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AN ELLIPTIC PROBLEM WITH POINTWISE
CONSTRAINT ON THE LAPLACIAN

RI1CCARDO MOLLE — DONATO PASSASEO

Introduction

This paper deals with a class of variational inequalities, coming from vari-
ational problems with unilateral constraints. The presence of the constraint
modifies the structure of the corresponding functional and increases the topolog-
ical complexity of its sublevels, giving rise to some phenomena which are typical
of nonlinear elliptic equations.

Let 2 be a bounded domain of R™, A a real parameter, ¥ and h two functions
in H)?(Q) and in L2(Q) respectively.

Set Ky = {u € Hy?(Q) | Au < At (in weak sense)} (K is a convex cone
with vertex at ¢) and consider the problem

u e th
P¢(h){
JoDuD(v — u) — Au(v — u) + h(v —u)]dz >0 Yo € Ky.

The solutions can be obtained as lower critical points (see Definition 1.4) of
the functional

1
frnlu) == / (|Duf* — \u?) dm—f—/ hu dx
2 Ja Q
constrained on the convex cone K.

The aim of this paper is to study the solvability of problem Py(h) for a
generic pair (¢, h): we describe the set of pairs (i, h) for which Py(h) has
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solutions; for these pairs we analyse the structure of the set of solutions and
evaluate the number of solutions under suitable assumptions on the position of
the parameter A with respect to the eigenvalues \; of the Laplace operator —A
in Hy?(Q).

The results we obtain (see, for example, Theorem 4.8) exhibit a “folding type
behaviour”: the set of pairs (¢, h) such that Py (h) has solution is a convex cone
and, if A\ < A < Ag (A1 and Ay being the first and second eigenvalues of —A),
then Py (h) has at least one solution for (i, h) on the boundary of this cone, at
least two distinct solutions if (¢, h) lies in its interior (while the functional f3
without the constraint K, has a unique critical point for every h € L?(9)).

This behaviour makes evident an interesting analogy with a well known result
stated by Ambrosetti and Prodi in [2], concerning problems with “jumping”
nonlinearity like

(1) Au+g(u)=h inQ, wu=0 ondQ,
where
(2) , lim g(t)/t <A\ < 75lim g(t)/t < Ag.

Notice that, despite the evident analogy of these results, there is a deep difference
between our methods and those used in [2], the latter being based on the analysis
of singularities that could not be applied in our problem.

Comparing the sublevels of the corresponding functionals, one could see that,
roughly speaking, the presence of the constraint K, in problem Py (h) has the
same role played in [2] by the condition

. lim g(t)/t < A1

In [14, 17-19, 21-23] an analogous jumping behaviour was shown for some
problems with constraints like

(3) Ky,={ue Hy?(Q) | u>gae inQ} (pe L)

in place of Ky.

Several papers have been devoted to variational inequalities (see [11, 12,
etc.]); they involve unilateral pointwise constraints on the function (like K. ), or
on the laplacian (like K ) or also on the gradient: for example, a constraint like

(4) Ky ={ue Hy*(Q)||Dul <7 in 0}

arises in the problem of the elastic-plastic torsion of a bar (see [5, 10]).

Usually, constraints on the function or on the gradient (like IN{w or K.)
have been used in second order variational inequalities, while constraints on
the laplacian (like K;) have been considered in some fourth order variational
inequalities (for example for the biharmonic operator: see [6]). However, for the
second order variational inequalities we are considering in this paper, the jumping
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behaviour arises only when we use constraints like IN(W or Ky; no analogous
folding type result occurs if in problem Py (h) the convex cone K, is replaced
by a convex set like K., or {u € HY?(Q) | (Du,Z) <5 in Q}, with T € R",

An important tool is the use of supersolutions in order to analyse the prop-
erties of the pair (¢, h) for which Py (k) has solution or to describe the structure
of the set of solutions of Py (h) (for example the existence of a minimal solution).

In [14, 17-19], where constraints like I~(</, involve only the function, the clas-
sical notion of supersolution for the operator A + AI — h has been sufficient
(u is said to be a supersolution if Au+ Au — h < 0 in weak sense, see [1, 3,
etc.]).

In this paper a new notion of supersolution (see Definition 2.1) turns out to
be appropriate and useful to handle constraints on the laplacian like K. It is
natural to call them supersolutions with respect to the operator I +A~1(AI —h),
since (see Proposition 2.2) u is a supersolution if u + A=Y(Au — h) > 0 (the
operator A~! is considered in Hy(Q)).

Notice that, unlike [1] (where monotone iterations are used), we use the
supersolutions as “upper fictitious obstacles” (see Lemma 2.3); this property
allows us to prove that there exists a minimal solution, that the set of pairs
(3, h) for which Py (h) has solution is a closed convex cone, etc.

In a different situation, the use of supersolutions as fictitious obstacles to
analyse the structure of the set of solutions has been introduced, for example, in
[13, 14, 17-20].

This paper is organized as follows: in Section 1 we introduce the problem and
characterize its solutions as lower critical points of the functional f; constrained
on the convex cone Ky; moreover, we prove the equivalence of problem Py (h)
to another variational inequality, which makes evident the pointwise properties
of solutions; in Section 2 we introduce the supersolutions and state their main
properties, which are used in Section 3 to analyse the solvability of Py(h) for a
generic pair (¢, h) and to describe the properties of the set of solutions; in Section
4 we obtain the alternatives exhibiting the jumping behaviour for A\; < A < Ag;
in Section 5 they are extended to the case A = A5, while Section 6 is devoted to
the case A = \q.

