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MULTIPLICITY OF NODAL SOLUTIONS FOR
ELLIPTIC EQUATIONS WITH SUPERCRITICAL
EXPONENT IN CONTRACTIBLE DOMAINS

DONATO PASSASEO

Introduction

This paper is concerned with existence and multiplicity of solutions for the
problem
Au+ |[ufP~2u =0 in 9,
P(Q,p) u=0 on 01,
ut #£0, v~ #Z0 inQ,
where 2 is a bounded domain in R”, with n > 3 and p > 2* = 2n/(n —2) (2* is
the critical exponent for the Sobolev embedding Hy?(Q) — LP(£2)). Following
the notation introduced in [3], we shall refer to the solutions of P(2,p) as nodal
solutions.
It is well known that the main difficulty in problems of this type is related
to the lack of compactness due to the presence of the exponent p > 2n/(n — 2).
Therefore the classical topological methods of calculus of variations cannot be
applied in a straightforward way. When 2 < p < 2n/(n — 2), the existence of
positive and nodal solutions for the problem

Au+|ulP72u=0 in Q,
(%) u=0 on 0,
uz0 in Q,
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does not depend on the shape of 2; on the contrary, when p > 2n/(n—1), no solu-
tion can exist if §2 is starshaped, as a consequence of the well known Pokhozhaev
identity (see [36]). The solvability of problem () when p > 2n/(n — 2) seems
to be strictly related to the shape of Q: if p = 2n/(n — 2), important results
of Bahri and Coron (see [4], [15]) guarantee the existence of positive solutions
for (*) in domains Q having nontrivial topology (in a suitable sense); afterwards
existence and multiplicity results of positive solutions have been stated even in
some contractible domains (see [16], [17], [27], [28], [31]).

Problem (*) with p > 2n/(n — 2) has been studied in [33]—[35]: in [33] and
[34] one can find examples of domains €, nontrivial in the sense of Bahri-Coron
[4], where problem (x) has no solution for p > 2n/(n — 2); on the other hand,
in [35] it is proved that for all p > 2n/(n — 2) one can find contractible domains
where the number of positive solutions of (k) is arbitrarily large (other problems
with supercritical nonlinearity are studied in [22]-[25]).

In [8] Brezis and Nirenberg showed that some perturbations of the equation
by lower order terms can guarantee the existence of positive solutions, indepen-
dently of the shape of the domain. Afterwards many authors (see [2], [10]-[12],
[18], [43], [39]) studied existence and multiplicity of nontrivial solutions for the
problem

Au+ M+ |ulP2u=0 in Q,
Py () u=0 on 04,
u#0 in Q,

with p = 2n/(n — 2) and A > 0. In particular, nodal solutions are obtained in
[12].

A nonexistence result for the nodal solutions of Py () is stated in [3]: if Q
is a ball of R™ with n = 4,5, 6, then there exists A* > 0 such that Py (€2) has no
radial solution for A < A*; on the contrary, for n > 7, in [39] and [12] it is proved
that there exist infinitely many radial nodal solutions of Py (2) for all A > 0.

Problem Py (), with A = 0 and p = 2n/(n — 2), is studied in [21], where the
existence of a nodal solution of Py(f2) is proved in some symmetric domains (the
same as those considered in [27]).

In the present paper we show that for every p > 2n/(n — 2) there exist
contractible domains 2 (the same as those introduced in [27] and [35]) such
that problem P(2,p) has nodal solutions: for all h € N we find a bounded
domain Dy and h perturbations, obtained by removing h subsets xi, ..., xn of
small capacity, such that Dy, \ U?zl Xi is a contractible domain and the problem
P(Dp\ U?zl Xi,p) has at least h? nodal solutions.

Indeed, for any fixed sets x, and xs (not necessarily distinct), we find a
solution u of P(Dy \ U:.L:l Xi,p) such that u™ and u~ concentrate near x, and
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Xs respectively as their capacity tends to zero; therefore different pairs (X, xs)
give rise to different solutions and so we have on the whole A% nodal solutions.

