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STRUCTURE OF LARGE POSITIVE SOLUTIONS
OF SOME SEMILINEAR ELLIPTIC PROBLEMS
WHERE THE NONLINEARITY CHANGES SIGN

ZONGMING GUO

ABSTRACT. Existence and uniqueness of large positive solutions are ob-
tained for some semilinear elliptic Dirichlet problems in bounded smooth
domains Q with a large parameter A. It is shown that the large positive
solution has flat core. The distance of its flat core to the boundary 0 is
exactly measured as A — oo.

1. Introduction

In this paper we study the following eigenvalue problem
(1.1) —Au = Af(u) in Q, u=0 on 09,

where Q is a bounded domain in RY (N > 2) with smooth boundary 92, A > 0.
We are interested in the structure of positive solutions of (1.1) for large positive
A in the case that f(0) =0, f'(0) =0, f(a) = f(b) =0, 0 < a < b, f changes
sign on [0, 00). More precisely, we assume that f € C*((0,00)\ {b})NC°(]0,0))
satisfies the following conditions:
(f1) f(0) =0, f/(0) =0, f has two positive zeros a and b such that a < b;
f <0in (0,a), f > 0 in (a,b); there exists 0 < § < b — a such that
f'(s) <0 for s € (b—0,b) and f has no other positive zeros,
mmatics Subject Classification. 35J25, 35B50.
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(f2) limy_p- f(5)/(b—s)* = Cy, limy_,- f'(s)/(b— s)*~1 = —Cy for some
0<C,Cy<ooand 0 <w< 1,

(f3) fobf(s) ds>0 and j is the unique number in (a, b) such that foﬁf(s) ds=0.

Note that (fz) implies lim,_,;- f/(s) = —o0.

Problem (1.1) has appeared in various models in applied mathematics, in-
cluding population genetics and chemical reactor theory (see e.g. [16] and the
references therein) and has been studied by many authors (see for example [1],
[7]-19], [19], [20], [5], [16]). Notice that if we set €2 = 1/X, (1.1) can be viewed
as a singularly perturbed problem. The case that f'(0) = 0 can be viewed as
a border line case of singular perturbation problems (see [10]). Benci and Ce-
rami [2] raised the question what happens for the structure of positive solutions
in this borderline case, also called the zero mass case.

In paper [4], Clement and Sweers obtained that (1.1) has a unique positive
solution u) with maxuy — b as A — oo and uy — b in compact sets of €2 as
A — oo if f satisfies (f1) and (f3) with f/(0) < 0 and —oo < f/(b) < 0. Notice
that under such conditions on f, the fact that maxuy < b can be obtained by
the maximum principle. In a recent paper [6], Dancer studied (1.1) in a domain
D of type Ry with f/(0) = 0 and —co < f/(b) < 0. He showed that when f
satisfies (f1), (f3) and some extra conditions, (1.1) has exactly 2 positive solutions
Uy, uy with 0 < |luljo < b for all large positive A: @y is a large solution, i.e.
4y — b uniformly on compact subsets of D as A — o0o; u, is a small solution,
ie. [[uylloo < b and vy(y) = uy(A"2y) — V as A — oo in CZ_(RY), where
V =V (y) is the unique positive (radial) solution of

(1.2) AV +f(V)=0 in RN, V'(y)) <0, V(y)—0 as|yl — occ.

In this paper we shall show that when f satisfies (f;)—(f3), (1.1) has a unique
large positive solution uy for A sufficiently large. By a large solution wuy of (1.1),
we mean that uy € C?(2) and that there exists an open set 2y C  independent
of A with meas (£o) > 0 such that

1. li inf :
(1.3) lim, o0 inf ux(z) > a
Since lim, ;- f/(s) = —oo (see (f2)), the large positive solution uy of (1.1) may

have flat core, i.e.
Gr={z€Q|ur(z) =b} #0

(see [22]). We shall prove that under the assumptions (f;)—(fs), there exists flat
core for the large positive solution uy of (1.1) when A is sufficiently large. We
also give the exact estimate of the flat core of uy.

The flat core properties of the positive solutions of elliptic equations similar
to (1.1) have also been discussed by several authors, see for example [17], [18],
[21]. In [21], Sweers obtained a positive solution of (1.1) which has flat core
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for A sufficiently large. In a recent paper [18], Melian and Lis studied the flat
core properties of the positive solutions of some elliptic problems involving p-
Laplacian, but with simpler nonlinearity. It was known from [18] that under
the conditions: f € C2(0,b) with f(s) > 0 in (0,b); lim,_ o+ f(s)/s = m > 0;
f(b) =0; f(s)/s is decreasing in (0,b) and lim, ;- f(s)/(b—$)¥ = C > 0 with
0 <w < 1, (1.1) has a unique positive solution for A\ sufficiently large and flat
core of this solution exists.

Since the large positive solution uy of (1.1) has flat core, one will see that the
problem studied in this paper becomes more difficult. For example, it is known
from [11] that if f is a Lipschitz continuous function, the positive solutions of
(1.1) with Q being an N-ball is radially symmetric. We shall see in Section 5
below that such result is also true for the large positive solutions of (1.1), but
f(s) in our case is not Lipschitz for s near s = b. Moreover, we shall see later
that it is difficult to establish the sweeping out results when we use sub- and
supersolution argument because of the flat core of ).

2. Existence of large positive solutions

In this Section we study the existence of large positive solutions of (1.1).
The results in this section are strongly related to [4], but we need to overcome
a difficulty arising from the singularity of f’(s) at s = b. To deal with the case
that f/(b) = —oo, we modify f in the following way.

For any ¢ > 0 sufficiently small, define f.(s) = f(s) — . Then there exists
a(e) > a and b(e) < b such that fe(ac) =0, fe(be) = 0 and f.(0) = —e. (It is
easy to see that a(¢) — a and b(e) — b ase — 0 and f. € C([0,b(¢)]).) We
make an extension F. of f.:

F_ is bounded,

F.(s)=0 for s € (—o0, —1],

F. € CY(—00,b(¢)) and F. < 0 for s € (—1,0),

F.—0 uniformly for s € [-1,0] as ¢ — 0,
lim,_o- F/(s) =0, lim,_,(_qy+ F(s) =0,

F.=f. for s € [0, b(e)],

F.(s) <0 for s € [b(e), 00),

ff(s) F.(s)ds > 0.

1

LEMMA 2.1. Let F. be defined as above. Then there exists ug > 0 indepen-
dent of € such that for p > o, there exists ve , € CHRN), radially symmetric,
which satisfies

(2.1) —Av=pF.(v) inRY, o(1)=-1.
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Moreover, max v, , < b(e) and maxwv, , — b(e) as p — oo.

PROOF. Define f.(s) = F.(s — 1). We have that f. satisfies f.(0) =0 and
f1(0)=0. Moreover, f- is bounded in [0, b(¢)+1]. Since f-(b(¢)+1)=F(b(e)) =0,
without loss of generality, we assume f.(s) = 0 for s € [b(c) + 1,00). Now we
consider the problem

(2.2) ~Au=pf-(u) inB, wu=0 ondB,

where B is the unit ball in RV. By the arguments similar to that in [4], we can
obtain a global minimizer y. , € Hj(B) to the functional

Iuw) =5 [ 1vuP =n [ Ftw,

where ﬁa(s) = f;f;(g) d¢. Tt is known from the regularity of —A and the
maximum principle that y., € C3(B) which is a positive solution of (2.2).
By [11], we know that y. , is radially symmetric and y. , < 0 for 7 € (0,1].
Moreover, the fact that max y., — b(e) + 1 can also be obtained from the
argument similar to that in [4].

Set ve (1) = ye,u(r) — 1 for r € [0,1] and

1
14+ ——*N 1)yl (1) forre(1,00)if N > 2,
UEVH(’]") _ { 2 _ N( )y ,y( ) ( )
—1+y.,(1)logr for r € (1,00) if N = 2.
Since F; = 0 on (—o0, —1], one verifies that v, , is the required function. This
completes the proof. O

REMARK. By the well-known result of [11], we know that all the positive
solutions of (2.2) are radially symmetric for € > 0. But we do not know whether
such conclusion is true or not when ¢ = 0 since ﬁ) is not Lipschitz continuous
near s = b+ 1.

