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Abstract. We present a study of unpublished fragments of Jan F. Drewno-
wski’s manuscript from the years 1922-1928, which contains his own ax-
iomatics for mereology. The sources are transcribed and two versions of
mereology are reconstructed from them. The first one is given by Drewno-
wski. The second comes from Le$niewski and was known to Drewnowski
from Leéniewski’s lectures. Drewnowski’s version is expressed in the lan-
guage of ontology enriched with the primitive concept of a (proper) part, and
its key axiom expresses the so-called weak super-supplementation principle,
which was named by Drewnowski “the postulate of the existence of subtrac-
tions”. Le$niewski’s axiomatics with the primitive concept of an ingrediens
contains the axiom expressing the strong super-supplementation principle.
In both systems the collective class of objects from the range of a given
non-empty concept is defined as the upper bound of that range. From a
historical point of view it is interesting to notice that the presented version
of Le$niewski’s axiomatics has not been published yet. The same applies
to Drewnowski’s approach. We reconstruct the proof of the equivalence
of these two systems. Finally, we discuss questions stemming from their
equivalence in frame of elementary mereology formulated in a modern way.

Keywords: mereology; axiomatics for classical mereology; supplementation
principles; super-supplementation principles; Stanistaw Lesniewski; Jan
F. Drewnowski

The subject of our interest is Jan F. Drewnowski’s manuscript [3] kept
in the family archives of Jacek Drewnowski, Jan F. Drewnowski’s son.
We have had access to these materials thanks to the kindness of the fam-
ily. The remarks below focus on fragments containing Drewnowski’s own
axiomatics for mereology, which he was to present to Le$niewski himself.
We do not know whether Lesniewski was acquainted with that version of
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his system and we must therefore suppose that Drewnowski’s proposal
has never been properly considered and discussed in an academic context.
This last point also applies to Lesniewski’s version of mereology which
Drewnowski considered in his manuscript. Both systems will be dis-
cussed in relation to the contemporary theory of mereological structures.

1. The contents of the manuscript [3]

The relevant material includes eighteen pages of notes devoted to mereol-
ogy, containing mainly symbolic expressions and a few commentaries in
Polish. In the text we find numerous deletions, corrections, and abbrevi-
ations. The first difficulty with reading the text lies in the fact that the
manuscript bears three different dates: the academic year 1922/23, the
beginning of 1928, and the middle of 1939. It is known that Drewnowski
attended Lesniewski’s lectures throughout his whole studies at the Uni-
versity of Warsaw; that is from the beginning of the summer semester
in 1921 till the beginning of the year 1926.! At least some of those
notes were made during Leéniewski’s classes organized at the University
of Warsaw in the academic year 1922/23 (in the heading on page 4 in
the manuscript we read: “Numbers of theorems based on lectures from
1922/1923”). At that time Drewnowski attended three courses taught
by Les$niewski: “Basics of logistic”, “Basics of arithmetics”, and “Basics
of Euclidean three-dimensional geometry”. It is probable that later in
the text new numbers of some theses of mereology were introduced in
blue and red, and some dates were added: on page 1: I-I1.28 (in blue), on
page 2: 16/I11 28 (in red), on page 4: 1-1928 (in pencil). The whole text
is preceded by the following note, written on a separate piece of paper:

Another view on Prof. S. LESNIEWSKI'S axiomatics for Mereology. It
highlights the role of the assumption of the existence of subtractions.
That assumption is present implicite in formulations of various axioma-
tics provided by S. LESNIEWSKI himself. At that time I submitted the
fair copy to LESNIEWSKI himself, but he did not manage to take position
on time.

It may have been that the notes went to Le$niewski just before May
1939 (Lesniewski died on May 13, 1939). However, due to the character

LA list of classes attended by Drewnowski during his studies can be found in his
personal file from the archives of the University of Warsaw [2].
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of handwriting used in that additional commentary it seems that it was
added much later than 1939. It is difficult today to determine exactly
what happened.

Except for the last page, the pages of the manuscript are numbered
with Arabic numerals, but the presentation of the contents diverges from
the order of the numbered pages.

The content of the notes can be put together in the following order
of pages:

1. Pages with numbers 1, 11, 9, 12, 16, 17, 10, 2, 18, 7, 8 con-
tain material with colour markings from 1928. The blue colour was
used by the author to highlight his own axiomatics for mereology and
a number of theses derivable from it. The red colour was used to high-
light Lesniewski’s axiomatics and some theses which can be derived from
it. The new colour numeration diverges from the original numbering of
formulas and it is independent from the numbers of pages. The notes
present on the mentioned pages and the introductory commentary to the
whole manuscript are interpreted by us in such a way that Drewnowski’s
intention was to demonstrate the equivalence of both axiomatics.

