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TYPE II REGIONS BETWEEN CURVES
OF THE FUCIK SPECTRUM AND CRITICAL GROUPS

KANISHKA PERERA — MARTIN SCHECHTER

1. Introduction

The Fucik spectrum arises in the study of semilinear elliptic boundary value
problems of the form

(1.1)

—Au= f(z,u) in Q,
u=0 on 0,

where Q is a smooth bounded domain in R™ and f(z,t) is a Carathéodory func-
tion on Q x R such that

(1.2) f@t) { a ae. ast— —oo,

t b a.e. ast— oo.

When |u(z)| is large, (1.1) approximates the equation

(1.3) —Au=bu" —au”,

where u*(x) = max{+u(z),0}. The set ¥ of those points (a,b) € R? for which
(1.3) (together with the zero boundary condition) has nontrivial solutions is
called the Fucik spectrum of —A.

It was shown in Schechter [7] that, if 0 < A\ < Ay < ... are the distinct
Dirichlet eigenvalues of —A, there are decreasing curves Cjy, Cj2 (which may
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coincide) passing through the point (A, ;) such that all points on the curves are
in ¥, while points in the square Q; := (A\j—1, )\ZH)Q that are above both curves
or below both curves are not in . When the curves do not coincide, the region
between them is called a type II region. Points in a type II region may or may
not belong to X.

From the variational point of view, the solutions of the asymptotic equation
(1.3) are the critical points of the C'! functional

(14)  I(u) =I(u,a,b) = / |Vu|?> —a(u™)? —bu™)?, ue H=H)Q).
Q
When (a,b) € 3, u = 0 is the only critical point of I and it is well-known that
for \j_1 < b < A\ < a < A\41, the critical groups
(1.5) Cy(I1,0) =0 if ¢ <dj_y or ¢ >d,

where d; is the dimension of the subspace N; spanned by the eigenfunctions
corresponding to Aq,..., N\ (see Dancer [2]). Some of the critical groups for
g = d;—1 and for ¢ = d; were recently computed by Dancer [2]. In particular, if
(a,b) € @\ X lies in the type II region between Cjy, Cj2 and a > b, then

(1.6) a > t(b) :==inf{a’ > b: (d’,b) € X},
(1.7) b<s(a) ==sup{l/ <a:(abd) e}
and hence

(1.8) Ca,_,(1,0) = Cq,(1,0) = 0

(see Theorem 1 of Dancer [2]). Thus, when (a,b) € Q; \ X is in a type II region,
(1.9) Cy(I,0) =0 if g <dj_1 orgq>d

(interchanging a and b does not affect the critical groups). We will give a new

proof of this fact based on some ideas developed in Schechter [7], [8].

THEOREM1.1. Let (a,b) € @\ X.
(i) If ¢ < dj—1 or q > dj, then

(1.10) C,(1,0) = 0.

(i) If (a,b) lies below the lower curve Cjy, then

Z fOT'q:dl,17
(1.11) C,(1,0) = { 0 foratdy

(iii) If (a,b) lies above Cyy, then

(1.12) Cay_, (I,0) = 0.
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(iv) If (a,b) lies above the upper curve Cia, then
Z for q=dy,
(1.13) C,(1,0) = l
0 forq#d.
(v) If (a,b) lies below Cia, then

(1.14) Cy,(1,0) = 0.

Theorem 1.1 is proved in Section 2. When (a,b) lies between Cj; and Cja,
this theorem does not cover the critical groups Cy(I,0) for di—1 < ¢ < d;.

The following existence results for the problem (1.1) were obtained in Schech-
ter [8] when (a,b) ¢ X is in a type II region. Assume that f(x,t) is of the form

(1.15) flzt) =btt —at™ + p(x,t),
with
(1.16) p(zt) — 0 ae. ast— oo,

and define
¢ ¢
(1.17) F(myt)z/o f(z,s)ds, P(x,t):/o p(z, s)ds.

THEOREM 1.2. Assume that (a,b) € Q; \ ¥ lies above Cj1 and that

(1.18)  f(x,t1) — f(2,t0) < My1(ts —to), T €Q, ty < ty,

(1.19) 2P(x,t) > —W(x) € LY(Q), z€Q, teR,

(1.20) 2F (x,t) > N1t €N, tER,

(1.21) 2F (z,t) < \t?, |t| < 8, for some § > 0.