As in [12] and in [21], an important role in finding the nodal solutions is
played by the set

M = {ue Hy*(Q):ut £0, f/(u)u*]=0}.

Notice that M is not a smooth submanifold of HS’Q(Q); therefore we shall use a
special device, based on a result of C. Miranda (see [26]).

Since the arguments used in [27] and in [21] when p = 2n/(n — 2) do not
apply when p > 2n/(n — 2) (see Remark 3.4), in this paper we introduce suitable
obstacles, which, combined with the symmetry properties of the domains, allow
us to overcome the difficulties given by the lack of compactness, due to the
presence of the supercritical nonlinearities.

The main result obtained in this paper is stated in Theorem 2.2; some qual-
itative properties of the solutions obtained are described in Proposition 3.2.

In the next section we recall some notions of “subdifferential calculus”, which
we shall use in studying problems with obstacle.

1. Preliminary results

In this section we specify the variational framework of P(f,p): solving this
problem is equivalent to finding critical points of a functional on a suitable con-
straint. Moreover, we recall the notion and some properties of the subdifferential
(see, for instance, [13], [14]), which we shall use in next sections.

The solutions of P(£2, p) are the critical points of the functional f : H}?(€2)N
LP(Q)) — R defined by

1 1
(1.1) Fu) = f/ |Du|2dx—f/ luf? da,
2 Jo PJa
which belong to

(1.2) M ={ue HY*(QQNLPQ):ut £0, u” 0,

The space Hy?(Q) N LP(Q) is endowed with the norm

(1.3) ul = </Q|Du|2dx>1/2+ </Q|updm)1/p

in such a way that f is a C2-functional in Hy*(2) N LP(5).
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DEFINITION 1.1. Let X be a normed vector space and ® : X — R U {oo}
be a given function. We shall call the set D(®) = {u € X : ®(u) < oo} the
domain of ®. For all u € D(®) we define the subdifferential of ® at u to be the
set 0~ ®(u) consisting of all & in X’ (the dual space of X) such that

i inf O(v) — P(u) — alv—u)

> 0.
v=u [o = ull -

® is said to be subdifferentiable at u if 0~ ®(u) # 0; moreover, we say that u is
a lower critical point for @ if 0 € 9~ D (u).

EXAMPLES 1.2. Tt is easy to verify that, if X = Hy*(Q) N LP() is endowed
with the norm (1.3) and if g(u) = [, |Dul*dz, then 0~ f(u) = {f'(u)} and
0~ g(u) = {4 (u)} where

"(u)[v] = uDv dx — ulP2uv dx
o /QDDd /QI\ dr,
g (W] = /Q DuDvdz v € Hy*(Q) N LP(Q).

For every subset E of X, let Ig be the function defined by

L) 0 ifuek,
u) =
v o ifueX\E.

IfueV={uec Hy*Q): Jo [u|P dz = 1}, then one can verify that a € 8~ I (u)
if and only if there exists A € R such that

alv) = )\/ lulP~2uvdz Yo € Hy?(Q) N LP(Q).
Q

If K is a convex subset of X and u € K, then a € 0~ I (u) if and only if
alv—u) <0 YvekK.
REMARK 1.3. Notice that, if ® and I" are two functions in X with values in
RU {oo} and if w € D(® +T'), then
0" ®(u)+ 0 T'(u) CO™(P+TI)(u).

Simple examples show that, in general, the opposite inclusion does not hold.
However, if the function ® is differentiable at u, then

{®"(u)} + 0 T(u) =90 (®+T)(u).

DEFINITION 1.4. Let K be a subset of Hy'?(Q)NLP(Q) and u € KNV. We
say that K and V are nontangent at u if

0~ Ic(u) N 0~ Iy (u) = {0}.
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PROPOSITION 1.5. Let K be a subset of Hy?(Q) N LP(Q) and u e KNV.
If K and V are nontangent at u, then

O~ (I + Iy)(u) = 0~ Ixc(u) + 8~ Iy (w).

For the proof it suffices to argue as in [13] and [14].

All the domains Q2 C R™ we shall consider in this paper have radial symmetry
with respect to the x,-axis; therefore it is natural to look for solutions of P({2,p)
in the space of functions having the same symmetry.

