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THE NEHARI MANIFOLD

FOR INDEFINITE KIRCHHOFF PROBLEM

WITH CAFFARELLI–KOHN–NIRENBERG TYPE

CRITICAL GROWTH

David G. Costa — João M. do Ó — Pawan K. Mishra

Abstract. In this paper we study the following class of nonlocal problem

involving Caffarelli–Kohn–Nirenberg type critical growth

L(u)− λh(x)|x|−2(1+a)u = µf(x)|u|q−2u+ |x|−pb|u|p−2u in RN ,

where h(x) ≥ 0, f(x) is a continuous function which may change sign, λ, µ

are positive real parameters and 1 < q < 2 < 4 < p = 2N/[N+2(b−a)−2],
0 ≤ a < b < a+ 1 < N/2, N ≥ 3. Here

L(u) = −M
(∫

RN
|x|−2a|∇u|2 dx

)
div
(
|x|−2a∇u

)
and the function M : R+

0 → R+
0 is exactly the Kirchhoff model, given by

M(t) = α+βt, α, β > 0. The above problem has a double lack of compact-

ness, firstly because of the non-compactness of Caffarelli–Kohn–Nirenberg
embedding and secondly due to the non-compactness of the inclusion map

u 7→
∫
RN

h(x)|x|−2(a+1)|u|2 dx,

as the domain of the problem in consideration is unbounded. Deriving
these crucial compactness results combined with constrained minimization

argument based on Nehari manifold technique, we prove the existence of

at least two positive solutions for suitable choices of parameters λ and µ.
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