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Abstract. In this paper, we consider modal multilattices with Tarski, Ku-
ratowski, and Halmos closure and interior operators as well as the corre-
sponding logics which are multilattice versions of the modal logics MNT4,
S4, and S5, respectively. The former modal multilattice logic is a new one.
The latter two modal multilattice logics have been already mentioned in
the literature, but algebraic completeness results have not been established
for them before. We present a multilattice version of MNT4 in a form of
a sequent calculus and prove the algebraic and neighbourhood complete-
ness theorems for it. We extend the algebraic completeness result for the
multilattice versions of S4 and S5 as well.
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1. Introduction

Shramko [24] introduced the multilattice logic ML,, in order to gen-
eralize frameworks of Arieli and Avron’s bilattice logic [1], Shramko
and Wansing’s trilattice logic [25], and Zaitsev’s tetralattice logic [26].
Later on Kamide and Shramko extended ML, by adding quantifiers
[13], Kamide, Shramko, and Wansing [15] explored bi-intuitionistic and
connexive modifications of ML,,, Kamide [11, 12] combined ML,, with
linear logic, Kamide and Shramko [14] presented the modal multilattice
logic MML,,. This logic was supposed to be a multilattice version of S4.
However, as argued in [6, 7], this point is a bit problematic. Namely,
Kamide and Shramko exploited an incomplete S4 sequent calculus for
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the embedding purposes. In particular, this calculus does not allow for
the construction of a proof for formulas representing the interdefinability
of necessity and possibility operators. As a result, their sequent calculus
for MML,, lacks the multilattice analogues of interdefinability theorems
(this fact can be easily checked due to the backward embedding from S4
into MML,, proved in [14]). It has motivated us to present a logic MML5*
(see [6]) which provides the proofs of interdefinability formulas. Never-
theless, the primary aim of [6] was to introduce a multilattice version of
S5 (which we call MMLS? following the established tradition). However,
we have not set up the algebraic completeness results for MML?L4 and
MMLZ‘:’. Thus, one of the aims of the current paper is to introduce modal
multilattices with Kuratowski and Halmos operators and show that they
determine MML%4 and MML??, respectively.

Let us notice that although Kamide and Shramko introduced the
notion of a modal multilattice, they have not proved an algebraic com-
pleteness theorem for MML,,. It was proven in [7], but with respect to
the structure which we call a De Morgan modal multilattice. It appears
that Kamide and Shramko’s original algebraic structure is too weak for
MML,,. First, it does not have some postulates for the inversions of
closure and interior operators. Second, the closure and interior oper-
ators introduced by Kamide and Shramko are multilattice versions of
Tarski operators (which are suitable for a weaker logic MNT4), but not
Kuratowski operators (which are actually needed for S4). It has inspired
us to take a new look at the multilattices equipped with Tarski operators
and explore a multilattice version of MNT4. Thus, yet another aim of
this paper is to introduce such a logic (we denote it as MMLZINF‘M). We
prove an algebraic completeness theorem for MMLZ[NF‘M, present a se-
quent calculus for it, prove syntactical and semantic embedding theorems
from MMLI,\:INT4 into MNT4, and develop a neighbourhood semantics for
MMLMNT4,

The paper is structured in the following way. In Section 2, we make
some preliminary remarks regarding multilattices and their logics as well
as introduce the notions of modal multilattices with Tarski, Kuratowski,
and Halmos operators. Section 3 contains preliminaries regarding se-
quent and hypersequent calculi for MNT4, S4, and S5. In Section 4, we
introduce a sequent calculus for MMLIXINM, recall a sequent calculus for
MML3* and a hypersequent calculus for MMLS® from [6]. In Section 5,
we prove the algebraic completeness theorems for MMLI,\L/INT“, MMLff,
and MML%". In Section 6, we present a neighbourhood semantics for
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MMLIXIN T4 prove syntactic and semantic embeddings from MMLIZINT4
into MNT4 and as a consequence obtain the neighbourhood complete-
ness and cut elimination theorems for MMLYN™. Section 7 contains
concluding remarks.

2. Preliminaries I: multilattices

DEFINITION 2.1 (Languages). Let n > 1and 1 < j<n. P ={pi, ¢, i |
i € N} is a set of propositional variables; P/ = {p’ | p € P} is a set
of indexed propositional variables; P* = ;=] P%; C = {—, 00,0, A, V, —,
%}; Cr = Uzi?{_\l, Niys Vi, —ri, %i}; Cr = Ui?{DZ, <>Z} Let us fix three
languages which we are going to use in what follows.

o 7 is the language of the modal logics MNT4, S4, and S5. It has the
alphabet (P, P*,C,(,)).

o %\ is the language of multilattice logic ML,,. It has the alphabet
(P.C*,())-

o Y is the language of the modal multilattice logics MM
MML3*, and MML®®. It has the alphabet (P,C*,C*, (,)).

LMNT4

The sets .7, #n, and F\, respectively, of all Z-, -, and Zy-formulas
are defined in a standard inductive way.

Now we introduce the notion of a multilattice as it has been given in
a number of papers, thus respecting an established tradition, although
this concept may be found a bit confusing since a set of unary j-inversion
operations is incorporated into the structure of a multilattice.

DEFINITION 2.2 (Multilattice; 14, p. 319, Definitions 2.1 and 2.2). A
multilattice (or n-dimensional multilattice or n-lattice) is a structure

M, = (8,<4,...,<,), where n > 1, § # 0, <4, ..., <, are partial
orders such that (S, <3),...,(S,<,) are lattices with the correspond-
ing pairs of meet and join operations (N1,U1),..., Ny, Uy) as well as
the corresponding j-inversion operations —q, ..., —, which satisfy the

following conditions, for each j < n, k <n, j# k and x,y € S:

z <; y implies —; y <; —;x; (anti)
r <p y implies —; x <p —;¥; (iso)

T =2 (per2)
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DEFINITION 2.3 (Distributive multilattice; 14, p. 319, Definition 2.1). A
multilattice M,, = (S, <1,...,<,) is called distributive iff all 2(2n? —n)
distributive laws hold, i.e. z® (y®z) = (z®y)®(2®z), where x,y, z € S,
®,® € {U1,N1,...,Un, Ny}, and ® # P.

DEFINITION 2.4. A multilattice M,, = (S,<1,...,<,) is bounded if it
has greatest and zero elements (denoted as 1; and 0, correspondingly)
for each order.

DEFINITION 2.5 (Classical multilattice). A multilattice M,, = (S, <y,

.., <p) is called j-classical iff —;—; is a complementation with respect
to the j-th order, i.e. 0 =2 N; = —jx and 1; = x U; —, —; x, for each
x € S and j, k < n such that j # k. A multilatice is called classical if it
is j-classical for all j < n.

Remark 2.1. In what follows, referring to multilattices, we tacitly sup-
pose them to be distributive and classical. .

DEFINITION 2.6 (Ultralogical multilattice; 14, p. 319, Definitions 2.3
and 2.4). A pair (M,,,U,,) is called an wltralogical multilattice ifft M,, =
(8,<1,...,<,) is a multilattice and U,, C S satisfies the following con-

=

ditions, for each j,k <n, j #k, and z,y € S:

e xNjy €U, iff z €U, and y € U,, (U,, is a multifilter (n-filter) on
Ma);

e Uy el iff x €U, ory €U, (U, is a prime multifilter on M,,);

e v €Uy, iff —j —px & U, (U, is an ultramultifilter (n-ultrafilter) on

Remark 2.2 (See 6, Definition 2.4; 7, Observation 1). Let (M,,,U,)
be an ultralogical multilattice. Then we can introduce for the lattices
(8,<4),...,(S, <,) the corresponding pseudo-complement and pseudo-
difference operations D1, ..., Dy and C1, ..., Cy, respectively, as follows,
for any z,y € S, j < n, and some fized k < n such that j # k:

rTDOjy=—k—52U;y,
Q?ij:l'ﬂj—k—jy. -

DEFINITION 2.7 (Standard valuation; 24, Definition 4.5; 6, Definition
2.5). Let M,, = (S,<4,...,<,) be a multilattice. A function v from P
to S is called a standard valuation and is extended for any p, 1 € Fy as
follows:
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1) v(=jp) = —jv(p);
2) v(p Aj ) = v(p) Njv(P);
3) v(p Vj ) = v(p) Uj v(9);
4) v(p =5 ) = v(p) Dj v(Y);
5) v(p < ) = v(p) Cjv(y).