Then (1.1) has a nontrivial solution.

THEOREM 1.3. Assume that (a,b) € Q; \ ¥ lies below Cy2 and that

(1.22)  f(z,t1) — f(@,t0) > N—1(ts —to), @ €Q, to <ty

(1.23) 2P(z,t) < W(x) € L*'(Q), 2€Q, teR,

(1.24) 2F (z,t) < Ny1t?, reN, teR,

(1.25) 2F (z,t) > \it?, |t| <8, for some d > 0.

Then (1.1) has a nontrivial solution.

We shall improve these theorems using a generalized notion of local linking
introduced in Perera [5]. We assume that

(1.26) f(z, ) < C(t| +1), z€Q, teR.



230 K. PERERA M. SCHECHTER

Recall that the curves Cj; and Cjs were constructed in Schechter [7] as follows.
Define

(1.27)
M (a,b) = inf sup I(v+w), where M; = N;-,
weM, Hszl’UENl
(1.28)
my(a,b) =  sup inf I(v+w),
vEN,, |v]|=1 wEM
(1.29) vi(a) = sup{b: M;(a,b) > 0},
(1.30) wi(a) = inf{b : my(a,b) < 0},

and let Cj; be the (lower) curve b = v;_1(a) and Cjz be the (upper) curve
b= w(a).

THEOREM 1.4. Assume that (a,b) € Q;\ ¥ lies above Cj1, (1.26) holds, and
for some j #1+1 and ag € [N\j_1,\jt1],

(1.31) Aj_1t? <2F(z,t) < ag(t™)? +vj_1(ag)(t1)?, |t| < 8, for some § > 0.
Then (1.1) has a nontrivial solution.

THEOREM 1.5. Assume that (a,b) € Q;\ X lies below Cz, (1.26) holds, and
for some j #1—1 and ag € [Nj—1,\j+1],

(1.32)  ap(t™)?* + wj(ao)(tT)? < 2F(z,t) < \jat?, |t| < 8, for some § > 0.
Then (1.1) has a nontrivial solution.

Note that, unlike in Theorems 1.2 and 1.3, the assumptions near zero and
near infinity in Theorems 1.4 and 1.5 are not necessarily related to the same
eigenvalues.

COROLLARY 1.6. Assume that (a,b) € Q;\ X, (1.26) holds,
(133) f(.]?,t) = b0t+ —apt™ —i—po(l‘, t)

with po(x,t) = o(t) as t — 0, uniformly in Q, and (ag,by) € Q;. Then (1.1) has

a nontrivial solution in the following cases:

(i) (a,b) is above Cy1 and (ag,bg) is either below Ci1, or on Cpy and
¢
(1.34) Py(z,t) := / po(z,s)ds <0, |t| <9, for somed >0,
0

(ii) (a,b) is below Ci2 and (ag,by) is either above Ciz, or on Ciz and

(1.35) Py(z,t) >0, |t| <9, for somed > 0.
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As in Schechter [8], we search for solutions of (1.1) as critical points of
(1.36) G(u) = / |Vul|?> — 2F (z,u), u€ H = H}(Q).
Q

It is well-known that G satisfies the Palais—Smale compactness condition (PS)
when (a,b) ¢ . We obtain nontrivial critical points using the notion of homo-
logical local linking introduced in Perera [5], which we now recall.

Let G be a C! functional on a Hilbert space H and assume that G has only
isolated critical points and satisfies (PS).

DEFINITION 1.7. Assume that 0 is a critical point of G with G(0) = 0 and
let ¢, 8 be positive integers. We say that G has a local (¢, 3)-linking near the
origin if there exist a neighbourhood U of 0 and subsets A, S, B of U with
ANS=0,0¢ A, AC B such that

(i) 0 is the only critical point in Go N U,
(ii) denoting by 41, : Hy_1(A) — Hy1(U\ S) and i9y @ Hy—1(A) —
H,_1(B) the embeddings of the homology groups induced by inclusions,

rank i1 — rankis, > 3,

(i) G <0 on B,
(iv) G>0on S\ {0}.

We will prove Theorems 1.4 and 1.5 using the following critical point theorem
proved in Perera [5].

THEOREM 1.8. Assume that G has a local (g, 3)-linking near the origin and
a reqular value o < 0 such that

(1.37) rank H (H,G,) < (.

