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A SELECTION THEOREM FOR MAPPINGS
WITH NONCONVEX NONDECOMPOSABLE VALUES
IN L,-SPACES

DusaN REPOVS! — PAVEL V. SEMENOV?2

1. Introduction

Let T be a set equipped with a probability measure u, B a Banach space
and L, = L,(T, B) the Banach space of all (equivalence classes of) p-summable
mappings from T into B with the usual norm:

1/p
7= ([ Ireman) . 1sp<
T
For every subset £ C B we define
L,(T,E)={f € L,(T,B) | f(t) € E almost everywhere}.

If E is a convex subset of B then L, (T, E) is a convex subset of L, (T, B). For an
arbitrary subset E of B one can, in general, state only the decomposability of the
set L,(T, F) in the Banach space L,(T, B). Recall that by [4] decomposability
of Z C L,(T, B) means that for every f € Z, g € Z and for every pu-measurable
subset A C T, the function which agrees with f over A and with g over T\ A
is also an element of Z. In [1], [2], and [3] selection theorems were proved for
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decomposable valued lower semicontinuous mappings into spaces L (T, B) with
nonatomic measure p and separable B. In other words, decomposability looks
like a suitable substitute for convexity in L;-spaces (cf. [1], [6]).

In the present note we shall consider multivalued mappings whose values
are unions of two intersecting sets L,(T, E1) and L, (T, E3), where Eq and E,
are convex. Sets of such type are, in general, nondecomposable and noncon-
vex. However, we shall prove that a selection theorem for lower semicontinuous
mappings holds also in this case under some additional restrictions on E; and Fs.

DEFINITION 1.1. A subset W C L,(T, B), p > 1, is said to be semiconvez if
W = L,(T, E1) U L, (T, Es)

for some nonempty closed convex subsets Fy C B, F5 C B with a convex union
E, UEs.

DEFINITION 1.2. A subset W C L,(T,B), p > 1, is said to be strongly
semiconver if
W =L,(T,E_)ULy(T, Ey)
for some nonempty closed convex E_ C B, B, C B with a convex union £E_UE
such that £(F_) < ¢ and ¢(Ey) > ¢, for some ¢ € R and for some continuous
linear functional ¢ : B — R.

THEOREM 1.3. Every lower semicontinuous mapping from a paracompact
space into the space L,(T, B), p > 1, with strongly semiconvex values admits a
continuous singlevalued selection.

Theorem 1.3 is a direct corollary of the following theorems:

THEOREM 1.4. Every strongly semiconvex subset of L,(T, B) is a-paracon-
vex in L,(T, B), where a = (1+27YP)/2 € [0,1).

THEOREM 1.5. For every a € [0,1), every lower semicontinuous a-para-
convez valued mapping from a paracompact space into a Banach space admits a
continuous singlevalued selection.

Theorem 1.5 was proved by Michael [5] where the notion of paraconvexity
was also introduced.

DEFINITION 1.6. Let « € [0,1). A nonempty closed subset P of a normed
space E is said to be a-paraconvex if for every open ball D with radius r and
with D N P # (), the inequality

dist(q, P) < ar

holds, for all ¢ from the convex hull conv(D N P).
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If f is a Lipschitz function (with some constant k) in n variables and with
a convex closed domain, then its graph is an a-paraconvex subset of R**!, for
some o = a(k,n) < 1 (see [7]). Another example of a paraconvex subset in the
Hilbert space is given by a bouquet of convex sets (see [8]).

We conclude the introduction by two open questions:

QUESTION 1.7. Let B be a Banach space and L the family of all of its subsets
which admit a representation as the union of two closed convex sets. Is it then
true that every lower semicontinuous mapping F : X — L from a paracompact

space X with equi-LC° family {F(z)}zex of values must always have a selection?

It is easy to show that in the Hilbert space a sufficient condition is that the
set of “angles” between two closed convex sets above has a positive lower bound
(see [8]).

QUESTION 1.8. Does there exist a suitable (for selection theory) notion of
paradecomposability, i.e. a controlled version of the weakening of the concept of
decomposability?

As a test one can consider the case of the union L, (T, Eq) U L,(T, E»), for
nonconvex Fy and Es, with £ and FE, separated by a hyperplane.

2. Preliminaries

Given a multivalued mapping F : X — Y with nonempty values, a selection
for F is a continuous singlevalued mapping f : X — Y such that f(z) € F(z),
for each x € X. A multivalued mapping F' : X — Y is said to be lower
semicontinuous if {x € X | F(z)NU # 0} is open in X whenever U is open in Y.