Remark 2.3. In [7, Definition 2.10], the notion of a paraconsistent valu-
ation was also introduced (defined as a mapping from P U{—;p | p € P,
for all 5 < n} to §). It was shown [7, Theorem 3.6] by the algebraic
embedding theorem that ML, is sound and complete with respect to
multilattices with paraconsistent valuations. However, for the purposes
of this paper it should be enough to consider the standard valuations
only. In what follows, when we deal with multilattices, we mean by a
valuation a standard one. .

DEFINITION 2.8 (Entailment for ML,,; cf. 24, Definitions 4.7 and 5.3).
The entailment relation in ML,, is defined as follows, for all I’ A C %y
and p, 1 € FN:

(1) ¢ |=; ¢ iff for each multilattice M,, and each valuation v, it holds
that v(g) <; v().

(2) I' =, A iff for each ultralogical multilattice (M,,,U,) and each
valuation v, it holds that if v(y) € U,, for each v € I', then v(9) € U,
for some § € A.

LemMA 2.1. I' =, A iff for all v and j < n, o(A\; I') 5 v(V; 4).

PROOF. 1. Assume that I' F=pp, A and for some valuation v, v(y) €
Uy, for each v € I'. This means that v(A; ') € U,. On the other
hand, v(§) € A for some 0 € A, so v(\V;A) € U,. Next suppose that
v(A\; I') ¥ v(V; Q) for some j. By the definition of |=;, v(A; I') £;
v(V; 4). But then v(A\; I') £; —k—;v(V; Q), otherwise —p—;v(V; A) €
Uy, since U, is closed under each of the relations. Clearly, v(/\j I) £,
v(V; A)Uj = —j v(V; A) = 1; which is impossible (since 1; € U,, and
for each x € Uy, = <; 1;).

2. For the other direction suppose that v(A; I") € U,,. Hence, for any
Jyx €8, if v(A\; I') <j z, then x € U,. In particular, take z = v(\/; Q).
It follows from the definition of |=; that v(A; I") <; v(V; 4) for all j,
so v(V; A) € Uy, thus v(6) € Uy for some 6 € A by the primness of
U,,. Tt remains to notice that v(y) € U,, for each v € I'. Consequently,
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To embed a modal toolkit into the structure of a multilattice we make
use of lattice closure and interior operations. Their additional properties
influence the type of modal multilattice we obtain.

DEFINITION 2.9 (14, p. 320, Definition 2.5). A multilattice M,, = (S,
<1,...,<y) is said to be modal if it is equipped with unary operations
of interior I; and closure C; for each j < n, that is operations satisfying
the following conditions (for z,y € S):

Ii(z) <; x; (decreasing)

Ii(x) = I;1;(z); (I-idempotent)

Li(x Ny y) < Ii(x) Ny Ii(y); (sub-multiplicative)

z <; Cj(x); (increasing)

Ci(z) = C;Cj(z); (C-idempotent)
Ci(z)U; Ci(y) <; Cj(zU; y). (sub-additive)

Remark 2.4. As Kamide and Shramko note [14], they supply multilat-
tices with Tarski interior and closure operators, following the lines of
Cattaneo and Ciucci’s work [4]. In the next definition, we add to a modal
multilattice the postulates regarding the inversions of the interior and
closure operators as well as the postulates (1, is open) and (0, is closed)
which should be present in the definition of the operators in question,
according to [4, p. 44-46]. .

DEFINITION 2.10 (Tarski multilattice). A modal multilattice M,, = (S,
<1,...,<,) is said to be Tarski multilattice (or a modal multilattice
with Tarski operators) iff for each j < n operations I; and C; satisfy the
following condition:

I1;(15) = 153 (1, is open)
C;5(05) = 05 (0; is closed)
—ili(z) = Cj(=;); (—;1-definition)
—iCj(@) = Ij(—;); (—;C;-definition)
—klj(x) = Lj(—x); (—1,-definition)
—1Cj(x) = Cj(—px); (—,Cj-definition)
Ii(z) = —; —1 Cj(—j —k x); (I-definition)
Ci(x) =—j = Li(—=j —r x). (C-definition)
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In the subsequent definitions, we introduce the required conditions
for Kuratowski and Halmos operators, following [4, pp. 48 and 57].

DEFINITION 2.11 (Kuratowski multilattice). A Tarski multilattice M,, =
(8,<1,...,<,) is said to be Kuratowski (or a modal multilattice with
Kuratowski operators) iff for each j < n operations I; and C; satisfy the
following condition:

Ii(zNjy) = Ii(x) 05 1;(y); (multiplicative)
Cj(z) U; Cj(y) = Ci(z U; y). (additive)

DEFINITION 2.12 (Halmos multilattice). A Kuratowski multilattice M,,
= (S5,<4,...,<,) is said to be Halmos (or a modal multilattice with
Halmos operators) iff for each j < n operations I; and Cj; satisfy the
following condition:

Ii(—k —j (%)) = =k —; Lj(2); (interior interconnection)

Ci(—r —; Cj(z)) = — —; Cj(z). (closure interconnection)

FacT 2.1. Each Tarski (and hence Kuratowski and Halmos) multilattice
has the following properties:

x <; y implies I;(x) <; I;(y); (I-monotonicity)
x <; y implies C;(x) <; C;(y). (C-monotonicity)

Proor. If z <, y, then Ij(x) = I](J} n; Y) < I](J}) N I](y) <, Ij(y)
If  <jy, then Cj(z) <; Cj(x) U; Cj(y) <5 Cj(wU;y) = C(y).

DEFINITION 2.13. Let M,, = (S,<;,...,<,) be a Tarski (resp. Kura-
towski, Halmos) multilattice and v be a valuation introduced in Defini-
tion 2.7. Then we extend it for the modal formulas as follows:

(1) v(E;e) = Liv(e),
(2) v(059) = Cju(yp).

The definition of an entailment relation for the case of a modal mul-
tilattice logic L € {MML3*, MMLYN™ MMLS} is almost the same as
for the ML,, case. The only difference concerns with a type (Tarski, Ku-
ratowski or Halmos) of a corresponding ultralogical multilattice. Thus
we presume that I' Fypyppmves A (I Eypvest A, I Eayvss Q) iff for each
Tarski (Kuratowski, Halmos) ultralogical multilattice (M,,, U, ) and each
valuation v, it holds that if v(vy) € U,, for each v € I', then v(d) € U,, for
some § € A.
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3. Preliminaries II: (hyper)sequent calculi for MNT4, S4, and S5

DEFINITION 3.1 (Sequent). A sequent is an ordered pair written as fol-
lows: I' = A, where I' and A are finite sets of £-formulas (£ € {.Z,
Dn, L)), A sequent is called valid for L € {ML,,, MML3* MML?®,
MMLM ™V iff ' = A holds (the case when both I and A are not
empty). When I' = A is valid for L, we write L = I' = A. When
I'=0, L == Aiff v(d) =1; for some § € A and j < n; when A = (),
L =T = iffu(y) =0; for all v € I" and some j < n.