COROLLARY 2.2. Let (u,vs,,,) be as in Lemma 2.1, and let o), € (0,1) be
the unique zero of ve . Then fory € Q and A > - ai“ ~d(y,00)72,

(2.3) We A3 2) = v (M )2 - (x = y), 2 €Q
is a subsolution of the problem

(2.4) —Au=AF.(u) inQ, u=0 on N

REMARK. We can show that for any ¢ > 0 sufficiently small, o, — 1
as p — oo. In fact, for any sequence {u,} with pu, — oo as n — oo, by
the arguments similar to that in the proof of Lemma 2.1, we have that 7, :=
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Ve, (0) = maxpve ,, — b(e) as n — oo. Defining y = wi/*r and Ve, (y) =

Ve, (1), we have that ., satisfies

1

~ N-—-1_ ~ ~ -
v‘g’ﬂn + TU‘;’M" + FE(U&M”) =0, U;,un (O) =0, Uep, (0) = Tn.

Since 7, — b(e) as n — oo and b(e) is the unique solution of the problem

N -1
u’ + Tu' +F.(u) =0 1in (0,00), «/(0)=0, u(0)=b(e),

one obtains from the theory of ordinary differential equations that
Ve, — ble) in CL.(0,00) as n — oo.
(We can choose subsequences if necessary.) This implies that
Ve, — b(e) in OL (B) as n — oo.
Thus, a¢,, — 1 asn — oco.
Let 2* € Q. We define \* := pd(z*,00) 72 > pol, d(z*,00)"% and 25 =

w(\, x*), where u, « are as defined in Corollary 2.2. Note that A* is independent
of .

THEOREM 2.3. Let f satisfy (f1)—(f3). Then there exists A\g > 0 such that
for A > Xo, (1.1) has at least one large positive solution uy such that

(2.5) maxuy — b as A — oo.
Moreover, uy — b on compact sets of 2 as A — oo.

The proof of this theorem is similar to that in [4], but we need to overcome
a difficulty arising from the singularity of f’(s) at s = b. We first present the

following lemmas.

LEMMA 2.4. Let F. be as above. Then
(i) for A > X* (2.4) has a solution u(;) € [z, b(e)),
(ii) there exist \** > A*, ¢ > 0 and 7 € (a,b(e)), such that for A > \**
every solution ug\e) € [2x,b(€)) of (2.4) satisfies

(2.6) uE\E)(z) > min{eA/2d(z,00Q), 7} for all z € Q.

Proor. By Corollary 2.2, for A > \* we have that z is a subsolution of (2.4)
and zy < b(e). Since b(e) is a supersolution of (2.4) and there exists M, > 0
such that F.(s) + M.s is strictly increasing in (ming 2y, b(¢)), by a monotone
method, there exists a minimal solution uE\E) € [zx,b(g)) of (2.4) for A > A*. This

completes the proof of the first assertion.
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Since (2 satisfies a uniform interior sphere condition, there exists 79 > 0 such
that Q = (J{B(z,n) | z € Q,} for n € (0,10], where Q,, = {z € Q| d(z,00) >
n}. Set

X = max(\", g ?),
(2.7 c=p V2 mf{(a—7r)"tu(r) | r € [0,a)},
T =(0),
with p, v and « as in Corollary 2.2. (Note that A** is independent of ¢.)
Let (A, ue ) be any solution of (2.4), A > A** and u. » € [zx,b(¢)). Since for
A > A Qg 0172 18 arewise connected and since w(A, y) is a subsolution for

Y € Quuyny2 With w(A,y) < 0 on 9Q, by the sweeping out result (see [5]) we
obtain

ue x> w(A,y) in Q forall y € Qy /172

Hence, a similar argument to that in [4] implies

(2.8) Ue y > cAY2d(z,00) forallz € Q\ Qa(u/n)1/2s
(2.9) Uen(z) > T for all z € Qq (2172,
which completes the proof. O

REMARKS. (1) The sweeping out result as in [5] holds here since there exists
M. > 0 such that |F.(s)| < M, for s € [0,b(e)].

(2) It follows from (2.8)—(2.9) that the minimal solution ug\s) > 0 for A > A**,
and max ug\s) € (a,b(e)) for p and A sufficiently large. This implies that ug\s) is

a positive solution of
(2.10) —Au=Af(u)—e) in€, u=0 on N

(3) We know that the constant ¢ in (2.7) depends upon €. But we can show
that ¢ > ¢g/2 > 0 for any e sufficiently small, where ¢ is independent of . In
fact, we know that for any fixed p sufficiently large, and any sequence {e,,} with
en — 0 as n — 00, there exists a subsequence (still denoted by {e,,}) such that
Ve, u — Vo, in C*(B) and vy, is a positive radial solution of the problem

—Au = pFo(u) inB, uw=0 ondB,
where Fy(s) = f(s) in [0,b] and Fy(s) =0 in (—o0,0]. We can choose
co = p~ Y2 inf{(1 — r)"tvg () | r € 0,1)}.

Note that for p sufficiently large, max vy, = b may hold.
By the conditions on f, we can choose a fixed b € (b—0,b) and M > 0 such

-~

that f(s) + Ms is increasing for s € [0,b]. Let v > 1 be a fixed number. Now,
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setting

-~

Ms for s € (0, ],
9(8) =1 , + ~ ~
Mb+~f(b) —~f(s) forse (b,
we can easily show that ¢ is continuous in [0,b] and g is increasing in [0, ].
Moreover, we aslo know that f(s)+ g(s) is increasing in [0, b]. (Note that f/(s) <

~

0 for s € (b,b).)
LEMMA 2.5 (Maximum Principle). If uy,us € Hg(Q)NCO(Q) such that, for
any ¢ € Hy(Q), ¢ >0,

(2.11) /QVug-V¢+/Qg(u2)¢2/QVu1-V¢+/Qg(ul)¢

and
ug > up  on 0f,
then ug > up in €.

PROOF. Let us choose ¢ = (u; —uz)*t € HL(Q) N CY(Q). Then it follows
from (2.11) that

0> /Q IV (ur — ua) [+ /Q lg(tn) — 9(u2)] (s — )™

This implies that (u; —uz)™ =0 in Q and thus, u; < uy in Q. O
ProOF OF THEOREM 2.3. Since ug\e) is a positive subsolution of (1.1) with

maxug\e) < b, b is a supersolution of (1.1) and f(s) + g(s) is increasing in (0, b),

by a monotone argument as in Theorem 2.4 in [3] that there exist a minimal
positive solution uy € CZ(Q) of the problem (1.1) such that

(2.12) u(;) <wup(z)<b in .

Here we use Lemma 2.5. It follows from Lemma 2.4 that for any ¢ > 0 and
A > A"

uy > min{eA2d(x,00),7} for all z € Q.
Since 7 — b as ¢ — 0 and p — 0o, we have from (2.9) (we may choose A\ = u?)
that for A\ sufficiently large that
(2.13) ux >71 forallz € Qa2

Since limy_ pt/A = 0 (here we use A = p?) and 7 — b as A — oo and € — 0
(noticing that w) is independent of € and o > & > 0), we have from (2.13) that

uy — b on compact sets of 2 as A — oco.

We easily know that uy is a large positive solution of (1.1) according to the
definition of large positive solutions. This completes the proof. O
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REMARKS. (1) Note that the monotone argument was used to the weak
solutions in [3], but the arguments can be applied for our case to obtain the
solution in C?(Q) since g is bounded.

(2) We can obtain that if u) is a positive solution of (1.1) with uy € [z, ],
then uy > ug\s) in Q. In fact, ug\e) can be obtained by the similar monotone
argument to that in the proof of Theorem 2.3 with f(s) replaced by F.. Note
that by modifying g(s) = M's for s < 0 we can show that F.(s)+g(s) is increasing
in (—o0,b(g)). Thus, the monotone argument can be used for the problem (2.4).
On the other hand, by modifying f(s) = 0 for s < 0 and g as above for s < 0, we
also know that f(s)+g(s) is increasing for s € (—o0,b). Since z, is a subsolution
for both (2.4) and (1.1), we can use the monotone argument starting from zj,
ie.

