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ON A GENERALIZED CRITICAL POINT THEORY
ON GAUGE SPACES AND APPLICATIONS
TO ELLIPTIC PROBLEMS ON RV

MARLENE FRIGON

ABSTRACT. In this paper, we introduce some aspects of a critical point
theory for multivalued functions ® : E — RNU{co} defined on E a complete
gauge space and with closed graph. The existence of a critical point is
established in presence of linking. Finally, we present applications of this
theory to semilinear elliptic problems on R .

1. Introduction

In the last six years, critical point theory for lower semi-continuous function-
als defined on complete metric spaces was developped by Degiovanni, Marzocchi,
Corvellec [7], [8], Toffe, Schwartzman [14], [15], and Katriel [16]. Since then, some
applications of this theory to partial differential equations were given. They con-
cern mainly problems from which the associated functional defined on a Banach
space is not continuously differentiable. The starting point of this work was to
see if this theory can be applied to semilinear elliptic problems on RY. Indeed,
the Fréchet space H (RY) is a very natural metric space (which is not Ba-
nach) one can think of. Many difficulties occured; in particular, the associated
functional is not in general lower semi-continuous on its domain.
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In this paper, we generalize in some aspects the critical point theory devel-
opped by Degiovanni, Marzocchi and Corvellec [7], [8] and by the author [11]
for multivalued functionals, see also [21]. We consider complete gauge spaces E
and multivalued functions ® : E — RN U{oo} with closed graph. Obviously, this
contains the particular case of continuous functions ¢ : £ — RN,

A notion of slope of ® and the associated notion of critical point are intro-
duced. Also, we define a notion of linking in the spirit of the one introduced
n [12]. Our main theorem establishes under suitable assumptions the existence
of a critical point of ® in presence of linking. As corollary, the existence of a
critical point of some functions ® bounded from below is obtained. The proofs
of these results rely on a deformation lemma for subsets of graph ® which is
established in Section 7.

Finally, two simple applications to the semilinear elliptic partial differential
equation

(1.1) —Au+a(z)u = g(z,u), xRV

(R™) to (1.1) is obtained. Here,

no group invariance conditions are imposed on a and g. Also, no restrictions on

are presented. The existence of a solution in H._
the behavior of a and g as ||| — oo are assumed. Moreover, g is not necessarily
superlinear at 0.

This type of problems has been and is still studied by many authors, see for
example [1]-[4], [9], [17], [19], [20], [22]-[24] and the references therein. Some
of them, as Strauss [22], Berestycki, Lions [4], Bartsch, Willem [2], [3], and
Bartsch, Wang [1], seeked radial solutions or O(N)-invariant solutions under
appropriate group invariance conditions on a and g. Others, as Lions [17], treated
the case where a and g have a limit at oo, that is a(z) — @ , g(z,u) — G(u) as
|z]] = oo. The concentration-compactness principle of Lions [17] is an important
tool in these results. On the other hand, Bartsch, Wang [1], Ding, Ni [9], and
Rabinowitz [20] established existence results for the problem (1.1) without group
invariance conditions but with stronger assumptions on a than ours; for instance,
in [20], it is assumed that a(x) — oo as ||z — oco. In [9] and [20], the results
are obtained in using a sequence {u, } with u, a solution of (1.1) on B, the ball
of radius n in RY. All those results can not be compared to ours since, even
though our assumptions on a are weaker, those on g are different to theirs; also g
satisfies a subcritical growth condition as in [5], [6], [13]. However, it is worthwile
to mention that in most of the results in the literature on the problem (1.1), it
is assumed that inf a > 0 while this is not required here. Finally, we point out
that the approach presented in this paper has some similarities with the one used
in [11].
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2. Notations

In this paper, we consider complete gauge spaces (E, {d, }nen) (topological
spaces with topology induced by a family of gauges (semi-metric) {d,}nen),
see [10] for more details. In order to simplify the presentation, we choose {d,}
such that

(2.1) di(u,v) <ds(u,v) <....
We write fory e E;, SCE, and r >0
Bu(y,r) ={z € E|dn(y,x) <7},
Oy,r)={z € E| sggdn(x,y) <r},
Sy = U O(y,r).
yeS

We denote by 7,, the uniform topology on E generated by the open sets O(y, r).
Notice that E is endowed with the gauge space topology 7, generated by {d,, } nen
unless the contrary is mentioned.

Observe that if (F, {d,, }nen) is a complete gauge space satisfying (2.1), then
so is (E x RN, {D,, }nen) where D,, is the gauge defined by:

Da((u,¢), (v,8)) = wn(u,v)’z + (maxc[er, — bi)”

Also, if ® : E — RN U {oc} is a multivalued map with closed graph, that is such
that

graph® = {y = (u,c) € E x RY | c € ®(u)}
is closed in £ x RN, then, (graph @, {D,, },en) is a complete gauge space satisfy-
ing (2.1).

We say that a subset C C RN is bounded from below (resp. from above) if
there exists m = (my,ma,...) € RY (resp. M = (My, Ms,...)) such that for
every ¢ = (c1,¢2,...) € C, ¢, > my, (resp. ¢, < M,) for every n € N; we
write C' C [m, 00 = [],en[mn, 0] (resp. C' C ]—o0, M]). We say that C is
bounded if it is bounded from above and from below, we write C' C [m, M] =
[T.enlmn, My). For c € RN and r € R, we write ¢+ r for (c1 +7,¢c2+7,...).