1. The problem, the variational setting and preliminary remarks

Let © be a bounded domain of R™, A a real number, 1 and h two functions
that we assume, for simplicity, in Hé 2 () and L?(Q) respectively. We consider
the following problem:

DEFINITION 1.1. Let

K, = {u € Hy?*(9)

/Dqude/Dwadewngo(Q), wZO};
Q Q
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we say that u is a solution of problem Py (h) if

u e Kw,
JolDuD(v —u) = Au(v — u) + h(v —u)]de >0 Vo € Ky.

REMARK. Notice that, if we can apply the Gauss—Green formula, the in-
equality of problem Py (h) becomes

/Q[u + A Au—h)AWw—u)der <0 Vv e Ky,

whose pointwise meaning would be

u+ A7 (Au—h) =0 a.e. where Au < A,
u+ A" Au—h) >0 ae. where Au= A,

or, equivalently
{ u>—-A"1Au—h) ae inQ,

u>—A"rAu—h) = Au= Ap.

This remark is made precise in the following lemma.
LEMMA 1.2. Assume ¢ € Hy?(), k € L*(Q) and set
K={ueH*Q) :u>A"k ae inQ}.

Then a function u € Hy(Q) solves the problem

(5) u e Kw,
Jo DuD(v —u)dx + [, k(v —u)dz >0 Yve Ky,

if and only if it is a solution of the variational inequality

6 u€eEK,
©) Jo DuD(w — u)dz — [, DYD(w —u)dz >0 Ywe K.

PROOF. Suppose that u € Ky solves problem (5). If, for every 6 € C§°(Q),
§ >0 in €, we take v = u — A71§, then v € K, and the inequality (5) implies

/(u — A7k)ddz > 0.
Q
Therefore u € K. Now, if w is in K, then
(7) / DuD(w — u) dz — / Dy D(w — u) dx
Q Q

= / (Du — DyY)D(w — ) dx > / (Du — DY)D(A™ 'k — u) dz,
Q Q
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where the last inequality is true because Au < At (in weak sense) and w >
A1k, The last integral in (7) is equal to

/qup(w—u)dw/gk(ww)dx,

which is nonnegative by assumption (notice that ¢ € Ky).
Conversely, let u € K be a solution of problem (6). If, for every a € C§°(€2),
a>0in Q, we take w = u + a, then w € K and inequality (6) implies

/ (Du — Dy)Dadz > 0.
Q
Therefore u € K. Now, if v is in Ky, then
(8) DuD(v — u)dx + / k(v —u)dz
Q

Q

= / D(u—AT'E)D(v — u) dx > / D(u— AT'E)D(tp — u) da,
Q Q

where the last inequality is true because v > A~'k and A(y) — u) > A(v — u)
(in weak sense). The last integral in (8) is equal to

DuD(A 'k —u)dx — | DYD(A™ 'k —u)du,
Q Q

which is nonnegative by assumption because A~k € K. O

NOTATIONS. Let A\; < A2 < ... be the eigenvalues of the operator —A in
HS 2(Q) and e; the positive eigenfunction corresponding to the first eigenvalue
and such that fQ e% dx = 1. Moreover, let X; and X, be the vector spaces
spanned by the eigenfunctions corresponding to A1 and A respectively and set
X3 = (X1 ® X3)*. Finally, let II;, I, and II3 be the projections on the spaces
X1, X5 and X3 respectively.

DEFINITION 1.3. Let X be a set and V C X. We define the indicator
function of the set V as the function Iy : X — R U {oo} such that

Iy (u) =

0 ifueV
oo fueX\V.

Let h € L*() and ¢ € Hy*(Q); we denote by fyy : L*(2) — RU {0} the
functional fp y = fn + Ik, , where

L[ (IDuf? = M?)dx + [, huda  if uw € Hy* (),
00 if ue L2(Q)\ Hy? (),

and I, is the indicator function of the set K.
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Let f; (u) be the differential of f5 in wu, that is,

fh(w)w] = / [DuDw — Muw + hw]dz  Yu,w € HY?().
Q
Let H be a Hilbert space with inner product (-, -) and norm || -||. Let W C H
and consider f: W — R U {oo}. We define the domain of f to be the set

D(f) ={ue W | f(u) < oo}.

DEFINITION 1.4 (see [4, 8, 9]). Let u € D(f). We define the subdifferential
of f at u to be the set 9~ f(u) consisting of all o in H such that

i F0) = () = (00— w)

v—u [o = uf

> 0.

If 0~ f(u) # 0, then we define the subgradient of f at u, denoted by
grad™ f(u), to be the element of 9~ f(u) having minimal norm (it is easy to
check that 0~ f(u) is a closed and convex subset of H).

Lastly, we say that u is a lower critical point for f if 0 € 0~ f(u), that is, if
grad™ f(u) = 0.

REMARK 1.5. The functional f} 4 is lower semicontinuous in the metric of
L?(Q) and its domain is D(fn,y) = Ky.

Furthermore, it is easy to verify that
1 A
(@) = fu(w) + fa(@lv —u] + Sllv = ullfne = Sllv—ulfs Vu,ve Hy? ().
Hence o € 07 fp,(u) if and only if

v —u] > (a,v—u) Yve Ky,

1 A
@) = fu(w) + (v —u) + Sllo —ull e = Sllo = ullze

Yu,v € HY?(Q), Yo € 7 f(u).
We get immediately the following result:

PROPOSITION 1.6. The function u is a solution of problem Py (h) if and only
if w is a lower critical point for fp .

REMARK 1.7. If A < Aq, then there exists a unique solution to problem
Py (h) for every h € L2(Q) and ¢ € Hy*().

