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ON THE OBLIQUE DERIVATIVE
PROBLEM IN AN INFINITE ANGLE

M. G. GARRONI — V. A. SOLONNIKOV — M. A. VIVALDI

Dedicated to Louis Nirenberg on the occasion of his 70th birthday

1. Introduction

Let dy C R? be the infinite angle of opening ¥ € (0, 27| with sides vo and 71
given by

70 = {0 < x1 < 00, @2 = 0},

v1 = {z1 =rcos?, xo =rsind, 0 <7 =/2? + 22 < 00}

in a Cartesian coordinate system {z1,z2}. We consider the elliptic boundary
value problem

—Au+su= f(z), x€dy,
(1) o, ou
8n+h13r

where n is the exterior normal to ~;, hg and hy are given real constants, and s
is a complex parameter with s = a? > 0.

i

Problem (1.1) arises from the parabolic initial-boundary value problem

vy — Av = f(x,t), x€dy, t>0,

ov v

1.2
(1.2) =i(r,t), i=0,1,
Vi
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after taking the Laplace transform with respect to t. We think that problem (1.1)
is of interest in itself and not only in relation to the parabolic case, as studied
in [3]. Here we present a complete discussion of the elliptic problem, which
generalizes the results of [3]. We obtain estimates of the solution of problem
(1.1) which are uniform with respect to s in weighted Sobolev spaces introduced
by V. A. Kondrat’ev for investigation of elliptic boundary value problems in
domains with angular and conical points at the boundary. In these spaces the
distance |z| from the origin, with an appropriate exponent, is the weight.

The spaces in which the solution exists depend on the sign of hg + h;. We
denote these spaces by H Zf(dg) (k is a non-negative integer, u € R) and de-
fine them as completions of the set of complex-valued infinitely differentiable
functions with compact support vanishing near the origin in the norms

1/2
HUHH]j(dﬂ) = ( Z /d19 |D3u(m)|2|x|2u72k+2|3| dx) )

l7l<k

We denote the space H)(dy) by Ly ,(dy) and set
JulF 0y = [ IPlof o
dy

It is well known that the space of traces of functions from H 5+1(d19) on
vi (and in general on an arbitrary half-line v = {x; = rcosw, z2 = rsinw},
w € [0,9]) is the space H,IfH/Q () with the norm

k

ol s,y = <Z/

1/2
| DI ()| 2r2h =2k =142 gy u||2Lk+1/2(7)) ,
=/, p

where
oo I dQ
2 - 2 k _ Nk 228
ol oy = [ o [ IDMr+ o) = DUl 2

We shall also work in the spaces Wy u(dg), k > 1, and in the corresponding
—1/2

k
spaces of traces W, ,

() with the norms

2 P
lullfvg, @ = D I1D7ullZ, )
0<ljI<k

and
k—1

2 i 112 2
Il = S ID 0l + Tl
=

respectively.

Our main results are as follows.
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THEOREM 1.1. Let Rs > 0, u > 0, B; = arctanh; € (—7/2,7/2), ho + Iy
>0 and
Bo + B
9
For every f € H}(dy) NW§ ,(dy) and ¢; € HSH/Q(%) N W;Lrl/?(%)7 1=0,1,
problem (1.1) has a unique solution u € HET?(dg) N ngjz(dg), and

(1.3) 0<1l+k—p<

k+2
4y 1l o,
=0

k 1 k
k—1 2 k+1/2—1 12 112
<o [lz; s 12 a0y + D <§ B lpill s () + I%IIHWZ(M)].

THEOREM 1.2. If hg+ hy <0 and

(1.5) 0<1+k—u<%?+ﬁl,
then for every f € Wé“,u(dg) and p; € W;:lm(%), i=0,1, problem (1.1) has a

unique solution u € W;:Q(dﬁ), and

k+2

(1.6) D _[sFE> DM,
=0

l71=l

k
<o [Z s ST IDAR, )
=0

|71=1

1 k
# 32 (LD 0 + I, )|

i=0 N 1=0

Results of this type are proved in [3] only for £k = 0 and p € (0,1). Here (see
Sections 3-5) a new, complete exposition of existence and uniqueness results and
a priori estimates are given for p € [0,1) and &k > 0.

In Section 2 we formulate a corollary of Kondrat’ev’s general results which
plays a fundamental role in our arguments. Then we prove auxiliary estimates
in the space Wy ,(dg) (ho + h1 < 0) by the construction of special auxiliary
functions.

In Section 6 we prove Theorems 1.1 and 1.2 for every integer k > 0 and p > 0.
We think that this extension is important since by choosing an appropriate p
satisfying either (1.3) or (1.5), it is possible, for fixed ¥, hy and k1, to obtain a
greater regularity for the solution.

In Section 7 some applications of these results to the parabolic case are given.

REMARK. We can also consider problem (1.1) in an n-dimensional dihedral
angle Dy = dy x R"2. After taking the Fourier transform with respect to the
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variables tangential to the edge x1 = x2 = 0 the problem reduces to (1.1) with
the parameter s + |£|? instead of s (here ¢ = (&3,...,&,) are the dual variables
of the Fourier transform). The above theorems hold true for the transformed
problem (with the parameter |s| in the estimates (1.4) and (1.6) replaced by
|s| + |€]?), and only obvious modifications of the proofs are necessary.

Elliptic boundary value problems in domains with angular and conical points
at the boundary were studied in a pioneering paper of V. A. Kondrat’ev [5] and
in a series of fundamental papers of V. G. Maz’ya and B. A. Plamenevskil (see,
for instance, [6] and the bibliography there). Boundary value problems for the
equation —Au + su = f were considered in [2], [7], [8]. In particular, in [2], [7]
problems with the boundary conditions

ou <3u ou )
= 1, — +ho— —ou
Y1

on on or = ¥o

Yo

were studied, and it was made clear that the spaces in which the solution exists
depend on the sign of hyg.
2. Auxiliary propositions

In this section we are concerned mainly with the problem

_ Au(x) = f(:L') (.’E c dﬁ),

(2.1) Ou Ou B Ju Ju
(22| o (2en)

It is well known that the homogeneous problem (f = 0, &9 = 0, &; = 0)

= d,.
71

has solutions of the form
(2.2) u=rU(p), r=22+z2)Y2 ¢=arctanzy/z,
for A=\, = %Jr%m, m=0,£1,4+2 ..., and for A = 0. The corresponding
U(y) are defined by
Un(p) =acos(Amp — Bo), U(p) =a in the case A =0.