Let us introduce Indrzejczak’s [8, 9] cut-free sequent calculus for
MNT4. The only axiom is as follows (for any p € P U P*):

(Ax) p=p
The structural rules are as follows:
cwids se=d ) rod
(:W)%
The non-modal logical rules are as follows:
B
e
o Sresar BT aanny
(=) % (=) F: @Aj A,Azi;;/l
izde o piza
The modal logical rules are as follows:
(Mp) % (No) 350 "
Wi ST

The rule (Mp) is derivable due to (4) and (O=).
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Now we present yet another sequent calculus for MNT4 in the lan-
guage with both [Jand ¢. For the modal rules below we use the following
convention: the letter + stands for the empty set or a one element set
{0}, the letter ¢ stands for the empty set or a one element set {O}.
This sequent calculus is obtained from Indrzejczak’s one by a replace-
ment of the rules (Mpg), (Ng), and (4) with the following ones:

v =04, p, 04 =6 (=0) I'= Ap
v = 0A,0p Op, LA =6 I'=s A0

The rules (4), (Mg), (Mg), (Ng), (Ng) are derivable in this calculus,
where (M) and (Ny) are presented below:

=0) (0=)

p=19 =
M semow  Toes

If one replaces v and § in the rules (=0) and (0=-) with the sets
of formulas (possibly, empty, but not necessarily one element ones) OJI"
and QA, respectively, then one obtains a cut-free sequent calculus for S4
[16]. If in the rule (=) one replaces v with (JI" and puts ¢ = ) as well
as in the rule (0=) puts v = () and replaces § with 0 A, then one gets
an incomplete version of 84 [16] (although its restrictions for the [-free
and Q-free languages are complete [19]), since the sequents Cp = —0—,
=0-p = U, \O-p = Op and Qv = —--p are unprovable in it
[16]. We mention the latter fact, because Kamide and Shramko used
this incomplete version of S4 sequent calculus as a basis of their logic
MML,,. As a result (which can be checked by the use of Kamide and
Shramko’s embedding theorems [14]), in the system MML,, the sequents
Ui = %50 %m0, %05 k50 = Ui, —p—U—w—50 = Oj¢p
and ¢ = ;074 are not provable. In [6], the authors presented
the logic MML?L4 which extends MML,, by these sequents. Similarly to
the case of S4, in MNT4 we need A and (A in the rules (=) and
(0=), respectively, to make the sequents Cp = =0y, ~O—p = Oy,
—O=-¢ = Oy and Oy = —[—-¢ provable.

Notice that although Indrzejczak’s sequent calculus for MNT4 in the
[-language is cut-free, our calculus for MNT4 in the language with both
O and ¢, unfortunately, seems to be non-cut-free. Consider the following
application of cut (D; and Dj stand for the derivations; see fig. 1).

Providing Gentzen-style constructive cut elimination proof, we could
try to apply cut at earlier stage reducing the height of the derivation
(see fig. 2).
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Dy Dy
Ouv = Ox, ¢ Y, dw = On
Oy = Ox, Uy Ox, Ow = O
Ou, Ow = O, O

=0)

(0=)

Figure 1.

Do
D1 X, Ow = Om
Oy = Ox, ¢ Ox, Ow = O
Oy, Ow = ¢, O

(0=)

Figure 2.

But, unfortunately, we cannot apply the rule (=) at this step to
obtain [y, Ow = Oy, O, since we have two formulas with [J in the
antecedent of the sequent (it is not a problem for S4, but here we have a
restriction for the rule (=0)). We leave as a task for future research to
present a cut-free sequent calculus for MNT4 in the language with both
O and ¢.

A standard S5 sequent calculus [19, 20] is known to be not-cut-free.
There are various attempts to present cut-free non-standard versions of
sequent calculi (in particular, hypersequent calculi). A survey of these
attempts (focusing mainly on hypersequent calculi) may be found in
Bednarska and Indrzejczak’s paper [3]. We mention only the pioneering
works by Mints [17, 18], Pottinger [22], and Avron [2] as well as the latest
one by Indrzejczak [10] who introduced a bisequent calculus for S5. In
what follows, we will use Restall’s hypersequent calculus for S5 [23], since
a MML?L5 hypersequent calculus was presented on its basis in [6].

DEFINITION 3.2 (Hypersequent). A hypersequent is a finite multiset of
sequents written as follows: H = Iy = Ay | ... | [}, = A A
hypersequent is called valid iff at least one of its sequents is valid.

In Restall’s calculus, the (internal) structural and logical rules of
classical logic are in the hypersequent form. For example, the rules for
conjunction are as follows (here and below H and G are hypersequents):

o0, "= A|H (:>)F:>A,<,0|H I'= Ay |G
oA, ' = A|H I's ANy |H|G

(A=)
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Restall’s calculus has several external structural rules:

EW=) — (SEW) %‘H
(Merge) FZ?QA:L@A,:;TI‘—IH
Finally, it has modal logical rules:
el ey B ey
(0=) % (=0) 7 ij \A:’:po'gj H

The rules for () were added to Restall’s system in [6]. Fortunately, the
sequents [y = =0—p, =0—p = Ly, Op < =g, and —O-p = Op
are provable in this calculus without any changes of the shape of the
modal rules.

4. (Hyper)sequent calculi for modal multilattice logics

The sequent calculus for MMLMY™ is as follows. Consider the axioms

(peP):
(Ax) p=p  (Ax-) ~yp= —yp

The structural rules are as follows: (Cut), (W=-), and (=W). The non-
negated logical rules are presented below:

o, 0, I'= A I'= A p I'= A
(h5=) oA, = A (=) I'=s A pNjy

o, I'= A P, = A I'= Ap, ¢
(Vi=) eV, I'= A (=Vj) I'= ApVy

I'= Ap P, 0 = A o, "= Ay
=) S U T 65 A4 =) 7 a05, 0

o, "= A9 '=sAep ,0=A

&3 v T=a S Te=ade s
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The jj-negated logical rules are as follows:

ﬂj(ﬁ,[’ = A _\jw,[‘:> A I'= A,ﬁj(p, _‘jl/)

A= =70

(715=) N0, T= A (5230) I'=A,—(e N ¥)
(JJ)WWWWIﬁA (=753) I'= A,—i(eV;9)
(m5—=) i = 4 2yp (=7—) oo ief=d

_'J'((P —j 1/))7F:> A
F:>A7_|j1/) _|j<p,9:>A

F78:> A7A7_'j(90 _>j 1/))
_'jl/)wl—‘:} A7 ;¥

= =i
(2j45=) (g 0), [,O= A, A = ”F$AWW+M0
o, '= A I'= A
) P A =775)
( J ) —\j—\ng,F:>A ( J J) F:>A,_‘j_‘jS0

The kj-negated logical rules as follows:

I'= A —p I'= A =)
I'= A, (e A ¥)

I'= A, —p, ~yp

_‘k(p7_‘kwa[‘:> A
k(e N ¥), I'= A

_‘k@wljéA _‘k¢7F:>A

(mkNj=) (=—%N;)

(FrV5=) k(e ViY), = A (57wVi) =4, 7k(eV;¥)
o TR OE (o) TR0
(rhmyr) (o) g2 D22

—|k—|j4p,[‘$ A I = A, TP

For the modal logical rules below we adopt the following convention:
the letter m denotes a set which is empty or consists of exactly one
formula from the list of formulas [;9, =09, =0 1, where k # j; the
letter § denotes a set which is empty or consists of exactly one formula
from the list ¢, —;0;9, 71049, where k # j; the letter A¥ stands for
the set (possibly, empty) {{J; A1, =0, A2, 70, A3}, where k # j; and the
letter A” stands for the set (possibly, empty) {041, ;0,425,705 A3},
where again k # j.

