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EXISTENCE OF NONNEGATIVE SOLUTIONS
FOR SEMILINEAR ELLIPTIC EQUATIONS
WITH SUBCRITICAL EXPONENTS
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1. Introduction

Consider the semilinear elliptic boundary value problem

(1.1) { Au= f(z,u,Vu), z€Q,

u=0, x¢€d,

where €2 is a bounded domain in RY, N > 3, with a smooth boundary 9 and
[ QOXxRxR" —=R.

The existence of positive solutions to (1.1) in the case where f depends only
on u and grows subcritically has been studied extensively in recent years (see the
review article by Lions [3] and the references therein). In this paper, we establish
the existence of nonnegative solutions to (1.1) where f has a subcritical growth
in v and at most linear growth in Vu. Aside from the above we do not make
any other assumptions on the domain 2. Our results imply, for instance, the

existence of nonnegative solutions to
Au = —)u — Z;nzl c;juPi —b|Vu| — h(z), z€Q,
u=0, x¢€iQ,
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where A, ¢; € R, b > 0, p; > 1, provided b, A and the L?-norm of h are
small.

We also consider one-dimensional cases of (1.1), in particular the equations
U/I = f(m7 u’ u/)

and
u + kv = fx,u,u), keR,
subject to Dirichlet, Neumann and periodic boundary conditions.

We derive our results using the LP theory of elliptic partial differential oper-
ators as presented in [2] plus some elementary properties of the Leray—Schauder
and coincidence degrees (see [4]). Our results were motivated by the studies in
[5, 7] and extend the results in these papers in several ways.

We shall denote the norms in LP, W2? and C* by || - ||, - [l2,, and | - |«
respectively, and for brevity, we denote the L?>-norm by || - ||.

2. An existence theorem for partial differential equations

In this section we shall establish a general existence theorem solutions of
boundary value problems for semilinear elliptic problems subject to zero Dirichlet
boundary conditions. In particular, we shall establish the following theorem.

THEOREM 2.1. Let f: QxR xR"™ — R be continuous and assume:

(i) There exist h € L*(Q) and continuous functions F, F : R — R with F
nondecreasing, F(0) =0 and

F(u) < ciu?f + co, F(u) < Zdjupj
j=1

for w >0, where 0 < p,p; < p*—1, p* =2N/(N —2), c1, c2 and d;
are positive constants, such that

—F(u) = blo| = h(z) < f(x,u,v) < F(u) + blo|

for a.e. x € Q and all u,v € R with u > 0, where 0 < b < VA1, A1
being the first eigenvalue of —A on H{.
(ii) There exists R > 0 such that

R> (1 - b>1(§:d.|g|(p*—m—1)/p* Pt RPs 4 Al )
VA1 J NovwA

=1 !

where || denotes the Lebesgue measure of € and 6 > 0 is such that
pe < 68| Vul| for all w e H}.

I

Under these assumptions the problem (1.1) has a nonnegative solution.



SEMILINEAR ELLIPTIC EQUATIONS WITH SUBCRITICAL EXPONENTS 127

Even though only the values of u > 0 are of interest here, we shall find
it convenient to have F defined for u < 0. We hence fix F' to be defined by
F(u) = —F(—u) for u < 0.

Before proving the theorem, we establish an auxiliary result.

LEMMA 2.1. Let ¢ = p*/p. Then for each v € L9, the problem

Au = F(u)+bVu|+v, ze€Q,
(2.1)

u=0, z€dN,

has a unique solution uw = Bv € Hi N W4, and B : LY — H} is completely

continuous.

Proor. Without loss of generality, we may assume p > p*/2. So ¢ < 2.
Since H' is continuously embedded in LP" the growth conditions on F imply
that for each w € H{, we have

F(w) 4+ b|Vw| +v € L.

We now use results about the solvability of boundary value problems for nonho-
mogeneous linear elliptic equations presented in [2] and let u = Kw € W20 H{
be the unique solution of

Ay = F(w) +b|Vw|+v, =z €,
(2.2)

u=0, x¢€dN.
Since the embedding H} — LP" is continuous, we get

(2.3) [ull2,q < CLllE(w)llq + [[Vwllg + [[vll]
< Gof|[Vull? + [[Vw] + [Jvflg +1],

where C; are constants. Since ¢ > p*/(p* — 1), the embedding W29 — H? is
compact. Hence K takes bounded subsets in H into relatively compact subsets
in H!. We next verify that K is continuous. Let {w,}, C H{ be such that
W, — W in Hé and let u, = Kw,, u = Kw. Then

(2.4) Aluy, —u) = F(wy) — F(w) — b(|Vwy,| — |Vuw|).