They are computed as “eigenvalues” and “eigenfunctions” of the problem

=0.
dp

dQI) dU
2. Y a 2 = -
( 3) B + AU 0, ( ho)xl))

p=0 p="1

Moreover, if hg+hy = 0, then in the case A = 0 this problem has an “associated”
function to which there corresponds the solution

u = b(logr + hop)

of the homogeneous problem (2.1).
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Along with (2.1), we consider the penalized problem
— Au(z) = f(z) (z€dy),

2.4
24 (8u+h08u+€:> = ®o, (au—Hnau) =P,
Yo

on or on or

Y1

and the corresponding homogeneous problem. The latter has solutions of the
form (2.2) if X satisfies the equation

(2.5) tan( A\ — 31) — tan By = eA "L

It is easy to show that this equation has only real solutions. Indeed, if
A =X +14)\’, then the relation

0 = Stan(\¥ — B1) — tan By — eA ™!
cosh \/¢ sinh "9 N &
cos2(N9 + (1) 4 sinh® M09 [A]?

implies \/ = 0. We are interested in finding out how the “eigenvalue” A = 0
is changed when ¢ becomes positive. If Sy + 31 > 0 (or, what is the same,
ho+hy > 0), then the left-hand side of (2.5) is negative for 0 < A < 9~ 1(Bo+ 1),
so (2.5) has no solutions in the interval [0,97(8y+31)]. However, if 8o+ 31 < 0,
then the interval (0, A1) = (0,971 (7 + By + 1)) contains one solution of (2.5)
close to zero for small ¢.

Now we formulate a corollary of general results of V. A. Kondrat’ev [5] which
will play a fundamental role in our arguments.

THEOREM 2.1. 1. For every f € H,’j(dg) and ®; € Hﬁ+1/2(%), i=1,2,
problem (2.1) (resp. (2.4)) is uniquely solvable in H5+2(d19) and its solution
satisfies the inequality

1
2 2 2
(2.6) T — (||f|H5(d,0) > ||@||H5+1/2M),

provided that 1+k—p is not an “eigenvalue”; i.e. 1+k—p # 0 and 1+k—p # A
(resp. 14+ k — p is not a solution of (2.5)).
k K k+1/2 k' 11/2 .

2. If f € H;(dy)NH (dy) and ©; € Hy, (vi)NH, (v),i=0,1, and
there are no “eigenvalues” between 1 +k — p and 1+ k' — u’, then the solutions
u e Hit?(dy) and ' € H5:+2(d19) of (2.1) resp. (2.4) coincide.

3. If there only is the “eigenvalue” A = 0 of problem (2.3) between 1+k—p
and 1+ k' — ', then

’LL_'U,I = a+b(10g7ﬁ+h0§0)7 aab: COnSt?

and b =0 in the case hg + hy # 0.
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4. If f € Lo ,u(dy) and ®; € H,im(%‘), i = 0,1, then any solution of (2.1)
or (2.4) belonging to H)_,(dy) has the second generalized derivatives Diu €
Lo u(dy), |j| =2, and

1
@0 N0l < o (Il a1V + 2 1000 )
=0

Here we have used the notation
1D*ul)%, (4, = Z 1D7ulZ, (as):
l7]=2

We shall also need estimates of solutions of problem (2.1) in the spaces
Wijf(dg) similar to those obtained in [8] for the Neumann problem (hg = hy
=0).

THEOREM 2.2. Let hg+ hy <0, p€[0,1) and

7T+ﬁ0+ﬁ1.

O0<1+k-—
<1l+ n < 9

For every f € W5 ,(dg) and ®; € W;:UZ(%), i = 0,1, problem (2.1) has a
solution u(z) with Diu € Wy, (dy), |j| = 2, satisfying the inequality

1

Fa 112 2 12 —

(2.8) l;Q HD u“W;N(do) S C3 (HfWé“,u(dg) + ZO CI)zHW;/J:uz(%)) = C3Fk.
J= =

Any solution u € W2k;2(d19) of problem (2.1) satisfies (2.8).

As in [8], this theorem reduces to the preceding one by the construction of a

special auxiliary function.

PROPOSITION 2.1. For all f, ®g, Py satisfying the hypotheses of Theorem
2.2 there exists a function w € W;;Z(dﬁ), w € [0,1), such that g = Aw+ f €

HE(dg), i = ®; — 22 — b, 22 € HYPVP (%), and

1
”wH?/V;J;?(dﬂ) + HgHIQLIﬁ(dqs) + Z H(I)i”iISJrlﬂ(%) < caf.
' =0

Now (2.1) reduces to the problem

—szg, (81}+hi61})

= Wi, b:O717
on ar Vi,

Vi

for the function v = u — w. Since g € H}/(dy) and v; € H5+1/2(%), Theorem
2.1 can be applied.

The construction of w (which is different for > 0 and for u = 0) relies on
the following proposition.
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PROPOSITION 2.2. Let f(x) and ®;(r),i = 0,1, be homogeneous polynomials
of degrees | —2 and 1 — 1 > 0, respectively:

f(l') = Z fll,lgxl xl223 (bi :A'Lrlila Z:()a]-
l1+l=1-2

If 1 # A\, then problem (2.1) has a unique solution which is also a homogeneous
polynomial of degree :

E Ull,lle "52

li+la=1

PROOF. It is easily seen that under the above hypotheses problem (2.1)
has a unique homogeneous solution of the form (2.2) with A = I. But it can
only be a polynomial: indeed, v = D7u, [j| = [ — 1, is a harmonic function
of the form v = rV(p) with V satisfying the equation V" + V = 0, hence,
V =acosp+ bsiny, i.e. v = ax; + bxy, which proves the proposition.

Further arguments are similar to those in [7]. For x> 0 the construction of
w is simpler and it reduces to finding a polynomial

(ﬂ ﬂf
§ : p]1]2-

1<j|<k gt 32!

such that

Ji J2
—ap= Y LTpig

| |

jl<h-2 71 %

k=1 . s

oP oP rl d’®;
M | B it
(3n+ 87’) j;)j! dri

(the existence of P(z) follows from Proposition 2.2). The auxiliary function
equals w(z) = P(x)((x), where ( € C§°(R?) is equal to 1 for |z| < 1/2 and to
zero for |z| > 1.

