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A NONSTANDARD DESCRIPTION
OF RETARDED FUNCTIONAL DIFFERENTIAL EQUATIONS

THOMAS ELSKEN

ABSTRACT. We develop a nonstandard description of Retarded Functional
Differential Equations which consist of a formally finite iteration of vec-
tors. We present two applications where the new description gives explicit
formulae. The classical approach in these cases only offers a method to
construct the solution.

1. Introduction

Differential equations where the derivative at a time ¢ depends on the state
before that time, so called Functional Differential Equations, and the important
special case of Retarded Functional Differential Equations (RFDE), play an im-
portant role in modeling (for some examples see e.g. [7]). The theory of RFDE’s
is much more complicated than the theory of ODE’s. This is due to the fact, that
the initial value lies in a functional space, so solving RFDE becomes an infinite
dimensional problem.

We will show, how using methods from Nonstandard Analysis it is possible to
transform this infinite dimensional problem into a formally finite one. (For those
not familiar with Nonstandard Analysis see, for example, [1] or [8]. A very good
introduction is the German book by Landers and Rogge [9].) Formally finite in
this context means hyper-finite, that is finite in the nonstandard sense. The key
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idea is to sample continuous functions at infinitesimal time steps. A function
is thus represented by a hyper-finite vector, and solving the RFDE becomes
an iteration of hyper-finite vectors.

The description one gets this way is an elegant and very intuitive one. More
important still, it opens the theory of RFDE’s to applications of many classical
results. In particular, the characteristic equation for a linear autonomous RFDE
becomes a polynomial.

The aim of this paper is a first presentation and development of the non-
standard approach. We shall show how to transform an RFDE, and that this
technique works for a quite general class of RFDE. We develop the linear theory
more in detail, in particular with respect to eigenvalues and eigenfunctions. Al-
though the aim of this paper is the presentation of the new approach, rather than
applications thereof, we have included two examples of new standard results.
Namely explicit formulas for the decomposition with respect to eigenfunctions,
and for exchanging eigenvalues. Both are straightforward applications of our
description.

To our knowledge Nonstandard Analysis has not been applied to RFDE be-
fore. But the idea of discretizing functions to represent them by hyper-finite
vectors is not new. Ben El Mamoune, Benoit and Lobry looked at these rep-
resentations in [2]. Discretizations of PDE have also been used. In [5] Delfini
and Lobry discretize the space variable to obtain a hyper-finite system of ODE
describing a PDE.

The paper is organized as follows: in Section 2 we develop the nonstandard
description for the general nonlinear case. In Section 3 we contemplate the linear
case, followed by the linear autonomous case in Section 4. The one-dimensional
linear autonomous case and the conclusion come last in Sections 5, respectively 6.

For those not accustomed with Nonstandard Analysis, we will very briefly
mention the notation we use, and the most basic features.

To practically every mathematical object and property there is a correspond-
ing one in the nonstandard universe. Typically they have the same name pre-
ceded by a “x”. For example [a,b], R, N, f: D — S become *[a,b], which is
contained in *R, *N and a function * f: *D — *S, respectively. (Apart from cer-
tain identifications the #-version can be thought of as the equivalence class with
respect to an ultra-filter of a sequence of the object in question.) The *-version
of a set contains the set itself, so N C *N and R C *R. Both *N and *R are
bigger than their counterparts: they contain infinite elements, and *R also in-
finitesimals. If the difference between two numbers a,b € *R is infinitesimal, we
say a is infinitely close to b, and write a ~ b. If the number a is finite, there
is exactly one real number ¢ € R which is infinitely close to a, it is called the
standard part of a: ¢ = °a.



NSA-DESCRIPTION FOR RFDE 155

The *-versions of properties are defined transferring the standard defini-
tions to the nonstandard setting. For example, a function f is *-continuous
at a point xg, if and only if for all 0 < £ € *R there is a 0 < § € *R, such that
|z — 20| < ¢ implies | f(z) — f(zo)| < € (it should be *|-| and * <, but usually
one does not put the “x” in these cases). Another example is finite. It becomes
x-finite, or, as it is also called, hyper-finite: a set S is hyper-finite, if and only
if there is an internal bijection between S and {1,...,N}, for an N € *N. “In-
ternal” is a somewhat more technical term. It assures the nonstandard objects
behave “well”, that is similar to standard objects. We don’t have the space to de-
fine “internal” properly, but as a rule of thumb everything is internal, which does
not depend on one of the following in its definition: finite, infinite, infinitesimal,
an infinite standard set seen as a subset of a nonstandard set. If an object is not
internal, it is called external. A few examples are: N = {n € *N : n is finite},
{z = 0}, [0,1] C *R (as opposed to *[0,1]) are all external sets.

Internal objects behave similar to standard ones, because we can apply trans-
fer to them. Transfer means, that a formal sentence is true in the standard uni-
verse if and only if its starred version is true in the nonstandard one. To make
this precise, we would have to define the formal language and the starred ver-
sion of a formula in this language, which is not possible within the scope of this
article. Most standard results can be transfered. For example, *R is an ordered
field (but not complete), *RM, M € *N, is a *-finite vector-space, endowed with
the obvious nonstandard versions of the normal rules and operations of a finite
dimensional vector-space. Another example are combinatorial formulas over N,

which are valid in a natural sense in *N.

Applying transfer to internal sets we get some useful rules. For example, an
internal *-bounded set A C *R has a supremum, a hyper-finite set B C *R con-
tains its maximum, and if an internal set contains arbitrarily large finite numbers,
it also contains an infinite number. The latter is called overflow. There is an ana-
log of it called underflow, which says, that if an internal set contains arbitrarily
small infinite positive numbers, it also contains a finite one. Similar rules hold for
infinitesimal /finite numbers. A common mistake is to apply these rules to exter-
nal sets, where they don’t hold (e.g. {z ~ 0} is bounded but has no supremum).

Before we start with the nonstandard description, let us introduce a few
notations we will be using throughout the paper.

r > 0 will be a fixed real number. For I a real interval let C'(I,R%), d € N\
{0}, denote the space of continuous functions from I into R¢ with the supremum
norm. If I = [—r,0] we just write C = C([—r, 0], R?). For a continuous function
x € C([-r,T],R%), z; € C denotes the restriction to [t — r,t] of z(t), ,(0) =
z(t+6):[-r,0 — R4 for 0 <t <T.
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Let Ty > 0 and © C C be open. For any continuous f: [0, T[] x  — R? and
d € Q) we contemplate the RFDE

(1) l'/(t) = f(t7xt)7 t>0, z=7.

Note, that we do not assume f to be Lipschitzian in its second argument, so we
do not have in general uniqueness of the solution of (1).

Finally, for the nonstandard description, M, N € *N\ N will be fixed hyper-
finite natural numbers with M/N = r.

2. The general case

We want to represent continuous functions by hyper-finite vectors in order
to be able to describe the solution of equation (1) by a formally finite iteration
of vectors. We start by specifying what we mean by representing a function:

DEFINITION 1. Let I C R be an interval with endpoints a < b. Fix two
hyper-finite natural numbers M, N € *N\ N with M/N = b — a. For any

r = (11,...,74)" € C(I,RY) and internal Y = (yp, ... Y_gip) € *RIM | we
say Y represents x, and write Y L x, if the following holds:
if j € {0,...,—M + 1} is such, that b+ °(j/N) € I, then y; =

(Y15 »yj.a)" satisfies y; ~ x(b+°(j/N)), ie. yju ~ zi(b+°(j/N))
foralll=1,....,d.

We have chosen the unusual notation Y = (yo,y—1,-.-,¥_37 H)t because we
think of the index as (infinitesimal) time steps.

It is clear, that we can represent complex-valued functions in the same way,
and also functions defined on an infinite interval. Only that in the latter case
one has to choose another “starting point” if b = oc.

Note also, that every continuous function can be represented this way, for
example by y; = *x(b+ j/N), since z is continuous if and only if *z(t) ~ z(to)
for all ¢t =~ to. But not all vectors Y € RAM represent continuous functions.
A necessary and sufficient condition is the following:

If j,l € {0,... ,—M +1}, j/N ~ /N and b+ °(j/N) € I, then y; ~ y,.

It is easy to see, that this condition is necessary. It is sufficient, because
y; ~ y for j/N ~ /N allows to define a function by z(t) := °(y;), for j/N ~
b—tel

We want to solve a differential equation, and derivatives can be approximated
by Axz/At, where we can use as an infinitesimal time step 1/N. This quotient
can give an iterative way to construct approximations y, to the solution (as
in the numerical Euler method). So, if we started with a vector ¥ € *RIM
representing a function x; € C, we could linearly join the points (¢ + j/N,y;),
j=0,...,—M + 1 to get a *continuous function, apply *f to it, to get the
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new approximation, which would be the first component of a new vector, the
others just being shifted copies of the old one. Thus we would get an iteration
of vectors, where each one would represent the solution z; € C' of equation (1)
for a certain time ¢. Only that this method is to restrictive. We can change * f
slightly and still the resulting vectors represent the solution. This freedom of
choosing a (internal) G “infinitely close to” f will be important later on. In this
context “infinitely close to” means the following:

DEFINITION 2. Let f, M, N as above and
S ={Y € *"R™ . there exists ® € Q, Y £ ®}.

G:{n/N :n € *N} x *R*™ — *R? is called infinitely close to f if and only if it
is internal and

°G(n/N,Y) = f(°(n/N),®)
for all °(n/N) € [0,Tf[ and Y € S representing ® € Q.

Now we are able to state how solving the RFDE (1) can be transformed into
an iteration by representing functions by hyper-finite vectors:

PROPOSITION 1. Let ® € Q C C, Q open, v, Ty > 0, f:[0,Ty[ x @ — R?
continuous, M,N € *N\N, M/N ~r, and G: {n/N : n € *N} x *R — R4
infinitely close to f. Assume Yo = (yo,-.- ,y—m+1)t L% ecQ Theny, =
Yns -+ s Ynnis1)t € *RM defined by:

1 n—1
n — Yn— 7G VR n—1y-:-+yYn— ¢ )
Y Y 1+N ( N (Yn—1 Y M))

or equivalently, with Y, = (Yn, ..., Yn—m+2)" € *RA(M—1)
v — <yn1 + £G((n—1)/N, Ynl))
Yo

is well defined for 0 < n < N3, where B > 0 is a real number. For 0 <t =
°(n/N) < B, Y, represents a function x; € C. The function xz € C([—r, B[, R?)
we get this way is a solution of the RFDE (1) on [0, O]

PrOOF. We will proceed in three steps: in the first one we show y, to be
defined for n big enough, in the second we prove that y,, represents a continuous
function z;, and in the last one, that the resulting function x(¢) solves the equa-
tion (1). The proof we get is at the same time an existence prove for equation (1).

For the first step we use a simple a priori estimate, valid (at least) for
n/N = 0, i.e. for infinitesimal times, to show existence of y,, for these n. Then
an overflow argument extends the existence up to a real time 5 > 0.

We claim that for (fixed) n/N ~ 0: (a) yp, is defined and (b)
1+ [[£(0,2)]los

e [~ oo < D



158 T. ELSKEN

We prove this by induction over n, which is allowed since all entities involved (Y,
G, (a) and (b)) are internal. Indeed (a) and (b) hold for n = 1, and assuming
them for 0 < j < n we see, that y, ~ yo ~ ®(0), hence Y;, = ®, so G(n/N,Y,)
is defined and °G(n/N,Y,,) = f(0,®). This gives the existence of y, 1, and

s =l = |56(57) | < FOOB+ )

and (b) holds for n + 1 too.