Multiplying (2.4) by u, — u, integrating and using Poincaré’s and Hoélder’s in-
equalities we obtain

(2.5) IV (un = w)|* < ClIF (wn) = F(w)]lgllun —u

p*

b
+ —||V(up, — )| ||V(w, —w||.
\/E” ( IV ( [
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Next choose any subsequence of {w,, }, which we again denote by {w,, }. Then
since w, converges to w in LP , there exists a subsequence {wn, } such that
— w a.e. and |w,, | < w* for every k, and some w* € L?" (see [1]). Hence

W,

F(wy,) — F(w) ae., |F(wn,, )] < C[1 4 |w*|P] € L9,

from which it follows that ||F(wp,) — F(w)|lq — 0 and thus (we use (2.5))
IV (upn — u)|| — 0, proving the continuity of K.

We next apply the Leray—Schauder continuation theorem to prove that K
has a fixed point. To this end, let u € H} and X € (0,1) be such that u = AKu.
Then

(2.6) Au = AF(u) + \b|Vu| + Av.
Multiplying (2.6) by w and integrating, we obtain
b
A1
which implies (recall that b < /A1)

IVull* < —=[Vull® + Cllolly|Vul,

IVul| < C,

where C' is a constant independent of u and .
Hence K has a fixed point u, which is a solution to (2.1). To show uniqueness,
let u; and ug be two solutions of (2.1) and let w = u; — ug. Then

(2.7) Au = F(uy) — F(ug) + b(|Vui| — [Vual).

Multiplying (2.7) by u and integrating, we obtain

2 b 2
[Vul[” < \/TTIIVUH ;
and hence u = 0.
We next verify that B : LY — H} is completely continuous. Let {v,}, C L4
be such that v,, — v in L? and let w,, = Bv,,, © = Bv. Then we have

(2.8) A(up, —u) = F(up) — F(u) + b(|Vu,| — [Vu|) + v, — v.

Multiplying (2.8) by u,, — u and integrating gives
b

V(u, —u)||* <
IV (un —u)[|” < ~

IV (un = w)|* + Cllon = vlllIV (un — )],

and hence
IV (un — )|l = 0,
proving the continuity of B.
Now let K be a bounded set in L? and v € K. Then using equation (2.1), we
deduce |Vul| < C.
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Since

[ull2,q < CUIE(u)llg +0l[Vullg + [lv]lg]
< ClIVull” + bl Vull + [[ollq + 1],
it follows that B(K) is bounded in W% and therefore is relatively compact in
H{, completing the proof of lemma 2.1.

PROOF OF THEOREM 2.1. Let E = {v € H} : v > 0}, where we use ||Vul|
as a norm in Hy. For each v € E, let

Nv = f(z,v,Vv) — F(v) — b|Vv|.

Then Nv € L9, and N maps bounded sets in E into bounded sets in L9. It
follows from Lemma 2.1 that for each v € FE, there exists a unique solution
u = Av of

u=0, x¢€d.
Since Nv < 0, it follows from the maximum principle (recall the convention made
about the definition of F' for negative values of u) [2] that w > 0. So A: E — FE
and since A = BN, it follows that A is completely continuous.
Now let u € E and A € (0,1) be such that

{AuF(u)b|Vu|Nv, x €,

u = MAu.
Then we have
(2.9) Au = A(F(z) - F(u)) + (1= NV + Af (2, u, Vu)
> A (z,u, Vu).
Multiplying (2.9) by u and integrating, we obtain
[Vul? < —)\/f(:c,u,Vu)ug /ﬁ(u)u+b/\vu\u+/|h|u

: b ([l
d-/upJHJr Vul|? + Vu

d; |Q|(P**Pj71)/17*5pj+1 ||Vu||pj+1

1

<.
I

<

I

I
-

J

b I
+ ——=||Vu|* + = Vull,
Sl v

which implies
I~

b = ‘o _1)/p* b . |
1= —= | [[Vul]®> < d;|Q® P /P grat || gy it + 2|V
( T1>” | 2 ;192 V]| TlH |

and hence ||Vu|| # R, by (ii).
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Thus A has a fixed point u, which is a nonnegative solution to (1.1), com-
pleting the proof of Theorem 2.1.