The non-negated modal rules:

o, I'= A = A0
=) - 7= 00,) — —Z <2+
C=) 5 ,7=2 =0) 55,0,

‘ o, AF =6 L I'=A4¢
(05=) S =5 &%) 7220,
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The jj-negated modal logical rules:

-, AF =6 I'= A, -0
( J—J )_‘]DJQO,/NZ>5 ( J J)F:>Aa_‘]|:]]§0

-, "= A T= A e
) ) T A TP
(2405 =) S (5000 75 e

The kj-negated modal logical rules:

i, I = A T = A,
=) Kt T2 ;) Lk
( k ]:>) _‘kD]SO7F:>A (:> k ]) 7T:>Ab,_‘k|:|](,0

ﬁkgo,/lﬂ=>5 F:>A,—|kg0
(05=) %05, A =6 (=7x05) I'= A, =050

Remark 4.1. One can obtain a sequent calculus for MMLS* [6] from the
set of above rules replacing in each of modal rule the letters m and d,
respectively, with the sets {{J; I, =0, 1%, —x 0,5} and {0; A1, —;0; A,
-0 Az}, where k # j. o

One can obtain a hypersequent calculus for MMLS® [6] from the se-
quent calculus for MMLMNT or MMLS* as follows: (1) all the (internal)
structural and logical non-modal rules should be presented into the hy-
persequent form; (2) one should add the rules (EW=), (=EW), and
(Merge); (3) one should replace all the modal rules with the following
ones. The non-negated modal rules:

o, '=A|H =¢|H

. 0,) — 17

O 5. Tr=arm =) oaoTE
A o=|H ‘ I'=s Aepl|H

(0;=) Ojo=|H (=0;) I'=sA|=0,p|H

The jj-negated modal rules:

o= |H I'= A-jp|H
(JJ )ﬁijtpi‘H ( ]J)F:>A’:>—|j|:’j<p‘H

—jo, "= A|H =0 | H
0 oesTr=am U S00TE

The kj-negated modal rules:

—rp, "= A| H = o | H
—||:|:> k = ) —
n )ﬁij4p:>\F:>A]H ( k]):>—|k[]j<p‘H
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—wo = | H
100 = | H

F=>A,—|k<p‘H
I''s Al= 00| H

(—10;=) (=-10;)

5. Algebraic completeness

5.1. Soundness

LEMMA 5.1. All the rules of the sequent calculus MMLYN™ are sound
with respect to modal multilattices with Tarskian operators.

PROOF. Propositional cases do not present difficulties and are proved
in the usual way [see, e.g., 7]. We consider some representative modal
instances.

Ad (=0;). Suppose that MMLM™ = 7 — A" . For concreteness
assume that 7 is of the form —;(;v, A is non-empty and consists of the
formula \°. So, v(=;0;v) € U, implies v(\*) € U, or v(p) € U,. Let
v(=;0;9) € Uy, hence v(N\’) € U, or v(p) € Uy, and we have to show
that v(\”) € U, or v(0;p) € U,.

First of all, let us prove that v(=;0;1) <; v(¢) implies v(=;0;v) <;
v(djp). Let v(—;0;¢) <; v(p). By Definition 2.13, —;C;(v(v)) <;
v(p). By (—;Cj-definition), I;(—,v(¢)) <; v(p). By (I-monotonicity),
Li(I;(—;v(¥))) <; Ij(v(p)). Therefore, by (I-idempotent), I;(—,v(y))
<; I;(v(y)). Hence, by (—;C;-definition) and Definition 2.13, v(—;0;%)
<; v(0;).

Recall that v(\°) € U, or v(¢) € U,. Assume that v(\*) € U,.
Then v(\°) € U, or v(O;¢) € U,. Hence, v(—;0;9) € U, implies
v(\") € Uy, or v(0;p) € Uy, i.e. MMLMY = 7 = A° ;. Suppose
that v(p) € U,. Then v(—;0,¢) € U, implies v(p) € U,,. Therefore,
v(—;0;9) <; v(p) which, as we already know, implies v(—;0;v) <;
v(0j¢). Hence, v(—;0;¢) € U,, implies v(0;¢) € Uy,. Since v(—;0;¢) €
U, we have v([,¢) € U, and so v()\b) € U, or v(d;p) € Uy,. Therefore,
MMLYN™ = 7 = AP O

Other instances of 7 are treated similarly.

Ad (=—;0;). Assume that MMLM™ = ' = A —,p. Then for any
valuation v, v(¢) € U, for all ¢ € I" implies v(&) € U, for some £ € A or
v(=j) € Uy,. The first of the disjuncts directly yields MMLYN™ = " =
A, —;0;p, while the second gives v(—;0;p) € Uy,. Indeed, v(—;p) <;
Cj(v(—j¢)) by increasing. But Cj(v(—j¢)) = v(Q;7j¢) € Uy, by Defini-
ton 2.13 and since U, is a filter. Thus, v(—=;0;¢) € U,.
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Ad (=-40;). Using the similar conventions and general scheme
of reasoning as in case (=[J;), we need to show MMLM"™ = 7 =
N, - under the assumption MMLI,\;[NT4 Er= N, “kp. So, suppose
that \’> € U, or -k € U,. Let us consider only the crucial sub-case
k¢ € Uy,. This time we need to show that v(—;0;1) <; v(—xp) implies
v(—;0,9) <; v(—x0;9). It is done similarly to the case of (=0;), but
with the use of (—I;-definition). Then, applying (/-monotonicity) and
(I-idempotent), we get [;(v(—;¢)) <; Ij(v(—xp)). Thus, I;(v(-rp)) =
—ilj(v(¢)) € Uy, by Definition 2.10 and, finally, v(—x0;¢) € U,, by
Definition 2.13. Hence, MMLM ™ = 7 = \°| =, (0,0

Ad (0;=). Suppose that MMLM\™ = A% = §. For concreteness
assume that § is of the form —;00;1, A* is non-empty and consists of the
formula A*. Thus, if v(¢) € U,, and v(A\*) € Uy, then v(=;0;1)) € U,.

Let us show that v(y¢) <; v(—;0;1) implies v(Qjp) <; v(—;0;%).
Assume that v(p) <; v(=;0;v), ie. v(e) <; —;1;(v(¢)). Then, by
(—j1;-definition), v(¢) <; Cj(—;v(¢)). By (C-monotonicity), C;(v(y))
<, Cy(Ci(—u(®))). By (C-idempotent), Cs(u(9)) <5 Cy(—u(¥)).
Then Cj(v(p)) <; —51;(v(¥)), Le. v(0;0) <j v(=;0;9).

Suppose v(0j¢) € Uy, and v(A*) € U,,. Assume that v(¢) € U,,. Then
v(p) € Uy, and v(\*) € U,. Hence, v(—;0;¢) € Uy,. Therefore, v(p) €
Uy, implies v(—;0;¢) € U,. Thus, v(p) <; v(—;0;9) which gives us
v(0j¢) < v(—;0;59). Consequently, v(0j¢) € Uy, implies v(—;0;9) €
Uy,. Since v(Qjp) € Uy, we have v(—;0;4) € U,. Finally, we get if
v(0;¢) € Uy, and v(AF) € U, then v(=;0;9) € Uy, i.e. MMLMNT =
<>j<107 At = .

The other instances of § are treated similarly.

Ad (=0;). Suppose that MMLM™ 1= " = A . Then if v(x) € U,
for each x € I, then v(w) € U,, for some w € A or v(p) € U,. Assume
that v(x) € U, for each x € I'. Then v(w) € U, for some w € A or
v(¢) € Uy,. The former disjunct straightforwardly implies MMLYNT =
I' = A, Q0. Sov(p) € Uy,. By (increasing), v(¢) <; Cj(v(y)). Thus,
v(0j) € Uy, which gives us MMLYN™ = ' = A O;0. -

LEMMA 5.2. All the rules of the sequent calculus MML3* are sound with
respect to modal multilattices with Kuratowski operators.