The claim has been proven, and (a) and (b) hold for all n/N =~ 0. But the
set of all n, for which y,, exists and (2) holds, is internal, hence by overflow there
is a real 8 > 0, such that y, exists and satisfies (2) for all 0 <n < Nf.

To prove the second step is easy. (2) implies y, ~ y; for all n/N =~ [/N,
n,l < NB. Thus Y,, represents a function x;. It is really the restriction x; of
a real function z(t), as defined before, because there is a shift in the definition
of Y,, with respect to Y,,_1.

For the third step — namely x(¢) is a solution of the RFDE (1) for 0 < ¢ < 8
~let 0 <nandt="°(n/N)< 3.We have

1 n—1
x(t) R Yn = Yn—1 T NG(N7Yn1)

n—1 .
:y0+;]ZG(]i,a ‘)Nyo-i-z f( ; xj/N)

t
%@@+Af@%ﬂ&

where in the second but last step we used that G is infinitely close to f, so that

(5) =1 (3 rom) =1 (3 m) = ()

and {||G(j/N,Y;) = *f(j/N,z;/n)|lcc : 0 < j < n—1} as a hyper-finite internal
set assumes its maximum.

Since in the above expression we have reals on both sides we have equality:

t
0 +/ f(s,xs)ds
0

z(t) is a solution of (1) follows immediately. O

The proof of Proposition 1 is very elementary. For a more restricted class
of RFDE’s, one could prove this proposition simply by transfer. Indeed, the
iteration describing the RFDE is nothing more than the numerical Euler-method
for solving differential equations with an infinitesimal step width. Hence, if this
method converges, by transfer the points y,, lie infinitely close to the solution.
(For more details on the Euler method see for example [4].)
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Our Proposition 1 resembles the Stroboscopy Theorem of Benoit in [1], which
has been formulated for ODE’s and which, roughly stated, says the following.
Given a sampling (t,,yn), 0 < n < ng, where the time steps are infinitesimal
(tn —tn—1 =~ 0), and (yn — Yn—1)/(tn — th—1) =~ f(yn—1), then (Yng,---,¥o0)
represents a function x(t) which is a solution of the ODE & = f(x).

Proposition 1 gives only a local solution. Of course, if Y,, represents a function
in Q for all 0 <n < N, i.e. if zg € Q, then one can apply Proposition 1 again
to extend the interval of existence.

We will always assume ( in Proposition 1 to be maximal, i.e. there is no
continuation of the solution z(t) on any interval containing [0,5] (8 = oo is
allowed).

ExamPLE 1. (i) If f(t,z;) = g(fgr x(0) df), g a continuous function, then
it is possible to choose G(n/N,Y) = *g((1/N) Zjlvigly_j). Indeed, if ¥ =
(Yo, ---,y_nra1)t represents a continuous function ®, then the sum is infinitely
close to the integral over ®, hence g being continuous, this G is infinitely close
to f.

(i) If 71,... ,7m € [—7, 0] are fixed numbers, g is continuous, and f(¢,z;) =
g(x¢(71),... ,x¢(Tm)), then it is possible to choose

G(n/N,Yn) ="9Unys- - s Ynm )5

where n; /N = 7; for all i.

3. The linear case

In this section we will assume f to be defined on R x C' and to be linear, so
we get the equation

0
(3) 2(1) = L(t)z, = / dln(t, O)]a(t +0), t>0,
where the d x d matrix function 7(¢,6) is measurable and of bounded variation
in § on [—7r,0] for each t > 0. Furthermore, we assume there is a function
m:Ry — R, Lebesgue integrable on each compact set, such that

Var[—r,o]n(ta ) < m(t)

We then have a global unique solution x: [—r, oo[ — R? of equation (3) (see e.g.
[7, Theorem 1.1, Chapter 6]).

With the remark after Proposition 1, we can assume Y,, defined in this propo-
sition to exist for all n € *N, and to represent z;, if n/N = ¢ is finite. Note,
however, that we assume the existence of a solution on the whole of R only for
convenience, everything works also for a function f defined only for ¢ € [0, T][.
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We are going to have a closer look at the properties of the iteration describing
an RFDE introduced in Proposition 1 in the special case of a linear f.

Of course, we want the map G mentioned in the proposition to share this
linearity. So we start by defining a special linear Gy. Subsequently we will give
sufficient conditions for how one can change a linear G describing the solution
of equation (3) without loosing this property.

To any Y = (yo,---,y-m+1)t € *R¥M we want to assign a *continuous
function P(Y):*[—r,0] — *R%. We do this by joining linearly in *R x *R? the
points (j/N,y;), for all —r < j/N < 0, and (—r,y_n4+1). Given a similar set
of points in R x R? and joining them linearly, we get a graph of a continuous
function. Hence in our case we get a *-continuous function defined on *[—r, 0],
to which we can apply *f.

Define Gy by

(4) Gy(n/N,Y):="f(n/N, P(Y)).

If Y £ ® e C, then P(Y)(#) ~ *®(6) for all § € *[—r,0], and the continuity of f
implies *f(n/N,P(Y)) = f(°(n/N),®) for n/N ~ t € R. Hence Gy is infinitely
close to f, and we can apply Proposition 1.

For fixed n € N the linear y,, — (yn + (1/N)G(n/N,yn),Yn -+ Yn—n+2)"
can be represented by a matrix, say Ay, € *RAMXAM yp 00 By Ljn € *RA*d
0<j7<M-—1,0and E; are the 0-matrix and the unit-matrix, respectively, we

can write
Ed + %Lf,o,n %Lf,l,n %Lf,Q,n T %Lf,Mfl,n
Ey 0 0 0
(5) Afp = 0 Ey 0 0
0 0 0 Eq 0 dM xdM

We summarize what we just did in.

PROPOSITION 2. Let f be as in equation (3), Gy and Ay, be as in (4),
resp. (5). Then for any ® € C, ® LYy € *R™ the iteration

Y, = Af,n—l}/n—la n>0

solves equation (3) in the sense, that for n/N ~ t € R we have Y, & z,,
and x € C([—r,00[,R?) is a solution of (3). We will call any A,, for which
above iteration solves (3) (in the sense of Proposition 1) a describing matriz of
equation (3), and say that the corresponding iteration describes this RFDE. If
Ky = [If(t, - )lloc, then for n/N &= t, Ly jn = (Ljjnki)i<ki<d,

. M-1 d
; <li .
(6) <1r§1,§%<d ZO lz; ILf,J,n,k,zl) < lim sup
J: =
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Furthermore, if A, € *RM*dM

it has the same form as Aj,, namely as in (5) with matriz-coefficients L;,, =
(Ljnki)i<ki<d, 0 <j < M —1. These coefficients satisfy for n/N ~t

o M-1
. > ]
" <II£I?%((1 Z Z |L17"»k7l|> > Ky

7=0 I=1

is an arbitrary describing matriz of (3), then

Also Zj]vigl |Ljnlloo is finite for these n.

PROOF. We have already shown everything but the inequality (6) and the
conclusions concerning A,,. To show (6) fix n € *N, n/N ~ t € R, then

M-1 d
. = . < |I* . .
max ZO ;len,k,zl [Gr(n/N, e < " f(n/N, oo - [[Pllos

and °||*f(n/N, - )|le < limsup,_,, K, implies (6).
If A, corresponds to a G(n/N, -) in Proposition 1, then Y, — Y, =
(1/N)G(n/N,Y,)e; and A, is as in (5).
Ej]\/igl | Ljnlloo has to be finite. Otherwise, let y_; € *R? be such, that
M—1 e e :
[Y—illo = L [I1Ljny—jllco = I Ljnlloc- >5—o [|Ljnllec infinite implies, there is
a ko € {1,...,d}, such that Zj]vigl | 2?21 Lj .10, 1Y—j,| is infinite. Choosing the
right sign of y_; we see, that

M—1, d ~1d
E E Ljmnkoty—ji| = E Ljn ko y—j.0
=0 '1=1 =0 1=1

is infinite, and
~ 1
Y (Yo, Y=—m+1)

T —M—1d
> i=0 2oi=1Ljn ko y—j,

satisfies: ¥ £ @ = 0 and G(n/N,Y) # 0. This is a contradiction to G being
infinitely close to f.

To show the inequality (7), let 1 > ¢ > 0 (in R) and choose an « € C such that
[#]loo = 1 and || (£, 2)]lcc = (1 —&)|If(t, - )loo. With Y £ 2 and n/N ~ t we get

NGn/NY)loo = It @)oo = (=)l f(t; )loo = (1 =) K,
and (7) follows immediately. O

In the last inequality of Proposition 2 we can have a strict greater. Indeed,

the next lemma will make clear, that Zjﬂigl |ILjnllco can be arbitrarily large
in R.

We now come to the question of how a describing matrix A,, can be changed.
Lemma 1 gives two ways to change the L; ., later (see Lemma 6) we will give

a necessary and sufficient condition for two describing matrices of the same
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autonomous RFDE, which involves the behavior of the describing matrix A on
a certain set.

LEMMA 1. For L, = (Lo, ..., Lar—1.) € *R>*™ n € *N, such that the
resulting G is internal, let A,(Ly,) denote the matriz as in (5). Let Yy = Yy &

® € C and construct for Ly, L, sequences
Yii1 = An(Ln)Yn,  Ypip1 = An(Ly)Y, forn € *N.

If for arbitrary finite ng /N, there is a K,, € R, such that for all 0 < n < ng we
have Zj]vigl |Ljnlloo < Kny, and if Ly, satisfies one of the following conditions:

(i) Z;Vigl szn — Ljnl|loc = Cn =0, for all finite n/N,

(i) for each m, n/N finite, there are a 6 = 0(n) € [—r,0] and finitely many
0<i<...<jm <M-1,°G/N)=0, forall1 <1 <m = m(n),
Lin=0Ljy, forje{0,... , M —1}\{j1,...,dm}, Ljn — Ljn is finite
forje{ji,...,jm} and

-1 m
> Lim—Lim=> Ljm—Ljn=0,
j =1

J=

then Yy, ~ Y, for finite n/N. In particular, if in this case Y,, represents a solu-
tion ¢, then Y, represents x; too.

Roughly stated Lemma 1 says: one can change (for a fixed time n) all coeffi-
cients Lj , by infinitesimal amounts, if the sum of the absolute changes remains
infinitesimal. Or one can change a finite number of coefficients which correspond
to a fixed real time (all j such that j/N ~ 6 € [—r,0]) by finite amounts, pro-
vided the sum of the changes (including signs) is infinitesimal. Of course, both
techniques can be combined and applied any finite number of times.

Proor. We show, that Y,, =~ 17N for all 0 < n < ng, for any fixed ng, ng/N
finite.
Let 6, = Lj, — Ljn, for 0 <n <ng, and ng/N =ty € R.

Yn+1 - An(zn)i}n

60,71 T 6M71,n
_ 1 M-1
=Y, + An(Ln)(Yn — Yn) + N ]z:;) 5j,n§n_je1.

Note, that 377" || Ljnlloc < Ko, implies [|Ay[lo < 1+ K,,/N. Note also, that
wlog we can assume K,, > 0.
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Proof that condition (i) is sufficient. The set {C,, : 0 < n < ng} is hyper-
finite, hence it has a maximal element, say C, and C = 0.