Then G has a (nontrivial) critical point u with either

(1.38) G(u) <0, Cq1(G,u)#0
(1.39) G(u) >0, Cy41(G,u) #0.

2. Critical group computations

Recall that the critical groups Cy(I,0) are defined by

(2.1) Cq(1,0) = Hy(lo NU, (Io N U) \ {0}),
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where U is any neighbourhood of 0 such that 0 is the only critical point of I in
IoNU. Since (a,b) € 3, 0 is the only critical point of I in H and hence we may
take U = H. Then

(2.2) Cq(1,0) = Hy(Io, Io \ {0}).

It was shown in Schechter [8] that there is a continuous map 7 : N; — M,
such that

(2.3) (sv) = s7(v) for s > 0,
(2.4) I(v+7(v)) = inf I(v+w) forveN.
Let

(2.5) S ={v+7():veN}.

Then, since I(v + w) is convex in w € M; and I > 0 on M; \ {0} for (a,b) € Qy,
the mapping

(2.6) Iy x [0,1] = Iy, (v+w,t)— v+ (1—t)w+tr(v)

is a strong deformation retraction of the pair (Iy, Iy \ {0}) onto the pair (Ip N
S, (Io N Si1) \ {0}). Hence

(2.7) Cq(I1,0) = Hy(Io N S, (Io N Sin) \ {0}).
Since I is positive homogeneous and Sy; is a radial manifold, the mapping
(28) (IO n Su) X [0, 1] — Ip N Sy, (u, t) — (1 - t)u

is a contraction of Iy N .S;; into 0, and hence

(2.9) Ho(1ynSn) =1 2 ra=0
. M =
E 0 for ¢ #0.
Also, the mapping ((Ip N Si1) \ {0}) x [0,1] — (Ip N S;1) \ {0}, defined by
t
2.10 u,t) — [1—t+ )u,
210 it (1=t g

where P, is the orthogonal projection onto IVj, is a strong deformation retraction
of (Io N Si1) \ {0} onto Iy N Sy where Sjy = {u € Sy : |Pul| = 1}, and hence

(2.11) Hy((Io M Si) \ {0}) = Hy(Io N Siy).

Now consider the following portion of the exact sequence of the pair (Ip N
Si, (Io n Sll) \ {0})
(2.12)  Hy(lo N Si) — Hy(Io N S, (Io N Si1) \ {0})
— Hg—1((Jo N S11) \ {0}) — Hg—1(Lo N Sin)
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It follows from (2.7), (2.9), the exactness of the sequence in (2.12), and (2.11)
that

(2.13) Co(I,0)= Hy 1(IyNSp) ifg>1.
But
(2.14) Hy 1(IonSp) =0 ifq>d

since §11 is homeomorphic to the unit sphere in N;, proving the second half of (i).
(iv) If (a,b) is above Cja, then

(2.15) my(a,b) <0
by (1.30), and hence

(2.16) inf I(v+w)<0 foralvelN, |v|=1,

weM;

by (1.28). So I <0 on S;; by (2.3), (2.4) and hence, by (2.7),
(2.17) ColL,0) = Hy(Sn, S \ {0y = | r =

. AGE) — 11g(Pi1, P11 - 0 fOI‘q;édl,
(Si1 is contractible while Sp; \ {0} is homotopic to the unit sphere in Ny).

(v) If (a,b) is below Cjz, then

(2.18) my(a,b) >0,
by (1.30), and hence there is a v € Ny, ||[v|| = 1 such that

2.19 inf 1 0
(2.19) nf v+ w) >

by (1.28). So Iy N §l1 is homeomorphic to a proper subset of the (d; — 1)-
dimensional sphere and hence, by (2.13),

(2.20) Ca,(1,0) = Hy,—1(Ig N Sp) = 0.

We prove the first half of (i), (ii) and (iii) by looking at I on another (infinite
dimensional) manifold Sj> modeled on M;_; and by using a finite dimensional
approximation scheme.