3. Linking

Let (E, {d, }nen) be a complete gauge space. We introduce a notion of linking
in the spirit of the one presented in [12]. For that, we use the following notation.
Let Ay C Ag C E with Ay # (), we set

N (Ao, A1) ={n: (A0, Ty) x [0,1] — (E,T,) | n is continuous
n(x,t) =z for all (z,t) € Ag x {0} U Ay x [0,1]}.
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DEFINITION 3.1. Let Ay C Ay C E, Q1 C Qo C E. We say that (Ao, A1)
links (Q07Q1) if A1 n Q(] = (Z), A() N Ql = (Z), AO n QO # 0, and if for every
n € N(Ap, A1), one of the following statements holds:

(1) 77(1407 1) N QO # (2)7
(2) n(Ao,]0,1[) N Q1 # 0.

REMARK 3.2. Notice that A; can be empty and ¢ nonempty (which is
impossible in the usual notions of linking). An analogous definition can be
stated with 7, instead of 7,. In fact, we chose to impose the continuity with
respect to 7, in order to obtain more linking sets.

Here are some examples of linking. Many others could be given.

PROPOSITION 3.3. Let (F,{|| - |ln}nen) be a Fréchet space such that F =
Fy ® Fy where Fy = span(ey, ..., e) with {e1,...,er} linearly independant and
lleilln < R < oo for everyn €N, and i =1,...,k. Let M > 0 and denote

Ag={hier + -+ Mger [ A= (Ary- ., Ap) € RF with ||\ < 13,
Ay ={her + .o dper | A= (A1, .0, \) € RF with ||| = 1},
Qo = {u € F» | liminf ||ul|, < M},

n—oo

Q1 = {u € Qo | liminf ||ull, = M}.
Then (Ao, A1) links (Qo, Q1); also, (Ag, Ay) links (Fs,0).

PRrROOF. Let n € N(Ag, A1). Define H : Ay x [0,1] — Fy by h(u,t) =
Pp,(n(u,t)), where P, is the projection on F;. It follows from degree theory
the existence of a continuum (in the uniform topology) C C {(u,t) € Ay x
[0,1] : h(u,t) = 0} such that C N Ag x {i} # 0, i« = 0,1. This implies that
n(CNAg x {1}) N Fy # 0. So, (Ao, Ay) links (F3, ().

On the other hand, define L : F — R U {#o00} by L(u) = liminf, . ||ul/».
Observe that Lon : Ag x[0,1] — R is well defined and continuous with respect to
the uniform topology. Since Lon(C) is also a continuum and Lon(CNAgx{0}) =
0, we deduce that n(CNAg x {1})N Qo # 0 or n(CN Ay x]0,1[) N Q1 # 0. Hence
(Ao, A1) links (Qo, Q1). O

PROPOSITION 3.4. Let (E,{dy}nen) be a complete gauge space and let Ay C
Ao C E, Q1 C Qo C E be such that (Ag, A1) links (Qo,Q1). Assume that
¢ : E — RY is a continuous map with ¢|a, continuous with respect to the
uniform topology on Ay and RY. Consider the gauge space E = {(u,c) € E x
RY | ¢ € [¢p(u),00[}. Then (graph ¢(Ap), graph ¢p(Ay)) links (CAQB,C/Q:) in E, where
Qi ={(u,¢) € Qi xRN | ¢ € [p(u), 00[}, i =0, 1.
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PROOF. Obviously, graph(Ag) N Qo # 0, graphé(Ag) N Q1 = 0, and
graph ¢(A;) N (,QVO = 0. Let n = (m,n2) € N(graph¢(Ay), graph ¢(A;)). De-
fine

N:Aox[0,1] = E by 7(u,t) =m((u, d(u)),t).
Since (A, A1) links (Qo, @1), either 7j(Ag, 1) N Qg # B, and hence

n(graph ¢(A0), 1) N Qo # 0, or 7(Ag x10,1)) N Q1 # 0,

and hence n(graph ¢(A4p) x 10, 1[) NQ; # 0. So, (graph ¢(Ap), graph ¢(A1)) links
(Qo, Q1) O

4. Slope and critical points

Let (E,{dn,}nen) be a complete gauge space satisfying (2.1). We consider
®: E — RN U {oo} a multivalued function with closed graph and the complete
gauge space (graph ®,{D,, }nen). In order to define the notion of critical point
of ®, we need to introduce the notion of slope.

DEFINITION 4.1. Let y € graph®. The slope of ® at y, denoted |d®|(y),
is defined as the supremum of ¢ > 0 such that there exist m € N, § > 0 and
amap H = (Hy, Hy,...) : Bn(y,0) x [0,6] — graph ® continuous with graph @
endowed with the uniform topology such that for every (v,b) € B,,(y,d) and
every t € [0, 4],

(i) Dy (H((v,b),t),(v,b)) < tv/1+ o2 for every n € N,
(ii) Hp((v,b),t) < b, — ot for every n > m,
(i) |Hn((v,b),t) — by| < ot for every n € N.

REMARK 4.2. For k € [1, 0], we can define |k-d®|(y) by replacing (iii) by
(i), |Hn((v,b),t) — by| < kot for every n € N.
So, [d®|(y) = |1-d®|(y) and |d®|(y) < |k-d®|(y) for every k > 1.
REMARK 4.3. (1) Let (F,d) be a complete metric space, and ¢ : E —
R U {co} a lower semi-continuous functional. Take ® : E — RN U {oo} defined
by
00 if ¢1(u) = o0,
o [ ) o1(w)
{(¢,c,...) | ¢ > ¢1(u)} otherwise.
Then the weak slope of ¢; at u in the sense of Degiovanni and Marzocchi [8]
|d¢n[(u) = |d®[(y) with y = (u, (¢1(u), ¢1(u),...)).
(2) Let (E,d) be a complete metric space, and ®; : E — RU {co} a multi-
valued map with closed graph. Define ® : E — RY U {oo} by

fb(u){ {(c,c,...) | c€Py(u)} if D1(u)NR #£0,

{0} otherwise.
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Then |d®;|(u,c) = |0o-d®|(u, (¢, c,...)) (see Remark 4.2), where |d®]|(u,c) is
the weak slope introduced in [11].