M-—1
~ 1 ~
B =Yoo < 5 3 185ms e+ (14 52 ) 192 = Yol
=0
C. - -
< - Yn [e'e) et Yn*Yn [e'e]
< STl + (14 52 1T - Yol

C+ K,
N

A

C ~
< Sl + (14 )% Yall

C C+Kn U
<2— max ||z(t)|le +(1 + 0) 1Yn — Yalloo

N —r<t<to N
=:5/N
§ & C+ Ky \"
< — 1 0
< (1)
_ i 1 - ((1 + (C + Kno)/N)N)(no+1)/N < (5(€K0t0 — 1)
N 1— (14 (C+ K,,)/N) - C+ Ky,

Since ¢ = 0 we have ffn“ ~ Y1
Proof that condition (ii) is sufficient. Let 0, := max{||d;n|lcc : 0 < j <
M — 1} (exists, because L,, and L, are internal), and j() ¢ {0,...,—M + 1}
such that j(® /N = 6(n), and the set {5 : 0 < n < ng} is internal. We have
M—1

Z 6'7":'7"_j + (
=0 oo

m

Z JunYn—jm

m

||i;n+1 - }/n+1||oo S N

Ky \ 1o
Yn - }/n o]
" )n ||

m

n yn —ji ynfj(n))

2 \

oo ‘ o0

=1
1

y”*jl ~ Yn—j )

’ oo

K ~
14+ =22)Y,, — Youlloo-
v ( + B ) 17, Yl
Since all objects involved are internal, the following maxima exist:

jmax - max{|jl _J(n)| 1 S l S m(”)y 0 S n S nO}

m(n)

Z 63'1,71

=1

1 —
=2 max ()] max

o0

m(n)
2 _
’ mX{ 2 Il%,nnw}

'maX{Hyll — Yy lloo 111 = l2] < Jmax, —M +1 <1y, lo <no},
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m(n)
®) = .
J Ogg;ggw{ 2 ||5gl,n||oo}-

We get

~ 5 4 52 54 + K,
1Foir — Yarlloo < S22 4 <1 RO

?nfyn [e B}
- F ) |7, - vl

and keeping in mind 6 ~ 0~ 6, 63 finite, we can conclude the proof as in
the former case. O

An easy example to illustrate Lemma 1 is the following:

ExaMPLE 2. Each of the following M x M matrices describes the same
RFDE 2/(t) =z(t — 1), t > 0:

1 0 - 0 = 10 0o 2
1 0 0 1 0
0 1 0 of, 01 o0 0|,
0 0 1 0 0 0 1 0
EF I BRI

1 0 0

0o 1 0 0

0 o 1 0

4. The linear autonomous case

In this section we assume the same conditions on f as in the former section,

with additionally L being independent on t. That is we contemplate the linear
autonomous RFDE

0
(8) 7' (t) = Loy = / dn(@)]xz(t+6) fort > 0.
Proposition 2 states that in this case there is a matrix
E+ % % cee L%fl
E 0 .- ... 0
(9) A= 0 E 0 - 0 ¢ FRIMxdM
0 - 0 F 0

which generates the describing sequence Y,, = A"Yy, n > 0, for initial value
Yo £ & € C. Asa comment, note that A is not compact as defined in [2],
although we shall see later, that it behaves very well.
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By Proposition 2 we have

M-1

(10) D ILjlle < K €R,
j=0

Let henceforth K denote this bound (but note that K depends on L;, not only
on the RFDE (8)).

The iteration Y,, = A™Y; can be completely described if one knows the eigen-
values and (generalized) eigenvectors of A. The special form of A in (9) allows
an explicit formula for the characteristic polynomial as well as the (generalized)

eigenvectors:

LEMMA 2. Let A € *R™M>IM po g5 .in (9). For A € *C define
L M1
(M _ \M-—1 M—1—jp _ spdxd
(11) B) = (W - AM B - ;:O: M1 ¢ ¢

and let B'(\) denote the component wise derivative of B(X). The characteristic

polynomial of A is
(12) p(A) = det (B()\)).
vg = vg(Ao) is eigenvector to an eigenvalue A\g € *C if and only if it has the form

)\éw_lwo

)\84_2100

(13) vy = : e*c*™M,
Aowo

Wo

vy = v1(Xo) is a generalized eigenvector of order 1 if and only if it has the form

(M — 1)/\3/1_2100 AM=1y,
M-3 0
(M~ 2)f\0 o Ao 2wy
v = ’ + S *(CdM,
2)\011)0
)\owl
wo
0 o

where 0 # wo, wy € *C? satisfy B(Ao)wo = 0 = B'(Ao)wo + B(Ao)ws .

PROOF. A straightforward computation shows: (A — AE)vg = 0 = vp is as
stated in (13). In particular, if Ag is an eigenvalue, p(\A) defined in (12) has a root
at Ao.
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A similar computation shows, that (A — AgE)v; = v, vg as in (13), v =
(V1115 5 v10)" € *CM implies

V1,5 :j)‘%_lwo =+ /\6U1,07 1<j<M-1,
1

- 1
UJO)\éW ' = vl,M—l(l - )\0) + N L]vl,M—l—]
j=0
Both equations together give
(M — 1))\(1)\472100 AM=1y
(M — 2)N\5" 3w, 0,
. Ao L0
e 2)\. * E
w
oWo Aovio
Wo
v
0 1,0

and
B'(Ao)wo = —B(Xo)v10
which proves v; to have the desired form.

Now assume for a moment, that there are only simple eigenvalues, i.e. there
are dM distinct eigenvalues. Then p(A) defined above has dM roots, and being
a normalized polynomial of degree dM it has to be the characteristic polynomial
of A. By continuity this remains true if we no longer have simple eigenvalues.
Thus p(A) is the characteristic polynomial and the proof is complete. O

Note, that it is possible to derive a formula for the case of generalized eigen-
vectors of order m too, but since this is tedious and we don’t need it we have
not done it.

Henceforth we will denote with p(A), B(\) and v = v(\) always the char-
acteristic polynomial and matrix of A, and its eigenvectors, respectively. We
will also say this not only with respect to to A but to the RFDE (8) they de-
scribe. But note, that in the latter case neither p(\) nor B(\) nor v are uniquely
determined. We will show later how they might differ (see Lemmas 5 and 6).

Y, = A™Yj can be described explicitly depending only on n, the eigenvalues
and generalized eigenvectors of A, if one has a formula for the coefficients in the
representation of Yy with respect to a basis of generalized eigenvectors. This can
be done if there is a basis of eigenvectors. But this we can assume to be the case
(using Lemma 1).

LEMMA 3. Let A1, ..., \qp be the eigenvalues of A with corresponding eigen-
vectors vy, ...,vamy € *CM wi, . way € *CY as in (13). Assume, that
the eigenvectors form a basis of *CM.  Let B(XA) be as in (11), and define

b, € *C™ by B(\) = ZinO MM=ib.. Then for each 1 < j < dM, there is
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a @; € *C%, such that w;B'(A\j)w; # 0 and w; L B(X\j)(* (Cd). Given such w;,
any Y = (Yo, »y_m41)t € *CM has a unique representation

dM
Y = ZO&j’Uj,
j=1
where for j=1,... ,dM

BiK(Y, ) 0 g S kA

w
14 .= —
)%= Z B, B/,
w;(yo + Z?ifl(Aé = Ay = (1/N) . 10>\l R Ly l)

w; B'(\j)w;

Proor. First we show, that such vectors ﬁ; € *C? exist. For this it is
sufficient to show, that B'(\j)w; & B(\;)(*C%).

If this were not true, i.e. there were a w € *C% B(\;)w = B'(\;)w;, then
Lemma 2 would imply the existence of a generalized eigenvector of order 1 to
the eigenvalue A;, hence we could not have a basis of eigenvectors of A.

To prove formula (14) for the coefficients it is sufficient to show w;, K (vj, Aj,)
=0 for jo # j, and K(vj, \;) = B"(\j)w;, jo,j=1,...,dM. Indeed, for jo # j,

M-1M-1

~ l—ky\M—-1— l
wi, K (vj, Ajy) = wj, E , E bk/\ /\ wj
k=0 I=k

U) _
JOA Z DAY T — AM=R )y,
jo

wj o

= m(B()\j) — B(\jp))w; =0

and
M—1

K(vj, A be(M — k)AY ' Fw; = B'(\))w;. O
k=0

REMARK 1. Every w; of Lemma 3 is an eigenvector to the eigenvalue 0 of
B'();). If \j is a simple root, then any eigenvector 0 # w; of B*()\;) to the
eigenvalue 0 suffices in Lemma 3.

PROOF. We only have to show w;B’(\;)w; # 0, if A; is a simple root of p(\).
So assume wlog w and w to be eigenvectors to the eigenvalue 0 of BY(\) and B(\),
respectively. We can write *C? = lin {@", 0s, ..., 04}, where lin {s,..., 04} =
B(M\)(*C), i.e. there are independent vs, ... ,vg4, such that v, = B(A)v;. There
are numbers g, . .. , g, such that B'(\)w = aqw’ + 27:2 ;.
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Now, if wB’(A\)w = 0, then
0=wB' (Nw—wB(\ Zawl = Waqw'

and a; = 0 follows. Hence in this case 0 = B'(A\)w + B(\)(— 27:2 aguy), and
with Lemma 2 A is an eigenvalue of order at least two, where we assumed it to
be a simple one. O

Now, changing the L; slightly, we can assume to have a basis of eigenvectors

*CM as in Lemma 3. It would be nice if eigenvectors would

and decompose
represent functions, but this cannot be expected because we have too many
of them. Indeed, if for example A = 0 is an eigenvalue, the corresponding
eigenvector is (0,...,0,w)t € *RdM, w E *Rd, which does not represent any real
function. On the other hand, any contribution due to this eigenvector decays
very rapidly. The next lemma shows that this is typical in the sense, that either

an eigenvector represents a function or decays very fast.

LEMMA 4. Let Ao = (1 + go/N)e°/N 4,00 € *R, po/N € [—m, 7], be
a root of p(\) with eq positive or finite. Then N (Mg — 1) is finite and °cy < K,
where K is the bound in (10). The corresponding eigenvector vy defined in (13)
represents a function:

vy = 0 gp: [—r, 0] — €,
where wy ~ & € C, and N(\g — 1) = o, or equivalently e + igo = po-
PRrROOF. First note, that if ey and g finite, then for n/N ~t € R:
— ((1 + eo/N)N)n/Neiapon/N ~ €Eot6i¢0t.
Hence in this case vg = ()\M L, . ... , dowg, wo )t € *CdM represents et (0+m)¢ .
Using a diagonal matrix D € *R™ with entries E,cE,2E,...,cM 1E,
E € R¥? the unit-matrix, and applying Gershgorin’s Principle to D='AD,

we find, that all eigenvalues \ satisfy at least one of the following inequalities
(Lj = (Ljir)i<tk<a):

1 | oM 1<
A—1- NLOJOJO Z &7 Lj 10,k + i Z |Logokl, 1 <1o<d,
k::l j=1 k=1
k#lo
A <e
For ¢ =1, we get |A] <1 or
d M-1 M-
1 1 K
A—1< — Loyl < = Lillo < =
| LN,;FOMJO’M_N;)” loo <
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and N(|]Ao] — 1) = g9 < K follows. For ¢ = (1 — m/N)~!, m € N, we get
A <1—m/N or

d M-1 —j —M+1
1 mY\ ’ K m
A1 <~ -2 nal <212
A1y 2 Y (1-5) < 3 (1-5)
k=1 j=0
K
= N(erm + infinitesimal),
and for g finite follows, N(A — 1) is finite too. O

We are interested in the standard solutions of RFDE. The next lemma links
eigenfunctions of the RFDE (8) with the nonstandard description:

LEMMA 5. Let p € C, £ € C?\ {0} and
S,={A=(1+¢/N)e¥/N c*C:° =Rep, °p=TImpu}.