Since (a,b) € ¥, 0 is the only critical point of I and hence

(2.21) Co(I,0) = H,(H, 1)

for any a < 0. Since I has no critical values less than 0, the negative gradient
flow of I defines a strong deformation retraction of {u € H : I(u) < 0} onto .
Hence

(2.22) C,(I1,0) = H,(H,H\ I°),



234 K. PERERA M. SCHECHTER

where I° = {u € H : I(u) > 0}. Since |J, Ny, is dense in H, by a theorem of
Palais [4],

(2.23) H,(H,H\I") = lim Hy (N, Ny \ 1%,

the inductive limit of the sequence of groups {H,(Ng, Nk \ I°)} (under the ho-
momorphisms Hy (N, N\ I°) — H,(Ng+1, Ne+1\ I°) induced by the inclusions
(Nj, Np \ I°) — (Njy1, Npyq \ I9)). Since I is positive homogeneous, the pair
(N, Ni. \ I°) is homotopic to the pair (By, S \ I°), where

By ={u€ Ny :||ul]|] <1} and Sy = 9By,
and hence
(2.24) H,(Ny, Ny \ I°) = H,(By,, S \ I°).
Consider
(2.25) Hy1(By, Sk) Hy(Sk, Sk \ I°) — H,(Bg, S\ I°) — H,(By, Sk),
part of the exact sequence of the triple (B, Sk, Sk \ 1°). Since

Z for q = dg,
(2.26) Hy(By, Sk) =
0 for q # dy,
it follows that
(2.27) H, (B, Sk \ I°) = H,(Sk, S \ 1) if di, > g+ 1.
By the Alexander duality theorem
(2.28) H,(Sk, Sk \ I°) =2 H*=97 (19N Sy),

where H* is the Alexander cohomology (see, e.g., Greenberg [4]). But, again
by the positive homogeneity of I, I° N Sy is a strong deformation retract of
(I° N Ng) \ {0} and hence

(2.29) H¥=9= 1190 §)) = H*=971((1° N Ny) \ {0}).
Combining (2.22)—(2.24) and (2.27)-(2.29), we have
(2.30) Cy(1,0) 2= lim H*=1=1((1° N Ny) \ {0}).

Now we recall from Schechter [8] that there is a continuous map 6 : M;_; —
N;_1 such that

(2.31) O(sw) = sf(w), s >0,

I0(w)+w) = sup I(v+w), w e M_q,
vEN; 1
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and we let
(233) Sia = {Q(w) +w:w e lel}-

Since I(v + w) is concave in v € N;—7 and I < 0 on N;_1 \ {0} for (a,bd) € Q,
the mapping (I° N Ng) \ {0} x [0,1] — (I° N Ng) \ {0}, defined by

(2.34) (v+w,t)— (1 —t)hv+th(w) +w

is a strong deformation retraction of (I° N Ny) \ {0} onto (I° N S;o N Ng) \ {0}
and hence

(2.35) Cy(1,0) = lim H~11((1° (51, 11 V) \ {0)).

But, for k > I, (I° N Sz N Ni) \ {0} is homotopic to a subset of the
((dr, — dj—1 — 1)-dimensional) unit sphere in M;_; N Nj, and hence

(2.36) H%= 971 (I°N S, n N\ {0}) =0 if ¢ < dj_1,

completing the proof of (i).
(ii) If (a,b) is below Cjp, then

(2.37) M;—1(a,b) >0,
by (1.29), and hence

(2.38) sup I(v+w) >0 forall we M;_q,
vEN;_1

by (1.27). So I > 0 on Sj2 and hence
(2.39) H%=71(1° N Sjo N Ny) \ {0}) = H*=771((S)a 1 Ng) \ {0})

Z for q=d;_1,
o forg#di,

for k> 1 and dp > ¢+ 1 ((Si2 N Ni) \ {0} is homotopic to the (d — dj—1 — 1)-
dimensional sphere).
(iii) If (a,b) is above Cj1, then

(240) Ml_l(a,b) <0,
by (1.29), and hence

(2.41) sup I(v+w) <0
vEN;_1

for some w € M;_1 by (1.27). So (I°N Sj2 N N) \ {0} is homotopic to a proper
subset of the (dy — d;—1 — 1)- dimensional sphere and hence

(2.42) H%= 4121100 S35 0 V) \ {0}) = 0.

This completes the proof of Theorem 1.1.
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3. Local estimates
Assume that the origin is an isolated critical point of G.