Proor. Recall that each Kuratowski multilattice is a Tarski multilat-
tice and that the sequent calculus for MMLS? differs from the one for

MMLYN™ by the formulation of the rules (=0;), (0;=), (=;0;=),
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(=7;0,), (==x0;), and (—;0;=). Thus, we need to consider only
these rules.

Ad (=0,). This proof is a generalization of the proof of soundness
of the right rule for [J; of MML,, with respect to De Morgan modal
multilattices presented in [7, Lemma 5.4]. Suppose that

MML! = 0,1, 250, 1, =0 s = 05 A1, =50, A9, =105 43, .

We leave it to the reader to show that MMLS* = 01, 015, 7015,
=041, ~j—p— 0 A2, 7043 = . For simplicity we assume
that I, Isand I3 consist of the formulas vy, 72 and ~3, respectively,
and A;, Ay and A3 consist of the formulas A1, Ay and A3, respectively.
By Definitions 2.8 and 2.13, we have ®; N; @2 <, v(yp), where &; =

Ii(v(m)) Ny —;Ci(v(r2)) Ny —klj(v(ys)) and @2 = —;—1Cj(v(A1)) N;
—j—k—iLj(v(A2)) Ny —j=k=1Cj(v(A3)).
Using Definition 2.11, we modify ®; as follows:
Py = Ij(v(m)) Ny Li(—5v(12)) Ny Li(=kv(73))-
By Definition 2.11, —;j—,—;I;(v(X2)) = —j—1Cj(—;v(A2)). Using this
Definition again, we have:
—i—kCj(v(\)) = —j—k—j—rLi(—j—rv(A1)),
—i—k=ilj(v(A2)) = —j—r—j =kl (=j—r—5v(A2)),
—i—k=kCi(W(A3)) = =k —j—rk—j =L (—j—rv(A3))-

We leave it to the reader to prove that —;—p—;—rv(¢) = v(¢)) and
—k—j—k—;v(¢) = v(¢), for each ¥ € Fy. We modify @, as follows:

Py = I;j(—j—kv(A1)) Ny Li(—j—k—;30(X2)) Nj —kLj(—j—kv(A3)).
Using Definition 2.11, we modify the last conjunct of ®,:
Py = I;j(—j—kv(A1)) N Li(—;—k—;30(A2)) N i (—k—j—kv(A3)).
Using Definition 2.11 (the property (multiplicative)), we have:
P = I (v(1) N —5v(72) N —kv(73)),
Dy = Ii(—j—rv(M) N —j—k—jv(A2) Nj —k—j—kv(A3)).
Let us introduce two new abbreviations:

Uy = () Ny —0(72) Ny —Kv(73),
Uy = —j=kv(A1) N —j—k—50(A2) Nj —k—j—rv(A3).
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We have (1)1 = I](\Ifl) and (1)2 = I](\IJQ) Then (1)1 ﬂj (I)Q = IJ(\Ifl) ﬂj
I;(¥s). Using (multiplicative) once again, we have I;(¥q) N; [;(Vy) =
I;(¥y Nj Wy). Therefore, I;(¥; N; Uy) <, v(p). By I-monotonicity,
Li(1;(¥y N; W) <; Ij(v(yp)). By Definition 2.11 (I-idempotent),
I;(W1 Ny Wa) <; I;(v(p)). Then I;(Vq)N; 1;(V2) <5 I;(v(e)), Le. @10N;
(1)2 Sj IJ(U(()O)) By Definition 213, MMLff ': DjFl,_\jOjFQ,_'ijF3,
—|j—|k<>j/11,ﬁjﬁk—'ijAg,—'k—'j—'kOjAg, = Djtp. The latter fact implies
the required one:

MML3* = 0,1, =0 T, ~x 0515 = O A1, =05 A9, ~£ 05 A3, O
The other cases are proved similarly. .

In order to simplify a soundness proof for MMLiE' we need the fol-
lowing definition [see 21 for the translations of hypersequents and tree-
hypersequents to formulas].

DEFINITION 5.1. A transtation 7 of hypersequents to Zy-formulas is

inductively defined as follows:

o ’T(F:>A) :/\jF—>j VjA,l

° T(Fl =>A1 | | Fmiﬂm) :DjT(Fl =>A1) \/j---\/j DjT(Fm:>
Ap).

PROPOSITION 5.1. A hypersequent H is valid in MMLZ‘E' iff the formula
7(H) is valid in MMLS.

PROOF. Suppose that a hypersequent H = It = Ay | ... | [}, = A,
is valid in MML?f’. Then there is at least one 7 such that 1 <7 < m
and I; = A; is valid. Thus, if v(p) € U, for all ¢ € I}, then v(y)) €
U, for some ¢ € A;. Since U,, is a prime multifilter, we have that if
v(A; i) € Uy, then v(V; 4;) € Uy. Thus, v(A; I —; V;Ai) € Un.
Therefore, 1; <; v(A; I —; V;A:). By (I-monotonicity), I;(1;) <;
Ij(v(/\j I; —j Vj Al)) By (1J is open), 1j Sj Ij(v(/\j I; —j Vj Al))
So Ij(?)(/\j I; —j \/j Al)) eU,,i.e. U(Dj(/\j I; —j \/j AZ)) € U,,. Since
Uy, is prime, v(0;(A; It =5 V; A1) V- Vo(Oi(A; Im —; V; Am)) €
Uy, i.e. T(H) € Uy,. So 7(H) is valid in MMLS?.

Suppose that 7(H) is valid in MMLS®. Thus, v(O;(A; It =5 V; Ar))
Vo \/U(Dj(/\j I =5 V; Ay,)) € Uy,. Then there is an i such that 1 <

! To be more precise, this definition holds, if both I" # @ and A # 0. If I" = 0,

then 7(I" = A) = \/j Ay if A =0, then 7(I' = A) = =, /\j I': if both I = § and
A =0, then 7(I" = A) = p Aj =x—;p.
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i <mand O;(v(A; I =5 V; Ai)) € Uy By (decreasing), v(A; I —;
V; 4i) € Uy,. Hence, v(\; I;) € Uy, implies v(\; A;) € Uy. Sov(p) € Uy,
for any ¢ € I'; implies v(¢)) € U, for some 1p € A;. Therefore, I; = A;
is valid. Hence, H is valid in MMLS®. o

LEMMA 5.3. All the rules of the sequent calculus MMLS® are sound with
respect to modal multilattices with Halmos operators.

PROOF. Ad ((J;=). Assume that MMLS® |= o, I" = A | H. Then, by
Proposition 5.1, MMLS® |= 7(o, " = A | H), i.e. MMLY® = 0;((p A
A;T) =3 V; A) v; O;7(H). Then MMLY® = 0; (9 A A, ) =5V, A)
or MMLS® |= O;7(H). The latter option immediately implies the re-
quired result. Let us consider the former one. We leave it to the reader to
check that MMLS® = (0;(x —; w) —; (0;x —; 0;w). Then MMLS® =
Oj(e A; A;T) =5 0;V; Ao By (I-idempotent), MML)? = (Oj A;
;A 1) —; 05V, A Thus, MMLY =~ (050 A; O A 1) V5
0; V; A. Then MMLY? = —,=; 050 V; == 05 A, IV 0,V A which
implies MMLS® |= —.—,;0;0 Vv, (0; A, T —; 0;V;4). By (interior
interconnection), MMLS® |= —;—;0;¢ iff MMLS® |= 0;—,—;0;0. We
leave it to the reader to prove MMLS® |= (0, x —; Ojw) —; 0;(x —5 w).
Therefore, MMLy? |= O~ —;0;0 V; 0;(A; I —; V; A). By the prop-
erties of V;, we have MML;’ |= ;0,0 V; O (A; T =5 V; A) V;
O,7(H). Hence, by the definition of 7, MMLS® = 7(0;0 = | I' = A |
H). By Proposition 5.1, MMLY® = ;0 = | "= A | H.