The following are equivalent:

(i) z(t) = e*tH7)¢ Gs a solution of equation (8),

(ii) there are A € Sy, w = & such that B(A\)w =0,

(iii) for allx e S, wr¢: NB(AM)w =0,

(iv) there are A€ S, w~§: NB(AM)w =~ 0,

(v) for every Ao € S, w = &, there exist A; € *Cdxd 5 —=0,...,M—1,

;JM:BI 140 z;(), such that using Zj = L;+ A; to define an internal
B()\), we have B(Ag)w = 0.

PROOF. (ii)=(iv) is trivial.

(iv)=(v). Let A, wy be as in (iv) and fix Ay € S, wo = . We will
change only Ljp;_1. That is we set Ag = ... = Apy_2 = 0, and will find
a Ap—1 = Ap—1(Xo,wo), || Anr—1llso = 0, such that B(Ag)wo = 0.

Now if NB(Ag)wo = 0, then letting ip such that |wp ;| = max{|wp ;| : j =
1,...,d}, and setting A1 equal to the matrix, consisting of zeros and only
the ip-th column equal to

N

Wo,ig

B()\Q)U}O € *(Cd,

we get (Anr—1/N)wo = —B(Xo)wo, and thus B(Ag)we = 0. Also

N
1AM —1lloc = |7HB()\O)1UO||OO ~ 0.

0,0 |

So we only have to show NB(Ag)wp = 0. But

NB()\())U}O = N(B(/\()) — B()\l))wo + NB(/\l)(wo — ’LU1) + NB(/\l)wl
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and, for B(/\) = (bi,j()\))lgi,jgdy A€ SH’

M- 1
07,5 (] < [MAME = (M = DAY 2]6;5 + = DA Ly
l:O

M M—1
< M- 2<NA—1|+1)6,J+ A S 1L,
=0

M-—1
(1—|—eTRe“)(|/L|7"+2)51j +7( 2+erReu Z |Ll,i,j|,
=0

thus

NIBOW) — B e
M—1
< AN = M) [(1 -+ € W) (ulr +2) + (2 + e 1) 3 |Ll||oo}
=0

—infinitesimal - finite.

Similarly one can show N||B(A1)||oo to be finite, and we have N B(\;)(wo—w1) &
0. This together with the condition on Ay and w; show indeed NB(Ag)wp = 0.
(v)=(i) follows immediate from Lemma 4.
(i)=(iii). Let Ao € S,, wo ~ & and z(t) as in (i). Then 2z 2 vy =

A g, . .., Adowo, wo)t. We set Yy := vg. An easy induction shows
B(Ao)’wo
n—1 ) ) 0
Agvo — A™Yy = Z )\%Anflﬂ ) , n>1
Jj=0 ’
0

Since Afvg L Z 4 Y, = A™Y), for n/N =t € R, we get

B()\())’wo
n—1 0
(15) 0~ Y MAT :
§=0 '
0
Let proj:*C*™ — *C?% denote the projection onto the first d coordinates.

Then Z;wzal |Lj|loo < K implies for any Y € *C™ and 0 < j <n — 1:

[N proj (A" Y —Y)|oo
n—1—j n—1—j

<A Y proj (A(ATTY) = A7) [l < AP Z

=1 =1

n—1—j -1 n—j
K K : K
a3 (14 8) Wi ((14 ) -1l

=1

K
AT Y s
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There is a n1 € *N, ny /N % 0, such that

. _ 1
[Aproj (A" 1Y — Y)|loo < §||Y||OO foral0<j<n—1<n;.
Eventually decreasing n; slightly, we can assume Re )\6 >2/3forall 0 <j <ny.

Using this in (15) we have

B()\Q)wo
iy , 0
0 ~ proj Z NAm 1= :
=0 :
0
B()\Q)wo B(/\())’wo
n1—1 ) ) 0 0 n1—1 )
= Z Nproj | Am—17 : - . + Z Ny B(Mo)wo
j=0 : : j=0
0 0

= %X + ’I’Llc'lB()\())’wo7

where X € *C? || X||oo < ||B(Xo)wollse and C; € *C, |Cy| > 2/3.

Now we get easily || B(Ao)wo|loo < infinitesimal/ny and ny /N 2 0 yields (iii).

(iii)=-(ii). If Las—1 gets changed to Ly;—1 + A, then let B(\, A), A\;(A) and
w;(A) be defined accordingly. Fix A\g € Sy, wo = £. As in the proof of (iv)=(v),
there is a A &~ 0 such that B(Ag, A)wg = 0.

Now assume, that for no A € S,,, w =~ £ we have B(A)w = 0. Then there
is an internal path T'(t) joining A and 0 € *C%*“, which induces continuous
At), B(A,T(t)), w(t), lw(t)| = |wo|, satistying B(A(t), T'(¢))w(t) = 0 for all
0 <t <1, and A0) = Xy, B(A, T(0)) = B(MA), w(0) = wg. Since by
assumption we can’t have A(1) € S, together with w(1) ~ &, the path (A(t), w(t))
leaves S, x {w :w ~ &}.

We already know that (ii) implies (i), which applied to this situation gives
us an infinite number of Ji, £ forming solutions of equation (8) as in (i). These
1 and gare in a neighbourhood of p, resp. &, which cannot be. O

We can now use Lemma 5 to give a necessary and sufficient condition for
two matrices B(A) as defined in Lemma 2 to belong to the same RFDE. At the
same time we show, that if ijvigl |IL;lloc finite, then A (and B(X)) describes
an RFDE. Since, by Proposition 2, this sum is bounded if A describes an RFDE,
we have an equivalence: Zjvigl IL;]loo is finite, if and only if A describes a linear
autonomous RFDE.

LEMMA 6. Let

M-1
B(A) — (AM _ )\I\/[*l)E _ % Z )\]W*l*ij c *RdXd
j=0
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be internal and assume Z;Vigl |Ljlloc < K € R. Then B(X) induces a bounded
linear operator L: C — RY,

0
Lo = [ duo)e),

where 1(0), defined in (16) below is of bounded variation. B()) is the charac-
teristic matriz defined in Lemma 2 for the equation z'(t) = Lz, L as above.
Moreover, if there are two matrices By, By as described above, then there are

equivalent:

(i) B1(A) and Ba(\) are characteristic matrices to the same (linear au-
tonomous) REDE: 2/(t) = Lay, t > 0,
(i) if A€ S :={2€*C: 2= (14+¢/N)e¥/N, ¢, ¢ finite}, then

M-1 M-1

Z M—1-j WZ M-1-jr
)\ Ll,]N )\ LQ,]‘

=0 =0

PRrOOF. We could prove in an abstract way that B(\) defines a linear bounded
operator, but we prefer to construct 7() explicitly. For —r < 6 < 0 define 7(0)
by
0 >0,

- ( Lj) where n/N < —6 is maximal, —r < 0 <0,
n(6) = =

J

(16)

oy M-1
- < > Lj> 0 < —r
j=0
n(#) is of bounded variation:
Let —r =6y < ... < 0, = 0 with corresponding 0 < n,_1 < ... < ng =
M —1, n, :=—1. Then
° np—1
(2.5)

Jj=n;+1

n

S In0) = n0-1)lle =
=1

=1

o M-1
< (ZnLjnoo)szc
7=0

So we have a linear bounded operator L:C' — RY, L& = LOT d[n(0)]2(9).
To show, that B(\), respectively the corresponding matrix A as in [9], describes
the RFDE, let C 3 ® £ Y € *R™. Also let ¢ > 0 (in R) and take a division
—r=0y<... » = 0 such that

’ oo

<0
0 n
| [ amonae) - > o) - nes-yew)| <

=1

‘ (oo}

and (assume without loss of generality K > 0)
€

[8(6) = B(s)]loe < 5

for all t,s € [0;-1,0;], j=1,... ,n.
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Choosing n; in (16) to match 6; (n,, = —1)

0 M-—1 c n Tj—1 M-—1
WACCGIORS S L)~ Y Ly
—r =1 oo J=1 1=m; 41 =0 o0
n Mnj—1
£
< 54‘2 [ Lillool[@(05) — y—ill oo
j=1ll=n;+1
€ e M
§§+T _ Ljlloe <€
=0

and A indeed describes the RFDE.
Now we prove the equivalence (i)=-(ii). Assume there is a Ag € S, such that
;\ial(Ll,l — Lo )N % 0. An easy calculation shows: N|Bi(Ao)||eo is
finite if Im Ag = 0, then Im By (A\g) = 0 and if A9 &~ 0, then Im By (\g)/Im Ag is
finite. Hence there are finite A1, Ay € *R*? guch that A\gA; + Ay = NB;(\).
Define Ej()\) = B;(\) — (AMA1+Ag)/N, j = 1,2, then both Ej()‘) arise from
the equation

(17) 2/ (t) = Ly + ° (A1 + Ag)x(t — 7).

But Bi(A) = 0, NBa(ho) = — Y100 Ly — Laj)A)" ™77 # 0, and with
Lemma 5 the first equation implies e#°?¢ is a solution of (17) for arbitrary
£ € €9, the latter that there is a ¢ € C?, such that e0’¢ is not a solution.
This contradiction proves our claim.

(i))=(i). By and By define two bounded linear operators Ly, Ly: C' — R
The condition in (ii) implies L;(e"?¢) = Ly(etf¢) for all u € C, ¢ € R?. But
lin {€e"? . p € R, ¢ € R} is dense in C, so L; and Lo have to be equal on the
whole of C. O

We know, that if an eigenvalue is “big”, then the eigenvector represents
a function, and if it is “small”, the contribution due to this eigenvector decays
rapidly. In principle we could have an infinite number of eigenvalues very close
to each other, or we could have infinite coefficients, or the contribution of all
eigenvectors to eigenvalues having an absolute value less than a given constant
would give something big, and in each of this cases the respective partial sums
would not represent a function. We want the possibility to decompose C' with
respect to functions which are represented by eigenvectors, so we need to know
if above mentioned cases really occur. Lemma 5 essentially says, that we need
not worry. The contribution due to all eigenvalues having an absolute value less
than a given constant 1+ &/N, ¢ finite, is bounded by the exponential e (with
a finite coefficient). And the sum over all contributions coming from eigenvalues
which correspond to the same exponent p € C, grows less rapidly than e(Re#+e)t,
€ > 0 an arbitrary real number. There can still be infinite coefficients, even in
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the case of “big” eigenvalues, but they cancel each other to give something finite
(see also Lemma 9 in the one-dimensional case).

We need a technical lemma before stating mentioned results in Lemma 8.

LEMMA 7. Let T' C *C be a closed simple positively oriented curve. Assume
that no eigenvalue of A lies on I' and that in its interior lie only simple roots
of p(N\), say A1,..., Am. Assume there is a basis of eigenvectors vi,... ,vVam
of A with corresponding eigenvalues A1, ... ,Agp- Hence Yy € *CM has a rep-
resentation Yy = Z;lfl a,v;, a; as in (14). Then, for n € *N,

1 m
18 — [ X"B7Y V) K (Y, \)d\ = a; \Mw;.
(15) g7 B O VA = 3 s

PRrROOF. It is sufficient to show (18) for m = 1, i.e. there is only one simple

root A1 in the interior of I'. w; and w; are eigenvectors to the eigenvalue 0 of

B(\1) respectively Bf()\1), so we can extend them to form a basis wy, ... ,wg,
resp. wi, ... ,Wq, such that
(o dii(A) - dia(A)
D B (wy ... wg) = WBA)W = : : = D(N),
Wy dai(A) -+ daa(N)

and for A — A; D(A) tends to the Jordan normal form of B(A1), i.e. d; () —
djj(M)#0,5=2,....d,dj j+1(A) = dj j41(M) € {0,1}, 5=2,...,d—1, and
all other entries d; ;(A) tend to 0. Indeed, A; being a simple root of det (B(\))
implies 0 being a simple eigenvalue of B(A1), and dq,1(A1) has a simple root
at Aq.