(3) Let E be a Banach space and f,, € C}(E,R) forn € N. Take ® : E — RY
defined by ®(u) = (f1(u), fo(u),...). Then

joc-d(u, (f2(w), fo(w)....)) < liminf [ £ (w)]|
It is easy to show the following result.
LEMMA 4.4. The slope |d®| is lower semi-continuous.

DEFINITION 4.5. We say that u € E is a critical point of ® at level ¢ € RY
if (u,c) € graph ® and |d®|(u,c) = 0; c is called a critical value of ®; we write
u € K.. We say that u is a critical point of ® if u € K = cpn K.

DEFINITION 4.6. Let C C RY. We say that ® satisfies the Palais-Smale
condition at C, noted (PS)¢ if every sequence {y;} such that |d®|(y;) — 0 and
yr € graph ® N E x C + [—r, rg] with 7, — 0, has a convergent subsequence.

REMARK 4.7. This definition seems to be the most suitable in our context.
Indeed, let us consider the case where C' = {c} C RN. The set of sequences
{yr = (uk,cr)} in graph ® with ¢, — ¢ and |d®|(yx) — 0 is much larger than
the set of sequences {yx } considered in the previous definition. Also, in practice,
it is extremely difficult to know exactly what will be the critical value; so, in our
case, C' will be an interval in RY.

5. Single-valued continuous maps

For a better understanding of our Main Theorem, we first consider the par-
ticular case where ¢ : E — R is a single-valued continuous map. Obviously, it
can be considered as a multivalued map u — {¢(u)} with closed graph. However,
the Palais—Smale condition would hardly be satisfied because condition (iii) in
Definition 4.1 is very restrictive in this context. So, in practice, it seems more
appropriate to consider the associate multivalued map defined by

®(u) = [¢(u),o0[.

We will say that w is a critical point of ¢ at level ¢ if there exists ¢ € [¢(u), oo]
such that u is a critical point of ® at level c. Similarly, we will say that ¢ satisfies
(PS)c if @ satisfies (PS)c¢.

LEMMA 5.1. Let ¢ : E — RN be a single-valued continuous map. If u is
a critical point of ¢ at level ¢, then

liminf ¢, — ¢ (u) = 0.

In this particular case, we state a corollary of our main theorem which will
be presented in the next section.
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THEOREM 5.2. Let ¢ : E — RY be a continuous single-valued map, and
ce RN, Let A C Ay C E, Ql C QO C FE be such that (Ao,Al) links (Q();Ql);
and
(5.1)  sup liminf ¢, (u) — ¢, < f = inf liminf ¢, (u) — ¢,

u€A; N0 ueQp M—oo
<7 = sup liminf ¢, (u) — ¢, < inf liminf ¢, (u) — ¢,
w€Ag N0 uEQR n—oo
with v € R. Assume that graph ¢(Ag) is compact with the uniform topology,
and ¢ satisfies (PS)c for every bounded C C RN. Then ¢ has a critical point.

6. Main theorem

We state our main result establishing the existence of a critical point of
® : E — RY U {00} a multivalued map with closed graph. By convention
sup(f)) = —oo, inf(f)) = occ.

MAIN THEOREM 6.1. Let ® : E — RN U {oo} be a multivalued map with
closed graph. Let¢ = (¢1,C2,...) € RN, A; C Ay C graph ®, Q; C Qo C graph ®
be such that (Ag, A1) links (Qo,Q1), and

(6.1) sup liminf(c, —¢,) <= inf liminf(c, —¢,)
(u,c)€A; "7 (u,c)€EQe M—
<~= sup liminf(c, —¢,) < inf liminf(c, —¢,),
(u,c)€Ay M (u,c)€Q1 m—0o0

with v € R. Assume that Ag is compact with the uniform topology, and ® satisfies
(PS)c with
C={c+recRY||r| <v— 3 and there exists (u,c) € Ag
such that liminf ¢, — ¢, > 8}.

n—oo

Then there exists ¢ € C' a critical value of ® such that
ﬁ - (7 - ﬁ) < hnn'_l}orclf(cn _En) < ’Y""‘ (’Y - ﬁ)

REMARK 6.2. The previous theorem still holds if we replace |d®| by |k-d®|
for k € ]1,00] and v — 8 by k(y — 3).
In imposing extra conditions on the values of ®, we can get more precisions

on the critical value.

THEOREM 6.3. Assume the assumptions of the previous theorem are satis-

fied, and assume that

b e ®(u) with by, <€, + 0 for somen € N
= (by,..., bn_l,gn, bpit,-..) € ®(u) for every by € [bn, Cn + O]
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Then there exists ¢ € C a critical value of ® such that liminf,, . (¢, —C,) > B.

On the other hand, if we do not impose a compactness assumption on Ay,
we get less precisions on the critical value.

THEOREM 6.4. Let ® : E — RY U {co} be a multivalued map with closed
graph. Let ¢ = (¢1,C2,...) € RN, Ay C Ay C graph®, Q; C Qo C graph ®
be such that (Ao, A1) links (Qo,Q1). Assume that (6.1) holds, and ® satisfies
(PS)¢ with C = C + |3 — v,~v — B8] where C is the closure (in 1,) of {c e RV
I(u,c) € Ap}. Then there exists c € C a critical value of ®.

In order to prove these theorems, a deformation lemma which will be estab-
lished in the next section is needed. Before, we present a corollary.