2. On pages with numbers 3, 4, 5, 6 there are notes from Leéniewski’s
lectures. They are in part unreadable drafts keeping the numeration of
theses from Lesniewski’s lectures from the year 1922/23.

3. The pages with numbers 13 and 14 contain a draft version of
Drewnowski’s axiomatics for mereology with the primitive notion of sub-
traction: Ae B—C (“Ais B not being C”, where B — C' is the collective
class of those B that are not C', provided that A is exterior to C'— the
definition is found on page 8) and a commentary on it.

4. On page 15 we have draft versions of axiomatics with original
contexts: A ¢ BC (where BC is the collective class of B being C') and
A e B|C (where B|C is the collective class of B or C).

We focus our attention on the material from point 1.

2. The transcription of Drewnowski’s notes

We take into account the following pages: 1, 11, 9, 12, 16, 10, 2, 7, 8.
We skip pages 17, 18 (they contain draft versions of the previous pages),
eliminate the crossed-out places, unreadable fragments, and introduce
numbering following the use of colours by Drewnowski. The author uses
in the text logical symbols taken from Principia Mathematica. An expla-
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Figure 1. Page 1 — Drewnowski’s axiomatics; page 7 — Lesniewski’s axiomatics
from lectures 1922/23 [3]

nation of the mereological notation introduced to Leéniewski’s ontology
may be found in [10].

In the formalism we find:

the variables: ‘a’, ‘b’, ‘¢, ..., ‘A’, ‘B’, ‘C’, ...;

the two-argument predicate of inherence ‘¢’ (read as “is”);

the one-argument term operators ‘cz’ (“(proper) part” ; “czes¢” in

Polish) and ‘el’ (“element” or “ingrediens”).
Henceforth we will use ‘prt’ and ‘ing’ instead of ‘cz’ and ‘el’, respectively.
The notion of a part in Drewnowski’s axiomatics is primitive, and in
Lesniewski’s system, the notion of an ingrediens is primitive.

In the manuscript there are used the following constants defined in
Lesniewski’s ontology:
e the name constant ‘obj’, which is read as “individual object” (later
replaced with ‘V’);
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e the expressions ‘N’ and ‘n’, which is read as “not” (later replaced
with ‘=’) and “and”;
the expression ‘ex’, which is read as “exists”;
the symbols ‘=’ of identity, ‘#’ of non-identity, ‘C’ of inclusion and
‘A’ of intersection.
The above symbols are introduced in Section 3 by (dfV), (dfex), (df-),
(dfn), (dfc), (df=), (df#) and (df A), respectively. The symbols ‘n’, ‘ex’,
‘=7 ‘¢’ ‘c’ and ‘A’ are later noted in the same way as Drewnowski did.
We present the transcription of the analyzed material.

Page 1 — Drewnowski’s axiomatics for mereology:?

Aks 1. Aecz(B) D. Beobj.cz(A)Ccz(B).
[3C]l.C=BVvCecz(B).C+A. ~(Cecz(A)). ~(Aecz(C)).cz(C)cN(cz(A)) .
[D]. D=BVDecz(B).D#+A.~(D ¢gcz(A)). ~(Aecz(D)).cz(D) cN(cz(A)). D.
D=CVDecz(C)

Aks 2. ex(a) D[FA]: [C]. CeaD. C=AVC ecz(A):
[B]:[D].DeaD>. D=BVDecz(B): D. A=BV Aecz(B)

[T]1. Aecz(B) D B ¢ obj Aks 1
[T]2. Aecz(B) D cz(A)ccz(B) Aks 1
[T]3. Aecz(B) D [3C]. C = BV C ecz(B).C # A.~(C ¢ cz(A)). ~(A ¢ cz(0)).
cz(C) D N(cz(A)) .[D]. D=BV Decz(B).D#+A.
~(D € cz(A)). ~(A € cz(D)) .cz(D) c N(cz(A)). D. D=CV D ¢ cz(C) Aks 1

[T]4. Aecz(B).Becz(C). D Aecz(C) [T]2
[Unreadable commentary on axioms]
Page 11
[T]5. ~Aecz(A) [unreadable proof, the thesis T5 follows from Aks 1]
[T]6. A=B D ~(Aecz(B)) [T]5
[T]7. Aecz(B) DA+ B [T]6, [T]1
[T]24. Aecz(B) D [3C]. Ceel(B).el(C)CcN(el(4)).

