) # 0 for any
e # 0 sufficiently small and (€,7) € (Ug @ 0%) x (Ug ® O\ {(a + & a+17) |
aeQ, (£7)¢€ O1}. Then, because of definition and the connectedness of Ug,
we have

(4.5) #(W;’(E) SATANY U) — deg (H(¢,m,), (WS U) x (WA U),0)
= £deg(H(E,7,€), (Ua © 0°) x (Un © O"),0)
= ideg (ﬁ(a ﬁa Q, 5), Ol X Qv 0) # 0.

From (4.5) and Theorem 4.3 we finally obtain:

THEOREM 4.4. Assume (i), (ii), (H1) and (H2). Then there exists €9 > 0
such that for 0 < |e| < eq, it is nonzero the local intersection number of the stable
and unstable manifolds of the hyperbolic fized point of the map Tpni1 = f(an,€)
which is located near the fixed point p of the map Tpi1 = f(zy,0).

Consequently, Theorem 1.1 together with the assumptions (i), (ii), (H1) and
(H2) imply chaos for f(z,e) with e # 0 small.
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Finally, when f and z,(a),n € Z are all C®*-smooth, we note that from the
implicit function theorem we usually get that the existence of a simple root ay
of M(a) (i.e. M(ap) = 0 and M, () is invertible), implies the solvability of
H(&,m,e) =0 for e # 0 small. So we get a transversal homoclinic orbit of f(z,¢)
for £ # 0 small. Indeed, equating to zero the projection onto R of f[(g, 7, a,€)
we obtain the equation

€—f+eH (ET,a,e) =0

which can be solved by means of the implicit function theorem and gives unique
C'-smooth functions g(oz, e), N(a, ). Note that, because of uniqueness, we have
g(a,O) = 7(o,0) = 0. Plugging these solutions in the projection onto N'Q of
I?(SA, 7, a, €) we obtain the so called bifurcation function B: 2 x (—&g,e9) — R*,
(a,€) — B(a,€), whose components B;(a,€) are:

B(a,2) =45(0)" | 20 0,90+ E(or )

oxg . ~ ~
- 25 0,000+ 7(0,2)) + r(Een2) A, 00)|-
Now, it is not difficult to see that, for ¢ — 0, B(a,e) — M («), uniformly on
compact sets. We conclude this section noting that the condition that M («) has
a simple zero at some «q is equivalent to the fact that the function

o _ Oxg

M(a) = (wjmo)*[aa?(o,fo(@)) 9 (O’xO(“))Djzl "

yenn s

has ap as a simple zero. In fact both M(ag) = 0 and M(ag) = 0 mean
that (0xy /02)(0, ®(ap)) = (dxg /9e)(0, () and then the equality M, (ap) =
M, (ayg) easily follows from ®(a) = ().

5. Concluding remarks

REMARK 5.1. The diffeomorphism f of Theorem 1.1 has positive topological
entropy. This follows from [3, Lemma 1.3].

REMARK 5.2. Consider a C'-smooth diffeomorphism f: M — M possessing
two hyperbolic fixed points p1 and pz2, p1 # p2. If W and W, and W, and
W, are topologically transversal, respectively, then we can prove a similar result
for f like in Theorem 1.1.

REMARK 5.3. Let M be a smooth symplectic surface, i.e., dim M = 2, with
the symplectic area form w. Let f: M — M be a smooth area-preserving dif-
feomorphism homotopic to identity and exactly symplectic, i.e. f*(a) = a+ dS
for some smooth function S: M — R and « is a differential one-form such that
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da = w. Time-one-maps of 1-periodic Hamiltonian systems are such diffeomor-
phisms (see [9]). We note that any exactly symplectic map is also symplectic. If
M is exactly symplectic, i.e. w = da, and simply connected then any symplectic
map is also exactly symplectic. Assume that f has two hyperbolic fixed points
p1, P2, p1 # p2. Let us suppose that Wy NW2 # () and W5, N Wy # 0. If
Wy # Wy, and W, # W', and S(p1) = S(p2), then we can prove as in [9,
Theorem 2.1] that Wy and Wy, and W, and W , are topologically transversal,
respectively. Hence Remark 5.2 gives a chaotic behaviour of f.