In fact, the functional f , introduced in Definition 1.3 is coercive and strictly
convex if A < A1; thus it has only one lower critical point: its unique minimum
point.
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2. Supersolutions as fictitious obstacles

In this section we introduce the notion of supersolution for our problem.
Then (see Lemma 2.3) we point out a useful and simple connection with the
solutions of problem Py (h).

In the next sections the results obtained here will be used to get information
about the set of data for which there exist solutions and about their multiplicity.

DEFINITION 2.1. We say that a function u € H&’Q(Q) is a supersolution for
the operator I + A=Y (AT — h) if

/(Dqu — Auw + hw)dr >0 Yw € K.
Q

REMARK. It is evident that every solution of problem Py (h) is a superso-
lution for the operator I + A~Y(\I — h).

Let us point out that this definition of supersolution is rather different from
the usual one (used, for example, in [18, 19]) because it makes use of test func-
tions w such that Aw < 0 in weak sense, instead of the more general functions
w such that w > 0. The next proposition suggests why we use the name “super-
solutions for I + A=Y(AI — h)” for the ones introduced in Definition 2.1, while
it is natural to call the other ones “supersolutions for the operator A+ A\ — h”.

ProPOSITION 2.2. The function u is a supersolution for the operator I +
A~Y(NI — h) (in the sense of Definition 2.1) if and only if u+ A~ (Au—h) >0
a.e. in Q.

PROOF. If u is a supersolution, then Definition 2.1 (with w = —A~1yp)
implies
/[u + A M —h)]p >0 Ve € L*(Q) such that ¢ > 0;
Q
sou+ A1 (Au—h) >0 a.e. in Q.

Conversely, if u+ A7 (Au— h) > 0, then multiplying by Aw for w € C§°(Q)
such that Aw < 0, we get

/[u + A7 O — h)]Awdz <0,
Q

which implies
/(Dqu — Auw + hw) dx > 0.
Q

Hence it suffices to remark that the last inequality can be extended to all w € K
by density arguments. O
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Lemma 2.3 and Proposition 2.4 below exhibit an important property of super-
solutions: a constraint like {u € L?(Q) | u < u} is in a certain sense a fictitious
obstacle if 7 is a supersolution for I + A~Y(AI — h) according to Definition 2.1.

LEMMA 2.3. Let w € Ky be a supersolution for the operator I +A~ (NI —h)
with A > 0; set K = {u € Ky | v <4} and assume that w is a lower critical
point for fr, + Ix. Then w is a solution of problem Py(h).

PROOF. Let us remark, first of all, that w > —A~!(\u — h) a.e., because u
is a supersolution. Moreover, Aw — h < A\u — h, because w € K and A > 0, so
we obtain

(9) ~A7'Qw—h) < -A"'(\u—-h) <a.
The function w satisfies

/Q[DwD(v—w) —dw(v—w)+ h(v—w)]de >0 YveK,
therefore, if we put

. 1
flu) = §/Q|Du|2dx—|—/9[h—/\w]udx,

then w is a lower critical point for f—&— I . The functional fis strictly convex,
lower semicontinuous and coercive; so there exists only one minimum point for
fon Ky; let us call it w.

The function w satisfies

(10) /QD@D(Uf{E)dxf/Q()\w—h)(vfiE)dz20 Yv € Ky.

The functional er I admits only one lower critical point (its unique minimum
point), because it is strictly convex; so, if we show that @ < @, then we have
w = w and (10) gives us the desired conclusion.

Applying Lemma 1.2 with £ = h — Aw, we see that w is a lower critical point
for the functional

F(u) = 1 / |Dul|? da — / D+ Du dx
2 Ja 0

constrained on the set

K={uec H*Q) |u>A" (h—Iw) ae. in Q.

The function @ is in K by (9) and it satisfies Aw < Az (in weak sense) by
assumption; thus it is a supersolution for the operator F’ (in the usual sense:
see, for example, [18, 19]).

Therefore, as stated in [18], the functional F' + I3+ has a lower critical point,
which we call w’; furthermore, this point satisfies w’ < u; but F' + I+ has only
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one critical point, because it is strictly convex, so w = w’. This implies that
w < w and so w = w, which completes the proof. O

PrOPOSITION 2.4. Let u € Ky be a supersolution for the operator I +
ATY(AI — h); then problem Py(h) has a solution w such that w <7 a.e.

For the proof it is sufficient to apply the previous lemma, with w a minimum
point of the functional fj, + Ik (notice that K # () because w € K and moreover
fn + I has a minimum because K is bounded in L?(£2) and so the sublevels of
fn + I are bounded in Hy*(52)).

LEMMA 2.5. Let A > 0; if uy and ug are supersolutions for the operator
I+ A=Y(AI — h), then so is uy A us.

PRrROOF. It suffices to remark that
up > A7 Aug —h) > =AY N\(ug Aug) —h)  ae. in Q,
ug > —A7 Aug — h) > —A7 (N(ug Aug) —h)  ae. in Q,
because u; and uy are supersolutions and A > 0. Therefore
up Aug > A7 (A (ug Aug) —h)  ae. in Q,
that is, u; A ugy is a supersolution, by Proposition 2.2. O

THEOREM 2.6. If w1 and ug are solutions of problem Py(h), then there
exists a solution u such that v < ui A us.

PRrROOF. The functions u; and us are supersolutions for the operator I +
A7Y(AI — h), because they are solutions of problem P,(h) and so, by Lemma
2.5, also the function u; A us is a supersolution.

By Proposition 2.4, it suffices that u; Aus € Ky, which is stated in the next
proposition (that we prove for sake of completeness). O

PROPOSITION 2.7. Let u; and ug be in Ky; then also uy Aug € Ky.