[D]. Deel(B).el(D)cN(el(A)) > Deel(C) Df 1, [T]23

[T24 is also marked in red with no 16a in Le$niewski’s system with which it is
being compared (Pg 7-8).]

Page 9
Df. 1. Aeel(B)= A=BV Aecz(B)
[T]8. A#B.~(Aecz(B))= Aeobj.Beobj. ~(Acel(B)) Df. 1
[T]9. Aeel(B) D Beobj Df. 1, [T]1
[T]10. Aeel(B).Beel(C). D Aeel(C)
Hp. D:

(1) B=C> Aceel(C):

2 We will sometimes refer to pages using the abbreviation “Pg”.
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[T]14.
[T]15.
[T]16.
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(2) Becz(C).A=B.D Aecz(C):
(3) Becz(C).Aecz(B) D Aecz(C):
(4) Becz(C) D Aecz(C).

Th?

. Aeel(B).Becz(C) D Aecz(C)

Hp. D

(1) A=B D> Aecz(C).
(2) Aecz(B) D Aecz(C)

Th

. Aecz(B).Beel(C) D Aecz(C).

Hp. D

(1) B=CD> Aecz(C)
(2) Becz(C) D Aecz(C)

Th

Aeel(B).Beel(A) DA=B

Hp. D,

(1) ~(Aecz(B)) D A= B
(2) Aecz(B) D Aecz(A)

(3) ~(A¢ ca(B))
Th

A=BD Acel(B)

AeobjD Acel(4)

ex(a) D [JA]. acel(A).[B]. acel(B) D Acel(B)

[T]4
(2), (3), DE. 1, Hp.
(1), (4), Df. 1, Hp.

[T]4
(1), (2), Df. 1, Hp.

[T]4.
(1), (2), Df. 1, Hp.

Df. 1

[T]12, Hp.
ONGE
NG

Df. 1

[T]14

Aks 2, Df. 1

[T16 is marked as no 16b in Leéniewski’s system (cf. Pg 7-8).]
Page 12

J17. Aecz(B) D Aeel(B)

118. Aecz(B) D Aeel(B). A+ B
119. Acel(B).A# B. D> Aecz(B)
120. Aecz(B)= Aeel(B). A+ B

20 is a definition in Lesniewski’s system, marked in red.]
]21. A eobj.B eobj.el(A) CN(el(B)). D

Df. 1

[T]17, [T]7
Df. 1
[T]18, [T]19

cz(A) cN(cz(B)). A+ B. ~(Aecz(B)). ~(Becz(A))

Hp. D:

(1) [C]. Ceel(A) > ~(Ceel(B)):

(2) [D]. C & cz(A) D.

() Ceel(A).
(B) ~(C eel(B)).

~(C e cz(B)):

[T]17, [T]7
(1), (@)
[T]17, (B)

3 In the original text there is used “Tz” from the Polish word “teza” which means

“thesis”.
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(3) Aeel(A).Beel(B) [T]15., Hp.
(4) ~(Acel(B)). ~(Beel(A)) Hp., (3)
(5) ~(Aecz(B)). ~(Becz(A)) [T]17, (4)
(6) ~(A=B) [T]15, (5)

Th. (2), (5), (6), Hp

[T]22. A+ B. ~(Aecz(B)). ~(Becz(A)).cz(A)CN(cz(B)). D el(A)cN(el(B))
Hp. D:

(1) [C]. Cecz(A) D. ~(Cecz(B)): Hp.
(2) [C].C=AD.
() C#B.~(Cecz(B)). Hp.
~(C eel(B)) Df. 1, («)
(3) [C].C=B D> .~(Cecz(A)): Hp.
(4) [C]. Cecz(A) D,
() C# B. (3)
(8) ~(C & ca(B). 1)
~(Ceel(B)): Df. 1, (a), (B)
(5) [C].C=AvVCecz(A). D ~(Ceel(B)): (2), (4)
(6) [C]. Ceel(A) D. CeN(el(B)): (5), Df. 1
Th. (6)
[T]23. Aeobj. Beobj. D:el(A)cN(el(B)) = A# B. ~(cz(A) A cz(B)).
~(Aecz(B)). ~Becz(A) [derived from T21, T22]
Page 16

[T]24. Aecz(B) D [3C]. Ceel(B).el(C)c N(el(A4)) .
[D]. D eel(B).el(D)cN(el(A)) D Deel(C)

[T24 is repeated on Pg 11 and it has no 16b there.]
[T]24b. ex(a).acel(A).[D].acel(D) D Aeel(D): D[C]. Ceel(A) D
el(C) cN(el(B)): Del(A)cN(el(B))
Hp. D
(1) [C,D]. Cea.Deel(C). . DeN(el(B)):
(2) [D]. Deel(a)

(o) Deel(D) [T]15
Den(e(B) 1), 2
(3) acN(e(B) 2)
(4) acel(A)nN(el(B)) Hp., (3)
(5) ex(el(A)nN(el(B)))
[3E].
(6) el(A)nel(B)cN(el(E)).[F]. el(A)nN(el(B)) cel(F) D E ¢ el(F)
[T]16, (5)

(7) el(A) nel(B) c N(el(A))
(8) el(A) nel(B) c N(el(B))
(9) Eeel(A)
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[T24 is not written in blue and it is not needed for the main proof for the

equivalence of the systems under consideration.]