LEMMA 3.1.
(i) If N\j_1t? < 2F(z,t), |t| < 6, for some & > 0, then

(3.1) Gv) <0, veN;_q, || <r, r>0 small

(11) If ag € [)\j*17>\j+1] and 2F(.’E,t) < ao(ti)z + ijl(ao)(t+)27 |t| < (5, fOT‘
some § > 0, then

(3.2) GO(w)+w) >0, weMj_y, 0<||w|<r, r>0 small

(iii) If ap € [Nj—1,Aj+1) and ao(t™)? + pj(ao)(tT)? < 2F(x,t), |t| < 6, for
some d > 0, then

(3.3) Gv+71(v)) <0, veN,, ||v| <r, r>0 small
(iv) If 2F(z,t) < Xj11t?, |t] < 6, for some 6 > 0, then

(3.4) Gw)>0, weM;, 0<|w|]|<r, r>0 small
PROOF. Proof of (i) is routine.
(ii) Case 1. If

(3.5) 2F (z,t) = ap(t™)? +bo(t1)?, |t| <4,

where by = vj_1(agp), then

(3.6) flx,t) = bott —apt™, |t| <0,
and (1.1) has a nontrivial solution since (ag, by) € 2.

Case 2. If
(3.7) 2F (z,t) Z ao(t™)> +bo(t1)?, |t| <4,

let Ko denote the set of nontrivial critical points of Iy = I(-,ag,bp). First we
note that

(3.8) uloe < Cllull, u € Ko.

To see this we note that by the Sobolev imbedding, for 1/q; = 1/qx—1 — 2/n,
(3.9) lulg, < ClAulg, , = Clbou™ —agu™|q,_, < Clulg,_,, u€ Ko.
Taking go = 2 and iterating until k¥ > n/4 gives

(3.10) [uloo < Clulz < Cllul|.
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Thus there is a p > 0 such that

(3.11) 0<|ull <p=lue <9, ue€ K.

Then

(3.12) / ap(u™)? +bo(ut)? —2F (z,u) >0, we KonB,\ {0}
Q

since functions in Ky \ {0} are continuous and nonzero a.e. Thus given u €
KoNOB,, there is a neighbourhood 8(u) such that (3.12) holds for all v € B,\{0}
with pv/||v| € O(u). Let 0 = U, cx, O(u) and V = {u € H \ {0} : pu/|[ul| € 0}.
Then (3.12) holds for all w € V N B,,.

Next let

(3.13) ]\%4(@@ =inf{lo(uv) :u=0(y+w)+y—+w,
ye E), we M, [w]| =1, ugV},

where E(J;) is the eigenspace of A;. Since (ag, bo) € Cj1,
(314) 10(9(’0) + ’U) Z O7 A Mj—la

by Lemma 3.6 of Schechter [6], so ]\Afj_l(ao) > 0. We claim that ]\A/[/j_l(ao) > 0.
If not, there is a sequence ux = 0(yx + wi) + Yy + wr € V such that |Jwg| =1
and Ip(ug) — 0.

Case 1. If pr, = ||yk|| — oo, let Yr = yi/pr and Wy = wg/pr. Then there is
a renamed subsequence such that g — ¥ # 0 and wy, — 0, so ux = uk/pr —
u=0(y)+y #0and Iy(u) = 0. So Ip(u) = infyenr,_, Io(0(v) + v) and hence
Iy(w) L M;_4. Since u € Sjo, Iy(w) L N,_1 also, so Ij(w) = 0 and hence u € K.
But u € V since u, € V, a contradiction.

Case 2. 1If py is bounded, there is a renamed subsequence such that y, — y
in E()\;) and wy — w weakly in H (so w € M), strongly in L?(f2), and a.e.
in Q. Let u=6(y +w) +y +w. Then for any v € N;_1,

(3.15) Ip(v+y+w) <liminf Iy(v + yr + wi) < liminf Iy(uy) = 0,
0
(3.16) Ip(u) = sup Iy(v+y+w) <0

UGNj—l

Combining this with (3.14), we see that Io(u) = 0 and hence ||ug| — |lul|, so
ur — u strongly in H. So u # 0 and u € K as before. But this is impossible
since u € V.
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Next we note that for each r > 0 sufficiently small there is an € > 0 such
that

(3.17) G(u) >ellw|®, u=0(y+w)+y+w,
y € E(\), we M, [[ul <r, ugV.

To see this we note that since IV; is finite dimensional, there is an » > 0 such

that
(3.18) |v]| <7 =|vjec <0/2, vEN;.

