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UPPER AND LOWER SOLUTIONS FOR PROBLEMS
WITH SINGULAR SIGN CHANGING NONLINEARITIES
AND WITH NONLINEAR BOUNDARY DATA

DoNAaL O’REGAN

Dedicated to Andrzej Granas with admiration

ABSTRACT. An upper and lower solution approach is presented for singular
boundary value problems. In particular our nonlinearity may be singular
in its dependent variable and is allowed to change sign.

1. Introduction

The boundary value problem
p t2 )\2
- — | = t<1
y+(32y2 8) 0 0<t<l,
y(0) =0, 2y/(1) —(1+v)y(1l)=0 0<wv<land >0,

arises in nonlinear mechanics. The problem models the large deflection mem-
brane response of a spherical cap [3], [6]. Here S, = y/t is the radial stress at
points on the membrane, d(pS,.)/dp is the circumferential stress (p = %), X is a
load geometry parameter and v is the Poisson ratio.

Motivated by the above example this paper discusses the more general boun-

dary value problem

{y”+q(t)f(t,y):O for0<t<1,
y(0) =y'(1) +¥(y(1)) = 0,
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376 D. O’REGAN

where our nonlinearity f is allowed to change sign. Notice that f may not be a
Carathéodory function [2], [4] because of the singular behaviour of the y variable
i.e. f may be singular at y = 0. Examples are
fty) = t~lev — (1—t)~' and f(t,y) = @ —h(t), o>0

which correspond to Emden—Fowler equations; here g(t) > 0 for t € (0,1) and
h(t) may change sign. There are two main approaches in the literature to es-
tablishing existence for singular problems. The first approach is based on an
argument initiated by Habets and Zanolin [5], and the second approach is based
on ideas presented by Agarwal, O’'Regan and Lakshmikantham [1]. In this pa-
per we combine both approaches to obtain a very general existence theory. The
results presented are easy to state and apply in practice. However the proofs
involved are quite technical. It is also worth remarking here that other types
of boundary data and other types of singular problems could be discussed using
the ideas in this paper. To illustrate this we also discuss the problem

1

Swy) +a®fty) =0 for0<t<1,

I (1) = y(1) =

Jim p(t)y'(8) = y(1) =0,
in this paper. Here p € C[0,1]NC*(0,1) with p > 0 on (0,1). We do not assume
fol(l/p(s)) ds < oo but rather fol(l/p(s)) Jy p(x)q(z) dz ds < oo.

2. Existence theory

In this section we first discuss the boundary value problem

{y”+q(t)f(t,y):0 for 0 <t <1,
y(0) =y'(1) +¥(y(1)) =0,

where our nonlinearity f may change sign. We begin with our main result.

(1)

THEOREM 2.1. Letng € {1,2,...} be fized and suppose the following condi-
tions are satisfied:

(2) f:10,1] x (0,00) — R is continuous,
(3) q € C(0,1) with ¢ >0 on (0,1) and tq € L'[0,1],
(4) P:R — R is continuous

let n € {ng,no+1,...} and associated with each nwe have
a constant p, such that {p,} is a nonincreasing sequence
with lim, .o pn = 0 and such that

for 1271 <t <1 we have q(t)f(t, pn) > 0,
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there exists a function o € C[0,1] N C*(0,1] N C?(0,1)
(6) with «(0) = 0,¢/(1) + ¥ (a(1)) <0, a> 0 on (0,1]
such that q(t) f(t,a(t)) + &’ (t) > 0 fort € (0,1),

there exists a function 8 € C[0,1]NC*(0,1] N C?(0,1)

with B(t) > alt) and B(t) > pu for t € 0,1,

B'(1) +¢(B(1)) = 0 with q(t) f(t, 8(t)) + 8" (t) <0 for t € (0,1)
and q(t) f(1/2m0FL, B(t)) + " (t) <0 fort € (0,1/2m0F1).

(7)

Then (1) has a solution y € C[0,1] N C1(0,1] N C?(0,1) with y(t) > «(t) for
t € 0,1].

PrROOF. For n =ng,ng+1,... let

1 1
Ep = |:27L+171:| and en(t)zmax{w,t}, 0§t§1

and
fa(t, ) = max{f(.(t),2), f(t,2)}.