Page 10

[T]25. (A#+ B.~(Aecz(B)). ~(Becz(A)).cz(A) cN(cz(B)) D [AC]. [C eel(A).
el(C) cN(el(B)).[D]. D eel(A).el(D) cN(el(B)) D D eel(C)

Hp.

)

A € obj

3) el(A) cN(el(B))

(1)
(2) Aeel(A)
(
(4) [D]. Deel(A).el(D) c N(el(B)). > D e el(A) :

[T]26. A+ B. ~(Aecz(B)). ~(Becz(A)).cz(A)Acz(B))) D

Th

[T]15
[T]22., Hp.
(2), 3), (4)

[3C]. Ceel(A).el(C) D

N(el(B)).[D]. Deel(A).el(D)cN(el(B)) D Deel(C)) Hp. D
(1) ex(cz(A)ncz(B))

[3H].:
(2) cz(A)ncz(B)cel(H).[E]. cz(A) ncz(B) cel(E) D H e el(E) [T]16
(3) cz(A) cel(A).cz(B) D el(B) [T)17
(4) cz(A)ncz(B) cel(A).cz(A) ncz(B) cel(B) (3)
(5) Heel(A).H eel(B) (2), (4)
(6) ~(Beel(A)). ~(Aeel(B)) Df. 1, Hp.
(7) H=B> Beel(A).H=A> Acel(B) (5)
(8) H#B.H#A (7), (6)
(9) Hecz(A).H ¢cz(B) [T]19, (5), (8)
[3C].
(10) Ceel(A).el(C)cN(el(H)).[F]. Feel(A).el(F)CcN(el(H)) D F eel(C)
(9), [T]24.
(11) C=B D> Beel(A) (10)
(12) C+B (11), (6)
(13) C# H .cz(C)cN(cz(H)). ~(C ecz(H)). ~(Hcz(C)) [T]21, (10)
(14) C=AD H ecz(C) (9)
(15) C+ A (14), (13)
(16) C ecz(A) [T]19, (10), (15)
(17) ~(C eel(H)) Df. 1, (13)
(18) ~(C eel(cz(A) Ncz(B))) (1), (17)
(19) ~(C ecz(B)) (18), (16)
(20) ~(B ¢ ca(C)) (5, (9), (13)
(21) [E]. Eecz(C) D
(o) Eecz(A) [T]4, (16)
(8) E=H > ~FEecz(C) (13)
() BE+H (8)
(6) ~(E ¢ ca(H)) (13)
(&) ~E e al(H)) DE. 1, (8), (7)
(¢) ~(B ¢ ca(4) nca(B)) (2), ()
~(E ¢ ca(B)) () ()
(22) cz(C) D N(cz(B)) (21)

(23)

el(C) c N(cz(B))

(12), (19), (20), (22)
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(24) [D]. D eel(A).el(D)cN(el(B)) D
(o) Deel(A)
(B) [F]. Feel(D)D
(v) ~(Feel(B))

(6) ~(F e ca(B)) (17, (8)
(&) ~F e ca(H)) (14, (9), (5)
() F=H D Fecz(B) 9)
() P40 (0),C)
~(F ¢ el(H) DE. 1, (6), (1)
(0) el(D) > N(el(H)) (8)
Deal(C) (10), (@), (0)
Th. (10), (23), (24)
Page 2
[T]27. A+ B.~(Accz(B)). ~(Becz(A)) D [3C]. Ceel(A).el(C)cN(el(B)).
[D]. D eel(A).el(D)cN(el(B)) D D eel(C) [T]25, [T]26
[T]28. A+ B. ~(Aecz(B)) D [3C]. [Ceel(A).el(C) D N(el(B)).
[D]. Deel(A).el(D)cN(el(B)) D D eel(C) [T)24, [T]27

[Drewnowski takes T24 and substitution: b/a, a/b.]
[T]29. Aeobj.Beobj. ~(Aeel(B)) D[IC]. Ceel(A).el(C)cN(el(B)).
[D]. D eel(A).el(D)cN(el(B)) D D eel(C) [T])28, Df. 1