In our context, we do not talk of minimum but sometimes, one can obtain a
critical point of ® when it is bounded from below. This is shown in the following
result which is a direct consequence of Theorem 6.1 applied with 4g = {(@,?)},
Qo = graph ®, and 4, = Q1 = 0.

COROLLARY 6.5. Let ® : E — RN U {co} be a multivalued map with closed
graph such that ®(F) is bounded from below, that is ®(E) C [m,o0o[ U {oco}.
Assume that there exists (u,¢) € graph ® such that

liminf(m, —¢,) = —r > —oo.

If (PS)c is satisfied with C = [¢ — r,c+ 7], then ® has a critical value c € C.

It is worthwhile to mention that the situation here is different from the
classical critical point theory. Indeed, one can find a map ® bounded from
below, satisfying (PS)¢ for every C, which does not have critical points.

EXAMPLE 6.6. Let E =RY, and ® : E — RY defined by
O(u)={ce RN | en > entmax{ur,unt e N}.

Obviously, ® has closed graph and is bounded from below. Moreover, ® has no
critical points. Indeed, for every (u,c) € graph ®, |d®|(u,c) > e~!. To see this,
define H : graph ® x [0,1] — graph ® by

H((v,b),t)

= (v —t,max{b; — te™ ', e T} max{by — te !, e2TImax{vi iy

Obviously, @ satisfies (PS)gx.

7. Deformation lemma

In this section, we obtain a deformation result which will be used in the proof
of Theorems 6.1 and 6.3. The proof is analogous to the one presented in [7].
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THEOREM 7.1. Let S be a subset of graph ® such that there exist o > 0, and
R > 0 such that

(7.1) |[d®|(y) > o for everyy € Sg.

Then there exist v > 0, a map n = (9o, M1,...) : S x [0,7] — graph® contin-
uous with graph ® endowed with the uniform topology, and there exists a map
N : S — N locally bounded such that for every (u,c) € S and every t € [0,7],

(i) Dn(n((u,c),t),(u,c)) < tvV1+ 02 for every n € N,
(ii) |9n((u,c),t) — cn| < ot for every n € N,
(iii) nn((u, ¢),t) < ¢, — ot for every n > N(u,c).

PRrROOF. For every y € Sg, there exist 6, > 0, m, € N, and a continuous in
the uniform topology map H, : By, (y,d,) x [0,6,] — graph ® satisfying (i)-(iii)
of Definition 4.1 with o.

By Milnor’s Lemma (see [18]), the open cover {B,, (y,0y/2)}yes, of Sr
admits a locally finite refinement {V; » | j € N, XA € A;} such that V; xNV;, =0
it AN# p. Let {6, : Sr — [0,1] | j € N, A € A;} be a continuous partition of
unity subordinate to {V; x| j € N, A € A}

For every (j,)), choose y; x € Sk such that V; x C By, , (yj,x,05,1/2), where
and Hj;\ = H,, . For y € Sg, denote

we set mj = my, |, 0 = 5'!4]’,/\’

N(y) =max{m; |y € V;\}.

Let T : Sg — |0, 00 be a continuous function such that

(7.2) 0<T(y) < min{d; » |y € V; 1}

1
2v/1 4+ o2

Such a function exists, and N is locally bounded on Sg since the refinement is
locally finite.

Define n* = (nd,nt,...) : {(y,t) € Sr x [0,00[ | t < T(y)} — graph ® by

Hyx(y,010(y)t) ifye W,A,

1 —
77 (y’t) - y 1fy ¢ U Vl,)\'
AEAL

This function is continuous in the uniform topology since the inclusion

i: (graph ®,7,) — (graph ®,7,)
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is continuous. Also, it satisfies for every y = (u,c) € Sk and every t < T'(y),

Da(n'(y,t),y) < tV/1+ 02 Z 612(y) for every n € N,

AEA;
yl) = Cn| X0 1,2 or every n € NN,
7y, 1) = cal <ot Y B1a(y) f yneN
AEA,
. ~
n,(y,t) < ep, — ot Z 012 (y) for every n > N(y).
AEAL

Moreover, this with (7.2) imply that

1
Dn(nt(y,t),y) <tV1+02 < imin{(?j)\ |y € Vja} for every n € N.
Therefore, we can define inductively

= (... ) {(y,t) € Sg x [0,00[ | t < T(y)} — graph ®

by ) _
‘ Hin( =y, 1), 05, ()t)  if y € Vi,

W1 =\ iy, 1) ify ¢ (J Via
)\EAJ’

This function is continuous in the uniform topology and satisfies for every y € Sg
and every t < T'(y),

J
Dn(0’ (y,t),y) < t\/1+ 02 Z Z 0;(y) for every n € N,

i=1 X€eA;

J
. (y,t) — cn| < Otz Z 0i(y) for every n € N,
i=1 ACA;

J
n(y,t) < cp — O'tz Z 0iA(y) for every n > N(y).
i=1 AeA;

Since the refinement is locally finite, for every y € Sy, there exists a neighbour-

hood V of y which intersects a finite number of V; x. So, there exists ¥ such
that

0 (x,t) = ng(x,t) for every j > ¥ and every x € V.
Therefore, the map 77 : Sg x [0, 00[ — graph ® defined by

iy, t) = lim ' (y. min{t, T(y)})
is continuous in the uniform topology. Also, it verifies for every y = (u,c) € Sg,
(7.3) D,(n(y,t),y) <tvV1+02 foreveryneN,
(7.
7