Ad (=0;). Assume that MML® = " = A o | H. Then MMLS® =
10, ' = A | H. By Proposition 5.1, MMLS® |= 7(—,—0, " = A |
H), i.e. 1\/11\/11125 ': Dj((_‘k_‘j(p /\j /\j F) _>j Vj A) \/j D]T(H) Then
MMLY = O; ((~e—y0 Aj A T) =5 V; A) or MMLY? (= O;7(H). The
latter option immediately implies the soundness of the rule in ques-
tion. Let us consider the former one. Similarly to the previous case,
we get MML}® = (0,0 A; O; A; ) —; 0; V; A. Then MML |=
(=205 Ay O;A; I —5 0;V; A By (closure interconnection),
MMLY = (0;~%;0;9 Ay Oj A, T) —; 0;V; A, Then MML;® |=
(_‘k_‘jl:]jOjSO /\j Dj /\j F) —j Dj \/j A. Therefore, 1\/11\/11125 ': DjOj‘P \/j
_‘k_'jl:]j /\JF \/j Dj \/j A. Hence, MMLELE. ’: DjOj‘P \/j (DJ /\JF —j
0;V; A). Thus, MML® |= 0,00 V; O;(A; I —; \/; A) which implies
MMLY == A|= 00| H.
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Ad (=0;). Assume that MMLS® = = ¢ | H. Then MMLY = = ¢
or MML®® |= H. The latter case immediately implies MMLY® = =
Oje | H. Let us look at the former one. We have v(p) = 1;, for
some j < n. Thus, 1; <; v(y) and v(¢) <; 1,. By (/-monotonicity),
I;(15) <j Ii(v(e)) and I;(v(p)) <; I;(1y), ie I;(v(p)) = I;(1;). By
(1; is open), I;(v(p)) = 1;. Hence, MML}® = = ;¢ | H.

Ad (0j=). Then MMLS® = ¢ = | H. Then MMLY® E ¢ =
or MMLZ‘E' = H. The latter case immediately implies the required re-
sult. Let us consider the former one. We have v(yp) = 0;, for some
j < n. Thus, v(p) <; 0; and 0; <; v(¢). By (C-monotonicity),
Cj(v(p)) <5 C;(05) and C;(0;) <; Cj(v(p)), ie. Ci(v(p)) = C5(0;).
By (0; is closed), C;(v(¢)) = 0;. Hence, MML® = ;0 = | H.

The other cases are proved similarly. .
THEOREM 5.1. Let L € {MML)™"™ MML)* MML’}. For each pair of

finite sets I and A of Au-formulas, it holds that if L - I" = A, then
LET= A

PROOF. By induction of the height of the derivation, using Lemmas 5.1,
5.2, and 5.3. -

5.2. Completeness

DEFINITION 5.2. Let L € {MMLM™ MML3* MML®} and let [¢] be
the class of equivalence of p € P\, ie. {Y € Py | LE =Y, LEY =
¢} Let I' € Py and [I'] be {[y] | v € I'}. Thus, [#wm] is the set of all
the classes of equivalences, i.e. {[¢] | ¢ € Fm}.

DEFINITION 5.3. Let ¢, ¢ € %y and L € {MMLM™ MMLS* MML?*}.
Then a Lindenbaum-Tarski algebra (LT-algebra) is a structure ML =

([#m]), <1,...,<,) which satisfies the following conditions:

[p] <j [] HE [0] = [0 A 95

—jlel = [5¢);
[e] N; [¥] = [p Aj 5
[p] Uj [¥] = [p V; ¥];
(0] 25 [¥] = [ =5 ¥I;
(0] Cj [W] = [0 5 ¥I;

Lilel = [0;);

[p] =



404 OLEG GRIGORIEV, YAROSLAV PETRUKHIN
FACT 5.1. For each ¢, € Fy and L € {MMLM ™ MMLS* MML®*},
it holds that L - ¢ = v and L ¢ = ¢ iff [p] = [¢].

LEMMA 5.4. The following sequents are provable in the sequent calculus
for MMLMNT4,

(1) Oj(pVi—wip) = pViw—yp (13) 050 = 0575

(2) pVji—wmp = Oi(pVi—kyp) (14) Q5= = —0;¢;

(3)  Oi(eA; ~w=5p) = pAjmkmp (15) =050 = Tjmje;

(4) pAj~w=p = Oi(pAj~k—5p) (16) im0 = =0,

(5) Qjp=o (17) 0o = 0j7wep;

(6) Oje = 0;0;; (18) Oj—we = ;s

(7) 0,050 = Ojy; (19) —%0j0 = Ojwes

(8) Oileniv)=Tio A O (20) Qi = 0

9) o= 0 (21)  —x—87w50 = Qs
(10)  Ojp = 0;0;¢; (22) Q0 = w0k
(11) 000 = 0j9; (23) 05k = Oj;
(12) Q0o V; 050 = Oi(e Vi), (24) Ojo = =05 wj¢e.
LEMMA 5.5. M%ML%NN is a Tarski multilattice.

PROOF. Due to Lemma 5.4, operations I; and C; on [#y] satisfy the
conditions which are listed in Definitions 2.9 and 2.10. Specifically, the
correspondence between the properties required by these definitions and
the provable sequents listed above is as follows:

o (decreasing) is justified by the provability of (5); (I-idempotent) by
(6)—(7); (sub-multiplicative) by (8); (increasing) by (9);
(C-idempotent) by (10)—(11); finally, (sub-additive) by (12).

e (1, is open) and (0, is closed) are justified by (1)-(4);
(—;I-definition) by (13)—(14); (—;C;-definition) by (15)-(16);
(—r1;-definition) by (17)-(18); (—,Cj-definition) by (19)-(20);
(C-definition) by (21)—(22); (I-definition) by (23)—(24). -

LEMMA 5.6. The sequents (1)—(24) from Lemma 5.4 as well as the fol-
lowing ones are provable in the sequent calculus for MMLZ“:

(25) Ojon; O = O5(eAj9);  (26) O(p V1) = 00V, 0.

PROOF. In virtue of Remark 4.1, we observe that the rules of MMLMNT
are restrictions of the rules of MMLZ“. This fact implies that the sequents
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(1)-(24) from Lemma 5.4 are provable in MML>* as well. As for the
latter ones, their proofs are below.

p=¢ Y=19
oY= (W=) o, =19 (W=)
O, = 9N
O, 059 = o A\j ¥
O, 059 = 0 (0 Aj ¥)
O A O = Oi(0 Aj )
=9 Y=
¢#%¢Gﬂm w:wngzg
PV =09 @wni
p Vi = 0jp, 09 (0]:})
Qilp Vi ¥) = 00, 059 (;vz) 4
0jlp Vi) = Qo V; Qi ’

MMLS! . . . .
LEMMA 5.7. M, ™ is a Kuratowski multilattice.

(=A))
(Dj =>)2X
(=0;)

(A=)

PrOOF. Due to Lemma 5.6, operations [; and C} satisfy the conditions
which are listed in Definition 2.11. In particular, (multiplicative) is jus-
tified by the provability of (8) and (25), (additive) is justified by (12)
and (26). -

LEMMA 5.8. The sequents (1)—(24) and (25)—(26) from Lemmas 5.4 and
5.6, respectively, as well as the following ones are provable in the sequent
calculus for MMLS?:

(27) Oj~—050 = 0505 (29) 0j7k 050 = w05
(28) -0 = 05—~ 0;0; (30) ;050 = 05,050
PROOF. As an example, we proof of the sequents (29) and (30).
=
I e (=0;)
o == 0;p
o =| %050 =
(0;=)
=] 0050 =
(0;=)
Ojp = | 0j7k;050 =
= ;00 | 057050 =
(Merge)
0~k 050 = ;05
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=
o=]= 0 | (jk)ﬁ:&)
J

o =] k050 =
O = | k050 = (O](z)ﬁ )
= 5050 | %050 = (:I;O])
== 075050 | 71700 = (Mer]ge)2x 4
;7050 = Ok 050

S5
LEMMA 5.9. MIXIML" is a Halmos multilattice.