Next we define inductively

Gno (L) = [, (L, 2),
gn(t,x) =min{fn, (¢, 2),..., fu(t,2)}, n=ng+1,n0+2,...

Notice

ftz) < o< gnpa(tz) S gnlt,z) <. < gt 2)
for (t,x) € (0,1) x (0,00) and

gn(t,x) = f(t,x) for (t,z) € e, x (0,00).

Without loss of generality assume p,, < mingp,3,1)a(t). Fix n € {ng,no +
1,...}. Let ¢, € [0,1/3] be such that

alty) =p, and «(t) <p, fortel0,t,]

Define

on(t) = { Pn ?fte [0,t,],
aft) ift e (tn,1].

We begin with the boundary value problem

(8)

{ y' +aq(t)gh, (t,y) =0 for 0 <t <1,
Y(0) = pno» ¥' (1) + 95, (y(1)) =0,
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where
Gno (L ng (1) + (o, () —y) Y < an, (1),
o (t:9) = 4 Ino(,Y) an, (t) <y < B(1),
gno (t, (1)) +7(B(t) —y) y > B(t),
with
Y(BQA)) z>p(),
U, (2) = ¥(2) ane(1) = a(1) < 2 < 5(1),

P(a(l)) z < an,(1) =al
and r: R — [—1,1] the radial retraction defined by

u for |u| <1,
uw/|u| for |u| > 1.

r(u) =

From Schauder’s fixed point theorem we know [1] that (8) has a solution y,, €
C[0,1] N C*(0,1] N C?%(0,1). We first show
(9) Yno (t) Z Qng (t)7 te [07 1]

Suppose (9) is not true. Then y,, — an, has a negative absolute minimum at
7 € (0,1]. Now since ypn,(0) — au, (0) = 0 there exists 79 € [0, 7) with

(10) Yno (T0) — ang (T0) =0 and  yp, () — an, () < 0,1 € (70, 7).

Now either

(11) Yno (1) — ano (t) <0, t € (70,1]

or

(12) Ar > 7 with Y, (1) — an, (t) <0 for t € (19, 71)
and Yn,(71) — @y (1) = 0.

(note (11) occurs if 7 = 1).
Case 1. Suppose (12) occurs. Then
Yno (TO) — Qn, (TO) = Yno (7—1) — Qing (Tl) =0
and

Yno (t) — g (t) < 0, t € (70, 71).

We now claim
(13) (Yny — ny)" (t) <0 for a.e. t € (19, 71).

If (13) is true then

T1

o (1) — ng () = — / Gt )y, (s) — ally ()] ds for ¢ € (r0,m)

70
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with
- —t
Gon)n -t o et
G(t, S) — (t 71 )( 70 )
—710)(11 — 8
~ 01 for t < s <71y,
T1 — 70
so we have

Yno(t) — ano (t) >0 for t € (19, 71),
a contradiction. As a result if we show that (13) is true then we obtain a
contradiction in this case. To see (13) we will show

(Yng — Qng )" (t) <0 for t € (19, 71) provided t # t,,.
Fix t € (19, 71) and assume ¢ # t,,. Then
(Uno— ane)" () = =[a(){gno (, Yno (1) + (0 () = Yno ()} + 73, (2)]
) —la@{gno (&, a) + r(alt) = yno (1))} + " (B)] it € (tny, 1),
B { 1990 (1 o) + 7(Pg = s (1)} if £ € (0, no).
(a) t > 1/2m0+1. Then since g, (t,z) = f(t,z) for z € (0,00), from (5)

and (6), we have

(Yno— am,)" (1)

B { —la@{f(t ) +r(alt) —yn,(0)} + " ()] if t € (tn,,1),
—[a®L S, png) +7(Pno — Yno (1)) }] ift € (0,tn,),

<0

(b) t € (0,1/2m0+1). Then since

G () = max{f<2m1+1,x>,f(t,x)}

we have g, (t,7) > f(t,x) and gy, (¢t,x) > f(1/2"*! ) for z € (0,00). From
(5) and (6) we have

(yno_ aTLo)H(t)
- { —la@{f(t, ) + r(alt) —yn, (1)} + ()] if L € (tn,,1),

—la@O{f /2% png) +7(Pne = Yno )} i € (0, tn,),
< 0.