DEFINITION 1.6. We say that Q has radial symmetry with respect to the
xy-axis if the following property holds:

n—1 1/2
€& (0,...,0,0(x),2,) € Q2 where po(z)= <Z:c22> )

i=1
Analogously, we say that a function u, defined in a domain € having radial
symmetry with respect to x,-axis, has the same symmetry if

u(z) = u(0,...,0,0(x),z,) Va Q.

If Q has radial symmetry, we shall denote by Hg(Q) the subspace of Hy?(€)
consisting of the radial functions.

It is well known that every critical point for the functional f constrained on
Hg(Q) N LP(Q) is a critical point for f in Hy*(2) N LP(Q).

REMARK 1.7. Notice that, if 2 is a bounded domain having radial symmetry
with respect to the x,-axis and moreover

n—1

inf{me:xz(xl,...,xn)eQ} >0,
i=1

then the space Hg() is isomorphic to H&’Q(ﬁ), where Q = {(0,t) € R? :
0,...,0,0,t) € Q} (Q is a bounded domain in R?). Consequently, Hg () is
compactly embedded in L4() for all ¢ > 1.

2. Nodal solutions in contractible domains

In this section we obtain for all p > 2n/(n — 2) a bounded contractible do-
main 2 (having radial symmetry with respect to the z,-axis) such that problem
P(£,p) has nodal solutions (see Theorem 2.2).

NOTATIONS 2.1. Set B(z,0) = {y € R" : |y — 2| < ¢} for € R"™ and for
o > 0. For all positive integer h, let

n—1
Th:{x:(xl,...,xn)eR":fo<1, 0<xn<h—|—1};

i=1
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fori=1,...,h put ¢; = (0,...,0,4) € R"; given o1,...,0, with 0 < 0; < 1/2
fori=1,...,h, set

h n—1
Dy, = Th\U Blci,04), Xe= {x e R": Zx? <e? oz, > 1}, Q? = Dp\Xe-
i=1 i=1

1

For all £ > 0, every function u of Hy*(%) is understood to be extended in D,

by zero.

Moreover, put

1/q
||u||q:( / |u|de) vue LDy (¢ 1).
Dy,

Notice that all the domains T},, Dy, and Q” have radial symmetry with respect
to the x,-axis; moreover, QQ is a bounded contractible domain for all € > 0.
Set

Fi={x=(z1,...,2p) eER" i<, <i+1} Vi=1,... h;
for every pair (r,s), with r;s = 1,..., h, let K™* be the set defined by

K" ={u € Hg(Dp) : ut £ 0, u+(x)/||u+||p <1Vz e D,\F,
u(x)/||lu"|lp <1Vx € Dy \ Fs}.

THEOREM 2.2. Let p > 2n/(n —2). For all ¢ > 0 and h € N let QF
be the domain defined above. Then there exists € > 0 such that, for all € €
10,€[, problem P(Q%,p) has at least h? distinct solutions u, s (r,s =1,...,h).
Moreover, for every pair (r,s), the solution u, s . minimizes the functional f in
H ()N M N K™ (see (1.1), (1.2) and Notations 2.1). Furthermore, we have

lim f(urs.e) =0.

e—0t

The proof is based on the following lemmas.
LEMMA 2.3. There exists € > 0 such that, for all € € ]0,2[, the minimum
min{f(u) : u € Hg(Q") N M N K™%}
is achieved. Moreover,

lim min{f(u):u € Hs(Q")Nn M N K"} =0.

e—0
PrOOF. Fix r and s in {1,...,h}. First remark that

(2.1) lim, inf{f(u) :u€ Hs(Q")NnM N K™} =0.
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In fact, choose z € Hg(£2y) with

n—1

QO_{z_(xl,...,xn)ER”:|x|<2, Zl‘$>l}
=1

such that 2 > 0 in Qo and [, 2P dx = 1; for all € > 0 and T € R" set 2. z(v) =
2((x —T)/e) (we understand that z is extended by zero outside Qp); fix 7™ =
(0,...,0, Tg)) and z*) = (0,...,0, fgf)) such that Z(") # z(*) and (see Notations
2.1)