A g = AF+ ) () i, (V=0 onQ
with (él) = z) and

AP (D) = A+ )P i@, (D=0 onQ

with C(()z) = z). Since f(s) > F.(s) on (0, b], then it follows from the maximum
principle in Lemma 2.5 that Q(f) > Q(zl) in Q. Since uE\E) is the minimal solution

of (2.4) in [zy,b(e)), thus, uy > uE\S) in Q.
3. Asymptotic behaviour of large
positive solutions of (1.1) when A is large

In this Section we shall study the asymptotic behaviour of the positive solu-
tions of (1.1) when X is large. We first consider the following ordinary differential

equations
(3.1) —y" = fly) —&, y(0) =0, y(oco)=b(e),
(3.2) —y" = f(y), y(0) =0, y(oo) =b.

By the first integrals of the equations, we have that each of (3.1) and (3.2) has
a unique positive solution y.(¢) and y(¢) respectively which satisfies (y.)’'(t) > 0
for t € [0,00) and y'(t) > 0 for t € [0,00) (see [5], [15]). To show (y:)'(t) > 0
for t € [0,00), we use the fact that |f/(s)| is bounded for s € [0,b(¢)]. Now we
show that there exists tg > 0 such that y/(t) > 0 for ¢t € (0,%) and (o) = 0
and y(t) = b for t € [tg,00). In fact, from the first integral of (3.2), we have

ly' (O +2F(y(t)) = C, te€(0,00),
where F(s) = [; f(€&) d€. Therefore,

Y/ () = 2(F(b) — F(y)).
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Since F'(b) > F'(s) for 0 < s < b, we have
y(t)
/ (F(b) — F(s))"Y/2ds = 212,
0

Since f(s) ~ (b — s)¥ for s near b, 0 < w < 1, we know that F(b) — F(s) >
p(b— s)1*t¥ where p > 0. Thus, fob(F(b) — F(s5))"/?ds = A < co. Let
(3.3) to =2712A.

Then the first integral of (3.2) implies that y'(¢t) > 0 for ¢t € (0,tp), ¥'(to) = 0 and
y = b in [tg,00). On the other hand, by the first integrals of the equations (3.1)—
(3.2), we also know that

(4.)/(0) = (2 / " s -« ds) "

vo=(2f () ds)m.

Thus (y.)'(0) — y'(0) as € — 0. Therefore,
Ye >y in Clloc(oa OO)

If x € Q and « is near 992, x can be uniquely written in the form x = s+tv(s),
where s € 09, v(s) denotes the inward unit normal vector to 9 at s, and ¢ is
small and positive. We will make frequent use of these coordinates. If A > 0,
define my (x) = y(A/2t) if = is near 9 and 7y (x) = b otherwise.

PROPOSITION 3.1. Let f satisfy (f1)—(f3). For any 6 > 0 sufficiently small,
there is X = \(6) > A\** such that if A\ > X and uy € [zx,b] is a positive solution
of (1.1), then

(3.4) (1 —=0)nx <ux < (1+0)na.
To prove this result, we first obtain the following sweeping out result.

PROPOSITION 3.2 (Sweeping Out Result). Let f satisfy (f1)—(f3),
u € Hy(Q)NC'Q)

with maxu < b be a solution of (1.1) and let A = {v; | t € [0,1]} be a family of
subsolutions of (1.1) satisfying v, € HE(Q) N CO(Q), maxv, < b < b and vy < 0
on 0N for allt € [0,1]. If
(i) t — (v — ) € C%Q) is continuous with respect to the || - ||o-norm,
(ii) u > vg in Q, and
(iii) u % vy, for all t € [0,1] and x near 99, then u > vy in Q for t € [0,1].
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PRrROOF. Define G = {z € Q | u(z) = b}. We know that G depends upon A,
we shall omit the subscript A here and below for simplicity. In the following, we
only consider the case G # (). The case G = () can be studied similarly.

Set E = {t € [0,1] | u > v in Q}. By (ii), F is nonempty. Moreover, E is
closed. We easily know that G CC 2 is closed. Since maxwv; < b < b for any
t € [0,1], then, for 0 < 7 < b —g, we can choose a neighbourhood O of G such
that G C O CcC Q and u > v, + 7 in O for any t € [0,1]. Moreover, there exists
M > 0 sufficiently large such that for any ¢t € E,

fu) + Mu > f(v;) + My, for x € Q\ O.

Thus, for t € E, we can easily show that u > v; in 2\ O. In fact, suppose that
there exists xop € Q\ O and u — v; vanishes at = x, then u — v; attends its
minimum at z = 7 in O\ O. On the other hand,

—A(u—v) + AM(u—v) >0 inQ\O.

The Hopf’s maximum principle implies that u = v; in Q \ O. This contradicts
the assumption (iii).

Now applying the strong maximum principle, we have

O(u —vy)

£y <0 on 0N.

Thus, u — v; > c¢ on Q\ O (see [14]), where ¢ > 0 and ¢ is the unique positive
solution of the problem

—Ap=1 inQ, ¢$=0 on JN.

This and the arguments above imply that u — v; > ¢1¢ for x € Q, where ¢; > 0.
By (i), we have that F is an open set. Thus, F = [0, 1]. O

PROOF OF PROPOSITION 3.1. To prove this proposition, we first construct
sub- and supersolutions of (1.1), then obtain (3.4) by sweeping out results. We
only consider the case that uy has flat core, i.e. Gy = {z € Q| ur(z) =b} #0
in the proof. If flat core of u) does not exist, the proof is similar but is simpler.
(The key step in the proof below is to establish the sweeping out results. If
maxuy < b for all X large, for a fixed A large, we can choose M) > 0 such that
If'(s)] < My for s € (0,maxguy]. Assuming G = @ in the proof below, we
obtain our conclusion in this case by the similar arguments.)

Near 0€), we use the s, t coordinates. In these variables,

82u,\
ot?

dur

A =
A ot

+ b(s, 1) + terms involving s derivatives.
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If @ < (y-)'(0) but is close, using the first integral of (3.1) we easily prove
that the solution y. of (3.1) with the initial conditions:

9e(0) =0, ¥.(0) =a.,

first increases to a number near b(¢) but less than b(e), and then decreases to
zero (see [5]). Hence there is I, near b(¢) and t. sufficiently large such that

ge(ts) = l87 g;(%;) =0.

We know that there exists M. > 0 sufficiently large such that h.(s) := f(s) —
€+ M.s is strictly increasing for s € (0,b(¢)] (since b(e) < b). Hence if 1 is close
to 1 and f is small, the solution 7, of

(35) —z - ﬁl’l + M.x = ljha(l’(t)% LU(O) =0, 1‘/(0) = Qe

increases until ¢, where 7_(t.) is close to b(¢) but less than b(g). Moreover, t.
is sufficiently large.

Let tp be the number such that y/(¢) > 0 for 0 < t < ¢y and y(t) = b for
t > to, where y is the unique positive solution of (3.2). We know that ¢. > t, for
any € > 0 sufficiently small and F_(¢p) < b(e). Define

7 (2) { 7.(A\/2t) if x is close to 9Q and 0 < t < A71/2¢,
A \T) =

7. (to) otherwise,

where ¢ = s+ tv(s) if = is near 0€). (Thus ﬁg\s) is constant except near 0€).) We
know that ﬁg\s) is in () except the points x = s + tv(s) with t = A71/2¢,.

Suppose we can show that, for A large and w) is a positive solution of (1.1), then
(3.6) uy > ﬁge) for all £ > 0 sufficiently small.

Since 7, is close to y. on compact intervals if @. is near (y.)’(0); 1 is near 1
and [ is small, uy > (1 — 6/2)ﬁ§\6), where

— ys()\l/zt) if 2 is close to 9Q and 0 < t < A\~/2¢,
M (r) =

ye(to) otherwise.