This remark can be applied to the results of [2, Section 5, p. 703]. More

precisely, let us consider the equation
(5.1) i+ W(u,t) =0,

where W:R x R — R is C!'-smooth and 1-periodic in ¢. Suppose that (5.1) has
two different hyperbolic periodic solutions u; and us. Let ¢:R%2 x R — R2? be
the flow of & = v, v = —W(u,t). Then f(z,y) = ¢(x,y,1) is exactly symplectic
by taking

1
w:dm/\dyv Oé:—yd.lf, S(J;ay):_/ L(¢($aya3))d3,
0

where L is the Lagrangian of (5.1) given by L(¢) = ¢3/2—G(¢1,t), ¢ = (o1, ¢2),
0G /0u = W. Clearly the periodic solutions u1, us induce hyperbolic fixed points
(u1(0),11(0)) = wy and (u2(0),42(0)) = wa of f. Then S(wy) = S(ws) is a part
of the condition (1) of [2, Definition 2.1]. Hence w; and ws are on the same
action level for f in the terminology of [9, Theorem 8.1]. S is naturally related
to the action functional over H{ = {u € H._(R) : u(t + 1) = u(t) a.e. in R}
defined as u — fol(u(s)2/2 — G(u(s),s))ds on [2, p. 679)].

Hence the assumptions of Section 5 of [2] imply the validity of Theorem 1.1,
which is stronger than the results of Section 5 of [2]. On the other hand, the
main results of [2] deal with equations like (5.1) under assumptions on u; and
ug weaker than in this paper, namely u; and us are not hyperbolic but they are
the so-called consecutive minimizers, see [2, Definition 2.1]. Using variational
methods, chaotic bumping solutions are shown to exist in [2]. Finally we note
that for a C''-smooth 1-periodic Hamiltonian system

. oH . OH
(52) x__aiy(xayﬂf)v Y= %(xayvt)v

the time-one map is exactly symplectic with

w=drANdy, «o=zxdy,

S(a.y) = / (1 (g, (4, 8) — H(b (9. ))) dt,
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where 1) = (11,2) is the flow of (5.2). The action functional for (5.2) over H;
is given by

1 1
(@) = [ (030~ 0.0 dt = [ 50i0,0(0) - Hute). 1) .

where J = (31 (1)>7 u= (x,y) and (-, -) is the usual inner product on R?.

REMARK 5.4. Consider the second order equation & = g(z) + eq(t), where
z € R, g, g are C?-smooth and ¢ is 1-periodic. Suppose that the equation & = y,
¥ = g(z) has a homoclinic solution (p(t), p(t)) to a hyperbolic fixed point. Then

[e )

the Melnikov function has the form M(a) = [~ q(t + a)p(t) dt, see [1]. M(«)

is 1-periodic and fol M(a)da = 0. Hence if M # 0 then it changes the sign on
[0,1] and Theorem 4.4 can be applied.