Now subcase (a) and (b) guarantee that (13) holds, so we obtain a contradiction.
Case 2. Suppose (11) occurs. Then

Yno (T0) — g (T0) =0 and  yp, (£) — an, (t) <0, t € (70, 1].
Essentially the same reasoning as in Case 1 guarantees that

(14) (Yny — ny)"(t) <0 for t € (19, 71) provided t # t,,.
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Notice (14) implies o, — yn, 1S convex on (7g, 1); to see this we need only note
that (g — Yne ) (tne) < (Ong — Yno )’y (tn,) since o' (tn,) > 0 (note if o' (t,,) <0
then there exists § > 0 with a(t) > a(tn,) = pn, for t € [tn, — 0,tn,), &
contradiction). Thus
[ng (1) = Yno (1)] = [ (T0) — Yno (70)]

1-— T0
> ang (1) = Yno (1) = (1) = yny (1)

This inequality could also be obtained using the mean value theorem for integrals

Y

o (1) = Y, (1)

on [tny,1] and [19,t,,] if tn, € (70,1) (again noting that (n, — Yng)~ (tny) <
(Qng = Yno ) (tny)). Now since yp, (1) < ap, (1) we have
0 < amg(1) = yno (1) < 0y (1) =y, (1) = o' (1) + 5 (o (1))
< —¢(a(l)) + ¢5, (Yno (1)) = —(a(1)) + P(a(1)) = 0,

a contradiction.
So in both Cases 1 and 2 we have a contradiction. Thus (9) holds. In addition
since a(t) < ay, (t) for t € [0,1] we have

(15) at) < any(t) < yny(t) for t € [0,1].
Next we show
(16) Uno(t) < B(t) for t € [0,1].

If (16) is not true then y,, — / would have a positive absolute maximum at
say 79 € (0,1]. We first discuss the case 79 € (0,1), so (yn, — 5) (70) = 0 and
(Yno — B)"(70) < 0. There are two cases to consider, namely 7o € [1/2"0F1 1)
and 7y € (0,1/2m0+1),

(a) 70 € [1/270F1 1). Then y,,(10) > B(70) together with g, (10,7) =
f (70, ) for x € (0,00) gives

¥no — B)"(70) = — (70)[9n, (70, B(70)) + 7(B(70) = ¥n, (70))] — 8" (70)

= = q(70)[f (70, B(0)) + r(B(70) = Yno (70))] = B" (70) > 0

from (7), a contradiction.

(b) T € (0,1/2m0*1). Then y,, (10) > B(70) together with

gno(TOax) = max {f<2n(];+13x>7f(7—07x)}

for x € (0, 00) gives

(s = 87 = = ) | mac{ (g 870 ) . 5o |

e (B(m0) — g <ro>>} ) >0
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from (7), a contradiction.
It remains to discuss the case 79 = 1. If 79 = 1 there exists §, 0 < § < 1 with
Yno (t) — B(t) > 0 for t € (6,1] and yy,(6) — 3(6) = 0. Now for ¢ € (4,1) we have

(Yno = B)"(t) = —a()[gn, (¢, B()) + r(B(t) — yno (1))] — B (2)-
Fix t € (§,1). If t € (0,1/2"F1) then

whereas, if t € [1/2"0F1 1), then

(Yny = B)"(t) = —a()[f (£, B()) + r(B(E) = yno ()] = B (2) > 0.
Thus
(Yno — B)"(t) >0 fort e (4,1),

S0 Yn, — 3 is convex on (4, 1). As a result y;, (1) = 8'(1) > yn,(1) — B(1) and this
together with /(1) > —(8(1)) gives

0 < yno(1) = B(1) <yp, (1) = B'(1) = =4y, (yne (1)) — /(1)

< =Py (Uno (1) +9(8(1)) = =(6(1)) +4(6(1)) =0,

a contradiction. Thus (16) holds, so we have
(17) a(t) < ang (t) < Yng (t) < By (t) for t €[0,1].