Page 7

[Lesniewski’s axiomatics for mereology from lectures in 1922/23. We omit
sketches of derivations and commentaries on theses that are not related to the
main proof for the equivalence of Les$niewski’s and Drewnowski’s systems.|
Al. [A,B]: Acel(B).Beel(A). D. A=B
A2. [A,B,C]: Aeel(B).Beel(C). D.Aeel(C)
Df. 1. [A,a]:: AeKl(a). =.. Acobj.ex(a).aCel(A) ... [D] : acel(D) D Aeel(D)
Df. 2. [A,B]: Aezw(B). = Acobj.Beobj.el(4) D N(el(B))
A3. [a]: ex(a). D. ex(K1(a))
A4. [A,B]:: Acobj.Beobj.[D]. Deel(A).Dezw(B) D

[3E]. Eeel(A).Eezw(B) . EeN(el(D)) "D Aeel(B)
A5. [A,B]: Aeel(B). D .B¢obj
[Theses:]
1. [A,B]: Aezw(B). = Bezw(A)
2. [D]: Deel(A).Dezw(A) D [IE]. Eeel(A).Eezw(A). E e N(el(B))
3. [A]: Acobj. D Acel(A)
4. [A,B]:: AeN(el(B)).Beobj D:: [3D]:: Deel(A).Dezw(B) ..

[E]: Ecel(A).Eeczw(B) D Eeel(D)

5. [A,B]: AeN(el(B)).BeobjD[3D]. Deel(A).D ezw(B)
[A,B] :: Aeobj D [D]: Deel(A) D el(D)Ael(B)) .".D Aeel(B)V~(Beobj)
7. [A,B,a]: AeXl(a). BeKl(a) D A=B

&
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Page 8
8. [unreadable formula]
9. [A,B]. Aeel(B) Del(A) Ael(B)
10. [[T]1 repeated]
11. [A,B,C]. Aezw(B).Ceel(B) D Aezw(C)
12. [A,B]. Bezw(C).el(A) Ael(B) D AeN(el(C))
13. [A,B,D,a]. AeKl(a).Deel(B).acCzw(B) D D ezw(A)
14. [unreadable formula]
15. [A,B]. AeK1l(a) D [D]. Deel(A) D [3C]. Cea.(el(C) Ael(D)

3. The supplement of the transcription
and a few systematic remarks

We now present two versions of mereology considered by Drewnowski
using modern notation. We shall give explicit details of the background
to his enquiries. We add the primitive two-argument predicate constant
¢’ to the first-order language. We take classical first-order logic extended
by the following specific axiom of Le$niewski’s ontology:

Va,b(aeb <+ JcceanVe,d(ceaNdea — ced) AVe(cea — ced)). (AO)

It is well-know that from (AO) we obtain the following theses [see, e.g.
6, p. 236]:
Va(aea <> IcceaAVe,d(ceandea— ced)),
Va,b(laeb— aca), (qre)
Va,b,claebANbec— acec),
Va,b,claebANbeb—bea),
Va,b,claebANbec—bea). (te)

There are assumed ontological definitions of the following constants:
the name constant ‘V’ (in Le$niewski’s ontology and mereology, for the
general name ‘object’), the function constants ‘=’ and ‘n’ (for the one-
argument and two-argument name-forming functors ‘not’ and ‘and’),*
the one-argument predicate ‘ex’ (for the one-argument sentence-forming
functor ‘exists’), and the two-argument predicates ‘=’, ‘¢’ ‘C’ and ‘A’

4 Actually, formulas introducing the notions of term negation and object are
cases of meta-ontological definitional schemata: Yu(u € f(z1,...,2n) <> w ez A @f),
for #; € {u,z1,...,zn}, and Yu(u € n <> u € u A ¢n), where ¢f, pn has the same free
variables as it has on the left sides of the equivalences [see, eg. 6, p. 237, or §].
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of identity, of non-identity, of inclusion and of intersection, respectively
(for the two-argument sentence-forming functors ‘is identical to’, ‘is not

identical to’, ‘any ... is ...’ and ‘some ... is ...’, respectively):
Va,b(a eV <+ aca), (dfv)
Va,blae-b<>aeaN—-ach), (df-)
Va,b,claebnc<+raebNacc), (dfn)
Va(ex(a) <» 3b be a), (dfex)
Va,b(a=b<>aebAbea), (df=)
Va,bla#b<>aeVAbeVA—a=Db), (df#)
Va,b(aCb <> Ve(cea — ceb)), (dfc)
Va,b(a Ab <+ Jc(ceaNced)). (dfa)