REMARK 2.1. Condition (ii) is satisfied if either p; > 1 or p; < 1 for all j,
and ||h|| is small.
3. Existence theorems for ordinary differential equations

Now we turn to the one-dimensional case of (1.1). We first have an existence
result for the Dirchlet boundary value problem.

THEOREM 3.1. Let f:[0,1] x R x R — R be continuous and assume:

(i) There exist continuous, nondecreasing functions F,F : Rt — R with
F(0) =0, and there exist h € L'(0,1) and 0 < b < 4 such that

—F(u) = blo| = h(z) < f(z,u,0) < F(u) + bJv|

for a.e. x € 10,1] and all u,v € R with u > 0.
(ii) There exists R > 0 such that

B\ ' (L=(RY |kl
1—- —F| = — ).
GHACIORSY
Under these assumptions the problem
(3.1) W= flaud),  u(0) = u(l) = 0,

has a nonnegative solution.

PROOF. Let E = {u € H} : u > 0}. Then using Opial’s inequality [6]

1 1 1
/|u||u/|§,/ W, Vue HY
0 4 0

and the arguments in the proof of Lemma 2.1, it follows that for each v € F,
there exists a unique solution u = Av of

' — F(u) —blu| = f(x,v,v") — F(v) — b|v'|, u(0) = u(1) =0,

and A : E — F is completely continuous. Let u € E and X € (0,1) be such that
u = AAu. Then

(3.2) u’ > Nf(z,u,u’).

Multiplying (3.2) by u and integrating gives

1 1 1
| < / Fluyu+b / o] + / |
0 0 0

(L Il b o)
< F(Gn) B S 4 e, 1

T 2’
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where we have used that |uly < 3|/v/| and Opial’s inequality. From this and

(i), we deduce |[u/|| # R, completing the proof of Theorem 3.1 (recall that
[/ = llull g )-
REMARK 3.1.

(a) Theorem 2 is valid if continuity assumptions on f are replaced by
Carathéodory conditions.

(b) In [5] and [7], the existence of nonnegative solutions of (3.1) was estab-
lished for f independent of v’ and satisfying

(%) —c1 —cou < fz,u) <0
and
(xx) Pu < f(z,u) < au

respectively, where ¢; > 0,0 < ¢y <1, 3 € L' and a > 0. By applying
Theorem 3.1 with F = 0, b = 0, F(u) = cou and h(z) = ¢, we obtain
the condition 0 < ¢y < 27 for (x), and by choosing F = 0, F(u) = au,
b = 0, we obtain the condition a > 0 for (*x). Thus Theorem 3.1
contains the corresponding results in [5, 7] as special cases.

For the Neumann boundary condition, we have:

THEOREM 3.2. Let f:[0,1] x R — R be continuous and assume:

(i) There exists M > 0 such that f(x,u) >0 foru > M.
(i) There exist continuous, increasing functions F, F : RT — R with F(0)
=0, lim_, F(t) = 00, and h € L' such that

—F(u) — h(z) < f(z,u) < F(u)

for a.e. x €0,1] and all u > 0.
(iii) There exists R > 0 such that

R? > 2[M? + F(R)R + ||h||1R].

Then the problem

has a nonnegative solution.

In order to prove the theorem we first establish a lemma.
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LEMMA 3.1. For each v € C°[0,1], the problem
(3.3) u' — F(u) = v, u'(0) = /(1) =0,
has a unique solution u = Bv, and B : C° — C° is a completely continuous
mapping.

PrROOF. Let X =CY, Z = C°.
Define L : X D dom L — Z by Lu = u” where dom L = {u € C? : «/(0) =
u/'(1) = 0} and set

A:X - Z, Au = F(u),
N:X — Z, Nu = F(u) +v.
Then (3.3) is equivalent to

Lu = Nu.
Note that L is a linear Fredholm operator of index 0 and A and N are L-

completely continuous [4], with (Lu — A(u)) = 0 if and only if u = 0.
Let now u € dom L and X € (0, 1) be such that
Lu— (1= A)Au—ANu =0
or

(3.4) ' — F(u) = M.

/OlF(u):—)\/olv,

which, by the mean value theorem, implies that there exists 7 € [0, 1] such that
F(Ju(T)]) = |F(u(7))] < |v]o. Since lim;_, o F(t) = o0, it follows that |u(7r)| < C,
where C' depends only on F' and v.