For A # A1 on I or in its interior, D™'(\) = (¢; ;(\)) exists. Taking into
account, that all ¢; ;(\) are meromorphic functions, it is straightforward to show,
that ¢1,1(\) has a simple pole at A\; and all other ¢; ;(A) are holomorphic at A;.
Moreover, ¢1,1(A)dy,1(A) = 1 (A — A1), hence resy, c1,1(A) = (df (A1) ™" Now

1 1 ~
— [ A*"BTY VK (Yo, d\= — | WD Y \WEK (Y, \) dA
57 [ BT VKON A= 5 [ WD TR (Y.
(di; ()™ 0 - 0
0 0 --- 0|~
='W : | WK (Yo, M)
0 0
=N K (Yo )
_d/l,l(/\l) 1 0y N1 1-

On the other hand, D'(\) = WB'(A\)W implies dy1(N) = w1 B'(A\1)w; and (18)
follows immediately with (14). O
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LEMMA 8. Assumep(\) to have only simple roots A1, . .. , Aan, so that we have
a basis of eigenvectors vi,... ,vqn € *CM with corresponding wi, ... ,Wqn €
“C? as in (13). Let A = (14 2/N)e'®/N € *C, &, § finite, and Yy € *C™ bpe
a vector. WriteYy = Z;”:V[l ov; as in Lemma 3.

(i) For 0 < p; € R small enough

dM dM
7 e— \M—-14n_ = _ \M—14n,
Yn 1= E ;A wj = E a;A; w
3=0_ I=0
N(A;—X)~0 NIXj=Al<p1

satisfies for —M + 1 < n, n/N finite,

_ =~ E4+p1\"
(19) il = € (14 ) ol
for a CeR. In particular, y, is finite for these n, if Yy has finite
components.
(ii) Let p2 € R. Assume there are no roots of p(A) with N(|A| — 1) = pa.
Then
M
@\n = Z aj)\y71+”wj

A 1< T pa /N
satisfies for —M + 1 < n, n/N finite

~ ~ P2n
(20) il <€ (14 22) Mol

for a C eR. In particular, i, is finite for these n, if Yo has finite

components.

PrOOF. We will show (i) and (ii) by contour-integration. Let K be as the
bound in (10) and assume wlog K > 0. If I' C *C is a closed simple positively
oriented curve which does not contain any roots of p(A) we have by Lemma 7,
for n € *N,

1
ajMN'w; = — [ A"BTYA)K (Yo, A) d\.

2mi
j:Aj in interior of T’ r

We shall bound the contour-integral to show (19) and (20), with T a suitable
circle.

Proof of part (i). First note, that by Lemma 5 there cannot be eigenvalues
A with 0 # °(N(X — X)) arbitrarily small, hence for 0 < p; € R small enough:
NN — N<pe N\ — \) ~ 0, and both sums in (i) are equal. In particular,
we can choose T" to be the circle ]A— A| = p1/(2N), and for all A € T, 0 # & € C4
we have NB(A)€ # 0. Let

6 := min{||BA)w|le : A €T, w € *C?, |Jw|loo = 1},
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then Nd; 2 0 and || BY(\)]|oo < 1/01.
To bound K (Yp, A), note that for A € T

M-1 1

- z—% Z ZLk—l)\l_ky—l

0 =1 k=1

_ 1 _
<M1+ MDA = 1[Yollo + 5 (1+ N 7)(M = DYoo K

1K (Y0, A)lloc =

o0

for a constant C7 € R. Now we get the estimate on y,,:

dM
H%M=H S gty

=0
NIX;=X|<p1

1
/ ~ AyH”B—l(A)K(YO,A)dAH
IA=X|=p1/(2N)

p o \ M
so(vyray)  gGlml
1

and Né; # 0 gives (19).

Proof of part (ii). It is sufficient to show (20) for ||Yp|| = 1, which we will
assume for the rest of this proof. First we prove (20) for —M +1 < n < 2M
using part (i) of this lemma. There are only finitely many eigenvalues u of the
RFDE (8) with Re u > ps. For each of them

e}

oo

aM
E : Q;jU;

j=0
NOG—1)~p

is finite by part (i). Hence

dM dM
S\ T e =g Y apal Ty,
ReN(/\-gl)>p2 ReN(/\-El)>p2
are finite too, for —M +1 < n < 0, and thus also Y, = A™(Jo, ... ,J_n141)", for

0 <n < 2M. This shows, together with ||Y5||cc = 1, that (20) holds for these n.

For the rest of the proof let ny € *N be fixed, ng/N finite and ng > 2M.
Let T' be the circle |[A\| = 1+ p2/N. We can use the same technique as in the
first part only on part of I', so divide the circle into I'y, the part from e*** to
e!@m=¢1) and I'y the part from e~ 1 to ¢!, where

4dK —M+1
gpl—Tma {17(1—&—{])\?) }
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Note for later use, that 0 % N is finite and, for o1 < ¢ <,

—M+1
P2 g _q| > PL _ 90K P2
(21) ’(1+N)e 1’_ 5 2Nmax 1, 1+N )

To prove (20) we need to show

no
(22) H/ AMH”OBl(A)K(YO,A)dAH g@-(uf@)
Ly

for j =1,2. We start with I's. As in part (i) we can define

oo

8 := min{|| BA)w||os : A € T2, w € *C%, |Jw|loe = 1}

and by choice of ¢; and py, we can apply Lemma 5 to I's to find Nds % 0, and
B~ (N < 1/0.

Also as in (i), there is a constant Cy € R such that || K (Yp, A)|lcc < C2||Y0]loo
for all A € I's. Thus

H/ AM—H"OB—l(A)K(m,A)dAH
I

M+ng no
P2 1 P2
<2 1 = . < 1 r=
< <,01< +N> 5202C3< -I-N)

for a constant C5 € R. To prove (22) for I'; we need a lot more technical stuff.
The reason is, that we have to take into account the cancelation which happens
while integrating on the circle far away from 1+ py/N.

A first step is an estimate on B~1()\). For A € I'y, arg(\) < 7 and w € *C?
we have

M—-1
1
_ M—1 o M-1-17 .
BV Wl = lrgjz_ié(d{ AH A= Dy — I; ; A Ly jpwy }
d
> M—1yy _ g @ M-1
> e (VA 1] = (1, AP ol
L ae
> SIAMTHA = 1wl
using (21). Hence for these A
(23) 1B (Voo < 20A7MFHA =17

In a second step we reduce integration over an interval of length 27/(n+1— M)
to one over half of the interval. This is the cancelation we mentioned earlier,
which happens for (n — M)/N % 0. Assume n > M satisfies this condition, n/N
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finite, and ¢1 < @2 < o +21/(n+1— M) <, then

(24) / IA=14po/N /\nB_l()\) dA
p2<arg(A)<p2+27/(n+1-M)

po+2m/(n+1—M) n+1
_ p2 ip(n+1) p—1 P2\
= 1+ = @ B 1+ = )e¥|d

2

ntl gatn/(ntl-M) ;o ,
)L e (5))

2

L ein D)t/ (n41-20) -1 ((1 N ?é) ei(w+w/<n+1—M)))) do

P et/ (1= M)
—if1+2 /sz Bt (14 22 eitern/nii-an)
N) N

2

(5 (14 52) ) ap
where

(25) (%) =e“’<"+”B(<1 * @e%w(nﬂ—w))
1 ittt/ nr1-m) g (14 P2 e
N
M | |
= <1 —+ ?\?) el(n+1+M)LpezM7r/(n+1—M)(1 n elﬂ)E
M-1
_ (1 + ?\?) el(n-&—M)z;
.ei(M_1)7r/(n+1—M)(1 + ei(n+2—M)7r/(n+1_M))E

1 & M=1-j ,
Sy T (1+2) e
i(M—1—j3)7/(n+1—M) +e i(n+1)m/(n+1— M))

M—1
( + ) l(n-&-M)gaez(M Dr/(n+1— M)( _eiﬂ/(n+1—M))E

] M1 M—1—j

_ i(n+M—j)

A En(g) e
7=0

. (6( —j)m/(n+1—M) +61(n+1)7r/(n+1 M))

Now, using (23) and putting (25) back into (24), we have

H IAl=14p2/N
po<arg (A\)<po+27/(n+1—M)

n+l  apotm/(n+1—M) —2M+2
P2 p2
§4(1 + ) / (1 + )
N s N

A"B7L(A) d)\H

o0
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(L po/N)M L — /M| 4 (2K/N) max{1, (1 4 po/N)M 1} p
|(1+ po/N)eile+n/(n+1=M)) _1]|(1 + py/N)ei® — 1] ¥

P2 n+1 pot+7/(n+1—M) C4
<({1+= -~
N o N

[+ 8) o 8o i)
: (1 + (1 + %)2 - 2(1 + ?\?) cos(<p)>yl/2 dy

n+1
P2 Cy
<14 = —
_(+N> N

ot /(n+1—M) 1
[a (1+(1+pz/N)2—2(1+pz/N)COS(<P+7r/(n+1—M))

1
T (1+p2/N)? =2(1+ p2/N) COS(@D)) 4

for a Cy € R, where in the second but last step we used (n — M)/N = 0.

We apply this technique to a contour-integral over I';. To be able to do this,
let j1 = j1(n) be the number of intervals of length 27/(n+1— M) in the interval
[¢1, 7], i.e. the maximal hyper-finite number satisfying j; < (7 — ¢1)(n + 1 —
M)/2r. Then

oo
Fl o0

Im/w:1+pz/z\, )\"B‘l()\)d)\H
1 <arg (\)<m o

=2

J1
<2
=0

/ IAl=14p3/N A"B7H(N) d)\H
p1+i27/(n+1—-M)<arg (A\)<p1+(j+1)27/(n+1—-M)

/ . ATB=L(\) d

27 /(n+1—M)<arg (A\)<w

J1 n+1
P2 Cy
<2y (1+22 -2
= j_0< +N> N

oo

j=
+2

o0

p1+(2j+1)7/(n+1-M) 1
[ sornss T OF AR =a0T N ol T T W)

n+2—M
+ ! dot—" (1472
T+ (14 p2/N2 —2(1+ po/N)cos(p) ) ¥ " n+1-M N
n+1 w4n/(n+1—M)
S4(1+ pQ) G _dv

N) W~/ 5 (1+ pa/N) = 21 + pa/N) cos()
87(1 + po/N)mt2-M

n+1—M
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<4142 nto, 27N/ pa if po #0, N 87(1 + po/N)n+2—M
- N) N lcos(p1/2)+1 if py=0, n+tl—M

n
§C5<1+§)\?—> ’

where, keeping in mind N¢; is finite but not infinitesimal, C5 € R. Since
Y, = A"Y, = Zle ajAjvj, we have o (Y1) = )\j.w_laj(YO). We now prove
the inequality (22):

H/ AMH”OBl(A)K(YO,A)dAH
|1

o}

_ ’/ A BN K (Va1 \) d)\H
Iy

M-1
= H/ A B! ( Z Myar—1-1 — Z My
Iy =1

[
—_
\
—
~
=
L
b
L
e
|
>
<
S
L
L
N——
R
=
8

IN

AT BTN (yar—1-1 — Yar—2-1) d/\H

oo

AM=1+m0 BL()\)gq dAH
M—-1M-1

/)\no-i-l—kB—l()\)H 1 Lk—1lloo | Yar—1lloo
k=1 1=k 17T >

p2 TL()-‘rl
co(1+52) sy (s = v5-alle)
p M—1+ng
cor(1+82) Il

C M—1 M—1 P no+l—k
5 2
t 2 Ml ZE; (1+ N) 1¥ar—1 1

IN

p2\""
<ICM | max {1y = -1l + ot CuolVaralld(1452)

where all Cg, ... ,Cip € R.
For j > 1 we have |ly; — yj—1llco < (K/N)|[(yj=1,--. ,Yj—m)|loo, hence also

K
cmax vy = yi-illee < 57 (¥ar-tllee + [Yolloo)

and || Yar—1lee < (1 4+ K/N)M~1||lyg|/oo being finite implies (22). O
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5 The one-dimensional case

In this section we contemplate a linear autonomous RFDE in one dimension,
that is equation (8) with d = 1:

0
(26) 2 (t) = Loy = / z(t + 0) dn(0).