, 1=0,1
r=0

Vi

For p = 0, w has the form

k+1

w(z) = 3w (),

Jj=1

where w@) € WF2(dy) N H}(dy) satisfy the conditions

f(j) = AwW +f(j*1) c H(J)'—l(dﬁ)’ j=1,...,k+1, f(O) =7,
b Ow) o
<I>(J>—(<1>J ! g’n +hi71(;r ) cH (), i=01,5=1,...,k+]1,

Vi

2" — o,
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and the inequality
(2'9) Hw(j)H%;VZ’H?(dﬂ) + ”f(j)”?{g*l(dﬂ) + Z H(I)(j)HHJ 1/2( 5) < e k.

The construction of w*) is also carried out with the help of Proposition 2.2
(see [8], §3).

REMARK. As pointed out in [8] (see the end of §3), it is possible to introduce
a positive parameter into the norms in inequalities (2.8) and (2.9). In particular,
along with (2.8) we have the inequality

(2.10) o DR, )
2<lj<h+2

< [ SR, o)

i<k

+Z(II‘I’ [y +Zb’““/2 Do, Lm%)]

where cg is a constant independent of the parameter b > 0.

To conclude this section, we quote several useful inequalities involving Lo .-
norms of the functions given in dy or on v; (see [2], [7], [8]). We mean, first of
all, well known estimates of traces of functions from H}(dy) or Wy ,(dy) on i,

ie.
(2.11) [ell vz sy < erllull g ag)
(2.12) lell 12,y < sl VullL, o (dg)

interpolation inequalities

1
(2.13) lullr, . a0y < col Tl ™y 1l
1/2+ 1/2—p+
(2.14) [ll s vy < exol|Vull 22000 Tl 2

where p € [0,1], ¢/ € [u—1,pu] for p >0, p' € (=1,0] for u =0, v € [u—1/2, ]
for £ >0, v € (—1/2,0] for p =0, and a variant of the Hardy inequality

(2.15) ellz, -1 ety < cnrllell iz,
Finally, for all positive a and R > a~! we have the estimate (see [2])

(2.16) a/ Ju(r)[2r?* dr < 012/ (|Vu|? + a®|ul?)|z|* d,
7i(a=1,R) J(a'R)

where v;(a~!, R) and dy(a~!, R) are the intersections of ; and dy, respectively,
with the domain a™! < |z| < R, and the constant c;5 is independent of @ and R.
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3. A priori estimates
In the next two sections we prove the following propositions.
PROPOSITION 3.1. Let hg+hy >0, Rs=a? >0, p€[0,1) and

Bo + B
19 )
Any solution u € H}(dy) N W3 ,(dg) of problem (1.1) satisfies the inequality

0<l—pu< B; = arctan h; € (—7n/2,7/2), i=0,1.

(3.1) ||UH315(@119) + |- HUH%{M@) + |3|2||U||%2,,L(d19) + |3|1_“||VU||%2(C10)

+ |5|2_“||U||%2(d19)

2
<e [nfnig_ﬂ(dﬁ) Yl + 15120 00|
i=1

PROPOSITION 3.2. Let hg+h; <0, Rs=a? >0, p€0,1) and

T+ Bo + B
—

Any solution u € W22,#(d19) of problem (1.1) satisfies the inequality

0<l—pu<

(32)  IID*ulli, () + IsI- IVullZ, ap) + I8P NulL, ) + 18I IVl q,)

+ \S\Q_MHUHQLz(dﬁ)

2
< e [nf%g,“(dﬂ) + 3 Uil + 15120 00|
=1

These propositions are proved in several steps, made for both cases simulta-

neously.

STEP 1: The estimate of [|[Vull,,). We multiply equation (1.1) by @,
integrate over dy and equate the real parts of both sides of the resulting equation.
Taking account of the boundary conditions we obtain after integration by parts

1
(3.3) /(|Vu|2+a2|u\2)da:+§RZhi/ 0 dr
dy i—o i 87”

‘We observe that
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(since in the case hg + h; > 0 we have u € Hﬁ(d,y) and, as a consequence,
u(0) = 0). The functional /(@) can be estimated by the Holder inequality and
by (2.13), (2.14):

1

W@ < F ot Nl o o) + Dol
i=0

U’HLz,—u(’ﬁ)

17
<l a1Vl o ll

+e3 Z [@ill o ()

=0

Vul?

Lo (dﬁ)

1
lull L, ()

where v = max(0, u — 1/2) and 8 = 1/2 + v. Next, we multiply (3.3) by |s|!™#
and make use of the elementary inequalities
SVl g Il sty < (sl IVl + 52l 0y

(P2 a8 < (s Il + 8Pl )2

and, in the case p € (0,1/2), of the estimate

_ — 1-2
P4l oy < L8472 il 2

('OZHLQ u—1/2(74)

< ca(lsI2 il ey + 103l s air) ™

(for 1 = 0 the final inequality is evident). By (2.15), this leads to

(3.4) [s|'#1(@)| < esFY? {Isll“/d (IVul® + |s] - [u]?) de v
s
and
(3.5) |s|1fu/d (IVul? + a2|uf?) da < cg(F + FY/2AY?),
)
where

F =2, i ||s01||21/z +\8\1/2||s0i\|%2 (v))>
Nz Nz

T / |u|2dz
19

StEP 2: The estimate of ||Vul|r, ,(4,)- Suppose that g > 0. Multiplying
(1.1) by u|z|* and integrating, we obtain from (3.3) the equation

(3.6)

(3.7) /(|vu|2+a2|u\ )|x|2“dx+%2h / Ou 2 gy
dy

+R [ Vu-Viz|**ude = Ri(alz/*).
dy
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It is easily seen that

ou_ _ 2 2(1—
R [ G = / o dr < lful2 Nl 200

where v € (max(0,1/2 — p),1/2) and vy =1 —1/[2(v + p)].
We estimate the other terms in (3.7) also by the Hélder inequality and arrive
at

/ (\Vu|2 + a2|u|2)|x|2“ dx
dy
<2u[|VullL, ,@nllullz,, )

2(1—
3070 N o) 0l o )