Integrating (3.4) gives

Hence
(3.5) lulo < C + [l

Multiplying (3.4) by w and integrating gives

1 1 1 1
WP+ [ Fwus el < [l [
0 0 0 0

and so |[u'|| < C, |ulp < C where C is independent of v and A\. We now use
Theorem IV.3 of [4] with L and N as above and H = L — A and conclude that
the first condition of that theorem is satisfied on choosing ) a large ball, and
that the second condition holds via Proposition II1.18 of [4] as H is odd. Hence
there is a solution v to Lu = Nu, and hence to (3.3). Uniqueness is proved in a
standard way using the monotonicity of F'.



SEMILINEAR ELLIPTIC EQUATIONS WITH SUBCRITICAL EXPONENTS 133

We now verify that B : C° — CY is completely continuous. Let {v,}, C C°
be such that v, — v in C° and let u,, = Bv,, u = Bv. Since {v, }, is bounded
in CY, it follows from the above argument that {u,}, is bounded in C°. Using
the equation

ul — F(up) = v,
we deduce that {u,}, is bounded in C2.

Now choose any subsequence of {u,,},, which we again denote by {uy}n. It,
in turn, has a subsequence {uy, }x such that u,, — @ in C*'. Since

up —u" = F(up,) — F(u) + v, — v,

N

it follows that

1 1
(3.6) / iy, — 2 + / (F(ttng) — F (1)) (tt, — / [ny, — 0ty —

Passing to the limit in (3.6), we obtain

/\ P+ /1<F<a>—F<u>><a—u>go,

which implies that % = u. Hence u,, — u in C° and B is continuous. B is
completely continuous since B maps bounded sets in C° into bounded sets in
C?2. This completes the proof of the lemma.

PROOF OF THEOREM 3.2. Let E = {u € C° : u > 0}. It follows from
Lemma, 3.1 that for each v € E the problem

v — F(u) = f(z,v) — F(v) = N,
W' (0) =4/ (1) =0,

has a unique solution u = Av. Since Nv < 0, u > 0so A: E — E. Since
N transforms bounded sets in C° into bounded sets in C° and A = BN, A is
completely continuous. Let u € F and A € (0,1) be such that u = AAu. Then

(3.7) W = Mf(z,u) + A(F(i) - F(u)> > Af(z, ).

Integrating (3.7), we obtain

/01 A (@, u) + A(F(K) - F(u)) —0,

which implies by (i) that there exists 7 € [0,1] such that u(r) < M. By the

mean value theorem we get

(3-8) Julo < M + [|u']].
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Multiplying (3.7) by u and integrating, we obtain

1 1 1
|7 < A / faruyu < / Fluyu+ / ne

< F(Julo)lulo + 1Al ulo
and hence by (3.8),
Julg < 207 + 2| ||* < 2[M7 + F(Julo)|ulo + | Al ulo],
which, together with (iii), implies |u|g # R. This completes the proof.

Using similar arguments one immediately obtains the following result for
boundary value problems subject to periodic boundary conditions.

THEOREM 3.3. Under the assumption of Theorem 3.2, the problem
u’ = flxu),  w(0) —u(l) =u'(0) — /(1) =0,
has a nonnegative solution.

In Theorems 3.1-3.3, the constant b has to be small or equal to zero, so we
cannot apply these theorems to the problem

(3.9) ' + ku' + f(z,u,u’) =0

if |k| is large. But, as we shall see in the next theorems, problem (3.9) with
Dirichlet, Neumann or periodic boundary conditions always has a nonnegative
solution for f satisfying

(3.10) —au — blv| < f(t,u,v) < au+ blv|+ ¢ Yu,v € R, u>0,
where a, b, ¢ are positive constants, provided |k| is sufficiently large.

THEOREM 3.4. Let f:[0,1] x R? — R be continuous and satisfy (3.10) with

||
a+2b< T o Fl

Then the problem
u + ku' + f(t,u,u) =0, u(0) =u(l) =0,
has a nonnegative solution.

We again need a lemma.
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LEMMA 3.2. Let k,a,b > 0 satisfy

a4+ 2b<

1—ek
Then for each v € C°, the problem

(3.11) u” + ku' — au — blu'| = v, u(0) = u(1) =0,
has a unique solution u = Bv, and B : CY — C' is completely continuous.
PROOF. For each w € C!, let u = Kw be the unique solution of
u’ + ku' = aw + blw'| + v, u(0) =u(l) =0.