T+Ur<f$lr)<’l“+1—0'(r+1), s+os<§,(f)<s+1—a(5+1);

if we set o = ([|Dzc||3/11z=15)" P~ (2. z0» — 2. z0), it is easy to verify that
C- € Hs(Q)n M N K™ for ¢ > 0 small enough and that lim. o f(¢.) = 0.
Now set (see Notations 2.1)

)\:min{/ |Dul?dx - uw € Hy*(Dy,), / ’LLQd{L':l}.
DpNFy DpNFy

Notice that, if u € Héz(Qg) satisfies
0 < sup{u(z): z € QP N Fy} < A/ (P2,

then

(2.2) / |ulP dz < A u? dx < / |Dul? dz,
QrNF, QrAF, QrNF,

because |u(z)[P < Au?(z) if 0 < |u(z)| < A/ (@=2),
Let (ue ;)i be a minimizing sequence for f on Hg(Q*)NMNK™*. Since (2.1)
holds, we can assume that, for € > 0 small enough,

+ +
1DuZ 113 = llu;

in particular, since u.; € K™ for all 7 € N, we have
(2.3) sup{u:i(m) e QPN R} < A/ e N

Let us prove that, up to a subsequence, (u.;); converges in Hy?(Q") to a
function u. which yields the minimum of f on Hg(Q?) N M N K™*. In fact,
since the sequence (u. ;); is bounded in Hy*(Q), up to a subsequence we have
(Ue,i)i — ue and (ugtl)7 — uE weakly in Hy?(QF), in L2(Q) and almost every-
where in QP for a suitable u. € Hg(Q2").

Then it suffices to prove that:

(a) limjos [[uzllp = [[uZ ]l > 0,
(b) limi—cc [ DuZ ]2 = | Duf|l2,
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because these properties imply u. € Hg(Q") N M N K™ and
f(ue) = lim f(uc;) = inf{f(u):u € Hs(Q")n M n K™}

To prove (a), we remark that, since

n—1

(2.4) inf{zxfzxeg’;\ﬂ)}>o,

i=1

the subspace of H2(Q"\ Fy) consisting of the radial functions vanishing on Q"
(in the sense of H'?), endowed with the equivalent norm

1/2
Jul = ( / |Du|2dx) ,
QI\Fo

is compactly embedded in LP(Q"\ Fy) for all p > 1. Therefore we have

lim (uZ,)P dx = / (u)P da.
meeJanm QL\Fo
Moreover,
lim (uE,)P dx = / (u)P dx
100 Q’;’OFO ’ Q?I’-WFO
by the Lebesgue theorem, because of (2.3), and so lim; ||u§i||p = ||luZ|l,-

Let us prove that ||uZ ||, > 0: (2.4) implies that there exists a constant ¢ > 0
such that

1/p 1/2
Cg</ |u|P da:) < </ |Du2d17> Yu € Hs(QF).
QP \Fy QE\Fo

Then, if sup{u;fi(a:) cz € QPN Fy} =0, we have (since u.; € M)
lu |5 = 1Dud |13 = e2llud,l;
and so (as ||ujl||p #0)

(2.5) ludillp > c2/®=2).

On the contrary, if
sup{u:i(x) cxe PN} >0,
then from (2.3) and (2.2) it follows that

/ \u:ﬂ.|p dz < / |Du:ﬂ 2 dux,
QrAF QAR

which implies, since u.; € M,

/ lut,|P dz > / |Dul,|? da.
QMF, Qr\Fo ’
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Consequently, we have

1/p
(/ |u;fi|p dx) > ci/(”_Q),
QP\F,

which implies (2.5) in this case too; so
lullp = lim [juf[l, > c2/®=2) > 0.
1—00 ’

In an analogous way one can prove that ||u_ ||, > 2/ =2,

Let us prove (b): since u.; € M for all 4 € N, we have lim;_, HDuEiZ 13 =
lim; 0 ||u€i2||§ = ||u§t||g Thus we have to prove that || DuZ||3 = ||u€ng

Notice that 0 < || DuZF||3 < [JuZ||3; so, if we set tF = (HDuEiH%/Husing)l/(P*?),
we have 0 < ¢t < 1.