1
2
=+ MZ |hi] - ||UHLV2,“(%')
i=0

1
+ Z HL)D'L‘HLQ,;L(’W) u||L2,u(’Yi)'
=0

Now, we multiply both sides of this inequality by |s| and make use of the esti-
mates (they follow from (2.13), (2.14) and from the Young inequality)

1—
51l a) < erls 72UVl Tl )

< cg(F + FY2A)/2)0-n/2 402,

1/2 1/2
5 Wl ol IV, i L < 0™

|72 Rl ey < ca0(Is1 T2Vl gag)) (42l Ly an) 7

< en(F + FY241%)12,

where we have set § =1/24 v and

A= |s|/ (|Vul® + |s] - [u|?)|z|** dz + |s|2_“/ lu|? da.
dy dy
This leads to
(3.9) |s|/ (IVul? + a[ul?)|z[? dz
dy

< 012[F1/2A1/2 +F1/4A3/4 +A7/(F+F1/2A1/2)1_'Y/]

< eys[FY2AY? 4 FUAABMA 4 FI=7 A7 4+ F(l—ﬂ/)/QA(1+'y')/2] = H[F, A,

with v = max(v, u/2) € (0,1).
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STEP 3: The estimate of A. After multiplication of (1.1) by wu|z|?*(1 —
1sign ¥'s) and integration we obtain

(3.9) (a2+|%s|)/ \u|2|x|2“dx+/ V|2 da
dy

dy

+ R(1 — isignJs) Vu - V|2 |[*7 dx
dy

1
+ R(1 — isignJs) Z h; %ﬁrz“ dr
r
i=0 i

= R(1 — isign Is)l(@|z*).

The right-hand side and the volume integral on the left-hand side are estimated
as above, but in the integrals over «; we cannot get rid of du/dr by integration
by parts. We multiply (3.9) by |s| and estimate these integrals by the Holder
inequality and by (2.14) as follows:

1
R(1 — isign Is) E ?ﬂrz“ dr
r

i=0 YV

|s]

< culsl|| 52 1wl s, (v)

Lo, (i)

1/2 1/2
< caslsl - 1D?ull /2 (o) IVUll o 10l 4, -

But |s|- ||Vu||2Lz,M(d0) is already estimated (see (3.7)), so the right-hand side does

not exceed 016||D2uHlL/fM(dﬂ)Al/‘lHl/Q[F, A], and we easily obtain

1/2
(3.10) A< cirH[F, A] + exg| D2 /2, AV HY?[F, A).
STEP 4: Estimate of D?u and the end of proof. We consider u as a solution
of the problem

—Au=-su+f=fi (z€dy),

(3.11) <0u h_em)

i = Piy .:0717
8n+ or vt

Vi

and apply Theorem 2.1 or Theorem 2.2, for kK = 0. This gives
1
Bz < a8 (131t + 32 Wi,
i=0

1
< 2¢18 <||f||%2,“(d19) + Z H(Pi”?ii/z(%) + A)

=0
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and

1
(3.12) 102 000 < 10 (U a0+ 2l + )
=0

in the first and in the second case, respectively.

These inequalities together with (3.10) make it possible to estimate A by the
right-hand side of (3.1) or (3.2). Then by (3.5), (3.10) and (3.12) we prove (3.2).
In order to prove (3.1) it is sufficient to estimate |s] - ||u|\%l‘1t(dﬁ); we have

Il lullfry apy < A+ sl llullZ, , ap) < A+ sl lullzy, o) 1l 2, -a(a0)

1
< Ak A Nullgay < exo (Wi + 3 Bl )
=0

which completes the proof of (3.1).

4. The solvability of problem (1.1)

In this section we establish the existence of the solutions of problem (1.1)
estimated in §3. It suffices to do this for smooth data f, g, @1 with compact
supports.

We consider a penalized problem

— % +h Jue
= ¥o, on or
Yo

for small positive e under the hypothesis #s = a? > 0 (once the regularity of the

— Au, + su. = f,

(4.1) Ou, du. €
on * ho or + r

= ¥1,
7

solution of problem (1.1) is established, we can apply the above a priori estimates
and let a tend to zero if necessary). We define a weak solution of this problem
as a function u. € Wy (dy) N H}(dy) satisfying the integral identity

(4'2) Qe [Ueﬂ?] = l(ﬂ),

where

1
9] d

Qs[us,n]:/ (Vus-Vn—l—suan)dx—Zhi/ ug—ndr+€/ uen =
dy i=0 Vi or Yo r

i

for every smooth 7 with compact support vanishing near the origin. Since

on(r) , 1 [* N
[ﬁug(r) o dr—g _OO:QU’E( 0)7(0) do,

where (o) = fooo n(r)e~%"dr is the Fourier transform of the function 1 extended
by zero into the half-axis r < 0, the form Q.[u, 7] can be extended by continuity
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to all u,n € W} (dy) N H}(dy). In addition,

RQul) = | (Vu ety e [t 2 @l + Il )
(the last inequality is due to V. A. Kondrat’ev, see [5]). From the estimates of §3
it is clear that I(n) is a linear continuous functional on W (dy), so the existence
of a unique generalized solution follows from the Lax—Milgram theorem. From
the regularity theorems for the solutions of elliptic boundary value problems it
follows that u. € W2(w) in every bounded subdomain w of dy, maybe adjacent
to the boundary but bounded away from the origin. To clarify the regularity
properties of a generalized solution, we need to estimate it uniformly with respect
to €.

Setting n = a®>~2*7., p € [0,1), in (4.2), taking the real part of both sides,
and then estimating the right-hand side precisely as above (see Step 1) we arrive
at estimate (3.5) with a? instead of |s|, i.e. at

(4.3) a22“</ (|Vu5|2+a2|u5|2)da:+s/ |u.|? ?) < coF,
dy 0

where F' is given in (3.6).
Next, we show that u., Vu. € Ly ,(dy).