Since y. — y in C°([0,%0]), as € — 0, we have ﬁg\a) — 1y in C°(Q) as e — 0,

where

y()\l/Zt) if z is close to 9Q and 0 < t < A\~1/2¢,,
m(z) ==

b otherwise.

Thus uy > (1 — 0)ny. This will prove half of Proposition 3.1.
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Now we show (3.6). By choosing 8 < 0 and 1 < 1, we have ﬁg\s) is in CY(Q) N
H} (). Moreover, we can find e € (0,1) such that uy > ﬁéi) by Theorem 2.3
and Remark 2 after its proof. Now we deduce that

(3.7) uy > ﬁj(f\) for j € [e, 1].

We first show that ﬁ;i) are subsolutions of (1.1) for j € [e, 1]. We only need to

check this for Q, := {z =s+tv(s) € Q|0 <t < (jA) 24}, Since

—AR) = —@3) — b(s, @3’
< AGLF @GN Y2)) + 51 — 1) Mg ((GA)/28)]
+ GN2BGNY? = b(s )TN /1)
< A F@(GNY20) + AGE - DI @ (GNYD)

R AAREY

+ (GNY2BENY = b(s, £)TL((GN)?1).

Define m. ;(s) = f(s)+ [ — 1)/(j7i — 1)]Mzs. Since j(i— 1)/ (i~ 1) > 8 > 0
for j € [e, 1], if we choose M, sufficiently large, we have that m, ; is also strictly
increasing in (0, b(¢)) for all j € [e, 1]. Thus, m. ;(7.((jA)*/?t)) > 0 in Q and ﬁj(i)
is a subsolution of (1.1) for each j € [e,1] provided p < 1 and 8 < 0. On the
other hand, we also know that max ﬁj(f\) < b(e) < bin Q for any € > 0 sufficiently

small. Then the sweeping out result (see Proposition 3.2) implies that

uy > ﬁj(i) for all j € [e, 1].

Now we construct supersolutions of (1.1) to prove the right hand side of (3.4).
If @ > ¢/(0) and close, it is easy to show from the first integral that the so-
lution g1 of (3.2) such that y1(0) = 0, ¥1(0) = @1, increases till it hits y = b.
Hence if i > 1 close to 1 and 8 > 0 is small, the solution 7; of
(3.8) =" —Bx + Myx = a[f(z(t)) + Muz(t)], =z(0)=0, 2'(0)=a;

increases until ¢;, where 7, (¢1) = b. Where M, > 0 satisfies that |f'(s)] <
/(@ —1)]M, for s € [0,a]. Clearly t; < to provided that fi is near 1 and 3 is
small. We define

B T (AY2t) i 0 <t < ATV,
m(z) =

b otherwise.

Choosing 1z > 1 and § > 0, we shall show that
uy <7, for j e[l e

provided it is possible to choose e > 1 such that uy <7, for A large.
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Define ' = {j € [1,e] | ux <7;,}. We know that e € E' and F is closed. Let
G ={z € Q| ux(z) = b}, Fj:{x€Q|ﬁj)\(x):b}7

and

Qi ={r=s+tv(s) €Q|0<t< (N}
(Note that G, F; and ; depend upon A, we omit the subscript A here and
below.) We shall prove that for each jo € E, there is a neighbourhood Jy of jj
such that

(3.9 G C F; forall j € Jp.

Notice that G is closed, we first show that for a sufficiently small neighbour-
hood @ of G such that G C Q CC Q, there exists 7 > 0 (depending upon Q)
such that

(3.10) Tjox = Ux+T7 on Q.

(Note that both @ and 7 depend upon A.) On the contrary, there exists zy € 0Q
such that
Mox(T0) = ux(To)-
Since g & G, it is clear that xg € Fj,. Setting 5 = dist(zo, Fj,)/2, we have
Bj(xg) N Fj, = 0. Since max%ﬁj())\ < b, we can find M;, > 0 such that
g(s) == f(s) + Mj,s is strictly increasing for s € [O7max%ﬁjo>\]. This also
implies that Bx(xo) C Q.
On the other hand, for A\ sufficiently large,

(3.11) — A(Tj,n — un) + AMj, (7,5 — ux)
= X(@(T5,0) — 3r)) + AGiofi — 1)| £ () + M:”
Jop

1) Maﬁjo)\

+ (No)2[B(oMN) 2 = b(s, )7, > 0 in Bs(xo)

provided i > 1 and 8 > 0, where we use the facts that jo(@ —1)/(jot — 1) >
(1 —1)/1z and that |f'(s)| < [@/f — 1]M, for s € [0,a] (we can easily see that
the second term on the right hand side of (3.11) is positive). Therefore, the
strong maximum principle implies 7; \ = u in B3(zo). This contradicts (3.11).
Since 7;, is continuous in the norm || -[|o about j, we have from (3.10) that there

exists § > 0 sufficiently small such that
(3.12) Mix—ux=>0 ondQ

for j € J:= (jo — 5, jo +A). (If jo = e, we choose J = (jo — g,jo).)

Now we show that (3.9) holds for a neighbourhood Jy of jo with Jy C J. On
the contrary, we have sequences {j,} C J and {x,,} C G with j, — jo asn — o0
such that 7; \(25) < ur(zn). Define m, = inf, 5[, \(¥) —ux(z)]. We have



54 Z. Guo

that m,, can be achieved at &, € Q and m,, < 0 for n sufficiently large. Now,
setting

H, = {z € Q|7;,,(z) — ux(z) > 0},
we know that H, is closed and &, € H,,. Let &,, = dist(&,, H,) and By, (£,) be

the ball with certer at &, and radius @&,. One easily knows that By (£,) C Q
and

(3.13) ﬁjnA(ac) —ux(z) <0 forx e By, (&)

and there is at least one point 7, € 9Bg, (§,), where 7j; , — uy vanishes.
On the other hand, choosing ) such that

(3.14) uy >b—46/4 in Q,
where § > 0 is as in (f;), we have
(3.15) Tjox = ux >b—26/4 inQ.

The continuity on the C°-norm of 7;x about j implies that for n sufficiently
large,

(3.16) Tja>b—0/2 onQ.

Thus, for n sufficiently large,

(3.17) Mja=b—106/2 on By, ().
Therefore, for x € B, (£,),
=A@, —ur) = AUnlf(M),5) — f(ur))
+ (Agn) 21BN ? = b(s, 017 + Aj (7 — 1) M, .

Since f'(s) < 0 for s € (b —d,b), we have that f(7; \) > f(ux) in Bg, (&n)-
Therefore,

(3.18) —A(ﬁjn)\ —uy) >0 on By, (&)

provided § > 0, iz > 1 and A sufficiently large. It follows from (3.18) and the
Hopf’s maximum principle that

(319) ﬁjnA —ux=my, <0 in B@n (5n)'

But (3.19) contradicts the fact that 7; , — ux has a zero point on dBg, (§n)-
This shows (3.9).
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Now we show that there exists a neighbourhood J; of jo in Jy such that
J1 C E. Since jo € F and uy < Mjox I Q, we can choose a small neighbourhood
Q1 of Fjj, such that G C F;, CC Q1 and

(3.20) ux <Mjon  in Q1
(3.21) ux <7j,n on dQ.

By the property of Fj; the fact that G C Fj for all j € Jy and the continuity
of 77;) in the CP%norm about j, we have that there exists a neighbourhood J; of
Jo in Jy such that G C F; CC @, for all j € J; and (3.20)-(3.21) hold for all
j € J1. The existence of J; can be obtained by the arguments similar to that in
the proof of (3.9). Without loss of generality, we assume Q C Q1.

Now we consider the domain Q' := Q\ Q1. Since Q! C €, we know that
maxuy < max7;, < b in Q1. Thus, assuming that for M;, > 0 and g(s) as
above, we have

9(7je0) —9(un) 20 in QL.