PrROOF. Due to Lemma 5.8, operations I; and C; satisfy the condi-
tions which are listed in Definition 2.12. In particular, the condition
(interior interconnection) is justified by the provability of (27) and (28),
(closure interconnection) is justified by (29) and (30). =

By structural induction on a formula ¢, using Definition 5.3 we get:

LEMMA 5.10. Let v be a valuation introduced in Definition 2.13 such
that v(p) = [p|, for all p € P (such a valuation is said to be canonical).
Then v(yp) = [p], for all p € Fy1.

For the elaborated proof of the following lemma see [7, Lemma 4.12]

LEMMA 5.11 (Lindenbaum). L € {MMLM\™ MML>* MML?%}. For
every pair of finite sets I' and A of £y-formulas, it holds that by, I' = A
implies that there is an ultramultifilter U,, on Lindenbaum-Tarski algebra
ML and [x] € U,, for each x € I', while [w] € U, for each w € A.

THEOREM 5.2. Let L € {MMLM™ MMLS* MML$®}. For every pair
of finite sets of Zy-formulas I' and A, it holds that L = I" = A iff
L-T= A

PROOF. One direction follows from Theorem 5.1. For the other direction
we use contraposition and assume that L ¥ I' = A. Then, by Lemma
5.11, ML has an ultramultifilter U, such that [p] € U, (for all ¢ €
I') and [¢] € U, (for all p € A). By Lemmas 5.5, 5.7 and 5.9, if
L = MMLM™ (resp. MML3*, MML®®), then ML is a Tarski (resp.
Kuratowski, Halmos) multilattice. By Lemma 5.10, there is canonical
valuation v such that v(¢) € U,, (for all p € I') and v(¢v)) € U, (for all
YeA),ie LED= A -
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6. Metatheoretical proporties via embedding

Now we present some metatheoretical results for the system MMLMNT
obtained via embedding techniques following the lines of [6]. For this
purpose we provide syntactic embedding using as a target the language
of the MINT4 sequent calculus discussed in Section 3.

6.1. Syntactic embedding

Let us define a syntactical embedding function f from the language £
to the language .Z. For the purpose of brevity we put ®; € {A;,V;, =,
—;} and ®; € {J;,0;} as a shorthand for propositional connectives of
the language Ay, while ©® € {A,V,—, <} and ® € {0, 0} for Z. We
also write ©f (®9) for be the dual of ©; (®;).2

DEFINITION 6.1. Let n > 1, j,k < n, and j # k. Then a mapping f
from %y to .Z is defined inductively as follows:

1) f(p) =pand f(—;p) =p’ (where p/ € P7), for each p € P,

(

(2) fle o) = flp)o f(¥),

(3) [l ©;¥) = f(mjp) @ f(—j0),
(4) fﬂk(tp ®g V) = f(rp) © f(mxt)),
(5) f(=i=59) = fle),

(6) f(ﬂzmsa) (=),

(1) f(®;(p) = ®f(90)

(8) f(=;®; ) = @ f(—5¢),

9) f(_‘k®1 p) = ®f(wso)

We adopt the usual notation: where A is a set of formulas, f(A) :=
() [ e

THEOREM 6.1 (Syntactical embedding from MMLMN™ into MNT4). Let
f be a mapping introduced in Definition 6.1. Then for each sequent I" =
A, such that I and A are sets of Ly-formulas: MMLM™ - ' = A iff
MNT4 - f(I') = f(AQ).

ProoF. “From left to right”. The proof is obtained by induction on
the construction of the derivation D of I' = A in the sequent calculus
MMLIXINT‘{ Suppose that a rule v is the last one which was applied
in a sub-derivation D’ of D and the induction hypothesis (that is the

2 The following pairs of connectives of Ay are considered as dual: A; and Vj;
<; and —;; O; and ¢;. Similarly for the .Z-connectives (just ignore the indices).
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assertion of the lemma) holds for the whole part of D’ taken without the
conclusion of t. We have to show that the whole of D’ converts into a
MNT4 sub-derivation. Let us consider some typical propositional and
modal cases of t.

t := (mj—;=). The premise of the last rule of application in D’ is
-0, I' = A, ;. Using induction hypothesis we construct the following
MNT4-derivation:

f(_'ﬂb)v f(F) = f(A)v f(_'j@)
f(=i9) < f(=0), f(I) = f(4Q)
where the conclusion is the translation of the conclusion of t.
t:= (—4—;=). Now the premises of v are I' = A, —,p and —;1, O =
A. Thus, applying the induction hypothesis, we obtain

(&= =)

F(D) = F(A), f(wp)  F(owt) [(©) = F(A)
F(wp) = Fw), F(D), F(O) = F(A), F(4)

t := (—;00;=). The premise of t is of the form —;p, A* = §. Using
the induction hypothesis we construct:

(= =)

F(=y), f(AR)[=Of(A)] = £(9)
Of (=), 0f (A) = f(6)
As one can see, the expression below the line is a translation of the result
of the application of v to the indicated premise.
¢t := (-40;=). This case is justified by the following MMLMNT4.
derivation:

(0=)

f(owe), f(I7) = F(9)

Of (=re), f(I7) = f(0)
Again, it is easy to see that the last sequent is a correct translation of
-+, I = A, the conclusion of t.

“From right to left”. To prove the assertion we utilize induction on
the construction of MNT4-proof £. Suppose that induction hypothesis
holds for a sub-derivation £’ (dropping out the last sequent). Let us
inspect some cases of application of the rule v in the last step in the
construction of the &.

(O=)
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t:= (O=). Consider the final step of &:

X F(D) = 1(0)
Ox, £(T) = F(0)

where [y is a translation of some appropriate -Zy-formula, that is Oy
is one of f(O;y), f(—x0jp) or f(—=,;0;¢) for some L-formula ¢, ac-
cording to the Definition 6.1. Thus x itself is of the form f(y), f(—rp)
or f(—j¢). By the induction hypothesis we already have a MMLMNTA.
derivation for f~!(x),I" = §. What is left is to apply one of the rules
(=), (mxdj=) or (=;0; =), corresponding to the above listed form
of x.
t:= (0=). The last inference of £ has the following form:

(O0=)

(&) = F(0)
o JE) = 1)

Note that f(Z) is of the form OI", while f(1)) is empty or is of the form
f(9) (in order to apply the rule (O=-) correctly). Thus Ox is an image of
one of the following formulas: f(0;¢), f(—r0 ) or f(—;0;¢). So x co-
incides with one of the f(¢), f(—xp) or f(—;p). Again, we already know
a derivation of f~(x), Z = ¢ in MMLY"™ and we complete it by apply-
ing (0;=), (x0;=) or (—;00,;=) depending on the structure of xy. -

(0=)

COROLLARY 6.1 (Decidability). MMLYMN™ js decidable.