PROPOSITION 4.1. The function u. belongs to Lo ,(dy) together with its
gradient, and

(4.4) a2/ (|Vue? + afuc|?)|z[* dz + 5a2/ lue|?r?# =1 dr < c3F.
dy Yo

PROOF. Weset n = a*u. min(|z|?*, R?*) in (4.2) with arbitrarily large R > 0
(because of the presence of the integral over the boundary it would be better
to take n = (1 — (,(x))u. min(|z|*, R?*), where (,(z) = ((zo™ 1), ¢ € C(R™),
¢(z) = 1 near 0, and then to pass to the limit as ¢ — 0; see [3] for details). After
integration by parts we obtain

1
(4.5) a? / (|Vue|* + a®|uc|) |z dx — GQ%Z whi / luc|?r?# =t dr
dy,Rr

i=0 Yi,R
o0
+ azs/ luc2r2* = dr + a®R Vu. - V|z|*a. dr
0 dy, R

< a*R(u. min(|z|**, R?")),

where dy r and ~; r are the intersections of dy and -; with the ball || < R.
Now we repeat the arguments of Step 2 in §3, but, since the boundedness of
the Ly ,-norm of Vu, in the whole dy is not yet proved, we should not let this
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norm arise in the process of estimates. By (2.13) and the Young inequality, we

have

2 Vu, - V|x|2”ﬂg dx

dy,R

1/2
<o ([ VPl an) el )
9.R

1/2 1/2
< 2u(a2/ |ue |22 da:) (azQ“/ (Vus|2+a2u5|2)dx> ;
dy,Rr dy

moreover, using estimate (2.16) in dy g \ dy -1, we obtain

a3/ [ue|?r2H dr < a372"/
Yi,R Vi

i,a

|u8|2dr—|—a3/ lu|?r?* dr
1 Vi, R\ Y a1

< a3_2“ HuE ||L2(d19)

‘uElle(dﬁ)

+63a2/d y (|Vue|? 4 a®|uc)®)|z|** dx
9,R\dy 41

and

a2/ [ue |21 dr
Yi,R

vy 1—~
< a? (/ e |2r2H dr) (/ e |?r—2” dr)
Yi,R Vi

S A T |
dy, R

dy

(IVu. P +a2|u5|2>dx),

where, as above, v = 1 — 1/[2(u + v)]. The right-hand side of (4.5) can be
estimated in the same way, and we arrive at the inequality

a2/ (|Vu€|2 +a2|u5|2)|x|2“ dx—|—5a2/ |u5|27"2“_1 dr < ¢5F,
dy, R Yo

,R

which implies (4.4).

5. Bounds for second derivatives

Now we show that the solution of problem (2.4) has a bounded norm

1D?ullL, ,(dy)-

PROPOSITION 5.1. If the hypotheses of Proposition 3.1 or 3.2 are satisfied,
then problem (1.1) has a solution u € H}(dy) N W3 ,(dy) or u € W3 ,(dy),
respectively.

PRrROOF. We consider the cases hg + h1 > 0 and hg + hy < 0 separately.
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CASE 1: hg+ hy > 0. In this case we show that the solution of the penalized
problem (4.1) belongs to HZ(dy). Clearly, ucr = uc(r(x), where (r(z) =
((x/R), belongs to H}(dy) and is a solution of the problem (2.4) with the right-
hand sides

(5'1) fR = (f - Sua)CR —2V(Rr - Vue — UEACR

and

(5.2) O r = (sOOCR + hiueaacf) , 1=0,1
Yo

Since the supports of f and ®; are compact, we have f(gr = f and p;(r = p; if
R is large enough, and

1fRllL, . o) < WfllLy,0 (@) + 18- lluellL, (a9

1 1
+er| plluellz, @0 + gallvele, ) )

”(I)LRHH:L{?(%) < ngi”Hil/Q(’Y ) + CQHUEGQHH;I/Z(WV

7

for all i € [u,1]. Hence, by (4.3), the Hg(dy)-norm of u. g is bounded by a
constant independent of R, and by Theorem 2.1, uc g € H?(dy). On the other
hand, the same problem (2.4) has a solution w. g € Hﬁ (dy). Since the interval
(0,1 — p) contains no solutions of equation (2.5), w..g = us g € Hﬁ(dﬂ). For
small £ the estimate

3
e lan < s (alinsian + B0 Sue .+ 12uallye,)

HY?(y0)

implies

e, Rl 12 (do)

1
< C4(|f||L2,u(d@) + s el g @) + D el 1720y + ||UsVCR|H;(do)>'
i=0

Taking the limit as R — oo we conclude that u. € H?(dy), and

1
loclizcan < ea Wt + ol Bl + 3 Wil )
1=0

But the Ly ,,(dy)-norm of u. has already been estimated uniformly with respect
to &, so we see that problem (1.1) also has a solution u € HZ(dy).

CASE 2: hg+hy < 0. In this case the above arguments fail. We cannot affirm
that we g = uc g, since the interval (0, (7 + Bo + 31)9~!) contains a solution of
equation (2.5). Therefore we pass to the limit as ¢ — 0. The limiting function
u € Wi(dy) is a generalized solution of problem (1.1). It satisfies identity (4.2)
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with ¢ = 0 for every smooth n(z) vanishing near the origin with a compact
support, and inequalities (4.3)—(4.5) (also with e = 0). Moreover, D?u € La(w)
for each bounded w C dy with dist(w,0) > 0. Let us show that D?u € Ly ,(dy).
Assume first that g > 0. The function ug = ulg has the same differentiability
properties as u, and it is a solution of the problem

- AUR = fRa
(5:3) Oun + hi% = @i R,
on or /1, ’

where fr and ®; g are defined in terms of u according to formulas (5.1), (5.2).
Clearly, fr € Lo, (dg) U Loia(dy), ®sr € Hy*(7:) U Hy/3(v:) with a small
A >0, and up € H}(dy). Hence, by Theorem 2.1, ug € H, ,(dy). On the other
hand, problem (5.3) has a solution wg € H(dy). Since the interval (=X, 1 — 1)
contains the “eigenvalue” A\ = 0, we conclude in the case hg + h; < 0 that

(5.4) ur —wpr = const = ur(0)

and that

1
D0l ca0 < Ll a0 + > 195l )
The right-hand side is uniformly bounded for large R, so D?*u € Lo ,,(dy).
If ho —+ hl = 0, then

ur — wg = ag + br(logr + hoy),

but the last term (if it is different from zero) has an unbounded Dirichlet integral
in every neighbourhood of the origin, therefore by = 0. Hence, (5.4) holds and
the same conclusion as above can be made.