LEMMA 2.1. Let P be a closed nonempty subset of a normed space (E, || - ||),
letx e P,ye P, and let

dist(zp, P) < ar, 0<a<l,
where 220 = x +y and ||z — y|| = 2r. Then
dist(z, P) < fBr
for all z € [z,y], where = (14 «)/2.
Let W be a strongly semiconvex subset of L, (T, B) and let
W =L,(T,E_.)UL,(T, Ey)

with F_, ., c€ Rand ¢ : B — R from Definition 1.2. Set Ey = E_NE,, W_ =
L,(T,E_), Wy = L,(T,Ey) and Wy = L,(T, Ey). Clearly, Ey = (E_ UE;)NII
where II is the hyperplane {z € B | (x) = c¢}. Observe that E_\ Ey = () implies
that E_ C E4 and W_ C W4, i.e. that W is convex. Thus we can assume that
E_\ Ey #0.
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LEMMA 2.2. Let D be an open ball in L,(T, B) whose intersection with W
is nonconvex. Then the convex hull conv(D NW) equals the union of segments:

\HlF— f1] 1 fr eWynD, fo e (W_\Wo)ND}.

In order to prove Theorem 1.4 it suffices, by Lemmas 2.1 and 2.2, to show
that dist(g, W) < 27V/Pr for 2g = f_+f, with f, € W, ND, f_ € (W_\Wy)ND
and ||/ — fyll = 2r.

3. Proofs

PrROOF OF THEOREM 1.4. We assume that fy € W, N D and f_ € (W_\
Woy) N D are mappings from T into E_ U E; with ||f_ — f4| = 2r and with
f+(t) € E4 for almost every ¢t € T and f_(t) € E_ \ Ey for almost every
t € T, respectively. So, the segment [f_(t), f1(t)] intersects the hyperplane II,
for almost every t € T. Because of the convexity of E_ U E the intersection
IIN[f-(t), f+(t)] lies in Ey and by the assumption f_(¢) ¢ II, this intersection
is a singleton. So, we define a mapping fy : T — FEy by setting fo(t) = II N
[f=(t), f+(t)], for almost every ¢t € T'. Clearly,

l9(t) = fo()|B < |f-(t) = f+()|B/2

because g(t) is the middle point of the segment [f_(¢), f+(¢)].
Define mappings g4 : T'— E4 and g : T — E_ by setting

oult) = { g(t) ifg(t) € Ey,
i folt) if g(t) € E_\ Eq,

and
{ g(t) ifg(t) € E_\ E,
g-(t) = .
fot) if g(t) € E4.

ASSERTION 3.1. The mappings fo, g+, g— are elements of L,(T, B).

By Assertion 3.1 we have g, € Wy C W and g € W_ C W. Thus

dist(g, W) < minf|lg — g+ |, lg — g~ I}-

Let us estimate the right hand side of the inequality above:
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lo=a:17 +llg =91 = [ lo) = g1l du+ [ lo) =g (0}
l9(t) — fo(t)[p dp

/{tlg(t)EE\Eo}
4 / 19(t) — fo(OI?, du
{tlg(t)eE}

/Ig dp

< [ 1« B2 d = [ = JlP 2 =
Hence
min{llg — g+[l, lg = g- [} < (r/2)1/? = 27V/7r.
This completes the proof of Theorem 1.4. O

PrROOF OF LEMMA 2.1. If |z — 2| < (8 — a)r, then
dist(z, P) < ||z — zo]| + dist(zo, P) < fBr
by the triangle inequality. If ||z — zg|| > (8 — a)r, then z is Sr-close to € P or
z is Pr-close to y € P. 0

Proor oF LEMMA 2.2. The inclusion
= ] [ £ €eWynD, f- € (W_\ Wo) N D} C conv(DNW)

is obvious. To prove the other inclusion, let us fix f = Y"1 ; \; f; with A; > 0 and
Yo A =1, for some n € N and for some {f1,..., f,} € DNW. Ifall fi,..., f,
are elements of DNW, then f € DNW, and hence f € [f_, f], for an arbitrary
foe W_\Wo)ND. I{f1,....fx} CTDOWy, {fet1,---s fu} C(W_\Wo)ND
and k < n then

A Ak
=(A+...+A _ _
f=lat+ ’“>(/\1+...+Akf1+ At +Akf'“>
k41 An )
+ M1+ )| —m— +... I
(A1 )(/\k+1+...+)\nfk“ Not1t- sl
=Af++ (1 =A)f-
where 0 < A < land fr e DNW,, f_ € DN (W_\ W), by the convexity of
D, W, and (W_ \ Wp). O

PROOF OF ASSERTION 3.1. The mapping fo : T — Ey admits an analytic
expression
folt) = (1= A(O)F— () + (D) f4 (1)
where
)

020 =gmm ) =
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But fi,f- € L,(T,B) and ¢ : B — R is continuous. Hence A € L,(T,R) and
thus fo € L,(T, B).

Let T. = {t € T'| £(g9(t)) > c¢}. Then T, is a p-measurable subset of T', since
g € L,(T, B) and /¢ is continuous. So, the characteristic function x. of the set T,
is a simple measurable function. Therefore

g+ = kg + (1 = ke) fo € Lp(T, B)
and

g- = kcfo+ (1= Kc)g € Lp(T, B).
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