Consequently, the function

Ue = tTul —t-uz
lies in Hg(Q") N M N K™ and so
(2.6) f@@s) > inf{f(u) :u € Hs(Q") n M N K™}
On the other hand, we have f(u) = (1/2 — 1/p)||Dul|3 for all u € M. Therefore
27)  f(@e) = (1/2-1/p)||Ducll3
= (1/2 = 1/p)[tD)?*| Duf |5 + (t2)*]| Du |3]
(1/2 = 1/p)|[Due||3 < lim (1/2 = 1/p)|| Due,i3

IN

= lim f(uc;) = inf{f(u):u € Hg(Q)Nn M N K"*}.
Taking into account (2.6), we have in particular
1= E?IDud 3+ [1 = (t2)?]IIDuz |3 =0

with 1 — (t£)2 > 0 and ||[DuX |2 > 0. Therefore we must have ¢t = 1, that is,
[DuZ (|3 = [luz 5. O

REMARK 2.4. It is easy to verify that, on the contrary, the minimum of f
on Hg(Q") N M does not exist and that inf{f(u) : u € Hg(Q*)N M} =0 for all
€ > 0 (see also Remark 3.4).

LEMMA 2.5. For all € € ]0,2[ (see Lemma 2.3), let u.s. € Hs(QF) be a

minimum point for f on Hs(QF)NMNK"™*. Then the function u,t, . minimizes

the functional g(u) = ||Dul|3 in the set

7,8,

{uEHS(Qg):uZOng,/ uu, . dr =0,
Qr

+

7,8,

P> u(z) < ||u+ ||p Vo € Q?\FT}

HUHP = ||U 7,8,

An analogous property holds for u, ..
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PROOF. Suppose, by contradiction, that there exists u € Hg(Q") such that
u>0in QF,

[ e dz =0,y =

=

u(x) < lufoclly Vo e Q\F,  |[Dully < || Duf, o

r,8,€

If we set ¢ = (||DH||§/||EH§)1/(?*2) and U = tu — u we have 0 <t < 1 and

U € Hg(QM) N M N K™s. Tt follows that

T,8,€)

f@@) = (1/2 = 1/p)||Dull5 = (1/2 = 1/p)[E|| Dul3 + || Du, . [I3]
< (1/2 - 1/p)[||Du1—f,s,5”§ + ||Du;,s,€||§} = f(’U’T’S,S%
which is a contradiction since u, s . minimizes f in Hg(QF) N M N K™, O

LEMMA 2.6. For all € € |0,2[ (see Lemma 2.3), let urs. be a minimum
point for f on Hs(Q) N M N K™*. Then there exists €1 > 0 such that:

(a) For all € €10,21] the convex set

K! = {u € Hg(Q) : / lulu, ¢ . dz =0; |u(z)| <1Vre Q?\Fr}
Qh

€

and the manifold

Ve = {u € Hg(Qh) - / |ulP doz = 1}
Qr

are nontangent at uwl _/|luf |lp-
(b) For all € €]0,&1][ there exists A\ € R such that, for all v € KT,

Duf Ty ule )P ! Uy,
/ J“za@—ﬁ)dz—xe/ %(%W)dm&
o Tkoelp [ o i cll? efeello

Moreover, lim, _,g+ Ae = 0.
(¢) For all nonnegative, radially symmetric functions w € C§°(Q) we have

Dut ut yp-1
/ %Dwdz — )\5/ %wdw <0.
an [lursellp or [lursellp
(d) lim. o+ sup{u}, (2)/[wf,cllp : x € QE\ Fr} = 0.

Analogous properties hold for the function u, ..