Also notice that 1} (Yn, (1)) = ¥ (yn,(1)). Next we consider the boundary value
problem
(1) { Y +qt)gh,1(ty) =0 for0 <t <1,

y(0) = pnot1, ¥'(1) + ¥5,41(y(1) = 0,

here
Ino+1(t, ng41(t)) + 1 41() = y), ¥ < ang41(1),
Ino+1(t,y) = { Ino+1(t,Y), g +1(t) <Y < Yno (1),
Iro+1(ts Yng (1)) + 7 (yno () — v), Y = Yno(t),
and

¥(2), ang+1(1) = a(1) < 2 <y, (1),

d(a(1), 2 <ang(l) = a(l).
Now Schauder’s fixed point theorem guarantees that (18) has a solution y,,+1 €
C[0,1] N C*(0,1] N C?%(0,1). We first show

V(Uno(1)); 2> Yne (1),
7/’;0+1(Z) = {

(19) yn0+1(t) > ()én0+1(t), te [07 1]
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Suppose (19) is not true. Then ypn,4+1 — Any+1 has a negative absolute minimum
at 7 € (0,1]. There exists 79 € [0, 7) with

Yno+1(70) = Qng11(10) =0 and  ynor1(t) — anet1(t) <0, € (70,7).

Now either

(20) yno+1(t) - ano-i-l(t) <0, te (7-07 1]

or

(21) { dm > 7 with yn0+1(t) — an0+1(t) <0 forte (T(),Tl)

and Yno+1(71) — Qngt1(11) = 0.

Case 1. Suppose (21) occurs. If we show

(Yng+1 — Qng+1)"(t) <0 for a.e. t € (10,71),

then as before we obtain a contradiction. Fix t € (79, 71) and assume t # t,,41.
Then

(Yno+1 — Ozn0+1)//(t)
- { =g gno+1(t; (b)) +r(a(t) = yngr2 ()} + " ()] if t € (tny11,1),
=g gno+1(t: pro+1) + 7(Pro+1 = Yno+1(1))}] if ¢ € (0, tng41)-
(a) t > 1/2m0*2. Then since g,,11(t,x) = f(t,z) for z € (0,00), from (5)
and (6), we have

"

(yno—H - ano+1) (t)
—lg@®{ft ) +7(at) = yne+1(E)} + ()] if t € (tngt1,1),
= —la@O{f(E, pro+1) +7(Pno+1 = Yno+1(1))}]
i 1€ (0,tny41),
< 0.

(b) t € (0,1/2™0F2). Then since gn,+1(t, z) equals

min{max{f(%jﬂ,a:),f(t,ac)},max{f(zmiz,x),f(t,x)}}

we have gn,+1(t,z) > f(¢,z) and

mani(tea) 2 min {1 (5w ) gz ) |
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for x € (0,00). Thus we have

(yno+1 - ano-‘rl)//(t)

—lg@O{f(# a(®) + r(t) = yngr1 ()} +”(B)] it € (tngta, 1),
< —la@®{min{f(1/2"F, prg1), F(1/270F2, prg11)}

+7”(pn0+1 - ynoJrl(t))}] ift e (07 tnoJrl)a
<0,

from (5) and (6) (note f(1/2"F p,.+1) > 0 since f(t, pny+1) > 0 for t €
[1/270%2 1] and 1/270+1 € (1/270+2,1)).

Now subcase (a) and (b) guarantee that we have a contradiction.

Case 2. Suppose (20) occurs. Then

Yno+1(70) — an41(70) =0 and  yno+1(t) — ang+1(t) <0, t € (70,1].
Essentially the same reasoning as in Case 1 guarantees that
(Yng+1 — Qng+1)"(t) <0 for t € (19, 71) provided t # tp,11-

As aresult 41 —Yng+1 is convex on (7, 1), s0 oy, 1 (1) =¥y, 11 (1) > angr1(1)—
yn0+1(1). Thus

0 < angt1(1) = Yno+1(1) < gy 11(1) = ypo 11 (1)
= /(1) + Pp 41 (Uno+1(1)) < —(a(1)) +4(a(l)) =0,

a contradiction.
So in both Cases 1 and 2 we have a contradiction. Thus (19) holds, so

(22) at) < apg+1(t) < Yng+1(t) for t €10, 1].
Next we show
(23) Yno+1(t) < yny(t) for ¢ €]0,1].