Let us turn to the case p = 0. Since the supports of f and ¢; are compact, it
follows that f € La(dp) N Lo (dy), 5 € Wy'*(3) N W2 (7;) for all p € (0,1),
and, as we have seen, u € W3, (dy). Further, let w € W3 (dy) be such that

ow ow
5.5 wi= (o= -nS)| em e
and
1 1
(5:6) ol + D Il < 63 il
=0 =0

(see §2). Without restriction of generality we can assume that the support of w
is compact (since multiplication of w by the cut-off function (g does not destroy
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(5.5), (5.6)), so w € W3 (dy) N W3 ,(dy). Tt is easily seen that u = w + v, where
v is a solution of the problem

—Av = f—su+ Aw, @—Fhi% =1;, 1=0,1
on o).,

As f—su+Aw € La(dy)NLa ,(dy) and ¥; € HS/2(%)QH,1/2(%), we can conclude
by Theorem 2.1 that v € H§(dy) N H}(dy). Hence, u € W3 (dy) N Wy, ,(dy), and
the proof of Proposition 5.1 is complete.

REMARK. In the case hg + hy < 0 we have proved that problem (1.1) with
Rs = a? > 0 has a generalized solution u € W3 (dy). This solution is unique,
or, what is the same, each generalized solution of the homogeneous problem
vanishes. This can be established by setting n = u((x,6) and letting 6 — 0.

log |z|
= 1
Clo.0) = v (to 7R,
where ¢ € C§°(R), ¥(t) =0 for t > 1, ¥(¢t) = 1 for t < 0. With this choice of n

we easily arrive at the inequality

/ (|Vu|? + a®|ul?) dz < 2(6)
dyn{]z|>d}

with z(d) — 0 as § — 0 (see Theorem 3.4 of [3] for details). In the proof of this
inequality the condition hg + hy < 0 is used. For hg + h; > 0 the proof fails,
and the existence of a unique generalized solution of problem (1.1) in Wi (dy)

Here

is problematic. However, the uniqueness of the solution u € Hﬁ(dﬁ) obtained
above follows from the a priori estimate (3.1).

6. Thecase k > 0, u > 0

We proceed to the proof of Theorems 1.1 and 1.2 for all £ > 0 and consider
two cases: p € [0,1) and p > 1.

STEP 1: p € [0,1). Let us start with Theorem 1.1. It is easily seen that
every f € W§,(dy) N H}(dy) belongs to the union of the spaces W3 ,(dg) N
Hb(du), 1 =0,...,k; in addition, ¢; € W;:l/z(%) N H,’fH/Q(%) implies ; €
ﬂf:o Wé;l/Q(%) HHLH/Q (7i)- As shown above, problem (1.1) has a solution u €
W3 ,(d9) N H?(dy) which we consider as a solution of (3.11). As f1 € W3 ,(dy)N
H},(dy), according to Theorem 2.1, u € H}(dy), hence, u € W3, (dy) N H}(dy).
If k > 1, we can repeat this argument and show that u € W3, (dy) N H};(dy) etc.

By (2.6),
k—1 2

1
< Cl|5|k_l (Hfli[ft(dg) + |3|2||UH§{L(d0) + Z ||<Pi||?{L+1/2(%)>a 1=0,....k
i=0
These inequalities and (3.1) imply (1.2).
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Theorem 1.2 is proved in a similar way. Proposition 3.2 guarantees that
u e W3 ,(dy), hence, f; € Wy ,(dy). By Theorem 2.2 applied to problem (3.11),
ue W3 ,(dy) etc. Inequality (2.10) with b= |s|'/? implies

6.2) [s[*" > D%, (4
=142

<e { D s AD FIZ, 4y + 181PID7 0l |, a,)
g1t

" Z ( Z e L e P |

for I =0,...,k. These inequalities and (3.2) yield (1.6).

STEP 2: p > 1, k> 0. We start the consideration of this case with Theorem
1.2. Observe that, by the Hardy inequality

(6.3) 117, ) S €3 > ID™ 112, . dy):

[m|=j
f belongs to WQ}f;L/(dﬁ) and the estimate
1s (any < <all Bt o

holds with ¢/ = p — [u] € [0,1) and &' = k — [u] (the condition 1 +k —p > 0
guarantees non-negativity of k). We also have the inequality

H‘Pi” k+1/2( )_C4H<Pz|| k+1/2(%)-

Therefore problem (1.1) has a solution u € Wzk’;jZ(dﬁ), and

r42
64 3B S ID I,
7=t
<c5[2| USSP,
7=t

1
+Z(Z| |r+1/2= ZHDZ(PZHLz,u(% + s |I? Ly )ﬂ r=0,...,k

=0

Next, we show that this solution belongs to W;:Q(dﬁ) and we estimate its
norm. For this we need the following auxiliary proposition whose proof will be
given in the Appendix.
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PROPOSITION 6.1. The solution of problem (2.1) satisfies the inequality

65) > Dl )

ii=t+2
<o TP+ 5 IDMulE,
l5]=1 |71=l+1
1
L (|12
+ ; ||DT<I>Z|L}1/2(%J, p> 1
First of all, we obtain an a priori estimate for I(u) = ||Vu|\%2u(d0) +

s| - ||ull? using equations (3.7) and (3.9) (our arguments here apply also
La,u(dv)
to Theorem 1.1). Equation (3.7) implies

/ (|Vu|2 + a2\u|2)|:c|2“ dx

dy

1
< C7( |ul?|z|* 2 dx + / u|?r? =1 dr
dy i=0"Y7i
1/2 1/2

1
s @) 1l s ao) + il La, . (30) v“|LQ,M(dﬂ)|UHL2,“(d§))-
i=0

Multiplying both sides of this inequality by |s| and making use of the estimate

||u||%2’u,1/2('y,i) < CSHVU||L2,“,_1/2(dﬂ)||u||L2,,4,—1/2(d19)
1/2 1/2 1/2 1/2
< C9HVU||L2YM(d§)||u||L27M(d19)||VUHL2‘M71(dﬁ)HUHLZMA(dﬁ)a

we obtain

(6.6) |s]- HVU\liz,,Adg)

1 1/2
< als 21002 (11 + 1517 3 1641 0
=0
+ cxol|s|V2I() 21 (= )2 + I (= 1))
Equation (3.9) yields

1/2 1/2
I(4) < en (nunim_l(dﬁ) D%l 4 IVl i Il 0

1
+ ||f||L2,,4,(d19)||u||L2,“(d19) + Z H(piHLzu(%‘)