PROOF. Notice that, since u, . minimizes the functional g(u) = ||Dul|3 in
the set

{uetrs@)s [ oz, cde =0, Jull, = ufo.clh

=

u(@)] < [t Ve € QQ\FT},

7,8,
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the function w;, _/|ju;, _|l, minimizes g in K7 N Vz; moreover,

T,5,E

7,8,

lim || Duf, l2/[|ufs cllp = 0-
e—0+

Using these properties, the proof can be concluded arguing as in [35] (see Lemmas
2.5-2.8 of [35]). g

DEFINITION 2.7. For all € € ]0,21[ (see Lemma 2.6), let u, s . be a function
minimizing f on Hs(Q%) N M N K™*. For all § € ]0,7/4] and gy € ]0,1] set
Qoo.6 = [00,1] X [0,7/2 — §] and define o : Q,, s — Hs(QF) N K™ by

+ —

u’l" S,E u’l" S,E .
o(0,9) = —==—ocos¥ — ————psin¥
[urs.ellp [ur,s.ellp
(notice that o(p,9) # 0 for (0,7) € Qpy,5)-
PrROOF OF THEOREM 2.2. We shall only prove that, for r,s = 1,...,h and

for € > 0 small enough, every function u, s. which minimizes f on Hg(Q!) N
M N K™ is a solution of problem P(Q[, p); the fact that different solutions u, s .
correspond to different pairs (r, s) will follow from the behaviour of the functions
Up,s,e, Stated in Section 3 (see Proposition 3.2).

Since lim, g+ ||Dur,s,e||2/||ur,s,a|
2.6)

p» = 0 (see Lemma 2.3), and (see Lemma

+
lim sup{ur’s’s(m):xeﬁg\ﬁ‘r}—o,

=0+ lurs.c

p
U,. x

lim sup{r’f’E() 1x € QQ\FS} =0,

=07t llur,s.ellp

for € > 0 small enough we have

2z € QM\ F.} < 1,

) { supfut &) .
Sup{u;s,s(x)/Hu;s,s |;D HEES Q’sl \ FS} < 1;
(29)  min {(cos g2 Ml o ppa Miracly 5 [o,m]} > 9.
[ Duifs el [ Durs.e |3

Fix ¢ > 0 in such a way that properties (2.8) and (2.9) hold and (fluf, |2 +

7,8,

l[u c[|2)1/? < 1; choose go > 0 small enough that

(2.10) 00 < (g 2 + llurs 1212,

(2.11)  max {(go cos ﬁ)p_ZiHuis’a |127 + (0o sin ﬁ)p_zi‘lur_’s’ani :
[ Dusts eI [ Durs.ell3

e [0,77/2]} <2
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Then choose ¢ € |0, 7/4[ in such a way that the pair (gc, ¥¢) satisfying o(gc,¥:) =
Ur s lies in the interior of @),, s and, moreover,

[ [
2.12)  min< (ocosd)P™ 2ﬂ: € [00,1] p > (sing)P2——D12EP_
@12 i (oossp A 0 € 1l 2 g

+ 12 - 2
(2.13) (Siné)pfzw < min{(gcosé)leur’f’glhg 1o € [90,1]}.
[Durs.ellz [Durs.ellz

In order to show that u, s . is a critical point for f, it suffices to prove that
f(urse)lw] =0 Vw € C§°(QL) N Hs (L)

Suppose, by contradiction, that there exists w € C§°(QF) N Hg(Q") such that
f'(ur.s.)[w] < 0. Then there exists a neighbourhood I(uy s¢) of uy s in Hg(QF)
N LP(Q") such that f'(u)[w] < 0 for u € I(uys.). For all 4 > 0 small enough,
choose z, € C%(Q,,,5,R") such that:

e sup{z,(0,0) : (0,9) € Q.63 < 145
e 2,(0,9) = pfor (0,9) € Qypy,s such that |0 — o.| + [ — V| < p/2;
e z,(0,9) =0 for (0,9) € Qs such that |0 — o.| + [ — V| > p.

Since properties (2.8) hold and u}, . # 0, it is easy to verify that there exists

r,8,&

& > 0 small enough such that:

(2.14)  zz = 0 on the boundary of Q,,.s;

(2.15)  if (0,79) € Qg5 satisties zz(0,9) > 0 and if ¢ € |0, zz(0, V)],
then o(g,9) + tw € I(uys.);

(2.16)  if (0,9) € Qg5 and t € 10, 2z (0, V)],
then o(o,9) +tw € K™ and [0(0,9) + tw]T # 0.

