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SYMMETRY-BREAKING BIFURCATIONS

FOR FREE BOUNDARY PROBLEMS

MODELING TUMOR GROWTH

Hongjing Pan — Ruixiang Xing

Abstract. We study a classic free boundary problem modeling solid tu-
mor growth. The problem contains a parameter µ. It is well known

that the problem admit a unique radially symmetric solution with free

boundary r = RS and a sequence of symmetry-breaking branches of ax-
isymmetric solutions bifurcating from the spherical state r = RS at an

increasing sequence of µ = µ`(RS) (` ≥ 2 even) with free boundary

r = RS + εY`,0(θ) + O(ε2), where Y`,0 is the spherical harmonic of mode
(`, 0). In this paper, we use group-theoretic ideas to obtain a plethora of

new branches of non-axisymmetric solutions bifurcating at µ = µ`(RS)

(` ≥ 2). New solutions can model more complex shapes of tumor tissues
than the known axisymmetric solutions. The approach is also applicable

to many other free boundary problems arising in tumor growth, including

a model involving fluid-like tissue.

1. Introduction

Over the past two decades, there has been an increasing amount of litera-

ture on bifurcation analysis for free boundary problems (FBPs) modeling tumor

growth in different microenvironment; see e.g. [20], [9], [15]–[18], [6], [45], [46],
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