-r

In this case the iteration becomes Y,, = AY,,_1 € *(CM, where

1+k Lo .. %
1 0 0
0 o 0 1 0

L; € *R and by Proposition 2 Zjlvigl |L;] < K € R as before. The characteristic
polynomial is

M M-—1 1 = M—1—j
p(A) =AM — ) —NZLj/\ J
j=0

and the eigenvectors are of the form

/\M—l
v=2v(\) = : e*cM
A
1
If we assume Aq,...,Ap; to be the pairwise distinct eigenvalues of A with cor-
responding eigenvectors vy, ...,vpr, then Y = (yo,...,y_pa1)! = Z;‘il a;v; is

equivalent to

M—1 l _
KO S
() P'(N\5) ’

where p(\) = ZkM:O bpAM =k (28) is just formula (14) for the one-dimensional
case, with w; = w; = 1. A straightforward calculation shows, for a multiple

root Ao of order my we have generalized eigenvectors
M—-1\yM—1-m
(]V}n 2) )\?\4 )
- —Z—m
( m )AO

Vo,m = : G*CM, 0<m<mg—1,
()Xo ™
(m)A™
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and, for n € *N,
(n+M—1)>\n+M717m
0
(n+ﬂ—2) >\n+M727m
m 0

A0 = : e*c™, 0<m<mo-—1.

(n:;l)Ag-i-l—m

(x
It is also easy to see that for N(A\g — 1) = o € C (& Ao € Sy, as defined in

Lemma 5)
1 /n tm °fn
- n—m ., 7 pot — i
v (= e = (5)

or in other words: suitably normalized generalized eigenvectors represent (gen-
eralized) eigenfunctions of equation (26).

In Lemma 10 we will incorporate the last remark into Lemma 5, but before
we can do this we need a way to express eigenfunctions of higher order by a linear
combination of eigenvectors belonging to eigenvalues “near” to each other.

LEMMA 9. For a fixted 1 < mo < M let A\1,...,Am, be pairwise distinct
eigenvalues of A, with corresponding eigenvectors vi, ... ,vpm,. Definev;; € *cM
by

Vi = for 1 < l < mo,
1
Vit =~ (Vjo1g — vj_1yo1) for2<j <1< my.
J N()\l_)\jfl)( J J J )
Then
1 J v
(29) Vij = v . UL for 1 < j < my.
N m=1 ij=1 ()‘m - >‘k)
k#m
In particular in{v1, ..., Vme } =1n{v11,. ., Ving,mo }-
]f Z;n:ol Oéj’Uj = Z;r:l le/jd‘, then
mo j—1
(30) B; = N1 Z H()\l — Ay for 1 < j < my.
=5 k=1

If additionally there is a p € C, such that
AjES,= {)\ (1+;)ein €*C: % =Rep, ogolmu}, 1 <5 < my,

then, for 0 <n/N =t € R,

n t+r+0)y-! . .
31) A, L ((j_l))!eu(tJr W[ r 0] =€ for 1< j < mo.
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Proor. First we derive an expression for v;;, 1 < j <1 < mg:

1 i U, v
(32) Vil = o1 > - :

7L, = A (O )\+ 7Ly = A
m=1 Hkk;zl( m T k)( m T l) Hk=1( I k)

We prove (32) by induction over j. The case j =1 is trivial. Assume (32) holds
for 1 < j. Then for j+ 1 <1 < my:

1 Jj—1 v v
Vi1, = m [mz_:l (ij_ll A — M) A — A1) - ijzl (A — /\k))

k#m k#m

N o 3 v; }
[ =) THZi Oy = )

P -

: T
m=1 HZk;l ()‘m - Ak)o‘m - )‘l) Hi:lo\l - )\k)

and (32) has been proven. (32) implies lin{vy,... , v, =lin{vi1,... ,Vmg,mo}
and (29).
To prove (30) we use (29) and again an induction over j = my,...,1. For
J =mg
1 U,
UmoUmy = ﬂm — o — °
0 0 ONmO 1 k:Oll(AmofAk,)

and (30) follows.
Forj=j—-1

1
i—2 7172
NI=2 T 21 (Nj—1 = Ax)

+> 6 ! )

—177! L
I=j N Hk;{Z;il()\]il >‘k)

Qj 1V 1 =Vj_1° (ﬁj1

and
Bj-1 = N2 (/\j—l - )\k)aj—l - 167} = 7
k=1 = N (g — )

mo

Jj—2 -1 mo -1
i N _1(Am = Ap)

= N [Ty = Mo = Y w5 =
k=1 =5 NIzt m=l Hk:jo‘j—l — k)

m

. j=2 mo m ) Hl71 ()\ _ )\k)
ZN372H()\]‘_1 —)\k)ozj_l— ZamZNﬁZ lk:l .
k=1 m=j  i=j [TejNj—1 = M)
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We claim, for j < m < mg

Jj—2

(33) Z m= M) T O = A0

Hk j( j—1 = Ak) e

This immediately yields (30). Setting \;_1 = X\, the former is equivalent to

T 59_:1]‘_1()\m - >\k)

= =-1
2 H;_ju )
ey H m=e) [] A=) ==X =)
l=j k=j—1 k=1+1 k=j
m -1 m m—1
34 <) [[Owm=—2) [ O=2)=T]=x)
l=j k—_] k=l+1 k=3
m m m—1
54 Z H _/\k H )\ )\k H /\ /\k Am _>‘j)
l=j+1k=j k=Il+1 k=j+1
m m m—1
> H m = Ak) H(X—)\k)z H(X_)\k)
l=j+1 k=j+1 k=I+1 k=j+1

but the last equation is like (34), so applying these steps various times we see
(33) is equivalent to

X =Am) + Am — Am—1) = A — A1

and the claim has been proven.

Now assume A, € S, for all m. Fix a A\g € Sy, and define d,, = A, — Ao,
1 <m < mg. Then N, =~ 0. With formula (29) one can reduce the proof
of (31) to the proof of

1 A CON) T ey
NI=t = TPy O — Ak) (G — 1! 7
k#m

for —M +1 < n, n/N finite, and 1 < j < myg. Using the fact that N7 (?) )\gj ~
(°(n/N))ier(/N) /51 for finite j and n/N, it suffices to show

1 J )\%714’71 1 <M -1 + n> )\]W+nfj ~0
NI T, B —8) NTPN G=1 )7
k#m

for —M 4+ 1 < n, n/N finite and 1 < j < mg. If j = 1 we have equality, so
assume 1 < j < my.
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We claim for these n and j

)\M—l—i—n

(35) Z—, m(é =5
m=1 ; m

ijl
M—1+n
M =140\ min_j M—-1+n\ v 1in&
:( - ))\0 Y Al !

— k
k1=j !
klfl k271 ] 1— 1
k1 —1—ko ko—1—ks kj1—1—k; ck;
E 07 E 0s . 6j71 (5j .
ko=7—2 ks=j—3 k;j=0

Indeed, both sides of (35) are the leading coefficient of the polynomial interpolat-
ing the function (A\g+x)™ ™1~ in §;,...,d;: the left-hand side is the expression
we get by the Lagrange formula, and the right-hand side is due to Newton’s

formula. To see the latter, note that for pairwise different d;,,... ,d,
M—1+n
[all...5lj}._< i )A Y b A 1
ki=j
k}lfl ] 1— 1
ki—1—k 1—k;
IR S
ko=j—2 ;

satisfies the inductive rule for Newton’s formula, i.e.

M—1+n
M—-1
= 3 (M et g
k1=0

and
= [611...61].]—[611. 0,0
g+l 01, — O,

(Note, that the order of the entities in the square brackets is of no importance

j—17? j+1]

(01, ... 6,

J+1

for the Newton interpolation.)
With the claim above, and defining § = max{|o|, ..., [0, |}, ¢n = max{|X)| :
0<j<M-14n}, wegetforl<j<mg, —M+1<n,n/N finite

J —14n
(36) NI Y —m A (M H”)AM*" J
m=1 ijzl (6m — Or) Jj—1
k#m
M—1+n k1—1 ko—1
Cn M—-1+4+n\ 4 i1
S Sl AR EEE Sl S o
ki1=j ko=j—2ks=75—-3 k;=0

M— M—

_ Cn zl:""" M—-1+n sh—it k1 _ Cn, zl:-l-n 5

Ni—1 = kl j—l Ni-1 o ks
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defining S} in the last step and using
ko—1 k1—1 kpm—1—1
k
BID DI ST (]
}Cl m—1 k:g m—2 "L—O

Now for n/N finite,

S M—-1 —k M
et ) +n. <46 +nz0,
Sk k+2—3 2

where we used N6 ~ 0. For these n we conclude

(36) < 5715 M§5n< A[+”>k]

o (M=1+n)lj 1= (8(M +n)/2)M+n=i
~ Ni—1j(M —14n—j)! 1—0(M+n)/2
< finite - infinitesimal = 0,

which finishes the proof. O
LEMMA 10. Let u € C, my € N, and define as before
S, ={\=(1+¢/N)e¥/N c*C:° =Rep, “Impu}.

Then following conditions are equivalent:
(i) for all 0 < m < mg, z2m(t) = ((t+7r)"/m)e! ) s a solution of
equation (26),
(i)
(iii) for all0 <m <mg and A € S, : N~ F1pm(\) =~ 0,

(iv) for all 0 < m < myq there ezists a \p, € S, : N~™H (m)(/\ )~ 0,

(v) for all \g € S, there exist A; € *R, such that Z |A | ~ 0, the
internal pa(X) = p(A) + (1/N)Z AN 1T g the characteristic
polynomial for the disturbed matriz AA, and pa(\) has a root of order
mo+ 1 at Ag.

p(A) has mo + 1 roots (counting multiplicities) in Sy,

ProoOF. For my = 0 Lemma 10 is just a special case of Lemma 5 for d = 1.
Hence we can inductively assume that all statements are equivalent for mg—1 > 0
and have to prove the equivalence for mg.

(ii)=-(i). If we change the L; slightly to get pairwise distinct eigenvalues, we
can apply Lemma 9 to get the desired solution of the RFDE. Since the existence
of such solutions is independent of the particular description, (i) follows from (ii).