If (23) is not true then y,,+1 — yn, would have a positive absolute maximum at
say 7o € (0, 1]. Suppose first 79 € (0, 1), so

(Yno+1 = Yno)'(70) =0 and  (Yng+1 — Yn,)"(10) < 0.
Then yny+1(70) > Yn, (70) together with g, (70, %) > gny+1(70, ) for x € (0, 00)
gives
(Yno+1— Yno)" (70)
= — q(70)[9no+1(705 Yno (70)) + 7 (Yno (70) = Yno+1(70))] = Yn, (70)
— q(70) [9no (70, Yno (10)) + 7(Yno (T0) = Yno+1(70))] = Y, (70)
= q(70)[r(Yno (70) = Yno+1(70))] > 0,

Y
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a contradiction. It remains to discuss the case 7o = 1. If 79 = 1 then there exists
57 0< 0 < 1 with ynoJrl(t) — Yng (t) >0forte (57 1] and yn0+1(5) — Yng (5) =0.
Now for ¢ € (d,1) we have

(Uno+1 = Yno)" (8) = = a(8)[gno+1(t: Yng (£)) + 7 (Uno () = Yno41 ()] — iy, (1)
> = q()[gno (t; Yno (1) + 7 (Yny (1) = Yno 1 ()] — iy, (1)
= =4O Wny (t) = Yno+1(2))] > 0.
Thus Yn, 11— Yn, is convex on (6,1). As avesult y, 1 (1) —y;,, (1) > Ynor1(1) —
Yno (1) and so
0 < Yne+1(1) = Yo (1) < Y41 (1) = ¥y (1)
= Vo1 (Unot1 (1)) + P (Une (1)) = =9 (Yn, (1)) + ¢ (yn, (1)) = 0,

a contradiction. Thus (23) holds.

Now proceed inductively to construct yn,+2,Yne+3,--- - as follows. Suppose
we have y;, for some k € {ng + 1,n9 + 2,... } with ay(t) < yp(t) < yp—1(¢) for
t € [0,1]. Then consider the boundary value problem

(24) { Y+ q(t)gii (ty) =0, 0<t<l,
Y(0) = prt1, ¥'(1) + ¥4 (y(1) = 0;
here
grr1(t a1 (t) +r(ana(t) —y) y < arya(t),
i1 (ty) = 9 gr1(ty) g1 (t) <y < y(t),
Gr+1(t yk(t)) +r(yk(t) —y) y > yi(t),
and

Pye(1)) 2> yi(1),
Vi1 (2) = § ¥(2) ap1(1) = (1) < 2 <y(1),

Ba(l) =< agsi(1) = a(l)
Now Schauder’s fixed point theorem guarantees that (24) has a solution y41 €
C[0,1] N C*(0,1] N C?%(0, 1), and essentially the same reasoning as above yields

(25) a(t) < apyr(t) < yrga(t) < we(t) for t € [0,1].
Thus for each n € {ng,no + 1,... .} we have
(26) at) < yn(t) S yn—1(t) < ... <yno(t) < B(t) for t €]0,1].

Lets look at the interval [1/270F1 1]. Let
Ry = sup{lg(z) f(z,y)| : x € [1/2F 1] and a(z) <y < yn,(2)}.
Now, since y/, (1) = =7 (yn (1)), we have

(DI < sup  [y(2)| = Ko
2€la(1),6(1)]
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and so )
ly!,(t)] < Ko+ Rn, q(x)dx for t € [1/2™0F 1].
1/21L0+1
As a result
(27) {yn}oZ 1,41 is a bounded, equicontinuous family on [1/2™°F! 1].

The Arzela—Ascoli theorem guarantees the existence of a subsequence N,,, of
integers and a function z,, € C[1/2"*1 1] with y,, converging uniformly to 2y,
on [1/2"0F1 1] as n — oo through N,,,. Similarly

{yn}22 1,41 is a bounded, equicontinuous family on [1/2™0F2 1],

so there is a subsequence N,,,+1 of N,, and a function z,,41 € C[1/2"0F2 1]
with y,, converging uniformly to z,,,1 on [1/27072 1] as n — oo through Ny, 1.
Note 2pg+1 = 2n, on [1/270F1 1] since N,,,11 € Ny,. Proceed inductively to
obtain subsequences of integers

NTLUQNn0+12~-~2Nk2~--

and functions z;, € C[1/2*+1 1] with y,, converging uniformly to z;, on [1/2*+1 1]
as n — oo through Ny, and z; = zx_; on [1/2F 1].