4) | (y,t) —cn| < ot for every n € N,
(7.5) Ty, t) <cp — ot for every n > N(y) and every t < T(y).
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Now, fix 7 = R/v/1 + 02. We define inductively 7 : S x [0,7] — graph ® by
n(y,t) if To(y) <t < Ti(y),
nn(y, Ty(y), t = Ta(y)) if Ta(y) <t < Ta(y),
M= G, Ta() - Tolw)) Tole) < £ < T(y),

where Ty(y) = 0 and

(7.6) Thi1(y) = min{r, Tn(y) + T(n(y, Tu(y)))}, h=0,1,....
Hence, from (7.3), we deduce that for every h > 0, k > 1, t € |Thir-1(y),
Th+k(y)], and y € S, we have for every n € N,
(77) Dn(ﬁ(% t)a 77(2/7 Ty, (y)))
< Dn(n(y: 1), 1y, Thak-1(y))) + -+ Du(0(y, Trr1(y)), 1y, Th(y)))
< [(t = Thgr—1(y) + .- + (Tha(y) — Th(y))V1+ 02
< (t—=Tw(y)vV1+o2,
and in particular, D,(n(y,t),y) < tvV1+4+ 02 < R; so, n(y,t) € Sg. Also,
from (7.4), for every y = (u,c) € S, t, and every n € N, we have
1 (y, 1) — cn| < ot.
We claim that for every y € S, there exists h € N such that
(7.8) Tw(y) =r for all h > h.
If this is not the case, for some y € .5,

(7.9) Th(y) <r for every h € N.

It follows from (7.7) that {n(y,Th(y))} is a Cauchy sequence in Sg. Therefore,
there exists o > 0 such that

(7.10) T(n(y, Tr(y))) > a for every h > 0,

since T is continuous and positive on Sr. Combining (7.6), (7.9) and (7.10), we
deduce that for all A € N,

h—1

r>Ty(y) = Z T(n(y, T;(y))) > ha,

a contradiction. This permits us to conclude that 7 is well defined and continuous

in the uniform topology. Moreover, for every y € S, there exist a neighbourhood
V of y, and h, € N such that

(7.11) Th(z) =T, (2) =r for every z €V and h > h,,.
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On the other hand, from (7.5), we have for every y € S,
My, t) < ¢, —ot foralln > Z\7(y)7 and all t < T4 (y);
and for all ¢ € [T1(y), To(y)], and all n > N(n(y,T1(y))),

M (Y, t) < naly; Ta(y)) — ot = T1(y));
so that for all ¢ < Ty(y), and all n > max{N (y), N(n(y, Tt (y)))},
My, t) < cp — ot;
and hence, for all t < r,
M (y,t) < e, —ot for all m > N(y),

where N(y) = max{N(y), N(n(y, T1(¥))), N(y, Ta(y))), .- }. From (7.11), we
deduce that N : S — N is well defined and is locally bounded in S. g

REMARK 7.2. An analogous result is also true with |k-d®|.

8. Proof of the Main Theorem
We define L : E x RN — RU {—o00,00} by

L(u, ¢) = liminf ¢, — G,.
n—oo

PROOF OF THE MAIN THEOREM 6.1. If there is no critical value in C, by
the Palais—Smale condition there exist o > 0, R > 0 such that

|d®|(y) > o for every y € graph® N E x C + [-2R, 2R].

Define Lo : Ag — [—00,7] by Lo = L|4,. Observe that Lg is continuous in
the uniform topology. Fix € > 0 such that

sup Lo(u,c) < B — 2.
(u,c)€AL

There exists ¢ € ]0,Z[ such that
Lyt [B—¢e,00[ C E x {c+1r € RY | there exists (u,c) € Ag
such that liminfe¢, — ¢, > 8 and |r| < R},

n—oo

and there exists an Urysohn’s function A; : Ag — [0, 1] such that
M(y) =0fory € Lyt[—o00,f—¢] and M\ (y)=1foryec Ly"[B,00[.

Denote S = graph® N E x C + [-R,R]. Let r > 0 and n be given by
Theorem 7.1. We define n* : Ag x [0,1] — graph ® by

, T )\1 lf )\1 0,
T t) = { n(y, 1A () (y) >

y otherwise,
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so that n! € N(Ag, A1). We have L(n'(y,t)) < v for every y € Ay and every
t €10, 1]. Therefore, n'(Ao,]0,1]) N Q1 = ), and hence, by definition of linking,

(8.1) n' (Ao, 1) N Qo # 0.

Define Ly : Ag — [—00,7] by Ly = Lon'(-,1). We have L1 (y) = Lo(y) —orAi(y).
So,

(8.2) Li(y) <y—or or Li(y) <p.

If 3>~—or, (6.1), (8.1) and (8.2) lead to a contradiction.
On the other hand, if v — 8 > or, from the properties of 1, we deduce that

n'(y,1) € S forevery y € L' |3 —¢,00[.

Again, there exists an Urysohn’s function Ag : Ag — [0, 1] such that Aa(y) =0
for y € LT '[~o00,3 —¢] and Xa(y) = 1 for y € L7 [B, 00[.
We define n? : Ay x [0,1] — graph ® by

Pyt) = n(n'(y, 1), rtA2(y)) if Ao (y) > 0,
’ n*(y,1) otherwise,

We have n? € N (Ao, A1), 1°(A0,]0,1]) N Q1 = 0, and
(8.3) 7% (A0, 1) N Qo # 0.

We define Ly : Ag — [—00,7] by Ly = Lon?(-,1). As before, Ly(y) = L1(y) —
orise(y), and

(8.4) Lo(y) <~v—20r or La(y) <p.

