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POSITIVE SOLUTIONS
TO p-LAPLACE REACTION-DIFFUSION SYSTEMS
WITH NONPOSITIVE RIGHT-HAND SIDE

MATEUSZ MACIEJEWSKI

ABSTRACT. The aim of the paper is to show the existence of positive so-
lutions to the elliptic system of partial differential equations involving the
p-Laplace operator

_Apuz(x) = fi(ul(x)7u2(x)7' . wum(x))v zeQ, 1<i<m,
wi(z) >0, reQ 1<i<m,
u(z) =0, x € 0.

We consider the case of nonpositive right-hand side f;, ¢ = 1,...,m. The
sufficient conditions entails spectral bounds of the matrices associated with
f=(f1,.--, fm). We employ the degree theory from [5] for tangent per-
turbations of maximal monotone operators in Banach spaces.

1. Introduction

In the recent paper [5] the following nonlinear boundary value problem was
discussed:

—Apu(x) = f(:c,u(x)), T E Qv
(1.1) u(x) >0, r €,
u(z) =0, x € 09,
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where Q C RY (N > 1) is a bounded domain with a smooth boundary 9, for
p > 2, Ayu = div(|Vu[P72Vu) is called the p-Laplace operator or p-Laplacian
and f: Q x [0,400) — R is a Carathéodory function, which is not necessarily
positive. The authors, exploiting the idea originated in [4], introduced the topo-
logical degree Deg;, for mappings that are tangent to the set of constraints M
and they applied it to obtain sufficient conditions under which the problem (1.1)
possesses at least one weak solution:

THEOREM 1.1. Suppose that the following conditions are satisfied:
(a) there is C > 0 such that |f(x,s)| < C(14sP~1) for all s > 0 and alomost

all x € Q,
G - flzs) ’ ,
(b) Sl;r(r)lJr o1 = po(z) and SILIEOF = poo(x) uniformly with respect
to x €,

where po, poc € L(Q). If the principal eigenvalue A1, of p-Laplacian lies be-
tween po and poo, t.e. either pg < A p < Poo OT Poc < Aip < po almost ev-
erywhere, then the problem (1.1) admits at least one nontrivial weak solution
ue WyP(Q).

The question we are concerned with is whether or not the results obtained
in [5] can be generalised to the case of the system of equations of the type (1.1).
In this paper we are focused on an autonomous case. Let us consider the system

_Apu(l‘) = f(u(a:)), T e Q:
(1.2) u;(x) >0, e, 1<i<m,
u(x) =0, xr e 89,

where © = (u1,...,um), Apu = (Aput,...,Apuy,) and f: [0,+00)™ — R™
is a continuous function. The problem was investigated in [14] for p = 2 and
a multivalued right-hand side. The existence of a positive solutions to systems
involving p-Laplacian has been investigated by means of a topological approach,
for example [2], [12], [13], [15], [19], as well as of a variational approach, for
example [1], [18]. In all these papers, the right-hand side of the quasilinear
elliptic system is assumed to be nonnegative. It seems this assumption is present
in most of the articles related to the subject. One of the goals of our paper is to
drop this assumption in favour of a weaker one.

Let us denote by 6 the real function §: R 3 s+ |s[P"2s and let © = x...x0
be the Cartesian product of m copies of 6.

The following assumption reflects the assumption (b) of Theorem 1.1 from
the one-dimensional case:

(1.3) Jf(u) = DoO(u) + op(u), f(u) =DeO(u)+ o0cc(u), uecRY