1/2 1/2
V’U’HLz,u(dﬁ) ”uHLzu(dﬂ)) ’
=0

We multiply this inequality by |s| and estimate the norm of the second derivatives
by Proposition 6.1 applied to problem (3.11). After elementary computations
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we arrive at
[s11(1) < caa(Fo(u) + Is| - ull?, ) + 181221Vl Lo o) 10ll a0
and, taking account of (6.6), at
(6.7) |s|1(k) < cas[Fo(u) +1(p—1)],

where
1
Fo(p) = 1£11%, a0y + Z(Ilwilliixz(m + 15" l@ill3, , (vn))-
i=0

In the proof of (6.7) we have used the boundedness of the integral I (), which
can be justified precisely as in §4 under the assumption Rs = a? > 0 (it does not
restrict generality). Indeed, inequality (4.5) with e =0 and p > 1 yields

a,2/ (|Vul|* + a®|u*) V3 dx
d19

1
con([ Pl [l
dy,R

i=0 Y Vi,R

1
1/2 1/2
1t [0Vl ) + S M0il i VY 2 |V<uvR>||LQ<dﬁ)),
=0
where Vi = min(|z|*, R*). Since by (2.16),
a2/ |u) 21 dr
Vi, R
< a/ |u|?r2r—2 d7“+cl5a/ (|Vul? + a?|ul?)|z|** ! dz
Vi a—1 dy,rR\dy o1

i,a—

< cl6aHvu||L2,ﬂ/—1(d’l9) ||u||L2,u—1(d19)

1/2
+016a[/ (|Vul® + a?|ul?)|z|** dx}
dy, R

1/2
x [ [ 9+ apupyjafe dx} ,
dy
we obtain

a2/ (|Vu|2+a2|u\2)V1%d:r§617F0(,u)—|—017/ (Vul + a[ul)|z*~ dx.
dy dy

Hence, if Vu,u € Lg,_1(dy), then Vu,u € Lg,(dy), and (6.7) holds. As
we have already shown, Vu,u € Ly ,/(dy), so we can conclude that Vu,u €
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ﬂg’ﬂo L3,,—j(dy); moreover, iterating (6.7) and making use of (6.3) and (6.4) we
obtain

(1]

68) S (s NVul, oy + P, )
j=0

= D I g) < eas | D IsIF I Fo( = ) + [s|"FI(W) | < ewF

(1] |: (1]
=0 j=0

where F' is the sum of the norms on the right-hand side of (1.6).

Let us estimate [s[*~'=/ 35, ., ||Dm“||%2m,__,.(dﬂ)' If I+j < [pu]—1, then we
can do it with the help of Proposition 6.1 applied to problem (3.11). By (6.5),
the solution of this problem satisfies the inequality

k—l—j E
|S| J H‘Dmu”%&,n—j(dﬁ)
jm|=+2

s@o(w-l-j ST OUDMR, )y HsEETSD ||Dmu||%2,”(d,9)+F).
Im|=l+1 |m|=l

To estimate the norms of u on the right-hand side, we apply (6.5) [ more times
to obtain

(1]
(69) ‘S‘kflfj Z ||Dmu||%2,u—j(dq9) < co1 ( Z |5‘1+kfj I(N _ ]/) + F>
|| =142 J'=j
< ek

If we repeat this procedure in the case [ + j > [p], then additional terms of the
type
Is|F Z IIDWUHLH,(dW r=0,...,0+ 75— [u],

[m|=24r
appear on the right-hand side of (6.9). Since these terms are already estimated
in Step 1, (6.9) holds for every I such that I + j < k. Theorem 1.2 is proved.

Let us turn to Theorem 1.1. It follows from the above results that problem
(1.1) has a solution u € Hl’j:+2(d19) N W;;f,Q(dig) satisfying the inequality

610) Il o)
=0

T
-1
< 023[ E |s|" Hf“?{f“(dq?)
1=0

r

r+1/2—1 12 112 o /
(lZ el o+ Il )| =00

1
+
1=0 =i
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In addition, inequality (6.8) holds, where F' stands for the sum of the norms on
the right-hand side of (1.4). The concluding part of the proof is the same as in
Theorem 1.2. We use Proposition 6.1 applied to problem (3.11), which yields

k—l—j 2
(6:11) s fulea

k—1—j 2+k—1—j 2
< caq(]s| ||U||Hit1jil(d0) + 3] HUHHL—J(dﬁ) + F).
Using only these inequalities and estimate (6.8), we obtain

1+[p]

6.12) 3 1812 ul )
=0

(1]
<o LIy F )
)

< o (F + [s|'F ||“||2L2’M/_1(d19))-
By (6.8) and (6.10),

6.13) [ ullZ, |, )

24K ||, 112 K1)/ (k' +2 2 /(K +2
< (IsI** ||U||L21“,(d19))( LR )(HU||L27“,,,€,,2(d79)) /52
< C27Fa
S0
1+ (p]
Z |s|k+2_l||u||§1ﬁ(dﬁ) < cogF.
1=0
When we estimate f:22+[u] |s[F 20 u|2, (d4,) 1D the same manner, there
L (d,

appear additional terms of the type |s|* =" ||u| on the right-hand side.

2
H2F"(dy)
But they are already estimated in (6.10), hence, we arrive at (1.4) and complete

the proof.

7. Applications

The results proved in Theorems 1.1 and 1.2 for problem (1.1) allow us to
prove similar results for the parabolic problem (1.2). Actually, (1.1) can be
obtained from (1.2) by means of the Laplace transform with respect to t. Thus,
with the aid of the inverse Laplace transform we obtain the following results:

THEOREM 7.1. Let u >0, §; = arctan h; € (—n/2,7/2), ho + h1 > 0 and

5o+ﬁ1.

(7.1) 0<1tk—p<=7
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For every f € H(]iﬁ/Q(dﬂ/T) N W(if/2(d19)’f) and p; € H&Zl’(kﬂ)/Q('yi,T) N
W&:l’(kﬂ)/z(%j), i = 0,1, problem (1.2) has a unique solution v €
H(l)c;2,(k+2)/2(dﬁj) A W(ﬁ:z,(k-s-z)/z(dﬂj) and

k+2
2
") 3

k 1 k
2 2 2
<o [Z [E{PRRICS D b Bl T PR P IR |

i=0 - 1=0

THEOREM 7.2. If hg+ hy <0 and
T+ fo + 51
/19 K
then for every f € W(ifp(dlgj) and p; € W(izl’(kﬂ)/z('yij), i1 =20,1, problem

(1.2) has a unique solution v € W§:2’(k+2)/2(d197T)

(7.3) O<l+k—p<

and

s

1
2 112
(7.4) ||UHW§7t2)<k+2>/2(dﬂ,T) <co ||f||W§)f/2(d19’T) + ZO ||SDZ||W(;c’t1/2,k/2+1/4(%7T)
i=

The spaces H&’jm(dﬂj) and W2

0. (dyr) are the natural extensions of
H(dy) and W} (dy) respectively (see [3], [7], [8] for definitions).