ProoF. Follows from Theorem 6.1 and decidability of MNT4. o

6.2. Neighbourhood semantics for MMLYN"*

DEFINITION 6.2. A neighbourhood frame is a structure F = (W, N),
where W is an non-empty set, N: W — Z(L(W)) is a neighbourhood
function. A neighbourhood model based on F is a pair M = (F, ), where
F is a neighbourhood frame, 0: P — Z(W) is a valuation function. The
truth relation |= is defined inductively in a standard way, we just spell
out the modal condition (where ||| a1 is a truth set of formula ¢ in M):

M,z |=Op iff [[p|lm € N(x).
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We introduce the very basic, minimal neighbourhood models. We need
to add some extra conditions to obtain MNT4-neighbourhood models.
An MNT4-neighbourhood model is a minimal neighbourhood model en-
dowed with the following properties [5]:

supplemented model (sm) for all X, Y C W such that X C Y, for all
xeW,ift X € N(z) then Y € N(x);

N condition (nc) W € N(z) for all x € W;

t condition (tc) for all X C W, if X € N(z) then z € X, for all x € X;

4 condition (4c) for all X C W, for all z € W, if X is in N(x) then all
points y such that X € N(y) constitute the elements of N(z).

Next let us define a special type of evaluation which maps propositional
variables and their negations to the powerset of W. We denote the set of
negated propositional variables as P~. Thus a paraconsistent valuation
is a function ¥: PUP™ — P (W). A paraconsistent neighbourhood model
is a pair M = (F, ), where F is a neighbourhood frame.

DEFINITION 6.3. An MMLIXINT‘l—model is a paraconsistent neighbour-
hood model satisfying the conditions sm, nc, tc and 4c.

The paraconsistent truth relation is given by the following state-
ments:

DEFINITION 6.4. For an MMLMN™_model M = (W, N,9), an = € W,
formulas ¢, v € Ayand pe PUP,all 4,k (1 < j,k<n,j#k), the
paraconsistent truth relation =P is defined by the following clauses:

(1) ok piffced(p),

(2) zEP oA Y iff o =P g and 2 =P 9,
(B) zEPoVvjYiffz =P poraz =Py,
(4) zEP o= ¢iff P g or z =P 9,
(5) T EP @« ¢iff o EP g and z [EP 9,
(6) z P Ojpiff [[o]|m € N(z),

(1) P Ojp iff W\ [[pllm ¢ N(z),

(8) aEP —j(pn; ) iff x B —jpor x P 1),
9)  xEP (e V) iff x P —jp and o BP0,
(10) = P =j(p —; ) iff 2 FP =50 and z =P =0,
(11) 2 P —j(p <5 ¢) iff 2 EP =5 or x P =50,
(12) = P ~00 it W\ [[5j0llm & N(2),

(13) @ P =;0;¢ iff [[—j0llm € N(2),
(14) P e iff 2 P o,
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(15) =z EP —(pA ] ) iff # =P =g and x =P 1),
(16) = P ~w(pV;¢) iff 2 EP —wp or  EP —y1),
(17) = =P —w(e —>J V) iff 2 =P —pep or 2 [P g,
(18) o P —p(p <5 ¥) iff @ P —pp and z [EP —y),
(19) = P =00 i |-wellm € N(z),

(20) 2 EP =00 HE W\ [|=kpllm & N(z),

(21) =z P e iff 2 P @

Finally, let us fix a bunch of standard semantic notions. Abusing
notation we will write x € M to mean that = is an element of the carrier

set of M.

DEFINITION 6.5. A formula ¢ € & (resp. ¢ € L) is valid in an MNT4-
model (resp. MMLM™_model) M if M,z = ¢ (resp. M,z =¥ ¢) for
all z € M. A formula ¢ is MNT4-valid (resp. MMLM™_valid) if it
is valid in all MNT4-models (resp. MMLM™._models). In the sequel
let MNT4 |= ¢ (resp. MMLYMN™ =F 5) denote MNT4-validity (resp.
MMLM ™ validity) for a formula .

6.3. Neighbourhood completeness via embedding
The aim of this section is to show that our system MMLI,\L/INT4 is complete
with respect to the class of all paraconsistent neighbourhood models.
This result can be regarded as a by-product of the embedding technique
elaborated in previous subsections.

As a starting point, we relate the truth conditions of a formula ¢
(of the language %) at a point in an MMLMN™_model and the truth
conditions of its translation f(¢) at a point in an MNT4-model.

Suppose that we have an MMLMN™.model M = (W, N, ¥) at hand.
It is sufficient to reconstruct a paraconsistent valuation v into a standard
valuation ¢, defined on the same frame (W, N), and specifying for all
peP,xeWand j < n:

x € Y(p) iff x € O(p);
z € 9(—,p) iff z € 0(p).

Thereby we have constructed a neighbourhood model M’ = (W, N, 0).
Let us check that this is an intended MNT4-model.



412 OLEG GRIGORIEV, YAROSLAV PETRUKHIN

LEMMA 6.1. M" = (W, N,0) is an MNT4-model. Moreover, for each
formula ¢ of the language £ and for each x € W,

M,z =P @ iff M,z = f(p).

PRrROOF. The proof is almost a straightforward induction argument. Let
us consider some typical cases.

1. For a propositional variable or a negated propositional variable the
statement follows directly from the definition of 6.

2. M,z =P —j(en0) it M,z =P =50 or M,z =P —;1) (Definition 6.4)
ifft M,z = f(—p) or M,z = f(—;¢) (induction hypothesis) iff
M2 = [(~5@)V f(~50) il M', @ = f(=(A; %)) (Definition 6.1).

3. M,z =P = A ) iff Mz =P —pp and M,z =P —3yp (Def-
inition 6.4) iff M’z = f(-rp) and M’z = f(—x¢) (induction
hypothesis) iff M,z = f(—rp) A f(—p) ff M2 = f(—e(e Aj )
(Definition 6.1).

4. M,z =P Ojo iff |ellm € N(x) iff [[f(p)]]mr € N(x) (induction
hypothesis) iff M,z =0O(f(g)) if M,z = f(O;).

5. M,z =P~y i W [yl € N (o) it W [ F(~5¢) e & N()
(induction hypothesis) iff M,z |= O(f(—jp)) iff M,z = f(—;0,¢).

_|

For the other direction of reconstructing models we stipulate the
following which we get similar to the previous lemma:

LEMMA 6.2. For every MNT4-model M’ = (W, N,0) there exists an
MMLY™_model M = (W, N, 99) such that for every formula ¢ € %,
for all x € W:

Mz k= fp) iff M,z =P .

In the context of completeness we are interested in validity preserva-
tion which is the subject of the next lemma.

LEMMA 6.3. For every %y formula ¢, ¢ is an MMLMN™_valid iff f(y)
is MNT4-valid.

PRrOOF. For the only if part suppose that for some MMLZINM—Valid
formula ¢, some MNT4-model M" and =z € M’, M’z ~ f(¢). Then,
by Lemma 6.2 there is an MMLZ[NT‘l—model refusing . For the other
direction assume that for some ¢ there is an MMLIXINT‘l—modeI falsifying

it. Then by Lemma 6.1, f(p) is refused in some MNT4-model. =



MODAL MULTILATTICE LOGICS . .. 413

THEOREM 6.2. The calculus MMLYN™ s sound and complete with re-
spect to the class of all MMLMN™_models.

Proor. By Lemma 6.3, Theorem 6.1, and the completeness result for
the calculus MNT4, we have the following sequence of equivalences:
MMLYNT =p o iff MNT4 = f(p) iff MNT4 - = f(p) iff MMLMN™
=@ o

7. Conclusion

We have introduced a new modal multilattice logic which is called
MMLYN™ and is based on modal multilattices with Tarski closure and
interior operators. We have proved an algebraic completeness theorem
and presented a sequent calculus for MMLZINT4 as well as a neighbour-
hood semantics for it. We have studied modal multilattices with Kura-
towski and Halmos closure and interior operators and shown that the for-
mer structure determines the logic MMLS? and the latter one determines
the logic MML%". Future investigation may address modal multilattices
with the other closure and interior operators.
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