PROOF. Set @ = uy A ug, 7(v) = v Auy and let F : Hy?(Q) — R be defined
by
1
F(u) == | |Dul*dx — / Dy Dudzx.
2 Ja 0
Then
F(u) > F(v) + F'(v)[u —v] Vu,v € Hy”
because the functional F' is convex.
So, if w € C§° (), we have
Fu+w) > F(r(u+w))+ F'(r(u+w))[u+w — 7(u + w)],
F(r(u+w)) > F(u) + F'(u)[x(u 4+ w) — 1.
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Now, if w > 0, it follows that
F(nu+w)[u+w—7@u+w)]=F(u)u+w-—7nu+w))

because 7(u + w) = uy where @+ w — w(w + w) # 0.
So, since u; € Ky and @+ w — n(@+ w) > 0, it follows that

(11) F'(r(u+w))[u+w—7(u+w)] > 0.
Analogously
(12) F'(@)[r(@ +w) — 7] = F'(u2)[r(u + w) — 1] > 0.

Finally, the inequalities (11) and (12) imply that F (@ + w) > F(u), which yields
F'(u)[w] > 0, and this is the desired conclusion. O

Lastly, will need the following results about supersolutions, whose proofs are
straightforward.

PROPOSITION 2.8. Let b/ and b be in L*(Q); if v’ and u” are supersolutions
for the operators I+ A~ (AN —h') and I+A~Y (NI —=R"), respectively, then v’ +u"
is a supersolution for the operator I + A=Y\ — (W' + h")]. In particular, the
assertion is true if u' and u” are solutions for problems Py (k') and Py ("),
respectively, for some obstacles ' and " in Hé’z(Q),

PROPOSITION 2.9. Ifu is a supersolution for the operator [+ A=Y (AI—h) (in
particular, if w is a solution for some problem Py(h)), then u is a supersolution

for the operator I + A=Y\ — ') for every h' in L?(Q2) such that h' > h.
3. Some properties of the set of solutions
Let us define
R={(¥,h) | ¢ € Hy*(Q), h e L*(Q), Py(h) has solution}.

In this section we use supersolutions to study some properties of the set of
solutions for problem Py (h) and to describe the set R.

THEOREM 3.1. Let h € L*(Q) and ¢ € Hy*(Q); if there exists a solution
for Py(h), then there is a solution for problem Py (k') for every pair (¢, h") with
B e L3(Q) and ¢/ € Hy*(Q) such that Ay’ > A in weak sense and h' > h.

This follows easily from Propositions 2.4 and 2.9.
THEOREM 3.2. The set R is a convex cone whose vertex is the origin.

PROOF. It is clear that if u is a solution for Py (h) then au solves Py (cth)
for every a > 0. Moreover, if Py (h') and Py~ (h”) have a solution, say v’ and
u’ respectively, it follows from Propositions 2.8 and 2.4 that Pyryyr(h' + ")
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also has a solution; in fact, v’ + u” € Ky/ 44 and it is a supersolution for the
operator I + A=Al — (k' + h")]. This completes the proof. O

Before enunciating some closure properties of R, let us state the following
results.

LEMMA 3.3. Let u be in Ky; then
(13) / (M —=Nu+ (h—a)lerde >0 Va € 07 fry(u).
Q
PrOOF. We have (see Remark 1.5)

(14) /Qoz(v —u)dzr < fr(u)v—u] Yv e Ky;

so, if we put v = u+ e; in (14) (notice that v = u+ ey is in Ky), we obtain
inequality (13). O

LEMMA 3.4. Let A # A\ and assume that, for every m € N, o, €
Hé’Q(Q), hum,h € L?(Q). Suppose also that A, > At in weak sense and that
Vm — Y in Hé’2(Q) and hpy, — h in L2()) as m — oo; furthermore, suppose
that problem Py (hy,) has a solution wy,. Then:

(a) the sequence (tm)m is bounded in Hy”(Q);

(b) if (Um)m (or a subsequence) converges to u in L*(Q)) and weakly in
H}?(Q), then u solves problem Py(h);

(c) there exists a solution to problem Py(h).

PROOF. In this proof we are using the notations introduced in the first sec-
tion.

If A < Ay, the assertion follows from fy,, ¢, (Un) < fh,,.w., (@) < const, for
u € Ky fixed, because the solution u,, is the minimum point for the functional
fhm on me and KUJ - me for all m.

If A > Ay, we have

1 A
Pt 02 Fr ) (0,0 =) S =l = o — ul
Vu,v € Kd)m’ Va € 0 fhnmbm;

in particular, for u = w,, and v = % (notice that ¢ € Ky C Ky, ), we get

(15) Jrn (@) = [, (Um) — ||1/J um|Z2

/|Dum|2dx—f/u72ndx

b [ ot = 5110
Q
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Let us prove that the sequence (uy, ), is bounded in L?(§). If we suppose, by
contradiction, that this is not the case, then up to taking a subsequence, we have
limy, oo ||tm || 2 = co. If we put zp, = up/||um| L2, from (15) we deduce that
(2m)m is bounded in Hy?(Q); so a subsequence of it converges in L?() and a.e.
in Q, to a function z € Hy*(Q); then it follows that ||z]| > = 1; moreover, z > 0
in Q, because ,, > ¥, a.e. in Q, and 1,, — ¥ in H&’Q(Q).

By Lemma 3.3 we have

1

T / [(A1 — Mg, + hley dz > 0,
[umllL2 Jo
from which, as m — oo, we obtain (A1 — \) fQ ze1p dr > 0, which is impossible
because A > Ay, z > 0 and ||z||z2 = 1. So the sequence (), has to be bounded
in L2(Q) and then, from (15), it follows that it is also bounded in Hy*(Q). So
(a) is proved.