Notice that estimates (1.4), (1.6), (7.2) and (7.4) are more general than the
corresponding estimates in [3]. Actually, estimates (2.2) and (2.4) in [3] are
stated only for p € (0,1), while estimates (7.2) and (7.4) hold for any non-
negative weight pu.

In this section we anticipate an interesting application of the above results:
that is, the construction of the Green function for the heat equation in an angle
with oblique boundary conditions. In [4] we prove that there exists a Green
function for problem (1.2). This function is given in the following form:

(75) G(x,y, t) = F(x - ?/J)d’(%yat) + GI(IL‘,y,t);

here z,y € dy, t > 0, D(z,t) = (47t)~Le~1*I’/(4) is the fundamental solution
of the heat equation, ¥ (z,y,t) is an infinitely differentiable function of its argu-
ments, equal to one for small |z — y| and ¢, equal to zero when |z — y| and/or ¢
is large and also y is near the vertex (i.e. for |y| = 0).

The function G'(x,y,t), for any fixed y € dy, is defined as the solution in
weighted parabolic spaces of the problem

G — AyG' =2V, T - Voth + T(Agth — 1)), z€dy, 0<t<T,

Gl|t=0 = 07 S d’l97
iG’+h,»2G’=— 5(F¢)+hi3(ﬁ/}) , TE€Ev, 0<t<T, i=0,1.
on or on or
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We prove that, for some u € R, G'(x, -, t) belongs (at least) either to Hg,ﬁ(d,y,T)
AW (do.r), for ho + hy > 0, or to Wy, (dg.1), for ho + hy < 0.

This allows us to prove the fundamental property of G, i.e., that the solution
of (1.2) for ¢; =0 and f € Ls ,(dy,r) can be represented in the form

t
’U(:E,t) = / dT/ G(.’,E,y,t—T)f(y,T) dy
0 dy
The following estimates for the derivatives of G(x,y,t) are proved.

For z,y € dy, t > 0 and any o = (aq, a2), 8 = (01, 0=2) and aq,

D3 Dy DGz, y, 1)

c(a, B, a,9)
= (|x _ y|2 4 t)(2+|a\+|ﬁ|+2a)/2

A (|la])—|a by _
y ( |z] > 1(Je]) =] |< Iyl ) 2(181)—18|
o] + |z —y| + /2 [yl + o —y| + 21/ ’

min(|al, (Bo + 51)/9 — €) if ho + h1 > 0,
A(laf) =

where

min(|, (7 + Bo + $1)/9 —e) if ho + hy <0,

with some € > 0, and similarly for A2(|3|).

Appendix: the proof of Proposition 6.1

We split dy into the domains w, = {r, < |z| < 2r,}, ry = 29, ¢ =
0,£1,£2,..., and observe that the solution of problem (2.1) satisfies the es-
timate

(A1) > D™ ull7, ()
[m|=1+2

= [ID"™?u)?, 0,

1
< a (i 21Dl + 10 iy + LI s, )
=0

where Qq = Wg—1 Uwq Uwq+1a Ei,q = {I‘ €7 rq/2 < ‘xl < 47”q} and
dodr

@ 2 — @ - @ 2 :

H ||L1/2(E1:,q) /Ei)q /Eiyq| (Q) (T)| |Q_r‘2

After multiplication of (A.1) by 7“3“ and summation with respect to ¢ from —oo

to 0o we obtain (6.5).
To prove (A.1), we consider the equation

(A.2) Au= f(z), z€ By ={]z]<2r},
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and the boundary value problem

(A.3) Au= f(z), z€ By ={|z|] <2r, z >0},
ou ou
— —h— = P(z).
(622 821) 25=0 (Zl)
We write (A.2) in the form
Av=f(z), v=u-— L u(z) dz,
|B2r| Bs,

and use the well known estimate
1D20]12, 5,y < 2l F1Z,may + 7 2IVOUT, 8oy + 7 VN1, (520
which implies, by the Poincaré inequality,
ID*ullZ,(5,) < esUf 250 + 2 IVUllL,(5,,)-
Applying this inequality to the [th derivatives of u we obtain
(A.4) ID™*2ulg, 5,y < es(ID'fI1,(m,,) + 21D ulll g, ))-
Similar estimates hold for the solution of (A.3). We have (see, for instance, [1])
1D%ul2, ey < eIVl )+ 12, )+ 181,

where K, = {|z1] < r}. We may also differentiate (A.3) with respect to z; and
obtain the same kind of estimate for D} u. The derivative w = 0'u/ 027192,
satisfies the relations

Ao O owl (5l‘1f N M)
027102y 022, o7t 9 )Ly
hence,
af ?
D%w|? <ec (r_2 Ywl? H
I ||L2(Bi) 5 I HL2(B§Z/2) 5‘Zi_1522 L2(By,,5)
3l_1f 2 9ty 2
|5 T )
aZl ! Ll/Z(Km/z) 8Zl-"_1 L2(K3y/2)
<eo(r2ul e 1D, e+ [0 2]
S Cs LQ(B;T/Q) L2(BS+T/2) Bzi - .

3r/2)
The last term has been just estimated, so we obtain an estimate for
9'u/02 710z, Other Ith derivatives of u are estimated in a similar way, and
as a result we get the inequality

(A5) [D2ul? )

< 07(T72HDZ+1U”%2(B2+7.) + HleHig(B;) + ||qu)||2Ll/2(K2r))'
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The domain w, can be covered by a finite number of balls with radii of order

located in the interior of w, and half-balls adjacent to o or to ~;, and estimate

(6.5) can be obtained by summing (A.4) and (A.5) in these domains. Hence, the

proposition is proved.

2]

3]

(4]
[5]
[6]
[7]

(8]
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