If B > ~v—20r, (6.1), (8.3) and (8.4) lead to a contradiction. On the other hand,
if v — B > 2071, we deduce that

n*(y,1) € S for every y € Ly' [B — ¢, 0.
In doing this argument k times with v — kor < 3, we get a contradiction. O

PROOF OF THEOREM 6.3. As before, let us define Ly : Ag — [—00,7] by
Lo = L|a,. Fix &1 > 0 such that Lo(A;) < 8 — 2e1. There exists ny € N such
that

Ly'[B—e1,00[CExCy = E x (¢+R™ x [ —2ey,00[ x [3 — 2e1,00[ x ...).
Indeed, for every y € Ly [3 — &1, 00], there exists n, such that
y €Oy =graph®NE x (€+R"™ x |5 —2e1,00] X | —2e1,00[ X ...).

So {0, } is an open cover of Ly [3 — &1, 00[ in the uniform topology. Since this
set is compact, Ly ' [8 — &1, 00[ C Ule Oy,. Set ny = max{n,,,...,ny, }
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Let us denote C; = C' N a If there is no critical value in C7, by the
Palais—Smale condition there exist o > 0 and R > 0 such that

|[d®|(y) > o for every y € graph® N E x C; + [-2R, 2R).
There exists € € ]0,&1[ such that

Lyt [8—¢,00[C ExCyNn{c+reRY|there exists
(u,c) € Ag such that liminf ¢, — ¢, > 8 and |r| < R}.

Denote S = graph ® N E x C; + [—R, R], and let r > 0 and n = (ng,n1,...) be
given by Theorem 7.1.
We proceed as in the previous proof except that we define n* = (nd,nt,...):
Ap x [0,1] — graph ® by
1 { nn(no(ya 1)3 7‘t)‘l(y)) if Al(y) > Oa
77n( 7t) =
n9(y, 1) otherwise,

forn=0,...,n1 — 1, and for n > ny

max{nn(no(yu 1)7 rt)\l(y))76n + ﬁ - 251} if )\1 (y) > 07
m(y. 1) = q 01(y) max{n}(y, 1), + B — 221}
+(1 = 01(y))n°(y, 1) otherwise,
where n°(y,1) = y, and 6; : Ag — [0,1] is an Urysohn’s function such that
01(r) =1 on Ly' [ —¢,00[ and 6;(2) = 0 on Ly'] — 00, 3 — 2¢]. This insures
that if y — 8 > or

n'(y,1) € S forevery y € L' [3 — ¢, 00,
where Ly : Ag — [—00,7] is defined by Ly = Lon'(-,1). We have

Li(y) = Lo(y) — 01 (y) min{orAi(y), Lo(y) — (8 — 2¢)}.

So,
Li(y) <y—or or Li(y) <p.
Therefore, nt € N (Ao, A1), n'(40,]0,1]) N Q1 = 0, and n'(Ap,1) N Qo # 0. As
before, if B > v —or, we get a contradiction. Otherwise we repeat this argument
a finite number of times until we get a contradiction.
Therefore, ® has a critical point at level ¢! € C;.
Now, take g2 €]0,£1[. One can find

Co =24+ R™ x ([8 - 2e1,00))" x [B— 2e3,00[ x [B — 2e2,00[ X ...,

such that
Lyt [B—e2,00[ C E x Cs.
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The same argument as before yields to the existence of us a critical point of ®
at level ¢> € Oy = C N Cy. We continue this process with {e} a decreasing
sequence converging to 0 in order to get a sequence of sets

CO>CiDCyD ...

and a sequence {uy} such that uy is a critical point of ® at level ¥ € C. From
the Palais—Smale condition, we deduce the existence of u a critical point of ® at

cE mC’n,

neN

some level ¢ with

and hence, liminf, (¢, —C,) > 0. 0

The proof of Theorem 6.4 is similar to the proof of the Main Theorem 6.1.

9. Applications

In this section, we present simple applications of our results to nonlinear
partial differential equations on R¥.

Let us consider the problem
(9.1) —Au(z) + alz)u(z) = g(z,u(z)), ae xcRY.
We look for v € HL (RY) such that

VuVw + a(z)uw — g(z,u)wdr =0 for every w € C°(RY).
RN

We assume

(H1) a € C(RY,]0,00]),

(H2) g : R¥*! — R is such that = + g(z,u) is measurable for every u € R,

u — g(z,u) is continuous for almost every z € RY, and for every ¢ > 0,
there exists a. € L2~/ (V+2) (R™), such that

loc
lg(z, u)| < ac(x) + elu| N~/ N2,

(H3) (1) there exist § < 2, az € L (RY), ay € L (RY) such that

loc loc

G(x,u) < as(z)|ul|’ + as(z) for every u € R and a.e. z € RY,

or
(2) there exist 5 >2>60>0, R € LIQOIZ/(N_Q)(RN), az € L2 (RY), and
ay € L (RY) such that

loc

BG(z,u) — g(z,u)u < az(z)|ul’ + as(x) for every |u| > R(z) and a.e. z € RV,
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where
G(z,u) = /u g(x,s)ds.
Let p = 2N/(N — 2). We define ® :OLfOC(RN) — RY U {00} by
B(u) = { {ceRY | ¢, > ¢p(u) for all n € N} if u € HL (RY),
o0 otherwise,
where

2 2

and B,, = {z € RY | ||z|| < n}. It is clear that ® has closed graph.
The following result gives some information on the slope of ®.

Pn(u) = /B [Vul” + @’ _ G(z,u)dx,

n

PROPOSITION 9.1. Assume that (H1) and (H2) hold. Let (u,c) € graph ®
be such that |d®|(u,c) < oo, then there exists « € LY(RN) (with 1/p+1/q = 1)
such that for every n € N,

/ owdx = / VuVw + a(x)uw — g(z,w)wdz  for every w € H'(B,).
B’Vl BTZ

Moreover, ||| pa@yy < [d®|(u,c).