Then K : C! — C! is completely continuous. Let v € C' and A € (0,1) be such
that u = AKu. Then

(3.12) U’ + ku' = MNau + blu| +v).

Multiplying (3.12) by e~**u/ and integrating gives
t
(3.13) ul(t) = eM [u’(O) + )\/ (au + b|u'| 4 v)e** ds|.
0

Since fol u’ = 0, this implies

A fol e_k't(fot(au + blu/| 4 v)eks ds)

v(0)
fol e—kt
A 1
= m/o (1 — e *0=)) (qu 4 b|u| + v) ds
so that
a
B WO <l o+ ol < (5 40) I+

Combining (3.13) and (3.14), we obtain

k k
l—e*[/a
<225 (5 +0) Wl -+ ol

which implies, by the assumption on k, that

1_ ek 1 _ p—k(1-s)
ol < W@ —+ [ (alul + b1 + fo] ds
0

(3.15) [u'[l, < C,
where C' is independent of v and A. Using this in (3.12), we deduce

(3.16) [u"[ly < Ch,
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where (' is independent of u and A. It now follows that
|u|1 <(C+ (.

We now use the Leray—Schauder continuation theorem to deduce that there
exists a solution u to (3.11). If u; and wugy are two solutions of (3.11), let u =
u1 — ug. Then u satisfies

u’ + ku' = au + b(|u)| — |uy)), w(0) = u(1) = 0.
Since |au + b(Ju)| — |uh)|| < alu| + blu’|, we deduce as in the existence proof that
l1—e*/a
ol < 22— (5 +0) .

and hence v/ = 0. So u = 0.

We now verify that B : C° — C! is completely continuous. Let v € C°,
|[vlo < M and let u = Bv. Then we have as above

[u[ly < My,
where M; depends only on M, a,b and k. Hence, by using the equation in (3.11),
[l < M,
where My = kM, + aMy + bM; + M and so
[u'lo < fu"llh < Mo, |u"|o < Ms,

where M3 = kMs +aM; +bMs+ M. Thus B transforms bounded subsets in C°
into relatively compact subsets in C'. Now, let {v,},, € C” be such that v,, — v
in C° and let u,, = Bv,, u = Bv. Then

(3.17) (un, — )" + k(up — ) = alu, —u) + b(|u,| — |[v]) + v, — v,
which implies
(3.18) lug, — 'lly < exflvn — ]|,
where ¢; depends only on a,b and k. Using (3.18) in (3.17), we deduce
(3.19) luy —u”lly < eaflon — vy,
where ¢y = kcy + acqp + bep + 1, and so

|un — ul1 < (e1 + c2)llvn —vll1,

i.e., B is continuous.

PROOF OF THEOREM 3.4. Note first that u is a solution of

u + kv + f(z,u,u’) =0
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if and only if v(z) = u(1 — x) is a solution of
v — kv + g(z,v,0") =0,
where g(z,u,v) = f(1 — x,u, —v). Therefore we may assume that &k > 0. Let
E={ue€ C':u>0}. Foreach v € E, let u = Av be the unique solution of
u + ku' —au—blu'| = — f(z,v,v") — av — bJv'| = N,
u(0) =u(1) =0.

Since N transforms bounded subsets in C' into bounded subsets in C°, and
A = BN, it follows that A : E — FE is completely continuous. Let v € F and
A € (0,1) be such that u = MAu. Then

(3.20) u" +ku' = =Mf(tu,u') 4+ (1 — X)(au + blu']).
Since
(3.21) |[=Af(t,u,u') + (1= N)(au + bju|)] < au+ blu'| + ¢,

by (3.10), it follows as in the proof of Lemma 3.2 that ||u||; < C, where C' is
independent of u and A. Hence, by (3.20) and (3.21), we deduce |[u”|; < Cq,
where C is independent of u and A, and so |u|; < Cy, where Cs is independent
of u and .

For the Neumann problem, we have the following result.

THEOREM 3.5. Let f:[0,1] x R? — R be continuous and satisfy (3.10) with
L
1 — elkl

and suppose that there exists M > 0 such that

a—+2b<

flz,u,v) <0 foru> M.
Then the problem
u' 4+ ku' + f(z,u,u’) =0, u'(0) =4/ (1) =0,
has a nonnegative solution.

The following lemma will be needed.