Let us prove (b): since Ky C Ky, for all m € N, we have

A
In,, () > fu, (um) — §Hv —up|3: Vv € Ky VmeN;
so, letting m — oo, we get
A
Fa(v) 2 fulu) = v = ullf: Vo€ Ky,

which gives (b).
The third conclusion follows from (a) and (b). O

Lemma 3.4 allows us to prove the following closure property of the set R.

THEOREM 3.5. Let A # A1 and assume that, for every m € N, ¥, €
HY?(Q) N H>2(Q), hy, € L2(Q), Y — b in H>2(Q), hyy — h in L2(Q) and
(Ym,hm) € R (i.e. Py, (hm) has solution). Then problem Py(h) has solution
(i.e. (¢, h) € R).

Proor. If A < A, then the assertion is trivial because of Remark 1.7. If
A > A1, let (Wu)m and (hy,)m be two sequences converging to ¢ and to h in
H?2(Q) and in L?(£2) respectively, such that, for every m € N, P, _(h,,) has
a solution. If we define ¢, = A~Y(Ay V Avyy,), also problem P, (h,,) has a
solution: indeed, if @,, is a solution for Py, (A, ), then @, is a supersolution for
I+ A=Y\ — hy,). Furthermore, A%, < A, implies that A%, < Ag,, (in
weak sense), that is, @, € K,,,. So we can apply Proposition 2.4 in order to get
a solution for P, (h,,). If we observe that ¢, — ¢ in Hy(Q), applying the
previous lemma to the sequence (¢, A )m, we have the desired conclusion. 0

REMARK. Notice that Theorem 3.5 does not hold for A = A\;. In fact, if, for
example, (Vm)m, with A, € C§°(Q) for all m € N, is a sequence converging
in H>2() to a function ¢ € Hy*(Q) such that supg, 1/e; = oo, then problem
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Py, (0) has solution for every m € N, but P, (0) has no solution because, when
A= A1 and h = 0, the solutions of problem Py (h) solve the equation Au + Aju
=0, as we shall prove in Section 6 (see Theorem 6.1 and the related example).

Now we recall a proposition from [8] which is useful to prove the next result
about the existence of a minimal solution.

PROPOSITION 3.6. Let H be a Hilbert space and f: H — RU {oco} a lower
semicontinuous function. Suppose there exists A € R such that

f) > flu)+ {a,v —u) — %Hv —ul|? Vo €0 f(u) Yu,v € D(f).

Let (um)m and (oum)m be two sequences such that wy,, € D(f), am € 07 f(um,)
for every m € N, lim,, 00 U, = u, and o, — « weakly in H. Then u € D(f),
limy, oo ftm) = f(u) and a € 0~ f(u).

PROPOSITION 3.7. If problem Py (h) has solution, then there exists a mini-

mal solution u (that is, @ < u a.e. in Q for every solution u for Py(h)).

PROOF. Let (u,)m be a sequence of solutions such that

lim Uy, AT = inf{/ udzx

(notice that this infimum is finite because there exists a solution).

u solution of Pw(h)}

If we fix v € Ky, we get

(16) Fu(0) 2 fulotn) = 50 = 3

1 A
:7/ |Dum|2dx—f/u,2ndx
2 Jo 2 Jo

A
—|—/ Pty dz — = |0 — U || 3.2
Q 2

We say that sup,,cy ||um|| L2 < co. If this is not so, then up to taking a subse-
quence, we can assume lim,, oo ||t | 2 = 00; let us consider 2, = U, /||wm || L2;
from (16) we deduce that sup,,cy ||ZmHH3=2 < oo and consequently (zp, ), (or a
subsequence) converges in L?(Q) and a.e. in Q to a function z with ||z|[z2 = 1
and z > 0, because u,, > ¥. Hence lim,, fQ Zm dx = szdJ: > 0. But this
is impossible: in fact, limy, oo [o Zm dz = limpy, oo (1/]|tm| £2) [ tm dz < 0
because limyy, oo [o tm dz < 00 and limy, o ||t || 2 = oo.

So (ty, )m must be bounded in L?() and, from (16), it follows that it is also
bounded in Hé ’2(Q); therefore, up to taking a subsequence, it converges in L?(Q)
and weakly in Hé’Q (Q) to a function @ that, by Proposition 3.6, is a solution for
P, (h). Let us remark that

(17) /Qﬂdx _ min{/gudx

u solution of Pw(h)}.
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Hence we deduce that @ is the minimal solution. In fact, if there exists a solution
u such that @A u # u, then there exists another solution w < u A u, by Theorem
2.6. Therefore [, wdz < [, udz, contrary to (17). O

4. Alternative theorems when \; < A < \g

In order to study the solvability of problem Py (h) and evaluate the number
of solutions (see Theorems 4.7 and 4.8), we use in this section too the functionals
fn and fp, 4 and the other notations introduced in the first section.

DEFINITION 4.1. Let h € L2(Q), ¥ € Hy*(), A € R, A < Xg; let Sy 4
R — R U {oo} be the function defined by

Snap(t) = min{ fy + Ip, }
where P, = {u € L*(Q) | [, ue1 dx =t} and Ip, is its indicator function.

Let us remark that, if A < A3, such a minimum exists and, if it is finite, it
is achieved at a unique point because in this case f, y is strictly convex, lower
semicontinuous and coercive on every hyperplane P;.

The next lemma says that, if A < Ag, then searching the solutions of problem
Py (h) is equivalent to looking for the lower critical points of Sp, y.