Therefore,

=AMj,n — ux) + AMj, (7,5 — ux)
o _ jo(ft —1) -~
= A§(3) ~ 30) + Ao = 1) £, + 20
+ (Xjo) 21BN — b(s. t)]7h = 0 in Q.

In fact, since j(n —1)/(ju—1) > (g —1)/p for j > 1, then

Jo(i — 1)M

f(ﬁjo)\) + ]Oﬁ 1 aﬁjOA >0

in Q'. The arguments similar to that in the proof of Proposition 3.2 imply that
there exists ¢ > 0 such that

(3.22) Mjor — Ua > ¢ in QT

where ¢ is as that in the proof of Proposition 3.2. The continuity of 77;, in the
C%-norm about j implies that

(3.23) uy <7y in Q'

for all j € Jo, where Js is a neighbourhood of jy in Jy. (3.23) and the claim
immediately after (3.20)—(3.21) above give the fact that Jo C E. This implies
that £ =[1,¢].

Now we show that it is possible to choose e > 1 such that uy <7, for A large
and all positive solutions uy € [zx, ] of (1.1). It is easy to see that this reduces to
showing that there is K > 0 such that uy(z) < KX/t if uy is a positive solution
of (1.1), z is near 9N and \ is large. Obviously, it suffices to prove the result for
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t < KyA™Y2 (Ky > 0). Now for arbitrary zg € 99, letting X = A/2(x — x0)
and uy(X) = ux(z), then

—Aa)\:f(ﬂ,\) inQ)\, H,\zo onaQ,\,

where Q) = {X | A™Y2X + 2y € Q}. By a blow up argument as in [5], the
stretching only flattens the boundary as A — co. Since 0 € 9§y and ||u]|e < b,
we apply the regularity result of —A to obtain that Vuy is bounded on the
bounded subsets of Q) which contain neighbourhoods of 0 on 9. Hence, in
the original variables, ||[Vuy|loo < KA'/2 on the subsets of Q which contain
neighbourhoods of xg on 0. The required estimate for uy near 92 now follows
since 0f) is compact. This completes the proof. O

4. Uniqueness results

In this Section we show that (1.1) has only one large positive solution uy
when A is sufficiently large.

First note that from the definition of the large positive solution of (1.1),
there exists & € (a,b) and a ball B(zg,r) C § which is independent of A
such that wy > & in B(xzg,r) for all A sufficiently large. Let w(\, zp) be as
in (2.3). We know that w(\, zg) is a subsolution of (1.1) with f replaced by F;
for A > pad(zg, 9Q)~2. Therefore, it follows from the monotone arguments as
in Lemma 2.4 and Theorem 2.3 that for A > A\3* (with 2™ replaced by ), (2.4);
(1.1) has a positive solution ug\e); uy in [w(A, x0),b] respectively (both of them

are minimal solutions) such that uy > ug\e) in Q and

(4.1) uy — b on compact sets of Q as A — oc.

Therefore, for A > X > max{A;*, A5} and X being a fixed sufficiently large
number,

(4.2) uy > wAz*) inQ

and

ﬂA 2 UN, z* in Q,
where uy 4« € [w(A,z*),b] is the minimal positive solution of (1.1). (This is
known from Remark 2 after the proof of Theorem 2.3.)
Now we show that uy > u) and hence

Uy > Uy - In

for A > X. Therefore, the eatimates in Proposition 3.1 are true for uy.
It is enough to prove uy > w(A, xg) in Q. It is known from the above that
w(\, zp) is a subsolution of (2.4) for € sufficiently small and

7 = maxw(\, zo) < b(e) <b.
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Moreover, there exists o. > 0 such that

(4.3) f(s) >o0(s=&) for s e be)]

since £ > a and f(s) > 0 for s € [£,b(e)]. (We know that £ < b(e) when ¢ is
sufficiently small).

LEMMA 4.1. Let f satisfy (4.3). Then, for A > X,

(4.4) uy > b(e) in B(zg,r/2).

ProoF. We know that uy > £ in B(xo,r). Now for any x1 € B(zo,7/2), we
set

O(z1, M\ ;) = €+ tdp1((0eA/ M) Y2 (x — 1)) for x € B and t € [0,b(c) — &,

where A1 and ¢1 with ||¢1]cc = 1 are the first eigenvalue and the corresponding
eigenfunction of the eigenvalue problem of —A in the unit ball of RY with the
Dirichlet boundary condition; B = B(z1, A (0.A)"}). Tt is well-known that ¢; is
radially symmetric and ¢, (0) = 1. Note that for A > A\, (c.r/2)~1, B C B(zq, ).
We assume that A\ > max{\;(c.7/2)"!,A\}. We claim that the set {#(zo, \,?) |
t €10,b(e) — &]} is a family of subsolutions of the problem

(4.5) —Av=Af(v) inB, v=uy ondB,

with the closure of B is contained in B(zo,r). It is clear that uy > 6(zo, A, 0)
in B and |f'(s)| < M, for s € [0,b(¢)]. Thus, by the similar argument to that in
the proof of Proposition 3.2, we obtain that

(4.6) uy > 0(xg,\,b(e) —&) inB

and thus

(4.7 ux(xzy) > b(e) for all x; € B(xg,7/2).

This completes the proof of Lemma 4.1. O

It is easily seen that when A > (r/2)72u, w(\,zo;z) < 0 for @ € Q\
B(wg,7/2). We assume A > X := max{\;(o.7/2)"1, A, (r/2) "2} in the follows.
Then we obtain

(4.8) uy > w(zo,A) in Q,

since 7 < b(e). By the fact that @y is the minimal positive solution of (1.1) in
[w(xg, A), b], we have

(49) U 2 ’17)\ in Q.

This is our claim.
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THEOREM 4.2. Assume that f satisfies (f1)—(f3). Then (1.1) has only one
large positive solution uy for A sufficiently large satisfying maxq uy < b and

(4.10) uyx — b in compact sets of Q as A — 0.

PRrROOF. The existence of at least one large positive solution wuy of (1.1) for A
sufficiently large has been obtained in Theorem 2.3. We only need to study the
uniqueness of uy.

By the argument above, we know that if uy and u} are two large positive
solutions of (1.1) for A sufficiently large, then uy < u} or u} < uy holds and the
asymptotic behaviour in Proposition 3.1 holds for both u) and v} and A large.
Without loss of generality, we assume u} < uy in 2 in the follows.

Now we show that for A sufficiently large,

(4.11) uy =wuy in Q.

On the contrary, there exist sequences {\,} with A\, — oo as n — oo and
{un} ={ur, }, {u} = {u3 } such that u, # u;, for all n.
Define v, = (up—u})/||tn —u}||co- Then v, > 0, v, # 0in Q and maxq v, =
1 for all n. Setting
H,={z€ Q] uy(z)
Hy, ={z € Qfuy,(z)

2
2

we easily know that H) C H, CC Q and that v, satisfies the problem

b
b

(4.12) —Av, = M f' (&) in Q\ H,, v, =0 on 9Q,
where &, € (u}, u,). Now we show if 7, € Q such that v,(n,) = 1, then
(4.13) dist(n,,02) — 0 as n — oo.

(Note that v, (z) = 0 for € H.) In fact, it is known from Proposition 3.1 that
if K CC Q is a compact set, then ), — b, u, — bin K asn — 0. If n,, € K for
all n large, we know that n,, € K\ H. There are two cases here: (i) there exists
a subsequence of {n,} (still denoted by {n,}) such that n,, € K \ H,, (ii) there
exists a subsequence of {n,} (still denoted by {n,}) such that n, € H, \ H}.
Since H,, and H are closed sets in €2, for the first case, there exists a small
neighbourhood B,,, of n, in Q such that B, NH, =0 and f'(¢,) < 0in B,,, for
all n large. (We use the continuity of &, in B, here.) This is a contradiction
since vy, attains its maximum on 2 at 7,,. For the second case, we also can choose
a small neighbourhood B,,, of n,, in Q such that B, N H; = (. On the other
hand, we write (4.12) in the form

ey, )~ f)

Un
Up, — U,
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and easily know that —Aw, < 0 in B,,. This is also a contradiction. Thus,
(4.13) holds.