3.1. Drewnowski’s approach to mereology

Following Drewnowski’s approach, we extend the vocabulary by the
primitive function constant ‘prt’ (for the one-argument name-forming
functor ‘part of’). We rewrite his two axioms (cf. Aks 1 and Aks 2, Pg 1):

Va,b(a € prt(b) — beVAprt(a) Cprt(b) Ade((c=bV ceprt(b)) A
ctaA-aeprt(c) A —ceprt(a) Aprt(c) C-prt(a) A
Vd((d=bVdeprt(b)) ANd+aA—-deprt(a) A—aeprt(d) A
prt(d) c-prt(a)) — (d=cVdeprt(c)))), (ADI)

Va(ex(a) — 3b(Ve(cea — (c=bV eeprt(h))) A

Vd(Ve(eea — (e=dVeeprt(d))) — (b=dVbeprt(d))))).

(AD2)

Like Drewnowski, we take an ontological definition of the function

constants ‘ing’, ‘extr’ and ‘K1’ (for the one-argument name-forming func-

tors ‘ingrediens of’, ‘exterior of” and ‘collective class of’, respectively; cf.
Df. 1, Pg 9):

Va,b(a € ing(b) <> a =bV a ¢ prt(b)), (dfing)

Va,b(a € extr(b) <> a e VAbeV Aing(a) C -ing(d)), (df extr)

Va,b(a e K1(b) <> a ¢ VAex(b) AbCing(a) A

Ve(bCing(c) — a € ing(c))). (dfK1)

The above extension of the ontology we call MD.
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Notice that directly from (df=) and (dfing) we obtain (cf. T15, Pg9):

Va(a eV — a ¢ ing(a)). (Ting)
From (qre), (dfV) and (AD1) we get (cf. T1, Pg 1):
Va(a e prt(b) - aeVAbeV). (0bprt)
Now we take (obgy) and (df=) to obtain (cf. T9, Pg 9):
Va(a € ing(b) — aeVAbeV). (0bing)

Moreover, from (AD1) and (dfc) we get (cf. T2 and T4 on Pg 1):
Va,b,c(a € prt(b) Ab e prt(c) — a € prt(c)). (tprt)
So, by (tprt), (dfing), (df=) and (t¢) we obtain (cf. T13, Pg 9):
Va,b, c(a € ing(b) A b e ing(c) — a ¢ ing(c)). (ting)

Using the definitions and ontological theses we will give simpler but
equivalent forms of axioms (AD1) and (AD2).

For (AD1) firstly notice that, by (qr¢), (dfV), (t¢), (df=), (df#),
(dfc) and (df-) we obtain:

Va,c(c#aA-ceprt(a) Aprt(c) C-prt(a) — ing(c) C -ing(a)).
Secondly, from (ring) we obtain:
Va, c(ing(c)C-ing(a) — ¢ # aA—aeprt(c)A— ceprt(a)Aprt(c)C-prt(a)).

Hence, using (dfing), (qre), (dfV), (dfextr), axiom (AD1) we can write
in the following equivalent form:

Va,b(a e prt(b) — beVAprt(a)Cprt(b) A Je(c e ing(b) A c e extr(a) A
Vd(d ¢ ing(b) A d € extr(a) — d € ing(c)))). (AD1')

From (AD1’) and (rine) we obtain (cf. T5, Pg 11):
Va —a ¢ prt(a). (irrpe)

Suppose for a contradiction that a € prt(a). Then for some ¢ we have
ceing(a) and ceextr(a). But ceing(c). Hence - ceextr(a), by (dfextr).
Of course, by (tpr:) and (irrp,;) we have:

Va,b(a e prt(b) — —beprt(a)). (aSprt)
So from (dfing), (df=), (t¢), (aspr) and (irrpy) we have (cf. T10, Pg 9):
Va,b(a € ing(b) Abeing(a) — a=Db). (antising)
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For (AD2), using (dfing) and (dfcC), axiom (AD2) we can write as:

Va(ex(a) — Fb(a C ing(b) A Vd(a Cing(d) — b e ing(d)))).  (AD2')
Hence, by (dfK1), (dfex), (obing), we have the following equivalent form
of axiom (AD2) (cf. T16, Pg 9):

Va(ex(a) — ex(K1l(a))). (AD2")