Let v=0(y + w) +y and u = v+ w. If ||u|]| <r and |u(z)| > &, then

(3.19) 6 < [v(@)] + |w(z)] < 6/2 + w(z),
(3.20) lv(z)] <6/2 < |w(z)|
and hence
(3.21) ()] < 2l ().
By (1.26), (3.13) and (3.21), o > 0, we have
ul? aop(u— 2 ut)? — T, U

822 Gz [V = [ bt - [ 2R

> Io(u) = C (u® + |ul)

[u| >0

> M1 (ao) wl — € / w7
2|w|>68
> (M1 (ao) — Cr°] ]

If we take r sufficiently small, this implies (3.17) since ]\Afj,l(ao) > 0.
From this it follows that for each r > 0 sufficiently small there is an £ > 0
such that

(3.23) G(u)>e, u€SppnNdB.\V.

For otherwise there would be a sequence uy = 0(yr +wi)+yx+w, € S;2NOB\V
such that G(uy) — 0. We see from (3.17) that wy — 0 in H. Since |lyx| < r and
E();) is finite dimensional, there is a renamed subsequence such that y, — y
in E(\;). Then ux — v = 6(y) +y, so ||v]| = r and G(v) = 0. But then (3.18)
implies

(3.24) 2F (x,v(x)) < ap(v(z)™)? 4 bo(v(z)™)?,

(3.25) 0=G) > Io(v) >0
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by (3.14). From (3.24) and (3.25) we see that
(3.26) 2F (z,v(x)) = ap(v(x)™)* 4+ bo(v(z) ")
Let ¢(x) be any function in C§°(€2). Then for ¢t > 0 sufficiently small,

2[F(z,v +t() — F(x,v)]

(3.27) -
< @l((v+10)7)% = ()] + bo[((v + 1) *)? — (v*)?]
Taking the limit as ¢ — 0, we have t
(3.28) Fla,0(@))C() < (bov(e)™ — agu(a) ) ().
From this we conclude that
(3.29) F(@,v(@)) = bov(@)* — agu(x)~.
Hence there is a v € N; satisfying
(3.30) —Av = byt —agu™ = f(z,0), |vll =1,

for each r > 0 sufficiently small, which is a contradiction since the origin is an
isolated critical point of G by assumption.
It follows from (3.23) that there is an r < p such that

(3.31) G(u) >0, ueS;nB,\ (Vu{o}).
From (3.12) and (3.14) it follows that
(3.32) G(u) > Ip(u) >0, weS;pNVNB,.

Combining (3.31) and (3.32) we get (3.2).
(iii) Since Nj is finite dimensional and

(3.33) ()| < Cllv|ls
there is an r > 0 such that
(3.34) v <r=Jv+7()|x <6, veEN;.

Then for u = v+ 7(v), v € Ny, ||v|| <,
(3.35) Gu) < / Vul? = ag(u™)? = p;(a0) (™) < 0,
Q

by Lemma 3.7 of Schechter [6] since (ao, 1;(ao)) € Cja.
For the proof of (iv) see Theorem 1.3 in Schechter [9]. O



240 K. PERERA M. SCHECHTER

LEMMA 3.2. If (1.31) holds for some ag € [Nj—1,Aj41], then G has a local
(dj—1,1)-linking near the origin.

Proor. We take
(3.36) U={v+0(w)+w:veN;_1, we Mj_q, |v] <r [w]|<r}
with r > 0 sufficiently small,
(337)  A=0UNN;.;, S=UnNS;, and B=UNN;_;.
The mapping (U \ S) x [0,1] — U \ S, defined by

v+ (1 —=2t)(0(w) + w), for 0 <t <1/2,

(v + 0(w) + w,0) H{
(2—=2t+4 (2t — )r/|jv]|)v, for1/2 <t <1,

is a strong deformation retraction of U \ S onto A and hence the rank of 4, :
Hy, 1(A) — Hg,_,1(U\ S)is 1+ 04, , 1 since A is the sphere in N;_;. On

the other hand, the rank of i, : Hgq; | 1(A) — Hg,_,-1(B) is dq,_, 1 since B is
the disk in N;_1.
By (i) and (ii) of Lemma 3.1, G < 0 on B and G > 0 on S\ {0} for r

sufficiently small. O

LEMMA 3.3. If (1.32) holds for some ag € [Aj_1,\j+1], then G has a local
(d;,1)-linking near the origin.