Now we use the blow up argument as in [12], [5] to show that (4.13) does not
hold. We consider two cases here: (we can choose subsequences if necessary)

i A}L/Qdist n, 0Q) — Z > to (Z can be 00), as n — 0o,
n
(i) )\,1/2dist(77n,8§2) < Z < ty for all n sufficiently large, where ¢, > 0 is
the number defined in (3.3).

For the first case, we have from Proposition 3.1 that w,(n,) — b, u}(n,) — b
as n — o0o. Thus we derive contradictions by the arguments similar to that in
the proof of (4.13).

For the second case, we make a change of variables, X" = )\71«/ 2(90 — ),
where 7, is the point on 9 closest to ,,. Let U, (X™) = uy,(z), 0l (X"™) = uk (2),
€(X,) = &n(z) and 7, (X™) = v, (2). We have that o, satisfies the problem

(4.14) —AT, = f(€)0, inQ, \ H,, T,=0 ondQ,,
where
Qu={X" =A@z =7 |2€Q}, H,={X"=\/(z—-7%,)|ze€H,}.

Note that v,(Z,) = 1, where Z, = )\,1/2(77” —1,) is at distance at most Z
from 0 and Z < ty. By the argument similar to that in the proof of Theorem 2
of [5], we have that w, — y(z1) in CL(Th), @}, — y(x1) in CL (T1) as n — oo.
Where T} = {x € RY | 21 > 0} and y is the unique solution of (3.2). Defining
H={zxeT | x1 > ty}, we easily know that H, — H and En — y(z1) in
Cl(()DC
non-negative bounded solution v of

Ty \ H) as n — oo. Moreover, ©,, converges in Ci- (T} \ H) to a non-trivial
loc

(4.15) —AV = f'(y(z1))0 inTh\H, v=0 ondT}.

Here ¥ is non-trivial because v,(Z,) = 1 and dist(0, Z,,) < Z < &,.

Now we show that such v can not exist by the three steps as that in the proof
of Proposition 2 of [5], but with a different definition domain of y(x1).

Step 1. We find a solution q of

(4.16) —u" = f'(y)u,

which is positive on [0,%o) and is not bounded as z1 — ¢ .

By differentiating the equation satisfied by y ((3.2)) with respect to x, we
see that y'(x1) is a solution of (4.16). Let Y be the solution of the initial value
problem

(4.17) Y = f(y)Y in (0,t)), Y(0)=0, Y'(0)=1.
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We claim that Y (1) — oo as 1 — t; . In fact, we know from a simple compu-
tation

(4.18) WY =Yy =0 in (0,t).
This implies that
(4.19) yY' = Yy"=C in [0,t],

where C' = /(0). Our claim can be obtained from (4.19) and the facts that
y'(z1) — 0 and y”’(z1) — 0 as 1 — ¢, . Define q(z1) = ¢/'(z1) + Y (z1). We
easily know that g satisfies our requirement.

Step 2. If (4.15) has a non-trivial bounded non-negative solution v, the v can
be chosen so that T'(z1) = sup,cgn-1 0(x1,y) is continuous for z; > 0.

The proof of Step 2 is similar to that of Proposition 2 in [5].

Step 3. We show that v can not exist. If v exists, using the notation of
Step 2, we consider r(z) = v(z)/q(z1). By Steps 1 and 2 and the boundedness
of v, it follows that lm,, - T(x1)/q(xz1) = 0. Thus, since T(0) = 0, we can
find 0 <21 < to such that

sup{T'(z1)/q(z1) | 0 < z1 <to} =T(21)/q(@1).

By Step 2, ¥ can be chosen so that ¥(Z1,y) achieves its maximum on RY = at 0.
By our construction, r(z) achieves its maximum on {(z1,y) | 0 < a1 < to,y €
RN=1} at the interior point (71,0). However, since ¢ satisfies (4.16), a simple
calculation shows that r satisfies an elliptic equation

e +2(d /T, + An_ar =0,

where Ay _1 denotes the Laplacian in the y variables. Hence, by applying the
maximum principle on compact sets, we see that r(z1,y) is constant of 0 < z; <
to, y € RV~1. This is impossible since 7 = 0 when z; = 0. d

We easily obtain the following corollary from Theorem 4.2.

COROLLARY 4.3. Let f satisfy (f1)—(f3) and Q be an N-ball or an annulus.
Then (1.1) has exactly one large positive solution uy which is radially symmetric
for X\ sufficiently large. Moreover, uyx — b in compact subsets of Q as A — oo.

REMARK. Corollary 4.3 implies that (1.1) has no non-radial large positive
solutions for A sufficiently large.
5. Flat core of the large positive solution

In this section we shall give the asymptotic behaviour of the flat core G of
the unique large positive solution uy as A — oco. The existence of G for uy was
obtained in [21]. Our main result of this section is
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THEOREM 5.1. Let f satisfy (f1)—(f3). Then for X\ sufficiently large, G
satisfies that if d*(\) = dist(Gx, 09), then

1/2
Jim X2 ) = SO
where
1/ [ 2ds 2 s
C(F)=-= d F(s)= d§.
=3[ ForrpE) i Fo= [ fod
Moreover,
F 1/2
Alim M 2dist(z, Gy) = % for any x € 092.

To prove this theorem, we start the study from the simple case N = 1, i.e.
the problem

(5.1) " = Af(v) in (0,£), wv(0)=0, wv()=0,

where ¢ > 0 is independent of A\. The main idea of this section is similar to that
in [18] but with many modifications.

LEMMA 5.2. Assume that f satisfies (f1)—(f3). Then there exists a unique
positive solution vy (x) of (5.1) satisfying

(5.2) vy — b uniformly on compact sets of (0,£) as A — oo.

Moreover, for A > X = (1/03)C(F),

(5.3) Ex={z € (0,0) |va(x) = b} = [d*(N), £ —d"(N)],
where
1/ [° 2ds 2
(54) clF) = 2</ F0) —F<s>>1/2> ’
F(s) = /O 1€ d,
(5.5) () = %O(F)l/%l/%

PRrOOF. We claim that if vy € C1([0,¢]) is a positive solution of (5.1) with
[lvalloe < b, then vy is symmetric about z = ¢/2. In fact, the first integral of (5.1)
implies that

(5.6) [VA|2 + 2AF(vy) = C, z € (0,0).
Let Uy = supgcyg Ua(x). Then it follows from (5.6) that
(5.7) 03[ = 2X(F(@)) — F(vy).

On the other hand, we easily know from (5.6) that 7 is the only critical value
of vy = vy(x). Therefore, if z7 = min{x | vy = D)}, 73 = max{z | v\ = vy},



62 Z. Guo

then vy increases before 7, decreases after 3, while vy = 7y in 27 < z < 3.
Thus, it follows from (5.7) that

v (z) s
% | e mm = @V o<r<al
and
va(x) S
(5.9) /0 F@) dF(s))1/2 = 2NYV2(U—x), ap <z <L

(5.8) and (5.9) imply that vy is symmetric with respect to £/2 and

“ ds 1/2
(5.10) /0 o)~ F2 — 20227,

This implies our claim.

To prove the existence, we first notice that it follows from (f) that

b ds
I, o Fwe <
Defining C'(F) and d*(\) as in (5.4) and (5.5) and

~ 1

we have that if A > A, then d*(\) < £/2. Now we define vy(x) by

va(x) s
(5.11) /O 0 —dF(s))1/2 = 202z, 0<z <d*(\)
and
(5.12) oa(z)=b for z € [d"(N),£/2].

We can define vy on [¢/2,¢] such that vy is symmetric about x = £/2. It is clear
that vy is the required positive solution of (5.1).

Now we show that vy is the unique positive solution of (5.1) such that
maxvy — b as A\ — oo. In fact, suppose wy is a positive solution of (5.1)
such that maxwy, — b as A — oo, we can show that wy(£/2) = b for X\ suffi-
ciently large. On the contrary, we know that wy(£/2) := wy < b for all A large.
Since F(s) = [ f(£) d¢, we know that for s < wy and near Wy,

F(s) = F(wx) + f(wx)(s —wx) + %f’(%)(s = Wx)* +o(s —Wx)?).