3.2. Lesniewski’s approach to mereology from 1922

Let us now turn to the axiomatics for mereology that Drewnowski knew
from Le$niewski’s lectures. To obtain this system we add to the language
of ontology a primitive function constant ‘ing’ and the symbols defined
by definitions (dfex), (df=), (df#), (dfc), (dfA), (dfK1) and (dfextr).
Moreover, we use axiom (AO) and the following five: (AL1) := (antisig),
(AL2) := (ting), (AL3) := (AD2") and
Va,b(a e VADbeVAVA(deing(a) A d e extr(b) —
Je(e e ing(a) A e € extr(b) A e e —ing(d))) — a € ing(bh)),
Va,b(a ¢ ing(b) — be V). (AL5)

(AL4)

Moreover, we accept the following definition of the function symbol ‘prt’:
Va,b(a € prt(b) <> a € ing(b) A —a = D). (df prt)
From (dfprt), (AL5), (qre), (dfV) and (df#) we also have:
Va,b(a € prt(b) «» a eing(b) Aa # b).

The thus characterized mereology we call ML22.
Notice that in ML22 the formula (ri,g) is provable. Indeed, at first
directly from (AL4) we get:

Va(a e VAVA(d € ing(a) A d € extr(a) — Je(e € ing(a) A
e e extr(a) A e ¢ —ing(d))) — a € ing(a)).

So it is enough to show that the following formula is also a thesis:

Vd(d ¢ ing(a) A d € extr(a) — Je(e e ing(a) A e € extr(a) A e € —ing(d)).
For this purpose, we assume that:

dd(d e ing(a) A d e extr(a) AVe(e e ing(a) A e e extr(a) — —e e —ing(d))),

so we use an auxiliary name constant d such that (i) d € ing(a), (ii)
d e extr(a) and (iii): Ve(e eing(a) A e € extr(a) — —e e —ing(d)). Notice
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that from (i), (qre) and (dfV) we get d € V. Moreover, from from (i) and
(AL5) we have aeV. Now, by (iii), we have (iv): deing(a)Adeextr(a) —
—d e -ing(d). Now from (i), (ii) and (iv) we have: —d e -ing(d). Hence
d ¢ ing(d), by (df-). From this, (i), (dfextr), (dfc) and (df-) we get
—d ¢ extr(a); which contradicts (ii).

3.3. Equivalence of both approaches to mereology

The subject of Drewnowski’s analysis was to show the equivalence of
ML22 and MD.

In point 3.1 we showed that axioms (AL1), (AL2), (AL3) and (AL5)
are derivable in MD. Axiom (AL4) is directly derived from T29 and the
latter may be obtained from T28 and T8 (or (dfing)). The commentary
to the derivation of T24 (Pg 11) contains an error or a fragment of old
notes: T24 is to be derived from T3 and (dfing) and not from T23
(which is actually not needed in the main proof). T23 has a complex
proof — it employs theses: T2, T3, T4, T5, T6, T7, T14, T15, T16, T17,
T21, T22, T25 and T26. Theses T18 and T19 are used in the derivation
of T20 which is a definition (dfprt) in ML22. Theses T11, T12, T23,
and T24b are inferentially redundant for Drewnowski’s approach. The
whole argumentation is formally correct. Finally, (dfprt) is derivable
from (dfing), (irrpy), (df=) and (t.).

The derivability of the axioms of the system MD in the system ML22
is not shown in the manuscript. To this end, we note that in ML22 we
have the following theses:

(obprt), which we obtain from (AL5), (dfprt), (qre) and (dfV);
(asprt), which we obtain from (antisi,g) and (df prt);

(tprt), which we obtain from (ting), (antisig), (df prt), (df=) and (t.);
(AD2’), which we obtain from (AD2"”) and (dfK1).

Furthermore, notice that (AL4) can be transformed by transposition to:

Va,b(ae VAbeVA—aeing(b) — 3d(d e ing(a) A d € extr(b) A
Ve(e € ing(a) A e € extr(b) — —e e -ing(d)))).

So, by (obing) and (df =), we come to the analogue of the so-called strong
super-supplementation principle:

Va,b(aeVAbeVA-aeing(b) — 3d(d € ing(a) A d € extr(b) A
Ve(e ¢ ing(a) A e € extr(b) — e e ing(d)))). (SSP*+)
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Moreover, from (antisiyg), (df prt) and (obp.t) we obtain:
Va,b(a e prt(b) — aeVAbeVA-Dbeing(a)).

Hence and from (SSP®+) we have the analogue of the so-called weak
super-supplementation principle:

Va,b(a € prt(b) — 3e(c e ing(b) A c € extr(a) A
Vd(d e ing(b) A d € extr(a) — d e ing(c)))). (WSP*+)

Thus, from (obpyt), (tpry) and (WSP®4) we obtain (AD1’), which is
equivalent to (AD1). Axiom (dfing) is derivable from (dfprt), (ring),
(df=) and (t). Finally, axiom (AD2) follows from (AD2’) and (dfing).