LEMMA 4.2. Let A < A2 and u be a minimum point for fn .y + Ip., where
t = [queidr. Thenk € 07 Sy y(t) if and only if key € 0~ fr .y (u). In particular,
if k=0, then t is a lower critical point for Sy if and only if the minimum
point for fny + Ip. is a lower critical point for fp .

PROOF. Assume that k € 0~ S (). We have to estimate
L = liminf In(v) = fnlw) = (kes,v = u)

v—u o —ull>
Observe that, if [,veydx = [, ue; dz, then fr(v) > fr(u), by definition of u.
Hence, if

Ju(v) = Shy(t) — k([ ver dx —t) -0

M = liminf = >0,
Jo o bt | [vey dz — 1|
then L > 0, because -
0 < | [vey dx — 1] <1
v —ul|r

By definition f4(v) > Shy ([, ver dz); furthermore, v — w in L*(Q) implies
Joverdr — [, uey dx, so

M > liminf Shoy(t) - “7?‘”(:) —k(t—1) -
t—t _

by assumption.
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Conversely, let us remark, first of all, that f, = fr, oIly + f, o Ils + f o I3,
where fj oIl and fj o II3 are convex. Therefore we have

Jrap(@) = frp(w) + fr(uw)v —u] + %()\1 -\ (/Q(v —u)e; dx) .

By assumption key € 0 fp 4 (u) and so

2

() > frp(u) + /Q kei(v —u)dx + %()\1 —-A) (/Q(v —u)ey da:) ;

if we set t = fQ veypdz and t = fQ ueq dzx, by simple arguments it follows that
S () = Snoo () + k(t —F) + %(Al (-T2,
which implies k € 07 S, (t). O
DEFINITION 4.3. If A < A9, let 0y, : R — RU {00} be defined by
Oh,y(t) = min{ fr, o (Il +13) + Ik, + Ip, }

with the usual notations.

The following lemma states a simple property of oy, ., which can be easily
proved.

LEMMA 4.4. Let Sy and oy, be the functions defined above. Then

t2
Shap(t) = Tns(t) = (A= M) +1 / hey d.
Q

LEMMA 4.5. The projection (Ily 4 TI3)(K,,) is dense in (X2 ® X3) N Hy? ()
with respect to the HY*(€2) norm.

Proor. Consider u € Ky; we have
(ITy + M3)(Ky) 2 (Il + H3)(K,) = (T2 + 3)(u) + (T2 + 3)(Ko).

The projection (IIy+113)(Kp) includes (II;+113) (C§°(Q2)). In fact, if w € C§°(2),
then there exists 7 € R such that A(w + 7e1) = Aw + 7Ae; < 0, because
Ae; = —Ae1 < 0in . Sow+re; € Ko and (Ilx+113) (w+Ter) = (Ilo+113) (w) €
(Ily+113) (Ko). The projection (Iy+113)(C5°(R2)) is dense in (X2@® X3)NHy (),
and so the lemma follows. O

LEMMA 4.6. Let A < Ao. Then the function oy, has the following proper-
ties:
(a) Dopy = [fQ ey dr, o0);
(b) o,y is bounded from below, nonincreasing, convex and lower semicon-
tinuous;
(¢) limy—.oo op ¢ (t) = min fj o (Il + I3);
(d) Ohppe, (t + 1) = ony(t) for all p e R.
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PROOF. (a) If u € Ky, then u > t and so [, uei dz > [, ve; dz because
e1 > 0 on Q. Furthermore, for every ¢t > 0, ¥ +te; € Ky.

(b) op,y is bounded from below because min fj o (II; +II3) > —oo if A < Ag.
It is nonincreasing because, since Ae; < 0, we have

(Hg + H3)(Kw N Ptl) C (Hg + Hg)(Kw N Ptz) if 1 < ts.

Oh,y is convex because fj, o (Il + II3) is convex.

Oh,y 18 continuous in the interior of the interval [fQ ey dx,o0), which is its
domain, because it is convex; in order to prove also in the extremum the lower
semicontinuity, it suffices to remark that f; o (Il + II3) is lower semicontinuous
in the Ly(€2) norm and, furthermore, that its sublevels are bounded in Hy*(€2)

on every set like

{u € L*(Q)

t1</ue1dx<t2}, t1,t2 € R,
Q

because

A2

- A
o (I 4 Th5) (u) > 22 / | D(TT, + T3 ()2 da —/ h(TT + TTs) (u) da.
Q Q
(¢) Let @ be the minimum point for f; on (X, @ X3) N Hy?(Q). By the
previous lemma there exists a sequence (wy, )y, in Ky such that (Il +1I3)w, — @,
which implies

lim f; o (Ilz 4 ) (wn) = min fp, o (I3 + I13).

n—oo

Then we have

min f o (IIy +II3) < litm inf oy, (t) < lim op 4 </ wyel dm)
— 00 n—oo Q

S min .fh e} (H2 + Hg),

which proves the statement.
(d) This follows because fp, o (IIy + II3) is invariant under translations along
the e; axis. O

THEOREM 4.7. Let o € Hy*(Q) and h € L*(Q); assume Ay < A\ < Ag. If
we write ¥ = g+ Teq, with Yo € Xo ® X3, then there exists T € R (T depending
on Yy and h) such that:

(a) if 7> 7T, then problem Py(h) has no solution;

(b) if T =T, then problem Py(h) has at least one solution;
(c) if T <7, then problem Py(h) has at least two solutions.
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PrOOF. By Lemma 4.2 it is sufficient to find ¢t € R such that 0 € 975, (),
that is, by Lemma 4.4, t € R such that

(18) (A= At — /Q her d € Doy (t).