(i)=(iii). The proof runs along the same lines as in Lemma 5. Fix a A\g € 5,
and set for finite n/N:

M—1+j
7 L t _ — M—1+j—m
mo,n (Umg,na“wvmo,nfM«kl) y  Umg,j = N mo( )\0 o

mo
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Then for t =°(n/N)

A (t+r+06)mo h(t+r+0).

Vm n
0> m(]!

[t —rt] — C.

For these n we have 0 = A"V,,,.0 — Ving,n- Now, if e; is the first unit vector,

(Agp(Ao))(mo)

AVmg,n = Vmg,n+1 — Nmom()!

and, for n/N finite,

n—1

1 . .
(Mp(Ag)) M) A1 ey
=0

- Nmﬂmo! -
J

1 (mo) o J An—1—j iy mo p(l)()\o)
:7Nm0mo!p ()\O)Z)\OA er — Z ( ] )Nmﬂmo'

37) 0

j=0 1=0
n—1 |
. g JjG=1...J—mo+1+ 1))\307m0+lAn_1_361.
j=0

Assuming by induction N~1p0)(X\g) = 0 for 0 < 1 < mg (my is finite!), we see
that the last sum is infinitesimal.

As in the proof of (i)=-(iil) of Lemma 5, there is a n; € *N, ny/N % 0, such
that for arbitrary V e *CM

; - 1
IN(APIV — V)ey| < §||V||Oo forall0<j<n—-1<m

and Re X} > 2/3 for these j. Using this in (37)
1 ny ' ni
0~ 7Nm0molp(m°)()\0) ( Z X)(A™M e —eq) + Z Xjer ),

=0 =0

| " |Z2n1/37n1/2:n1/6

and the choice of n; implies 0 /& N =m0t 1p(mo) (\q).
Proof of (iii)=-(iv) is trivial.
(iz):>(iii). We only have to show N"”U“‘jp(mﬁ)()\) ~ 0, for all A € S,. So
fixa A €S, and let A, as in (iv). Set 6 := A — A\, then
~ MZmo /avr —m
PN =M(M-1)...(M—mg+1) Y ( ; 0
§=0

M—1—mg
R Sl G

Jj=0

M—mo—jsj
))\mo 0—J 87

) AM—1-mo—jsJ
mo

M-—1
S LM —1-1)...(M—1-mp)
1=

1
N
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M—1—mg—I
. Z <M -1 _ mo — l) A%O—l—mo—j—laj

i=0 J

=pMm) (A )+ 0 [M o (M —mg + 1)§Mmo—t
+(M—=1)...(M—mo+1)
M—mo—2 .
, T (M —mo)(M —mg — 1)(mo + 1+ j)
2 ( (J+ )M —mg—1-j)
_ M(M—mo)(M—mo—l)
* G = 1) (j+1)(M—m0—1—j))
.<M—2—m0
J

=0

M—2—mo—j 5j
)/\mo 0 jaJ
1 M-1
-5 S L(M—=1-1)...(M~1-mp)
=0

M—2—mo—I
) ZO M—Q—mo—l M_l_mO_ZAM—Q—mO—j_ldj
=0 '7 J+1 "

J
=p{"0) (Ao ) + 0L,

where we define [#*] in the last step. Keeping in mind N§ ~ 0, it is sufficient to
show N~™0[xx] to be finite. This is not difficult. Let

(M =2—=mg\ (M —mg)(M —mg —1)(mo +1+7) M—2—mo—j|5|j
S; = , . . | Amo | |,
J G+ 1M —mo—1—7)
then
|k ] [N
M\ ™ MN\™
< . M*lfmo - _
<(¥) e (¥) w
M—2—mg
M —mg—2 -
5= (85 g = 101 ) (M0 s
=0 J
M mo+1 M-—1 Mmoo
H(F) X I+ 1)

=0
mofl 1

M—2—mg mo+1
M M [P
< il § . mo

M m0+1 M—m0—2 —mo—l
& K max{(|Am,| + 10]) s ([Amo | +161) }
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But
Sj+1:(M_m0_j_1)(m0+2+j) 19 <2M|é| =0
S, o+ 140G +2) Pl ’
and
M—2—mg M2 mo
1 (M — my (mo +1 —2— ] 1
N X Si< 0t D 2 (2M gl = fnie
=0 =

follows, which in turn yields N~™0|(xx*)| to by finite too.

(iii)=(v). Fix Ao € S,. p(A) having a root of order mg + 1 at Ao is equiva-
lent to the existence of a solution (Ag,... ,Ap—1) of the system of linear equa-
tions described by

At A2 Ll 1 —N'p(Xo)
ML\ =2 Mo2pM=s 0 —N°p(Xo)
(38) (M—1137(2M—2) )\éwfa (Z\/I—2]\)](21\/I—3) )\(1;474 o % 00 —N"" (M)
(M*I)Z-V-;y(j(‘)/ffmo))\8/1*1*""0 . 1\712:) 0 ... 0 _N—moJrlp(mo)()\O)
has a solution (Ag,...,Ap—1). Choose 0 < jo < ... < jme < M — 1, such that
for t, = °(jm/N), m = 0,... ,mg we have: tg < ... < t;,. The system above
has a solution, if there is a solution considering on the left-hand side only the
columns jo, ... , jm,. But this reduced (square) matrix is infinitely close to
eM(T—to) eﬂ(r_tl) . e“("‘_twm)
(1 — to)er(r—to) (r —ty)err=t) ... (r — tmo)eu(rftmo)
R =
(T‘ _ to)moeu(rfto) (7’ _ tl)mo eu('rftl) . (7” _ tmo)mo ep(rftmo)

This is an invertible matrix, and (R, ) — R~ 'x is continuous. By (iii), the right-
hand side of (38) is infinitely close to 0 € R™0™!. Continuity now implies (38)
has a solution A; =0 for all j € {0,..., M —1}\ {jo,.-- ,Jme}, and A; = 0 for
J € {Jo,--- +Jme}- Since myg is finite, (v) has been proved.

(v)=(ii). Fix Ao € S, and let Ag,..., Ay _1, 300" |A;] & 0, such that
pa()) has a root of order mg + 1 at Ag. Now let I': *[0, 1] — *R™ be an internal
path joining (Ag,...,Ap—1) with 0. For 7 € *[0,1] we have corresponding
characteristic polynomials pr(,y(A), and continuously depending roots A, (I'(7)),
0 <m < mg. If all A\, (T'(7)) € S, we are done. So assume that at least one A
leaves S,,. But then by Lemma 5 (or Lemma 10 and my = 0), we would have
solutions e#(7)(t+7) of equation (26), where C 3 u(7) # u connects continuously
with p. This cannot be, hence indeed no A, (7) leaves S,,, and for 7 = 1 we have
(at least) mo + 1 roots in S,. O

Lemma 10 implies, that in any S, there can only be finitely many eigenvalues
of A. If we have exactly mo € N eigenvalues within one given S,,, say A1,... , A,



190 T. ELSKEN

we can change in the representation Y = Z -1 aj v; the part belonging to these
eigenvalues. We use Lemma 9 to do this, and get Zj:l v = ijl Bjvj ;. The
new representation uses vectors v; ; representing linearly independent eigenfunc-
tions instead of eigenvectors. These sums represent some standard function, and
by Lemma 8 part (i), the contribution of this (partial) sum is finite, hence all co-
efficients (§; have to be finite too. Note, that this is not true for the ;. A simple
example is the case, that N(A; — 1) &~ N(As — 1), because then v; 2 z(6) £ v,
and (v; — vg) times an infinite number can still represent a function, for example
(6 + r)e“(e‘”).

For j = 1,... ,mq let v;;, B; be defined as in (29) and (30), respectively.
Then °(3;v; ;) is the projection onto the eigenfunction (6+1r)7~tet(0+7) /(5 — 1)1,
We will give now in Proposition 3 an explicit formula for these projections, using
only p and n(6). The projection onto the “highest” eigenfunction is given by
a quotient of integrals, the other ones are given by derivating this quotient with
respect to the eigenvalue and inserting certain factors. This is a new result, be-
cause other methods only give a construction of the projections via a normalized
basis for the eigenspaces of the equation and its transposed.

PROPOSITION 3. Assume the linear autonomous one-dimensional REFDE (26)
has an eigenvalue p € C with corresponding eigenspace P, = lin{zy,...,2m,} C
C([-r,0],C), where 2, (0) = (0 + r)™ " 1et0F) /(m — 1)1, m = 1,... ,mq. There
is a decomposition C([—r,0],C) = P, ® Q,, such that the following holds:

If {i € C: p is eigenvalue of equation (26), Rep > p} = {p1,... , g}
and pry;: C([-r,0],C) — P,,, j = 1,... ,q, are the corresponding pro-
jections of C([—r,0],C) = P, ® Q,;, then for 0 < e € R small enough

q
Z pry, ( ’ < CeP™9Y®|, for all t >0,
Jj=1

for a constant C € R, x(t) the solution of (26) with initial value P.
If we write pr,® = > | U, 2, then

m NOD)(NDO) (L) ... DOm)
(39) W= Z avm o (1) (Mim (u)’
i [T (7o) (D)
lvl=

where N (), D(p) and a~ m € R are defined by

N (1) :<I>(0)+/_Tue"” dt—/_r /_ "= (t) dt dn(6),

1

@) D = (e o) - [ _(9+T)m°e“(9+7°dn(9)),
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M (m) B # a (v0) (1) (ron)
<D(“)> ~(D(u))m WE%;H m N () DY () . DY ().
[y|=m

PROOF. As before, we describe the RFDE by Yy = (yo,...,y—m+1)" 2 D,
Y, = AY,_1, A as in (27). Without loss of generality, we can assume A to have
only simple eigenvalues A1, ..., Ay, so we get a basis of eigenvectors vy,... ,vps
and a decomposition of *CM by Y, = Zjle a;v;, where «; is given by (14),
which in the one-dimensional case becomes

w3t N AT - R e LA Ty K (Y )

41 Q; =

e en en
With Lemma 10 we have exactly mg eigenvalues in Sy, say A1,... , Am,. Lemma 9
implies, that P, corresponds to lin {vq,... ,Um,} C *CM oy, .. , O, don’t have

an interpretation as coefficients of functions, since there may be infinite, as we
already mentioned before. So we change basis by Lemma 9 and

mo mo
§ QAmUm = E /Bme,nm
m=1 m=1

where vy, L Zm, m=1,... ,mg. Define
oy Mo oy Mo
pruq) = ( Z O‘m”m) = ( Z ﬂml’m,m)-
m=1 m=1
The so defined pry, is the projection we are looking for: Assume p1,... ,u, € C

are all the eigenvalues of the RFDE (26) satisfying Re pi; > p, with corresponding
eigenspaces P, j = 1,... ,q. We define the projections pr,; accordingly. Then
for t ~ n/N, z(t) the solution of (26), with initial value ® £ Y, = Zjle a;vy,
and 0 < € € R small enough

M

M

§ ATy § A\
aj)\jvj ozj)\jvj

=1

j=1
N(|Xj|-1)>p—e

o0) = S ()0) =

E A} v;
j=1
N(Ixjl=1)<p—e

M n
— £ _
- ‘ < O<1 + pN ) [Yoloo & Ce'*~9) @],

using Lemma 8, for a constant C' € R. Of course, we have to show, that
Z;nzol Bju;,; represents a function, i.e. all §; are finite. For this and the proof
of (39), it suffices to show °f,, = ¥,,, m=1,... ,mg. By, is given by (see (30)
and (41))

X 1 K(Yo, \))
42 L, = N1 — ’
() 0 2T v

= k£l

Hiimo—&-l()\l - Ak) '
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We have to compute the standard part of 3,,,. We start with K (Yy, A\, ):

M—-1 M—1

1

m@(0)+[rue*ﬂt t) dt — [T[Teﬂo D&(t) dt dn(0) = N(p).