LEMMA 3.3. Let k,a,b > 0 satisfy

2b .
a+ < T

Then for each v € C°, the problem
(3.22) v’ + ku' —au — bju'| = v, W' (0) = /(1) =0,

has a unique solution u = Bv, and B : CY — C' is completely continuous.
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PROOF. Let X =C',Z = C°. Define L : X Ddom L — Z by Lu = v +ku’,
where dom L = {u € C? : v/(0) = v/(1) = 0}, and let

g:X—>Z, gu:au,
N=X—2, Nu=au-+bu|+wv.

Then L is a linear Fredholm mapping of index 0, A and N are L-completely
continuous and (3.22) is equivalent to Lu = Nu. Since ker(L — A) = {0}, we
need only prove that all possible solutions of the family

(3.23) Lu—(1—=XNAu—ANu=0, Ae(0,1),

are bounded independently of v and A. Let u € dom L and A € (0,1) satisfy
(3.23). Then

(3.24) " + ku' = au+ A(b|u'| + v).
Multiplying (3.24) by e** and integrating gives
t
(3.25) u'(t) = e‘kt/ e*s (au + blu/| + v) ds.
0

Since /(1) = 0, there exists 7 € [0, 1] such that

and so
b

(3.26) lulo < ( " 1) 'l + [Vl0.
a a

From (3.25) and (3.26), we deduce

—k

1—
(3.27) /()] < ke [(a + 2b)|u'[o + 2[v]o],
which implies |v/|p < C, and thus, by using (3.26), |u|y < Cj, where C; is
independent of u and A. So by Theorem IV.5 of [4], there exists a solution u to
(3.22).

Now, let u; and us be two solutions to (3.22) and let u = u; — ug. Then we
have

u” +ku' = au + b(|ur| = Juy),

which implies
1— —k
[u'lo <

(a + 2b) o,
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and hence v’ = 0, u = 0. Finally, by using (3.27) it can be proved that B : C° —
C' is completely continuous, and the proof is complete.

PROOF OF THEOREM 3.5. Let E = {u € C' : u > 0}. For each v € E, let
u = Av be the unique solution of
u' +ku' — bl | — au = —f(z,v,0") — av — bV’
u'(0) = /(1) = 0.

Then A : E — FE is completely continuous. As in Theorem 3.4, we assume k > 0.
Let u € E and X € (0,1) be such that w = AAu. Then we have

(3.28) u’ + ku' = (1 - X)(au+ blu']) — Af(x,u,u).

Multiplying (3.28) by e** and integrating, we obtain
1
| e = Nau st ba') = Afew ) de =0,
0

which implies that there exists 7 € [0, 1] such that u(7) < M, from which we
deduce as in the proof of Lemma 3.3 that |u|; < M7, where M; is independent
of u and .

Using a similar argument we obtain the following result.

THEOREM 3.6. Let the assumptions of Theorem 3.5 hold, with
a+2b < |k|.
Then the problem
u' +ku' + f(tu,u’) =0, w(0)—u(l)=0, «'(0)—1u/(1)=0,

has a nonnegative solution.

REFERENCES

[1] H. BRrEezis, Analyse fonctionnelle, théorie et applications, Masson, Paris, 1983.

[2] D. GILBARG AND N. S. TRUDINGER, Elliptic Partial Differential Equations of Second
Order, Springer-Verlag, New York, 1977.

[3] P. L. LioNs, On the ezistence of positive solutions of semilinear elliptic equations, STAM
Rev. 24 (1982), 441-467.

[4] J. MAWHIN, Topological Degree Methods in Nonlinear Boundary Value Problems, CBMS
Regional Conf. Ser. in Math., vol. 40, 1979.

[5] M. NKASHAMA AND J. SANTANILLA, Ezistence and multiple solutions for some nonlinear
boundary value problems, J. Differential Equations 84 (1990), 148-164.



140 H. DANG K. SCHMITT

[6] Z. OpiAL, Sur une inégalité, Ann. Polon. Math. 8 (1960), 29-32.

[7] J. SANTANILLA, Existence of nonnegative solutions of a semilinear equation at resonance
with linear growth, Proc. Amer. Math. Soc. 105 (1989), 963-971.

Manuscript received July 15, 1994

Har Danc

Department of Mathematics
Mississippi State University
Starkville, MS 39762, USA

KLAUS SCHMITT

Department of Mathematics
University of Utah

Salt Lake City, UT 84112, USA

TMNA : VOLUME 5 — 1995 — N°1