Proor. Take
(3.38) U={v+7w)+w:veN,;, we M, |[v|<r ||w|<r}
with r > 0 sufficiently small,
(3.39) A=0UNS;, S=UNM,;, and B=UnNS.
The mapping (U \ S) x [0,1] — U \ S, defined by

v+ 7(v) + (1 —2t)w for 0 <t <1/2,

e { (2=2t+ @2t =r/ol)(v+ 7)) for1/2<t<1,

is a strong deformation retraction of U \ S onto A and hence the rank of iy, :
Hg, 1(A) — Hg;—1(U\ S) is 1 + 4,1 since A is homeomorphic to the sphere in
N, while the rank of 49, : Hyq,—1(A) — Hg;1(B) is d4,,1 since B is contractible.

By (iii) and (iv) of Lemma 3.1, G < 0 on B and G > 0 on S\ {0} for r
sufficiently small. O
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4. Estimates at infinity
For o € R, we denote by G,, the sublevel set {u € H : G(u) < a}.
LEMMA 4.1. If (a,b) € Q; \ ¥ lies above Cj1 and
(4.1) 21P(z,t)| < W(z) € LY(Q), 2€Q, tER,
then for any j #1+ 1,
(4.2) Hy,_ (H,Go) =0 foralla <0, |a| sufficiently large.
PrOOF. By (the proof of) Lemma 5.1, the set of critical values of G is

bounded. Choose a < 0 with |a| so large that G has no critical values in
(—00,al, and set c; = o — i|W|; for i = 1,2, 3. Then it is easily seen that

(4.3) Io, C Gy, Cly, CG,.

Since G has no critical values in [ag, o, the negative gradient flow of G defines a
strong deformation retraction of G, onto G,,. Similarly, the negative gradient
flow of I defines a strong deformation retraction of I,, onto I,,. Composing

them we obtain a strong deformation retraction of G, onto I,, and hence

s

(4.4) Hy,  (H,Go) = Hy, (H,I,).

But, since (a,b) ¢ X, 0 is the only critical point of I and hence
Hgy,  (H,1.,)=Cy4,_,(1,0) =0,

for j # 1+ 1, by (i) and (ii) of Theorem 1.1. O

LEMMA 4.2. If (a,b) € Q; \ X lies below Cja and (4.2) holds, then for any

(4.6) Hy,(H,Go) =0 for all a <0, |a| sufficiently large.
PROOF. As in the proof of Lemma 4.1,
(4.7) de(H,Ga) ngj(H,[a3) %Cdj(l,o) =0,

for j #1—1 by (i) and (ii) of Theorem 1.1. O

5. Proofs of Theorems 1.4 and 1.5

For (a,b) ¢ X, there is an a priori estimate for the solution by Lemma 5.1
below, and hence we may assume (4.1). Solutions of the modified problem will
still be solutions of the original problem. Then Theorem 1.4 (resp. 1.5) follows
from Theorem 1.8 and Lemmas 3.2 and 4.1 (resp. 3.3 and 4.2).
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LEMMA 5.1. If (a,b) € & and (1.26) holds, then there is a constant C' such
that

(5.1) u(z)] < C,
for all solutions u of (1.1).

PRrROOF. By a standard iteration argument, it suffices to obtain an a priori
estimate in H. So suppose pi = |lug|| — oo for a sequence {uy} of solutions of
(1.1), and let ux = ug/px. Then ||ug| = 1, and there is a renamed subsequence
such that u, — u weakly in H, btrongly in L2(Q2), and a.e. in . Now

(5.2) o= (Elu)uw) _ / fx“’“

2pk
By (1.26),

Pk Pk
and the right hand side converges to Cu? in L!(Q). Since
(5.4) f ) a(@ )2 +b@h)? ae.,

Pk
it follows that
(5.5) / flou)i / a(ii)? + b(Et)2.
Q Pk Q

Hence
(5.6) / a(@ ) +b@Eh)? =1,

Q
so u # 0. Also,

!
(5.7) 0= (Glun),v) /Vuk Vv — M, veH.
2pi Pk

Again, by (1.26),

Pk Pk
and the right hand side converges to C|u| in L?(Q). Since
(5.9) fz,uw) —but —au  ae.,

Pk
we have
(5.10) / Vi -Vo—(but —au )v=0, ve€H,
Q

i.e., u satisfies (1.3). Since (a,b) ¢ X, we must have u = 0, contradicting the
conclusion reached earlier. O
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