We know that f(wy) > 0 and f'(wy) < 0 for A sufficiently large (since wy — b
as A — 00). Thus,

F(wy) — F(s) > = f(wy)(wy —s) for s near wy.

N[ =
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Therefore,

(5.13) /m (F(wy) — F(s)) /2 < 2(f(wy)) /2 /wA (@ — 5)" 2 ds < 0

for sgp near w)y and A sufficiently large. On the other hand, we know from a similar
identity to (5.10) that

WA ds ¢
(5.14) /0 F@n) — F)i? = (2)\)1/25.

(Since Wy < b, Wy can only attain at z = £/2.) We easily derive a contradiction

from (5.13) and (5.14). Since w) can also be written to the forms same as (5.11)
and (5.12), we have that wy = vy in (0, ¢). O

Now we are dealing with the case Q = Br = {z € RY | |z| < R}.

LEMMA 5.3. Let uy be the unique large positive (radial) solution of (1.1)
for X sufficiently large obtained in Corollary 4.3. Then uy has flat core G .
Moreover,

C(F 1/2
(5.15) /\lim sup )\1/2d()\7B) < %,
where d(\, B) = dist(Gx 5, 0BR).

PrOOF. We know that u) satisfies the problem
(5.16)  —(rV"WA) = M N f(uy), € (0,R), uA(0)=0, wux(R)=0.

Now we introduce a change
1
R2—N _ .2—N N >3
p = )= { 2 - N( " ) - ’
log(R/r) N =2.
Observe that 0 < p < o0 if 0 < 7 < R. Setting vx(p) = ux(g~1(p)) in (5.16)
leads to the problem

(517) = =Ag ()N TV (), 0<p<oo, v(0)=0v(c0) =0,

where ’ = d/dp. Moreover, vy is the unique large positive solution of (5.17)
(see [18]).

If we fix 0 < 6 < oo independent of A and v = v)(p) stands for the unique
large positive solution to (5.17), then we have that v(f#) — b as A — oo and that
there exists a unique 0 < 1y < 6 such that v(n)) = a and

—u" > Mg~ (6))* NV f(v)

provided that ny < p < 6 (since f(v(p)) > 0 for ny < p < 6). The uniqueness
of 17 can be known from the structure of uy. In fact, we can easily show that
vy =0 and uy = b in [0,7,] for some 75 > 0 and ), < 0 in (¥y, R] (see [15]).
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Thus, vy has the similar property. We know that ny = g(r»), where uy(r)) = a.
It follows from Proposition 3.1 that A\'/2(R —ry) — t° as A\ — oo, where t° > 0
satisfies y(t°) = a and y(¢) is the unique solution of (3.2). (This can also be
obtained from the arguments similar to that in the proof of Theorem 4.2 or that
in the proof of Theorem A in [13]. In fact, if r is near R, X* = AY/?(R —r) and
Ux(X*) = uy(r), we know

EA(X/\) - y(t) in Clloc(ov OO) as A — 00,

where y is the unique solution of (3.2).) By the first integral arguments similar
to that in the proof of Lemma 5.2, we easily know from the property of y that

. “ ds
0= [ =

Thus,
ds

r=R—(2))71/2 /O“ TR +o(A7Y/?)

for A sufficiently large. Therefore, for N > 3,

m = g(ra) = (20) VRN /Oa (F(b) —d;(s))l/z +o(A7Y2).

For N = 2, we also obtain

m = g(r) = (2>\)_1/2R‘1/0a 0 d;(s

(Note that we use Taylor expansions here.)

Let us introduce now the auxiliary problem
(5.18) —v" =Ag ' 20) 2N Vfw), m<p<6, v =a, v'(0)=0.

We observe now that (5.18) admits a unique positive solution v = v, (p, d) pro-
vided A > Ag and v, (0) = b, where

o= o7 (2R [ e

b 2
n (2(9—1(29))2(N—1))—1/2/ 0 _d;(s))lﬂﬂ .

In fact, restricting to 7y < p < € the unique positive solution vy of

(5.19) —v" = Xg 1 (20))* NV f(v),
< p<20—nn,
v(m) =v(20 —m) =a
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with max Uy = b, we obatin v,. Now we show that (5.19) has a unique positive
solution Uy (z) with maxvy = b. In fact, the arguments similar to that in the
proof of Lemma 5.2 imply that, if

A> {01<A1/2m + (2(g71(260))2(N 1)1/ /ab 0 _d;(s))l/z))r,

(5.19) has a unique solution vy (x) with Uy () = b satisfying

Ua(z) S
| G - @A ) e ) fora e (n.0)

and

NED) s
/ (F(b) —dF<s>>1/2 = (2X(g~(20)* )220 — s — @)

for x € (0,20 — ny). Define

b ds
d(\) =\ + (2>\(971(29))2(N71))71/2/ (F(b) — F(s)1/2’

e ds b ds
A_/o (F(b) = F(s))1/ B_/a (F(b) = F(s)1/2

We easily know d(\) < 6 for A > Ay and sufficiently large and thus

Uy =0 in [d()N),20 — d(N)].
It is clear that ) (p) (for ny < p < 20 — ) is a subsolution of the problem
(5:20) —v" =g~ ()N TV f(), wlm) =a, v(20—n)=vx(20 —n).

(Note that vx(20 — 1)) — b as A — o0.) Since b is a supersolution of (5.20),
then we use the arguments similar to that in the proof of Theorem 2.3 to obtain
a positive solution Ty of (5.20) in [0y, b]. Since vy (p) is the unique large positive
solution of (5.17) and vy (p) satisfies (5.20), we can conclude

(5.21) Ty =) Iin (77,\,9),
(5.22) a <wvy(p,0) <wvr(p) formy <p<é.

(To show (5.21), we first notice that vy (20 — ny) = ux(g~1(20 — 1)) — b as
A — 0. Uy and v) are corresponding to the solutions w) and u) of the problem

=) = N () i (9720 =), 97 (),
ulg™ (M) = ualg™ () =@, ulg™ (20 — M) = ualg™' (20 — mr)).
Since uy is the unique large positive solution of (5.16), extending @y to be uy

in [0,g71(20 — ny)] and (g~ 1(nn), R], we have that %) is also a large positive
solution of (5.16). Thus, Ty = u) for A sufficiently large. This shows (5.21).)
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Notice that v, (p, ) develops a flat core for each A > Ao and
(5.23) ux(d(A) = b.
Since uy is decreasing, (5.23) implies uy(r) = b for 0 < r < g=1(d())). Thus,
(5.24) 0 < dist(Gx 5,0Br) < R— g ' (d(\)).
If we put d(A) := R — g~ 1(d(\)), it follows that
d0) = RY=1[(20) V2RIV A+ (20)712(g71 (20)) 7N B + oA 1/2)] + o(A1/2)

for A sufficiently large. Since

R R N-1
Cy1/2 _ 9—1/2 ~1/2
(5.25) AILH;O AVEA(N) =272 A+2 (91(20)) B,

it is obtained from (5.24) and (5.25), after passing to the limit as # — 0%, that

F 1/2
(5.26) limsup \V/2dist(G g, 0Br) < %
since 271/2(A + B) = C(F)'/?/2. This completes the proof of Lemma 5.3. [

LEMMA 5.4. Let Q = A(R1,Re) = {z € RN | 0 < Ry < |z] < Ry} and
ux(r) be the unique large positive solution of (1.1) in Q for X sufficiently large.
If Gy a = {z € A(Ry, R2) | ux(|z|) = b}, then

F 1/2
(5.27) Jiminf A/2dist(G 4, 04) > %

PROOF. Setting

——[r* Y —RTN] for N >3,

p=g(r)= ,
log <> for N = 2,

and

we can rewrite (1.1) as
—" = Mg~ () f(w), 0<p<T, v(0)=u(T)=0,

where ' = d/dp and T = g(Rz). Since u) is the unique large positive solution
of (1.1) with 1 = Ry, 72 = Ra, then vy (p) is the unique large positive solution
of this problem. Moreover, there exist 0 < 77}\ < 77?\ < T such that

va(m) = a(1}) = a
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and 0} = g(r}), N3 = g(r3), where Ry < r} < r} < Ry such that u,(r}) =
uA(r?\) = a. By the arguments similar to that in the proof of Lemma 5.3, we
have

AI/Q(T}\ - Ry) — 10 = 271/2A7 )\1/2(R2 — Ti) —t9=2"124 as\— 00,
where t° and A are defined in the proof of Lemma 5.3. Thus, for \ sufficiently
large,

ry =R+ (2N T2A+0(AT2), 13 =Ry — (20)2PA+0o(A2).