Since f'(u)[w] < 0 for u € I(uys.), if (0,9) € Qq,,5 satisfies zz(0,9) > 0 and if
t €10, zz(0,V)[, we have
0 _
5 (o(p,9) +tw) < 0.
Then
f(o(o,9) + zgw) < f(o(e,9)) (e, V) € Qoo

and

f(U(stﬁ )+ZAL )<f( (Q& s))

As (0e,9.) is the unique maximum point of the function f o o, it follows that

max{f(o(¢,9) + zu(0,0)w) : (¢,7) € Qgo,5} < f(urse)-

Therefore, taking into account that

o(0,9) + zu(e,9)w € K™ V(0,9) € Qg
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and that

flurs,e) =min{f(u) :u € Hs(Q) N M N K"},
we infer that
(2.17) {o(0,9) + 20, )@ : (0,9) € Qgo,5} N M = 0.
On the other hand, if we set

_ i

?() = 1Bulz

Vu € Hs(Q) N LP(QF) with u # 0 in QF,

the continuous function v : Q,,.s — R?, defined by v(0,9) = (71(0,9),72(0,9))
with
(e, 9) = ¢(lo(0,9) + zale, @] ") + @[ (e, ) + 2a(e, ¥)w] ) - 2,
12(0,9) = ¢([o(0,9) + za(e, 9)@| ") — @([o (0, 9) + 20, V)W) "),
has the following properties:

(a) m(1,9) >0 for ¥ € [§,7/2 — ¢],

(b) 71(00,9) <0 for ¥ € [§,7/2 — ¢],
(€) v2(0,6) > 0 for o € |00, 1],
(d) 2(0, /2 —d) <0 for o € [00,1].

In fact, as zz = 0 on the boundary of Q,, s, (a) follows from (2.9), (b) from
(2.11), (c) and (d) from (2.12) and (2.13).

Thus, applying a result of C. Miranda (see [26]), we deduce that there exists
(2,9) € Qp,,5 such that y(g,9) = 0, that is,

¢([o(2,0) + zu(e, 9)w] ") = ¢([o(2,9) + z(e, 9)w] ") =1,

which implies o(2,9) + 27(2,9)w € M, contrary to (2.17). O

3. Qualitative properties of the solutions and concluding remarks

In this section we describe the behaviour as € — 0 of the solutions u, ;. given
by Theorem 2.2 (see Proposition 3.2). This behaviour implies, in particular, that
different solutions correspond to different pairs (r, s) for ¢ > 0 small enough, so
that we have h? solutions of P(Q", p). Moreover, we show that (unlike [21]) these
solutions u, s ., which minimize f on HS(QQ) N M N K™%, are not local minima
for f on M: indeed, we show that we cannot have local minima for f on M (see
Remark 3.4).

Finally, we discuss some possible generalizations of the results obtained in
this paper.

NOTATIONS 3.1. For all >0, let Q. ..., QM be the sets defined by

o
n—1

QL:{x:(mh...,xn)6R":Zm?<u2, i<xn<i+1} Vi=1,...,h.
=1
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PROPOSITION 3.2. For all r,s =1,...,h and ¢ €]0,2[ (see Lemma 2.3), let
Urs . be a solution of problem P(QFp), minimizing f in Hg(QF) N M N K™
(see Theorem 2.2). Then, for all r,s =1,..., h, we have:

() Tim sup{uf, .

x :erQ\QZ}:O Y >0,

lim sup{u, (= er?\QZ}:O Y > 0.
e—0t o

e—0

7,8, T

(z)
):
(b) lim sup{u;f,sﬁs(x) tx € Q? N QL} =00 VYu>0,
(z) :

lim sup{u

e—0

xGQ?ﬁQZ}:oo Y > 0.

(¢) lm |lursellg=0 Vg<p.
e—01

(@) lim (uf, )idr =00 Yg>~(p—1), Yu>0,
=0t Jarngy 2
lim (Uy s )l dr =00 Vqg> g(p —1), Vu>0.