Before we continue to take standard parts to get D(u), a few notations we
will need later on. Let 6 := max{|\; —X\;|: 1 < j <1 <mp}, A:=min{|\; - X :
1 <j<mg, my<l< M} Since Aq,..., Ay, are all the eigenvalues in S,,, we
have NA % 0. And by Lemma 10 we can assume Aq,..., Ay, to be arbitrarily
close to each other, in particular we assume at least N™0F1§/A ~ 0.

Now we relate D(u) to a derivative of p(A). For 1 < m < mg we have

(43) NI,

CM-1M-2 M-mo+1 v M
=% A N = 1) %7 +mo

—l—k M —k—
_ Z Ly ~ 10 \M—1—k—my

0
%TMO_lelw(,uT + mO) _ / (9 4 ,r)mueu(Q-I—r) dn(g) = mO!D(’u)’

and the maximality of mg implies, either directly or via Lemma 10, D(u) # 0.
The link between the second part of the denominator in (42) and p(™0)()) is:

PO =mal 3 A=A (= )

ve{o,1}3M
[v|[=M—mg
M
:mol[ IT &= +Z ST A=A (A= Agy) o
k=mo+1 =1 ye{0,13™0

[v=t

Z ()\_)\m0+1)7m0+1 ...()\—)\AI)WM:|.
yefo,13M=mo
[v|[=M—mo—1
For A € {A\1,...,A\m,}, each term in the sum can be estimated by (5/A)’ -
| Hﬁimnﬂ()\ — Ak)|, the number of these terms is bounded by (717\:{]) Hence for

these A\
M

) =mo! [ (A=) +R],
k=mo+1

2o SN\ (M M™o §
'R'<;<A> (1) < Tr 3 20

where
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Plugging this in (43), we get N—"ot! HQ/[:mo+1()\ — Xx) =~ D(p). That is,
N~—mo+1 times the second part of the denominator in (42) is infinitely close
to D(p), and °(Bm,) = Wim,- In other words, (39) is true for m = 0. To prove
it for m > 1, note that if all A\; # A, are fixed, then B, = Bm,(Am,) is an
x-analytic function. There is a series expansion

ﬁm ()\) — ng—l K(Yb’)‘) — Z ﬁﬁgg()‘mo

i -
Hk:m0+1()\ - )‘k) je*N ‘7!

valid for at least N|A — A, | & 0. Writing

) 1o 1
j = NI~ mo A mo )
b Zﬂ ) ey (A= Ag)

I=j k£l

we see, the sum in above expression is the leading coefficient of the polynomial
interpolating fp,(A) at Aj,... , Am,. Since for coinciding nodes, the normal
interpolation becomes the Hermite interpolation, the coefficients of the interpo-
lating polynomial of an analytic function are analytic functions themselves (of
the nodes). Hence for Aq,..., Ay, near enough to each other, we get

s Aong)

Bj = NI =

( ) + infinitesimal.
mo—73):

We are interested in the standard part of 3;, so all we need is the derivative
of B, Setting Dg(\) = N—mo+l Hi\/fzmoﬂ()\ — Ak) we have

K (Yo, A)
Bmo(A) = ——F57>
W Dg(X)
(m) A) = 1 g K(Yo. A D(’Yl) A D(’Ym) A
an()—W > Ay,m gyae B (Yo, DG (A) ... D™ (X),
~enm+1
[v[=m

where a, ,, has been defined in (40). The only thing still missing in the proof
of (39) is to show for 1 < m < mg — 1 the last step in

N—’H’L
~

Oﬁmofm ~ Wﬁr(rzz) (>‘)
N—™

~ ml(Ds(Ang)) ™

. Z a ﬂK(Y A )D("ﬂ)()\ ) D(’Ym)()\ )
'y,ma/\,YO 05 "\mgo ¢} mo) - mo

~yeNm+1
[vl=m
~ L > oy _ N0 () DOV (pr) ... DO (1)
m! ~enm+1 Hk:l (mOA/k’Yk) Derl(’u)

[v|=m
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For this to be true, it is sufficient to show N () ~ N=™0™K (Yy, \)/OA™,
and DO () = N~ (™0™) DU (X), for all A € Sy, 0 < m < mg.
For m = 0 we have shown it already, and for m > 0
8771

M—
—m 1 —m41/y1-1 _ (m)
N7 K (Yo N) = §: : N1 - 1)) Y1

~<°<z/N>>m—leu°<1/N><°<1/N>u+m>
M—2

_ Z Lk Z N— ()\l—l—k))(m) Y

i N2 FHL o (l—k) /Ny en® (A=) /N)

~ /O (=)™ e (—ut + m) D(¢) dt

-/ O / " (0 070D (1) dt dn() = N (1)

and for Ay, ..., Ay, sufficiently near to each other

N—mg—m-{-l
T pmoetm)y
mo! p ()

|
— N—mo—m+1 (m()m“(‘)'m)- Z A= A1) (A= Apg) ™™

ye{0,1}M
|0 =g —m
|
— N—mo—m+1 (m(’)nj_'m) Z ()\ . )\m0+1)71 o ()\ _ )\M)'YIwaLO
0-

~e{o,13M—mo
V=M =mo—m

+Z D A=) (A= Ay )0

=1 ve{0,1}™0
[vI=l

> (X = A1) Ym0+ (A — Apg) ™

ye{o,13M=mo
lv|=M—mo—m—1

=N"™ (mo + m) D/(am) (M) + infinitesimal,
m

by the definition of Dg(A). On the other hand

N—mg—m+1
(mo+m))\
P (A)
1 [M=1 M-mo—m+1 4y o (M
- AM=mo=m=1( _ N(\ -]
mo!{ N N N NA=1) +mo+m
_AilL M-1-Fk M_mo_m_k)\]\/fflfmgfmfk
TN N
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0

1
e e (kg ) — [ (90 )| = D )
mo:

-Tr

and the proof is complete. O

As a last application, we show how the linear operator L changes if one
exchanges one eigenvalue po by an arbitrary (complex) number p;, leaving all
other eigenvalues unchanged. Of course, if pg or p; is complex one has to repeat
the step with the conjugated number to get a real RFDE.

Pandolfi showed in [10], how one can change a finite number of eigenvalues.
He gives a method to construct the resulting linear operator (in various dimen-
sions). Here we only change one eigenvalue at a time, and have a one-dimensional
RFDE, but we give an explicit formula for the resulting operator, not only a way
to construct it.

LEMMA 11. Let pg be an eigenvalue of the RFDE

0
(14) 2= [ ale+6)dn(o)

and py1 € C be an arbitrary number. Then the RFDE
0

2(1) = / £(t +0) dny (6),

where n1(0) is defined by n1(0) = 0, and for —r < 6 < 0 by (46) below, has
exactly the same eigenvalues (including multiplicities) as in the REFDE (44), with

the only exception of one eigenvalue py having become .

PROOF. Let pr(A) = AM = AM~1 — g, (W) /N, gr(N) = 2101 L
m =0, 1, where po()) is the characteristic polynomial of equation (44). We have

to find Lg-l), so that the conclusion holds.

We can choose LE-O) =*no(—j/N) —*no((—j — 1)/N) (without loss of gener-
ality assume M/N < r). Let Ay, A1 € *C, such that N(\,, — 1) & pm, m =0, 1,
and assume po(Ag) = 0.

Define L") by p1(A) = po(A)(A = A1) /(A = Ao). We will show 330" L8]

to be finite, and by Lemma 6 we get 1;(0), which by Lemma 10 satisfies the

m))\M—l—j

requirements of this lemma.
Assume Ao, Aa, ..., Ay to be the roots of pg(A). Then

45) (M) =) = N(po(\) =p1(N) = N [[(A = 2) (M = o)

j=2
and )
¥ PN _ X~ ymo1es N
H(A_)‘j):A,)\ = > AT " Nan— i,
=2 (U 1=0

::bj
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where ay = 1, an—1 = —1 = LY /N, a; = —L§) . /N, j = 0,... .M - 2.
ij\igl |L§O)| is bounded, by say Kg € R, so we get by = ap; = 1 and, for
j=1...,M—1,

j i1 14~ i—1—1 7 (0)
il =1 —-X —x2 N L
=0
1 . finite
< =[Nl TIN|No = 1| + (1 + [No|M)Ky] = )
< AJ|0\ [Ao — 1] + (1 + [Ao| ™) Ko] ~

Hence Zj]vigl |b;| is finite. By (45) L§-1) = L§.O) + N (A1 —Xo)bj, and together with
N (A1 — Ao) finite, ijvigl \L§1)| is finite too. We conclude the proof by giving an
explicit formula for 7, (0), as defined in (16) using Lg-l).

n1(0) := 0, and for —r < 6 < 0, n/N < —6 maximal, define 71 () by

7=0
" (0 N R = 1—17(0
ZL()+N(A0/\1)<Z)\{)Z)\%NZ Ang)
=0 =0 j=1 i=11=0
0
~ — d??o(t)
0

0 0 t
+(uo—u1)(1+uo [ema [ ] G”O(ts)deﬂo(t))
0 [ [

On both sides there are standard quantities, which therefore have to be equal,
and we get finally: 1;(0) =0, and for —r < 6 <0

B 10(0) = 10(0)) + (10 — )&+
Ho
0
(46) m(0) = +<Z$ - 1) /0 o =0) dno (t) for yuo # 0,

0
n0(6) — 10(0) — p1 + M1/9 (t—0)dno(t) for pg=0.

This 7, (0) satisfies the conclusion of Lemma 11. O

6. Conclusion

Nonstandard Analysis has been applied fruitfully to various areas of the
theory of ODE’s (see e.g. Benoit’s article in [1], [3], [6]), but to our knowledge
not to RFDE’s so far. The main advantage of Nonstandard Analysis in the theory
of ODE’s, in our mind, is that it offers alternative descriptions, together with
the necessary tools. These are often very intuitive, making an understanding
and subsequently an investigation easier.
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This paper is a first presentation of above mentioned nonstandard description
of RFDE’s. It treats only the linear autonomous case in more detail. The
whole field of non-linear and non-autonomous equations, while the description
is applicable in these cases too, has still to be looked at more closely. Even in
the case of autonomous linear equations of various dimensions, the counterparts
of some results in one dimension remain to be done (see Lemma 11, part of
Lemma 10, and Proposition 3).

The framework presented here is very new, and thus applications are few.
Still, two examples of new standard results we got with this approach, have
been included. In both cases we use simple representations in the nonstandard
framework to get explicit formulas for standard quantities (see Proposition 3
and Lemma 11). In our opinion these applications show, that it is worthwhile
to pursue our approach further. In particular, the possibility of relating the
characteristic equation of a linear autonomous RFDE to a polynomial seems
promising for further exploitation.

In the case of non-linear RFDE, the finite dimensionality (within Nonstan-
dard Analysis) gives advantages too, but before one can think seriously of ex-
ploiting this to advance the (standard) theory of RFDE, there has to be a closer
look into the features of our description in this more general case.

If one chooses M/N infinite instead of near to the finite delay r, then one
would have infinite delay. Proposition 1, which proves the applicability of our
method, does not apply to this case. But if it were applicable, within the non-
standard description there would be no change at all. Obviously, one has to
think about how far in this case the nonstandard features of the description re-
main interpretable in the real world. A new description cannot get rid of the
differences between RFDE with finite, respectively infinite delay. Still, this is
an other interesting problem to look into.
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