Then, for N > 3,
A=Y
m’=g0%) = (N =27 (RN = R3™Y) = (20)72ARy ™ +o(A71/2).
2

nh = g(r}) = log(1 + (20) AR +o(A/?)) = (2) AR + o(A"1/?),
1 = g(r3) = log(RaRy™) — (20)72AR; " + o(A~Y/?).

(Note that we use Taylor expansions in the calculations.) Thus

i+ ni > [2(N -2)]"YRIN — R3N) for N >3 and \ large,
nx +n3 > 27 (logRy — logR,) for N =2 and X large.
Now we consider the problem
(5.28) —" = ARV fw), mk<p<nds und) =) =a.
The arguments similar to that in the proof of Lemma 5.3 imply that, for A > A
with
A(N = 2)[(2RX N -1/2B 4 9-1/2RI-N 4 4 9]
RN _p2~N
4[2R3)"Y2B + 27 12RTTA + 2]
logRs — log Ry
(5.28) has a unique solution v, such that
vy =b in [d(), (nx +13) — d(V)],

where d(\) := (20)"Y2R]"V B +n} < (9 +n3)/2 and B is defined in the proof
of Lemma 5.3.

for N > 2,

A =

for N = 2,

On the other hand, vy is a subsolution of the problem

(5.29) =" =Xg ' (p)*VVf), m<p<ni, vmi)=v(n})=a

Since b is a supersolution of (5.29), we can obtain a positive solution Ty of (5.29)
in [v),b] by the arguments similar to that in the proof of Theorem 2.3. It is
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clear that ) is a large positive solution of (5.29) and hence Ty = vy in (n},73).
This implies that

(5.30) a <oy (p) <ualp), my <p <7}

We know that for A > )y and sufficiently large,

vy (p)=b for p € [d(N), (nx +13) — d(N)].

Then vy, has flat core and thus u, has flat core.

Let us consider the auxiliary problem
(5.31) —w" =Ag H0)* N Vf(w), ni<p<0, whnl)=a w(®) =0,

where 6 is again an arbitrary fixed number so that n} < 6 < (9} +n3)/2. By
the arguments similar to that in the proof of Lemma 5.3, we know that (5.31)
exhibits a unique positive solution w = w, (p, ) for A large enough. Moreover,
if p(A) == (2N)"Y2(g71(0))' VB + 5}, then w, = b for p(\) < p < 6, while
a < w, <binnl < p < p(A). On the other hand, since vy solves (5.29)
in 7} < p < n? then it defines a subsolution to (5.31) in n} < p < 6. Since b is
a supersolution of (5.31), we can use the arguments similar to that in the proof
of Theorem 2.3 to obtain that there exists a solution wy of (5.31) between vy
and b. The uniqueness of w, implies that wy = w, in [n3,d]. Thus,

(5.32) a < va(p) <w,(p,0) <b forny <p<b.

(5.32) implies that
u(r) <w,(g(r),0) <b
provided that r € A(Ry, Ry) and Ry <1 < g~ !(p(A\)). This means that

(5.33) dist(Gx 4,T1) > g (p(\)) — Ry,
where I'y = {z € OA | |x| = R1}. Observing that
g " (p(\) = Ri =[(2— N)p(A) + R} N]V/E=N) — R,
=R 7'p(N) + o(p(N))
=Ry 2N P (g7(0) VB
+ 2N TV2RIEN A+ oAV + 0(p(N)

—1/2 Ry
= @) /<g‘1(9)

for A sufficiently large, we conclude from (5.33) that

N-1
) B+ (2\) Y24 4 o(A7V/?),

. . _ Ry \V! _
)\15120 inf )\1/2dlst(G,\)A7F1) > 9-1/2 (91(0)) B+27124.
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Such estimate rapidly leads, by letting § — 07, to the desired result. Namely,

C(F)'/?

Jim inf \Y/2dist(Gy 4,T1) > 5

We can use the same idea to claim that

F 1/2
Ahm inf A\Y2dist(Gx 4, T2) > C(T)
where I'y = {z € 0A | |x| = Rz}. In fact, considering the auxiliary problem

—w" = Mg D)V f(w), 6<p<ni, w®)=b w(g)=a

where 6 is an arbitrary fixed number so that (n} +n73)/2 < < n3, we have that
this problem has a unique positive solution w = w,(p,d) for X large enough.
Moreover, if p(A) 1= n? — (2\)~Y2(g~(T))' "V B, then w, = b for § < p < p(\),
while a < w, (p) < b for p(A\) < p < n3. The same arguments as the above imply
that

dist(GA7A,F2) > Ry — 9_1(/)()‘))-

Our claim can be obtained by simple calculations. (Note that we need to use the
formulae of nf\ for N > 3 and N = 2 given above respectively in the calculations.
Moreover, we know that n3 — T as A — oo and g~ *(T) — Ry.) O

PrOOF OF THEOREM 5.1. For any zy € 992 and a ball B being chosen to
be tangent to 0N at o and B C €, we consider the problem

(5.34) —Az=Af() inB, z=0 ondB.

The arguments similar to that in the proof of Corollary 4.3 imply that (5.34) has
a unique large positive (radial) solution zy for A sufficiently large. Lemma 5.3
implies that for A sufficiently large, flat core G p of z) exists. On the other
hand, we know that z is a subsolution of (1.1) by extending it to be 0 on Q\ B,
b is a supersolution of (1.1). By the arguments similar to that in the proof of
Theorem 2.3, we obtain a positive solution uy € [zx, ] of (1.1). It is clear that wuy
is the unique large positive solution of (1.1). Therefore, uy > z, in  and

dist(zo, Ga) < dist(xo, G B)-

Since dist(xo, Ga,g) = dist(Gx g, dB), thus Lemma 5.3 implies

C(F 1/2
(5.35) lim sup AY/2dist(zq, Gy) < &
A—o00 2
This implies
C(F)1/2

(5.36) lim sup A/2 max dist(z, Gy) <
FAS

A—00

2
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To get the estimate of limy_ s inf AY/2 min,cpo dist(z, Gy), we construct an
annulus A, = {z € RN | @ < |z — y.| < R} with y. € RY such that Q C A, and
A, tangent to 02 at xg. Now we consider the problem

(5.37) —Az=Af(?) in A, =0 on 0A..

Corollary 4.3 implies that (5.37) has a unique large positive (radial) solution zy
for X\ sufficiently large. Lemma 5.4 implies that for A sufficiently large, flat
core Gy 4, of z) exists. By extending uy to be 0 in A \ 2, we easily know
that uy is a subsolution of (5.37). Moreover, b is a supersolution of (5.37). Thus
the arguments similar to that in the proof of Theorem 2.3 imply that there exists
a positive solution of (5.37) in [uy, b]. It is clear that this solution is the unique
positive large solution zy of (5.37). Thus uy < zy in Q for X sufficiently large.
Thus,
dist(xo, Ga,a,) < dist(xg, GA).

Moreover, Lemma 5.4 implies

C(F 1/2
(5.38) Jim inf A 2dist(zo, Gy) > %
This also implies that
C(F)1/2
. 1. . f 1/2 . . > Bl Sl
(5.39) Jim in A min dist(x, Gy) > 5

Now our conclusions of Theorem 5.1 can be easily obtained from (5.36) and (5.39).
O
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