PRrROOF. If, for every n € N,

(9.2) sup {/ VuVw + a(z)uw — g(z, w)w dx} < |d®|(u, c),
weC™(By) B,
lwllLr(B,)<1

then, for every n € N, the functional defined on C*°(B,,) by
w VuVw + a(z)uw — g(z, w)w dz,
B,

admits a continuous extension f, on LP(B,). By Riesz’s Theorem, there exists
o € LU(By,) such that f,(w) = [, anwdz for every w € LP(B,). In particular,

/ apw = / VuVw + a(x)uw — g(z,uw)wdz for every w € C(By,).
Bn Bn

Observe that an (ot — ap)wdz = 0 for every w € C°(B,,) and every m > n;

q
loc

S0, Qyy = v, a.e. on B,,. Hence, there exists a € Ll _(RY) satisfying for every

neN

/ owdx = / VuVw + a(x)uw — g(z,u)wdz for every w € H*(B,).
B, By

Moreover, ||al|Lq(p,) < |d®|(u,c) for every n € N, so,

a e L'®Y) and o]y < |dP|(u,0).
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Now, suppose that (9.2) is false. Let ng be the infimum of n € N such that

|[d®|(u, c) < sup { / VuVw + a(z)uw — g(z, w)w dx}.
By

weC™>(By,)
lwllzr(p,)<1

Fix p € R such that

|[d®|(u,c) < p < sup { / VuVw + a(z)uw — g(z, u)w dm},
wEC™ (Byy) Bu,
”wHLP(BnO)Sl

and choose ¢ > 0 such that
(9.3) |[d®|(u, c) < p — 6e.

There exists wo € C¢°(Bn,) such that |[wo| zs(5,,) < 1, and

(9.4) p— g < / VuVwg + a(x)uwy — g(x, w)wg dz.
Bng
Let us recall that
(9.5)  —]d®|(u,c) < / VuVwg + a(x)uwy — g(x, w)wedx  for all n < ng.

Bn

We can find §; > 0 such that for every (v,b) € By, ((u,c),d1), we have
(9.6) / VoVwy + a(z)vwy — g(x, v)we dz > p — ¢,
B
(9.7) / VoVwg + a(z)vw — g(z, v)w dz > —|dP|(u,c) — €
B’Vl

for all n < ng. If (9.6) is false, there exists a sequence {(vg,br)} such that
Dy, ((vg, b), (u,¢)) < 1/k and

(9.8) / Vo Vwg + a(z)vywe — gz, vp)wo de < p — .
Bry

Since

2 2

bkng — Cngs and vy, — uw in LP(B,,) as k — oo, we deduce that {vj} is bounded

2 2
¢n0 (U/C) = / ‘VU/C' + a(x)vk - G(.’L‘,Uk) dx < bno,ka
B.

no

in H!(B,, ), and hence has a subsequence converging weakly to u. This with (9.4)
and (9.8) lead to a contradiction. The inequality (9.7) can be proved by a
similar argument. On the other hand, there exists d; > 0 such that for every
(v,b) € By ((u,¢),02), 0 <t <y, and every n < nyg,

(9.9) /Bn [/vv g(x,s) ds} —tg(x,v)we dx < te.

—two



84 M. FRIGON

Indeed, otherwise, we could find n; < ng, and sequences {(vg,bx)}, {tx} such
that (vg,bx) € Bpy((u,¢),1/k), t, €]0,1/k[, and

(9.10) /B {1 / g(x,s)ds}—g(m,vk)wodm>e.

n1 ke Jup—tywo
Since vy, — w in LP(B,, ), without lost of generality, vi(z) — u(x) a.e. on By,.
It follows from the mean value Theorem that

1 Uk(I)
— g(x,s)ds — g(z,vp(x))wo(x) = 0 ae. x € By,.
23 v (z)—trwo(z)

The Lebesgue dominated convergence Theorem leads to a contradiction.
Finally, we set § = min{dy, d2,2¢/¢} with { = ano (|Vwo|? +a(x)wd) dz, and
we define
H : By, ((u,c),d) x [0,] — graph @
by
H((v,b),t) = (v —two, b —t(M — 3¢)),

where M € RY is given by

M, = { —|d®|(u,c) if n < ng,

p otherwise.
Using (9.6), (9.7) and (9.9), we obtain
2

Bnlv — o) = 6a(0) + / Vo[ + a(w)ud da
B,

_ t{/ VoVwgy + a(z)vwe — g(x, v)wo dx}
B,

+/ [/ g(z,s) ds} —tg(z,v)wy dx
By v—twg

< ¢n(v) _t|:
B,
< b, — t(M,, — 3e).

VoVuwgy + a(z)vwy — g(x, v)wy dm} + te +te

So H is well defined. Obviously, H is continuous when graph ® is endowed
with 7.

Observe that ||v —two —v||Lr(p,) < t and |M,, —3¢| < p— 3¢ for every n € N
by (9.3). Hence, |d®|(u,c) > p — 3¢, a contradiction. O

Now, we establish the Palais—Smale condition.

PROPOSITION 9.2. Assume that (H1)—(H3) hold. Then for every bounded
subset C C RY, @ satisfies (PS)c.

PROOF. Let {(ug,c)} be a sequence such that |d®|(ug,cr) — 0 and

(ug, cx) € graph ® N LE. (RN) x C + [=rp, 7]  with 7, — 0.

loc
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Since C' is bounded, we can find M € RN such that ¢, € [-M, M] for every
keN.