Define a function y: [0, 1] — [0, 00) by y(z) = zx(x) on [1/2¥F1 1] and y(0) =
0. Notice y is well defined and «(t) < y(t) < yn, (£)(< B(t)) for ¢ € (0,1). Next
fix t € (0,1) and let m € {ng,ng + 1,...} be such that 1/2m*! <t < 1. Let
N}, ={n € N,, : n > m}. Now y,,n € N}, satisfies the integral equation

Yn(t) = yn(1) + ¢ (yn(1))(1 — 1) — /t (z = t)q(2) f(z, yn(2)) dz.

Let n — oo through N, to obtain

2m(t) = zm(1) + ¢ (2m (1)) (1 — 1) —/t (z = t)q() f(z, 2m(2)) du.

That is
y(t) = y(1) + $(y(1)(1 — 1) — / (2 — D)q(2)f (2 y(x)) da.

We can do this argument for each ¢ € (0,1), so y”(¢) + q(t)f(t,y(t)) = 0 for
t € (0,1) and y'(1) = —¢(y(1)). It remains to show y is continuous at 0. Let
€ > 0 be given. Now since lim,_,o yn(0) = 0 there exists ny € {ng,no +1,...}
with y,, (0) < /2. Since y,, € C[0,1] there exists §,,, > 0 with

Yn, (t) < e/2 fort €]0,d,,].
Now for n > ny we have, since {y,(t)} is nonincreasing for each ¢ € [0, 1],

a(t) < yn(t) < yn,(t) < /2 for t € [0,0,,].
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Consequently
alt) <y(t)<e/2<e forte(0,d,,]
and so y is continuous at 0. g

Suppose (2)-(6) hold and in addition asume the following conditions are
satisfied:

(28) qt)f(t,y) +a”(t) >0 for (t,y) € (0,1) x {y € (0,00) : y < a(t)}

and
there exists a function 8 € C[0,1] N C*(0,1] N C?(0,1)
with B(t) > pu, for ¢ € [0,1], 5/(1) + (5(1)) > 0
with ¢(¢) f (¢, 8(t)) + 8”(t) <0 for ¢t € (0,1) and
q(t)f(1/2m B(t)) + B"(t) <0 for t € (0,1/2"0F).

(29)

Also assume either

(30a) B(t) > a(1)

or

(30Db) ifx >0, y>0with e —y<¢(y) —¢(z), thenz —y <0

occur. Then the result in Theorem 2.1 is again true. This follows immediately
from Theorem 2.1 once we show (7) holds i.e. once we show ((t) > «(t) for
t € [0,1]. Suppose it is false. Then a —  would have a positive absolute
maximum at say 79 € (0,1) (if (30a) occurs) or 75 € (0,1] (if (30b) occurs).
Suppose 7o € (0,1) for the moment, so (o — 8)'(79) = 0 and (o — )" (70) < 0.
Now a(19) > B(79) and (28) implies

q(10) f (70, 8(0)) + o (70) > 0.
This together with (29) yields
(o = B)"(10) = o (70) = B"(70) = " (70) + q(70) f (70, B(70)) > O,

a contradiction. It remains to discuss 79 = 1 (only if (30b) occurs). In this case
there exists §, 0 < ¢ < 1, with a(t) — 3(¢) > 0 for ¢t € (6,1] and a(d) — B(5) = 0.
In addition for ¢ € (4,1) we have (as above), (o — )" (t) > 0 so a — 3 is convex
on (4,1). As aresult o/(1) — 3'(1) > a(1) — 5(1) so

0<a(l)= (1) <a'(1) = F'(1) < —h(a(1)) + ¥ (B(1)).

From (30b) we have a(1) — 8(1) < 0, a contradiction.



SINGULAR PROBLEMS 387

COROLLARY 2.2. Letng € {1,2,... .} be fized and suppose (2)—(6), (28) and
(29) hold. Also assume either (30a) or (30b) occurs. Then (1) has a solution
y € C[0,1] N CL(0,1] N C?(0,1) with y(t) > a(t) fort € [0,1].