By the properties of oy, y, Oop y is an increasing maximal monotone operator
(see [4]); furthermore, according to Lemma 4.6(a),

Oopy(t) =0 if t< / Yerdr =T
Q

moreover, lim;_,o, 00 4 (t) = 0 because oy, 4 is convex, nonincreasing and boun-
ded from below.
From Lemma 4.6(d) it follows that

0n0(8) = 0n i tres (1) = D0 (t = 7);

hence (18) is equivalent to

A=) — /Q hey dx € Oop py(t —7) — (A= A1)t — 7),

that is, to
(19) A=A)T €00h,py(t —=T) — (A=)t —7) + /Q hey dx.
Since
tll>nolo (80h,w0 t—7)—A=X)t—7)+ /Q hey das) = —o0,
we have

M:max{a— AN=X)t+ [ heidx
o

teR, ac 6ah7¢0(t)} e R.

Such a maximum depends only on ¢y and h, and M < fQ hei dxr because
Ao o (t —7) C (—00,0] if ¢ > 7 and Joy, (t —7) =0 if t < 7.

Now, if we set 7= M /(A — A1), then the theorem follows from the equation
(19) and from the shape of Oy, y,. O

THEOREM 4.8. Let ¢ € Hy*(Q) and h € L*(Q); assume A\; < X\ < Ag. If
we write h = hg + Tey, with hg € Xo ® X3, then there exists T € R (T depending
on hy and ) such that:

(a) if T <7, then problem Py(h) has no solution;

(b) if T =T, then problem Py(h) has at least one solution;
(c) if 7> T, then problem Py(h) has at least two solutions.
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PRrOOF. To prove this theorem we proceed as for the previous one, starting
from (18); in this case

(20) —T € (r“)O'h,d,(t) — ()\ — )\1)t.

The right hand side term does not depend on 7 because o depends only upon
(II3 + II3) (h) = ho; so, if we set

T=-—max{a— (A= \)t|t€R, a€dopy(t)},

we obtain the desired conclusion. O

5. The case A = Ao

In this section we want to extend to the case A\ = Ay the results obtained in
the preceding sections when A\; < A < As.

In particular, we show that Theorems 4.7 and 4.8 still hold for A = As.

However, let us point out that for A = Ag the functional f, is not coercive on
the hyperplanes P; (see notations introduced in the previous sections) and so an
essential role in order to apply the previous methods is played by the following

lemma.

LEMMA 5.1. Let A = Xg; if t € R and the set P, = {u € L*(Q) | [, uei dx
=t} meets Ky, then the minimum of the functional fi, on P, N Ky, exists.

PRrROOF. It is sufficient to show that the sublevels of f, + Ik, + Ip, are
bounded in Hy?(Q).
If we write
Jn=frnolly + frolla + frolls,
we observe that fj o Il; is constant on the hyperplanes P; and that, if A\ = Ay,

there exist positive constants ¢y, co and cg, depending on h, such that for every
u e Hy? () we have

fnollz(u) > —c1 + 02||H3u||i15,2, fnoHa(u) > —c3|[Maul|.
It follows that on the sublevels of f;, 4+ Ip, we have
(21) [Taul| > —cs + 05||H3u||§13,2

where ¢4 and c5 are suitable positive constants.

It remains to prove that ||IIau| is bounded in the sublevels of f, + Ik, +Ip,.
If this is not so, then there exists a subsequence (uy), in a sublevel such that
lim,, & || Hou|| = oo; it follows from (21) that

i ([Tt 22/ [Tt | = 0.
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If we fix ug € Ky N P, (a convex set) we have

k
Ug + 7(1—[1’11% + Isu,, + 3u, — UO) S K¢ NP for0<k< ||H2un||
[Tz un |
Hence, letting n — oo, we get (up to taking a subsequence), for every k > 0,
up + kv € Ky N P, for a function v € X such that ||v]| = 1; this is impossible,
because v is negative on a set of nonzero measure; this completes the proof. [

The previous lemma allows us to define the functions Sj, and op . (see
Section 4) also when A = Ag; moreover, Lemma 4.2 can be stated also in the
case A = Ao with an analogous proof and so we can again look for lower critical
points of the function Sy, in order to obtain solutions of problem Py (h).

It is clear that also for A = A, the functions S, and op 4 have the same
properties that we have seen in the previous section. In particular, Lemma
4.6 also holds for A\ = Ao, with the only difference that, since in this case
infp, fr, 0o (Il +II3) = —oo if IIxh # 0, we have lim;_.o 0y, (t) = —00. But
the properties of oy 4 allow us to state Theorems 4.7 and 4.8 also in the case
A = Xo. Their proofs are similar to the case A\; < A < Ag; but, since for A = Ay
the functional fj, o (Il 4+ II3) is not strictly convex, it could happen that, for a
lower critical point ¢ for Sy 4, the functional fj 4 + Ip, could have more than
one minimum point. So the set of solutions of Py(h) has a different structure,
which will be described in Proposition 5.3; its proof needs the following lemma.

LEMMA 5.2. Suppose A = Xa; if u and v solve problem Py(h) and we have
Jo(v —w)erdz =0, then v —u € Xy and we have [, h(v —u)dx = 0.