+ .
=07 Jarngs

For the proof it suffices to argue as in the proof of Propositions 2.11 and
3.11 of [35]. In particular, the proof of property (d) is based on the following
proposition.

PROPOSITION 3.3. Let u be a solution of problem P(Q2, p) withp > 2. Denote
by \1(Q2) the first eigenvalue of the operator —A in Hé’Z(Q), that is,

Al(Q):min{/ |Dul?dz - uw € Hy(Q), /uzdle}.
Q Q
Then

suput > [A Q)] P2,
Q

PROOF. Set

Ai"—min{/|Dv2dx:v€Hé’2(Q), /v2d:c:1, /|v|udm—0}.
Q Q Q

Let v > 0 be a minimizing function for A]. Then
/ DvtDwdx — )\f/ viwder =0 Yw e Hy?(Q) such that / |wlu™ dz = 0;
Q Q Q
in particular, for w = u*, we obtain
/ DvtDu™" dx — )\1" / vTut dx = 0.
Q Q
Notice that, obviously, A\{ > A;(Q2) and

/ DutDvt dx — / (uh)P~totde =0
Q Q
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because u is a solution of P(Q,p). Then we have
/Q((u+)p_1 —Mut)wdx =0,

while, if supg ut < [A1(€2)]Y/P=2), we should have
/Q((u*)p*1 —Mut)vtdx <0,

because (ut(z))P~1 < A\ (Qut(x) < A\ut(x) for all z € Q satisfying 0 <
ut(z) < M (Q]YP=2)  and vt (x) > 0 if ut () > 0.

Analogous arguments hold for u~. O

REMARK 3.4. We already remarked that the minimum of f on Hg(Q)N M
is not achieved. We can also prove that f does not even have local minimum
points on Hg () N M; in particular, the solutions u, s . given by Theorem 2.2,
which minimize f on Hg(Q!) N M N K™*, are not local minimum points for f
on Hg(QM) N M.

In fact, for all u € Hg(Q") N M we can find a sequence (u;); € Hg(QF) N M
such that u; — u in LP(Q") and in H}?(Q) and, moreover, f(u;) < f(u) for
all # € N. In order to get such a sequence, fix a nonnegative function z €
C§°(B(0,1)) having radial symmetry with respect to the z,-axis and such that
fB(O,l) 2P dx = 1. For all 9 > 0 set z,(z) = 2((x — T)/0) where T = (0,...,0,Z,)
with 0 < T,, < 1 — 07 is a fixed point of the x,-axis (see Notations 2.1).

For all o > 0 and i € N, let

1 1/p 1 1/p +
Ui = <1 - ) ut + () [l Zo— U .
i i) llzelly

As in Remarks 2.13 and 3.12 of [35] one can verify that, for all ¢ € N,

: =+ _ +
Jim i, =

and
) 1 2/p 9 9
i [Dut, = (1-1) IDut g < 1w,

|| D

iellz = [IDu”I3.

lim

0—0F
Consequently, there exists an infinitesimal sequence (g;); of positive numbers
such that, if we set

- ”D“Z_gi % 1/(p—2) L ||Du;Qi % 1/(p—2) B
Ui = |p Ui, |p Ui,
P P

+ =
(9% 145,

the sequence (u;); in Hg(Q2") N M has the desired properties.
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Notice that the nonexistence of local minimum points for f on Hg(Q") N M
shows, in particular, that the arguments used in [27], [28], [21], [31], based on
the use of “barycentre functions” like

1 P
80 = 1o | P

cannot apply for p > 2*.
REMARK 3.5. The methods used in this paper can be applied to study prob-

lems with more general nonlinear terms. For example, analogous existence and

multiplicity results can be proved for the nodal solutions of problems of the form
Au+a(ut)P~t —bu™)?"t =0,

P, p,
(Q.p.9) we HY2(0)

with a,b € RT and p,q > 2*.

REMARK 3.6. The domains Q2" considered in this paper do not have a smooth
boundary; however, it is clear that the same methods can be used to state
analogous results for smooth symmetric domains having a more general shape.
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