REMARK 2.1. Assumption (30b) will play a crucial role when we discuss the
membrane response of a spherical cap. For example if ¢(z) = —apx for ap < 1,
then clearly (30b) holds.

REMARK 2.2. In (5) one could replace 1/2"! <t <1 with
(a) 0<t<1—1/27F
(b) 1/2ntt <t <1-—1/2"* or
() 0<t <1,
provided (7) is appropriately adjusted. For example if case (b) occurs then (7)
is replaced by
there exists a function 8 € C[0,1] N C1(0,1] N C?(0,1)
with B(t) > «a(t) and B(t) > pp, for ¢ € [0,1],
B'(1) +(B(1)) = 0 with q(t) f(¢, B(t)) + B"(t) < 0 for t € (0,1)
and g(t)f(1/2m*, B(t)) + B”(t) <0 for t € (0,1/2"0F1)
and q(t)f(1 —1/2mTL B(t)) + B"(t) <0 for t € (1 —1/2m0F1 1),

Next we discuss how to construct the lower solution « in (6) and (28). Sup-
pose the following conditions are satisfied:

let n € {ng,ng + 1,...} and associated with each n

we have a constant p, such that {p,} is a decreasing sequence
(31) with lim,, . pn, = 0 and there exists aconstant kg > 0

such that for 1/2"*! <t <land 0 <y < p,

we have q(t) f(t,y) > ko,

and
P(u) = —apu,0 < ap < 1, and there exists 7 € (0, 1)
(32) { with f(t,y) >0fort € [r,1) and 0 < y < ppy/1 —ap(l — 7).
Then the result in O’Regan ([7]) guarantees that there exists a « satisfying (6)
and (28) with «(t) < pp, for t € [0,1].
Combining the above with Corollary 2.2 gives the following existence result.

COROLLARY 2.3. Let ng € {1,2,....} be fized and suppose (2)—(4), (29),
(31) and (32) hold. Then (1) has a solution y € C[0,1]NC*(0,1]NC?(0,1) with
y(t) > 0 fort € (0,1].

Next we present an example which illustrates how easily the theory can be
applied in practice.
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EXAMPLE (Membrane response of a spherical cap). The boundary value

2 A2
y”—l—( —): for 0 <t <1,

(1+v)
-

has a solution y € C[0,1] N C1(0,1] N C?(0,1) with y(t) > 0 for t € (0,1].
To see this we will apply Corollary 2.3 with

problem

(33)
y(1)=0 for0<wv<1, A>0,

—(1 1
qg=1, ¢(Z):7( +v)2 and a():( +U).
2 2
Choose and fix ng € {1,2,...} with
1 1—v)(8+A\2)1/2 1 402
(34) <UZVBFA)E g L
9no/? 2A(1 + v) 9no+2 = 84 A2
Let
1
Pn = and ko= 1.

2n+2(8 1 \2)1/2
Clearly (2), (3) and (4) hold. Also notice for n € {1,2,...}, 1/2"*!1 <t <1 and
0 <y < p, that we have

A2 1 A (8427 A2
Ofty)> —m——m — — > —— = =
a(t)f(ty) = (32)22n+2y2 8 = (32)227+2,2 8 8 g
0 (31) is satisfied. Now let
1
ﬁ(t) = i + 2(n0+4)/2l)n0 = i +

2) 21 2m0/2(8 4 AZ)1/2

Clearly B(t) > pn,, for t € [0,1], and

, 1 (1+v)/1

B'(1) +¥(B(1)) :ﬁ_ ( 2”) (2)\ 9no /2 8+)\2 1/2>
_(17v)_(1+v) 1 >0

) 2 2m0/2(8 4+ A2)1/2 T

from (34). Also for ¢ € (0,1) we have
t? A?
50 + )6, 5(0) = —— -2
32(% 2/(8+A)/)

2(402) A2
- 3212 8

:0,
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whereas, for t € (0,1/2"0"1) we have