Proor. First remark that u and v minimize f},  on P, with ¢t = fQ ueq dxr =
Jq ve1 dz, because they are solutions of problem Py(h) and fp, 4 + Ip, is convex.
Consider the function D : [0,1] — R defined by

D(s) = fryp(u+stv—u))
(notice that u+ s(v —u) € P, N Ky for every s € [0,1]). We have
D"(s) = / |D(v —u)[*dz — Xy / (v—u)?dx >0
Q Q

because II; (v — u) = 0. But, since v and v minimize f3 4 + Ip,, we must have
D"(s) =0, that is, v — u € Xo. This implies

D'(s) = /Q h(v — u) da,

which must be equal to zero because D(0) = D(1) = Sp(t). O
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PROPOSITION 5.3. Under the same assumptions of Theorem 4.7 (or, equiv-
alently, of Theorem 4.8), with A = Xo, the set S of solutions of problem Py (h),
if it is not empty, is the union of a point uy and of a family (S;).c1 of pairwise

disjoint convex sets: S = {uo} U, Si; furthermore:

i€l
(a) ug <wuy for allu; € S;, i €1;
(b) ui € Si = 8 ={ui +v|ve Xy ui+ve Ky, [wde=0} forall

i€ 1.

PrOOF. Since Py (h) has solution, S, 4 has lower critical points (by Lemma
4.2). Moreover, since Py(h) has a minimal solution ug (see Proposition 3.7),
to = fQ upey dz is the minimum lower critical point of S 4 (because e; > 0).
Let to and (t;);er be the lower critical points of S, , and set

S;={u € P, N Ky | uis a minimum point for f, y + Ip, }.

We claim that Sy = {ug}. Suppose, contrary to our claim, that there exists
u # ug, u € Sp; then, by Theorem 2.6, there exists a solution u < ug A @ and
moreover, by Lemma 4.2, 7 = fQ ue; dx is a lower critical point for S, . By the
previous lemma, u — ug € X5, and so it cannot have constant sign. Therefore

T:/uelg/(uo/\ﬂ)el</u061:t0,
Q Q Q

which is a contradiction since #( is the minimum lower critical point of Sp, 4.

(b) follows easily from the previous lemma. O
Now let us show in a simple example the situation of the previous proposition.

ExXAMPLE. Let A = Ao, h =0 and ¥ = —e;. Then one can easily verify that

the minimal solution is ug = 1 = —e; (because ug + A2A " ug > 0 in Q) and the
set S of solutions of problem P_., (0) is S = {up} U S; where
A
S| = {u c Xo|lu> —161}.
A2

For the proof it suffices to remark that

(A1 — M)t2/2 ift > —1,
Snulf) = { 00 ift < —1

and so tg = —1 and ¢; = 0 are the unique lower critical points of S}, .

6. The case A = )\

If X = \q, the solvability of problem Py(h) is described by the following
theorem.
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THEOREM 6.1. Assume X\ = \1; then the solutions of problem Py(h) are the
minimum points of the functional fy y; furthermore:

(a) if [oheidx <0, then there is no solution for Py(h);

(b) if [oherdr = 0, then u is a solution of Py(h) if and only if u €
Ky and Au+ Au = h, that is, the solution set of problem Py(h) is
Ky N (A4 X)"h and so, if it is not empty, it is a half-line parallel to
€1,

(¢) if [, heidx >0, then there is a unique solution for Py(h).

REMARK. Let us observe that, while in case (b) the existence of a solution
depends upon the obstacle v, in cases (a) and (c) it is independent of it.

EXAMPLE. Let h = 0 and assume supg, ¢//e; = oo. Then there is no solution
to Py(h): indeed, by Theorem 6.1(b), a solution would be an eigenfunction for
the first eigenvalue (which cannot belong to Ky, under our assumption).

Proor OoF THEOREM 6.1. If A = Ay, the functional f} 4 is convex and then
the solutions of Py (h), the lower critical points of f;, 4, are its minimum points.

(a) It is sufficient to take the function v = u + e; as a test function and to
remark that f; (u)[e1] < 0 for every u € Hy*(9).

(b) Let u be a solution for Py (h); for every v € C§°(£2) let ¢ > 0 be small
enough so that it is A(e; + ¢y) < 0 (observe that Ae; < 0). If we set v =
u+ ty + eq, we obtain tf} (u)[y] > 0 and the assertion follows.

(c) Let us prove that the minimum of fj, , exists: we remark that

frn=fno(Ily +1I3) + fp, o I,

frnoTli(u) = (/Q hei da:) (/Q ue dx) Yu € Hy?(Q);

it results, for suitable positive constants ¢; and cg, that
frno (Il +1I3)(u) > —c1 + cof|(IT2 + Hg)u||H3,z Yu € Hy?(Q);

moreover, we have, obviously, fQ uey dr > fQ ye; dx for every u € Ky; it follows
that the sublevels of f, , are bounded in H}?(Q) and so there exists at least
one minimum point, because f, , is lower semicontinuous in L?().

Let us prove that there exists a unique minimum point (note that fj, 4 is not
strictly convex): let u and v be two minimum points, and define

N(t) = frp(u+to —u));

then N : [0,1] — R because u,v € Ky and Ky is convex.
We have

N"(t):/Q|D(v_u)|2dx_Al/ﬂ(v_u)mx,
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which implies (I + II3)(v — u) = 0 because the function N cannot be strictly
convex (u and v are minimum points); furthermore, (Ily 4+ Is)u = (II3 + Is)v

implies

N'(t) = /h(v—u d:c—/heldm/v—ueldﬂc
which must be zero because N(0) = = min f}, . Therefore also II;v = I1 u
and so v and v coincide. Il

Notice that Theorem 6.1(b) implies that, if A = A; and [, he; dz = 0, and if
the minimum of fj, 4 exists, then min f}, ; = min fj.

Let us point out that, however, in this case, inf fj, ,, = min f;, (even if f y
has no minimum).

In fact, one can infer from Lemma 4.5 that

inf[fh o (HQ + Hg) + IKw] = inf fh o (H2 + Hg)

and so, in order to get inf f}, ,, = min f,, it suffices to remark that f;, = fj o
(ITy + 1I3) if A = Ay and [, hey dx = 0.
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