From the previous proposition, for every k € N, there exists ay € LI(RY )
such that

ekl Lany < |d®|(ug, k),
and
/ apwdr = / VupVw + a(z)upw — gz, ug)w d
B, By,

for all w € H*(B,) and all n € N. If (H3)(1) is satisfied, fix v = 0 and R = 0;
and fix v = 1/ if (H3)(2) holds. We deduce that, for every n € N, there exist
Y1,7v2 > 0 such that for every k € N,

M, > Ck,n > ¢n(uk) _’7/

apug dr + ’y/ apug dx
By,

Bn

1
> (5-7) [ 19+ atou o~ louliaqa lusliris,

"‘/ vg(x, uk)ur — G(z,uy) dz

n

1
> (2 —v) / |Vur|* + a(z)u dz — ]d®|(uk, cx) [url| 2o (5,)
B,

+ [/ +/ v9(x, up)ur, — G(x,uy) do
Bn{z |ug(x)<R(x)}  JBun{z|uk(z)>R(x)}

1 ~
> (5-7) [ 19+ atet do = mlulgs,) - 22
B,

with 6 = max{1,6}. Hence, for every n € N, {u;} is bounded in H'(B,).
So, without lost of generality, we can assume that {uy} is pointwise convergent
almost everywhere to some u € HL _(RY).
For € > 0, define g. : RY x R — R by
g(z,s) if |g(z,s)] < ac(x),
ge(x,8) = ¢ ac(x) if g(x,s) > ac(z),
—ac(x) if g(z,s) < —ac(z),
where a. is given in (H2). Observe that
lg(z, u(x)) — g(z, ur(2))] < [g(z, u(z)) — ge (2, u(x))|
+ 19e (@, u(2)) = ge (@, up(2))] + [9e (2, uk (z)) — g(z, ur(2))].
Since

|92 (2, u(z)) — g (2, ur(2))| < 2ac(2),

we deduce that for every n € N,

ge( s u) = ge (- ur)l[Lonv/vi g,y — 0
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from Lebesgue’s Theorem. On the other hand, for every n € N,
-1
g ) = 0. w)ll v scvemrgy < ellllls,
-1

lg(-ur) = g (- u)llLensovea s,y < elluelpng,)-
Therefore, it follows that for every n € N,

lg(-,u) =g up)|lpanv/ven g,y — 0 as k — 0.

Now, using standard arguments, we deduce the existence of a subsequence of
{uy} converging in H'(B,,) and hence, in LP(B,). So, there exists a convergent
subsequence {ug,} in L (RY). Finally, [-M, M] is compact in RY. Therefore,

loc
{(u,,ck,)} has a convergent subsequence in graph ®. O

We start with the following example. Consider the problem
(9.11) —Au+ a(z)u = a(x)u’? + g(z,u), ae xzecRY.

THEOREM 9.3. Assume (H1), (H2), and there exists k € L, .(RY) such that
k—G(-,1) € LYRY) and

G(x,u) < k(x) for allu € R and x € RY.

Then the problem (9.11) has a solution. Moreover, if either g(x,0) # 0 or
Ik —G(, Dllpr@yy < [(4k +a)/8||L1(B,) for some n, then the solution is non

trivial.
PROOF. Fix &, = —|k + a/4||[1(p,). For every u € H} (RY),
2 2 3,4/3
¢n(u):/ W-ﬁ-a(fﬂ)(u— “ > — G(z,u)dx > C,.
B, 2 2 4

On the other hand, take ug = 1. We have
On(up) =Cn —|—/ k(z) = Gz, 1)de < ¢, + ||k — G(-, 1)L ryy = Cn + 1.
By,

Corollary 6.5 and Proposition 9.2 imply that ® has a critical point at level ¢
with liminf, .. ¢, —¢, < 2r. In particular, if 2r < ||k +a/4[[11(p,) for some n,

2r < liminf ¢,,(0) —¢, < liminfb, —¢, for all b € RY such that (0,b) € graph ®.

n—oo n—oo

So, the critical point is non trivial. O

In the next result, we establish the existence of a solution to problem (9.1).
From (H1), we deduce that for every bounded domain Q € RN, H(Q) can
be endowed with the norm

v 2 2
ull 1 e :/ [VuP | ale)e® ,
0 2 2
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which is equivalent to the usual one. Let p = 2*. For every n € N, let a,, > 0 be
the constant obtained by the continuous imbedding H'(B,,) — LP(B,); that is
anllulles,) < lullfns,)-

THEOREM 9.4. Assume (H1)—(H3) and
(H4) there exist | € L*(RY), and a sequence of positive numbers {k,} such
that

ianZ—n >0 and G(z,u) <Il(z)+ ky|ulP for allu € R and a.e. x € B,,.
ne n

If Ul 1y s sufficiently small, the problem (9.1) has a solution.

PRrROOF. Denote
p

4
a=inf —m
neN pPk2
If [ is such that |71~y < (p — 2)al/P=2) fix £ > 0 such that
(p — 2)041/(1)_2)
(1+¢)?

20, \ /=2
Tn = (pkn) )

€ .
0= <1+E> 7{2%7“”.

&=

> Ul L1 @y

For n € N, take

and set

Denote

Qo = graph ® N ({u € LY (RY) | llullzr(B,) < v for all n. € N} x RY),

loc

Q1= Qo N ({u € L{, (RY) | inf (r — ullLr(5,)) = 0} x RY).
For (u,c) € Q1, there exists n € N such that ||ul|z»(p,) > 7 — 0. Thus,

> anllulle(s,) = knllulfoz,) = 1rs.) = €= U,

and, for m > n, ¢y > ¢m(u) > E—|ll|L1(8,,)- So, iminf,, o ¢ > |1l 1 ).

It is easy to see that ({(0, (0,0,...))},0) links (Qo, Q1). From Theorem 6.1
and Proposition 9.2, we deduce that ¢ has a critical point, and hence the prob-

Similarly, for every (u,c) € Qo, liminf,, .o ¢ > —||l[| L1 (rN)-

lem (9.1) has a solution by Proposition 9.1. O
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