2 2
80+ a)f (o 00)) = ! S

32)22n0+2 ‘ 1 ’ 8
no _ -
(32) <2)\+2”0/2(8—|—/\2)1/2)
2 2
B+ A
= (32)2m0t2 8

from (34). Thus (29) holds. It remains to check (32). Let 7 = 1/(1 — ap). Now
ifte[r,1)and 0 <y < pny/1 — ap(1 — 7) then we have

72 _)\72>L2[1—a0(1—7')]2_)\72

ty) > —
fty) 255 -5 25 2. 8
21 —ag)® A 71 —ag)(8+ )22t 2
3202, 8 32 8
A2\ A2 PEANIDY
>r21—a)? |1+ 5> )| -S =1+ ) -5 =1.
>7°(1 —ap) ( + 8> 3 < + 8> 3

Thus (29) holds. Existence of a solution to (33) is now guaranteed from Corol-
lary 2.3.

Many other types of boundary data and other types of singular problems
could be discussed using the ideas in this paper. To illustrate this we consider
the boundary value problem

{ (1/p)(py) +at)f(t,y) =0 0<t<1,
limy o+ p(t)y'(t) = y(1) = 0.

A slight modification of the arguments in Theorem 2.1 together with the ideas in
Theorem 3.1 of [1] yields the following result. The details are left to the reader.

(35)

THEOREM 2.4. Letng € {1,2,...} be fized and suppose the following condi-
tions are satisfied:

(36) f:10,1] x (0,00) — R is continuous,
(37) p e C[0,1]1NCY0,1) withp >0 on (0,1),
(38) q € C(0,1) withq>0 on (0,1),

1 1 t
(39) /o p(s)g(s)ds < oo and /o p(lt)/o p(s)g(s) ds < o0,

let n € {ng,no+1,...} and associated with each n
we have a constant p, such that {p,} is a nonincreasing
sequence with lim, . p, = 0 and such that

for 1/27+1 < ¢ <1 we have p(t)g(t)f (¢, pn) > 0,
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(42)

D. O’REGAN

3 a function o € C[0,1] N C?(0,1) with pa’ € AC|0,1],
lim; o+ p(t)e/(t) > 0,(1) = 0,0 > 0 on [0,1)
such that p(t)q(t) f(t, a(t)) + (p(t)a/(t)) > 0 fort € (0,1),

there exists a function 3 € C[0,1] N C?(0,1), p3' € AC[0,1],
with B(t) > a(t) and B(t) > pn, fort € [0,1],

limy_os ()5 () < 0 with p(t)a(t)F (¢, 5(0)) + (PO (D))
fort €(0,1) and p(t)q(t) f(1/27*, B(t)) + (p(t)B' (1))’
fort € (0,1/2m0F1),

IN

0
0

IN

Then (35) has a solutiony € C[0,1]NC?(0, 1) with py’' € AC[0,1] and y(t) > a(t)
fort € 0,1].

(1]

2]
3]
(4]
[5]
[6]

[7]

REFERENCES

R. P. AGARWAL, D. O’'REGAN AND V. LAKSHMIKANTHAM, Ezxistence criteria for singu-
lar boundary data modelling the membrane response of a spherical cap, Nonlinear Anal.
(to appear).

L. E. BoBisuD, J. E. CALVERT AND W. D. ROYALTY, Some existence results for singular
boundary value problems, Differential Integral Equations 6 (1993), 553-571.

R. W. DICKEY, Rotationally symmetric solutions for shallow membrane caps, Quart.
Appl. Math. 47 (1989), 571-581.

A. GrANAS, R. B. GUENTHER AND J. W. LEE, Nonlinear boundary value problems for
ordinary differential equations, Dissertationes Math. 244 (1985).

P. HABETS AND F. ZANOLIN, Upper and lower solutions for a generalized Emden—Fowler
equation, J. Math. Anal. Appl. 181 (1994), 684-700.

T.Y. Na, Computational Methods in Engineering Boundary Value Problems, Academic
Press New York, 1979.

D. O’REGAN, Boundary value problems singular in the solution variable with nonlinear
boundary data, Proc. Edinburgh Math. Soc. 39 (1996), 505-523.

Manuscript received April 23, 2001

DoNAL O’REGAN
Department of Mathematics
National University of Ireland
Galway, IREALAND

E-mail address: donal.oregan@nui.galway.ie

TMNA : VOLUME 19 — 2002 — N°2