REMARK 5.5. We claim that periodic points of f are dense in the set A,,.
Let 9 € A,. Then there is an F € £ such that P(J,(E)) = zo where J,(E) =
{z;}jez. Let E = {e;}jez. If Eis periodic then z is a periodic point of f. Let E
be non-periodic. There are unique E' € £, and ng € Z such that £ = o™ (E").
Now E’ is also non-periodic. We have J,(E') = f=2"%(J,(E)). The point
zh = P(J,(E")) can be approximated by the proof of Theorem 1.1 with periodic
points of f from A,. Of course the same hold for the point zo = f2"0¥(zy).
This gives the claim. We also get that the only isolated points of the set A,
could be periodic points of f and f depends sensitively on the set A/, of all
non-isolated points of A, that is there is a constant d > 0 such that in any
neighbourhood of zg € A/, there are x}, € A, and n{, € N such that the distance
between f™(z0) and f0(z}) is greater than d. We do not know whether the
periodic points of f in A, are non-isolated or not. On the other-hand, let either
Y, =A,or T, =A’. We extend the map 7, on the closure T,, of T,,. So T,
is compact but we do not know whether the unique continuous extension of
is one-to-one or not. The extension is made as follows: For any zg € T, \ T, we
take a sequence {z;};jen C T, such that z; — zg. Hence f2**(z;) — f2**(xp).
Consequently, for any N € N, the orbits { f2%(x;)}i=N, and {f2“%(z0)}¥=Ny
have the same oscillating properties between set K and point p for j large. This
implies the existence of the limit lim;_, o 7, (2;) := 7y (o), which is independent
of {z;};en. The continuity of 7, follows as in the proof of Theorem 1.1. Clearly
the extension m,, is onto & for the case T, = A,. If T, = A/, then 7, (YT.)
is dense in € and m,(Y,) is compact in €. This implies 7, (Y,) = £ also for
this case. The property m, o f?* = ¢ o m, follows from the limit procedure
x; — x9. Of course, T, is invariant for f2¢. For the case Y, = A, we again
have infinitely many periodic points of f which are dense in Y. For the case
T, = A/,, we have that any point xo € A/, is an accumulating point of periodic
points of f with periods tending to infinity. Iterations of those periodic points
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oscillate differently between the set K and the point p. Consequently, the map

f is sensitive on A/ in the following sense: there is a constant d > 0 such that in

any neighbourhood of zy € A/, there are z{, and n{, € N such that the distance

between f70(z0) and f0(x}) is greater than d.

(1]
2]

(3]
(4]

(5]
(6]

[7]
(8]

[9]

REFERENCES
F. BATTELLI AND M. FECKAN, Subharmonic solutions in singular systems, J. Differential
Equations 132 (1996), 21-45.

E. BoseTrTO AND E. SERRA, A variational approach to chaotic dynamics in periodically
forced nonlinear oscillators, Ann. Inst. H. Poincaré Anal. Non Linéaire 17 (2000), 673—
709.

K. BurNs AND H. WEIsS, A geometric criterion for positive topological entropy, Comm.
Math. Phys. 172 (1995), 95-118.

M. FECKAN, Chaotic solutions in differential inclusions: chaos in dry friction problems,
Trans. Amer. Math. Soc. 351 (1999), 2861-2873.

M. W. HirscH, Differential Topology, Springer—Verlag, New York, 1976.

K. MISCHAIKOW AND M. MROZEK, Isolating neighbourhoods and chaos, Japan J. Indust.
Appl. Math. 12 (1995), 205-236.

K. J. PALMER, Ezponential dichotomies, the shadowing lemma and transversal homoclinic
points, Dynam. Report. Expositions Dynam. Systems (N.S.) 1 (1988), 265-306.

R. SrRzEDNICKI AND K. WOICIK, A geometric method for detecting chaotic dynamics,
J. Differential Equations 135 (1997), 66-82.

Z. X1A, Homoclinic points and interactions of Lagrangian submanifolds, Discrete Contin.
Dynam. Systems 6 (2000), 243-253.

Manuscript received November 5, 2001

FLAVIANO BATTELLI

Dipartimento di Scienze Matematiche
Facoltd di Ingegneria

Universitd di Ancona

Via Brecce Bianche 1

60131 Ancona, ITALY

E-mail address: fbat@dipmat.unian.it

MICHAL FECKAN

Department of Mathematical Analysis
Comenius University

Mlynska dolina

842 48 Bratislava, SLOVAKIA

and

Mathematical Institute

Slovak Academy of Sciences
Stefanikova, 49
814 73 Bratislava, SLOVAKIA

E-mail address: Michal. Feckan@fmph.uniba.sk

TMNA : VOLUME 20 — 2002 — N° 2



