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EXISTENCE OF SOLUTIONS FOR A KIRCHHOFF TYPE
FRACTIONAL DIFFERENTIAL EQUATIONS
VIA MINIMAL PRINCIPLE AND MORSE THEORY

NEMAT NYAMORADI — YONG ZHOU

ABSTRACT. In this paper by using the minimal principle and Morse theory,
we prove the existence of solutions to the following Kirchhoff type fractional
differential equation:

M ([ DEu)? + b0 (o) )
R
(1D (—oo D u(t)) + b(t)u(t)) = f(t,u(?), tER,
u € H*(R),
where o € (1/2,1), DS and _oD§' are the right and left inverse oper-
ators of the corresponding Liouville-Weyl fractional integrals of order «

respectively, H® is the classical fractional Sobolev Space, u € R, b: R — R,
tinﬂfg b(t) > 0, f: R x R — R Carathéodory function and M: RT — R¥ is
€

a function that satisfy some suitable conditions.
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1. Introduction

The aim of this paper is to establish the existence of nontrivial solutions for
the following Kirchhoff type fractional differential problem

M( / <|_oonu<t>|2+b<t)|u<t>|2>dt)
(1.1) (D% (Lo Dfu(t)) + b()u(t) = f(t,u(t)), teR,
ue H*(R),

where o € (1/2,1), :D% and _.Dg are the right and left inverse operators

of the corresponding Liouville-Weyl fractional integrals of order « respectively,

H® is the classical fractional Sobolev Space, u € R, b: R — R, 72ang b(t) > 0,
€

f: R xR — R Carathéodory function and M: Rt — RT is a function that
satisfy some suitable conditions.

Fractional differential equations have been receiving great interest recently.
This is due to both the intensive development of the theory of fractional calculus
itself and the applications of such constructions in various scientific fields such as
physics, chemistry, biology, economics, control theory, signal and image process-
ing, biophysics, blood flow phenomena, aerodynamics, fitting of experimental
data, etc., [1], [8], [10], [15], [16], [18], [21] and the references therein.

It should be noted that critical point theory and variational methods have
also turned out to be very effective tools in determining the existence of solutions
for integer order differential equations. The idea behind them is trying to find
solutions of a given boundary value problem by looking for critical points of
a suitable energy functional defined on an appropriate function space. In the
Several years back, the critical point theory has become to a wonderful tool
in studying the existence of solutions to differential equations with variational
structures, we refer the reader to the books due to Mawhin and Willem [14],
Rabinowitz [17] and the references listed therein.

Recently Jiao and Zhou [9], have studied the following fractional boundary
value problem

D7 (o Di'u(t)) = VF(t,u(t), te[0,T],

u(0) = u(T) = 0.
They proved the existence of solutions to this problem by using critical point
theory.

In [20], by using the Mountain Pass Theorem, Torres investigates the exis-
tence of solutions for the fractional Hamiltonian systems

(D% (oo Dt u(t)) + L(t)u(t)) = VW (t,u(t), teR,

(12 u e H*(R).