Why was Drewnowski interested in formalizing mereology using the
primitive concept of part? In fact, the first version of mereology given
by Les$niewski in 1916, used part as the primitive concept. Lesniewski
reformulated that axiomatics in 1918, and in 1920 he created another
one, this time using the primitive concept of ingrediens.® We think that
Drewnowski’s motives become clearer through two observations that we
will make about ML22 which we will formulate in the next two points.
We formulate them in the next two points.

4. Collective classes as mereological sums

Our first note is addressed to definition (dfK1). Actually, (dfK1l) ex-
presses a different idea to Lesniewski’s original definition of collective
class used in approaches from 1916, 1918, and 1920. Let us recall symbol
‘C1’ and the following formulation of its ontological definition:

Va,b(a e C1(b) <> a e a AbCing(a) A
Ve(e e ing(a) — 3d(d € b A ing(c) Aing(d)))). (dfCl)

Formulas (dfXK1) and (dfCl) are not logically equivalent. Anticipating
our further analysis, we would say that ‘K1’ can be understood as the
least upper bound of the range of a given non-empty concept (or a given
non-empty general name). ‘C1’ represents the original idea of collective
class (in the modern terminology: mereological sum) of elements that

5 The above-mentioned axiomatics are discussed and compared in [11, pp. 118-
122].
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belong to the range of a given non-empty concept (general name).% The
symbols ‘K1’ and ‘C1’ have extensionally different meanings.

Nevertheless, in Le$niewski’s mereology from 1920 the following for-
mula is derivable:”

Va,b(a e C1(b) +» a eV Aex(b) AbCing(a) AVe(bCing(c) — a ¢ ing(c))).

This remarkable fact opens up the possibility of using (dfK1) or (dfCl)
equivalently in the version of Leéniewski’s system under consideration,
i.e., we have:

Va,b(a € C1(b) <+ a € K1(b)).

In fact, the same situation happens in the case of ML22. Let us note
that in ML22 (as well as in MD, of course) we have:

Va,b(a e K1(b) <> a ¢ VA b Cing(a) A
Ve(e e ing(a) — 3d(d € b A ing(c) A ing(d)))).

For the proof of the “—”-part we need (dfK1), (AL5), (timg), and ‘a e VA
beVA-aeing(b) — Jdc(ceing(a) A ceextr(b)). The latter follows from
(AL4) on the basis of classical logic. For the proof of the “<"-part we
need (AL1), (AL4) and (1ig).

5. Super-supplementation principles

The second interesting observation, concerns axiom (AL4) itself. It is
worth noting that Lesniewski did not use (AL4) or any of its equivalents
in his published axiomatics for mereology. As we have shown, axiom
(AL4) imples the analogue of the strong super-supplementation principle
(SSP*+), which corresponds to the idea that for any two objects a and
b which cross each other or which are exterior to each other, there exists
“the biggest of the remaining parts” of a, which is exterior to b. Just
this principle Drewnowski called in [4] “the postulate of the existence
of subtractions” and treated it as a specific assumption of “the most
perfect extension of the set theory” [4, p. 116], which in his opinion was

6 Formulas (dfK1) and (df Cl) correspond to the abbreviations Lub,z and Sum,z
from Section 6, respectively. We refer the reader to an efficient analysis of the original
descriptions of the concept of collective class presented in [7, 9].

7 This formula has been proved on the basis of Leéniewski’s mereology by Tarski
already in 1921 [cf. 5, pp. 327-328].
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just mereology. As he claimed, the so-called specific assumptions “do
not express anything absolute [...] —it is more appropriate to formulate
them as respective conditions and mention them in a shortened version
in the antecedents of the claims of the theory [...]” [4, p. 67]. He wrote
about “the postulate of the existence of subtractions” in the following
way:

An example of such a shortcut is the condition saying that if in a given
domain as any object gy is not included in object x5, then a given
object 29 is a non-identity, the remaining part when object x5 has been
subtracted from object y2. [...] That condition can be called the
postulate of the existence of subtractions. [4, p. 67]

but he explained it, making reference to another principle:

That postulate is fulfilled explicitly for instance in the domain of phys-
ical bodies because whatever remains after a part of a body has been
removed always, remains a physical body. [4, p. 67]

The latter one could be expressed in our notation as (WSP®+), which
says that if a is a part of b, then there exists object that is “the biggest of
the remaining parts” of b and exterior to a. Obviously, (WSP®+) follows
from (AD1’), which ie equivalent to (AD1).

If Drewnowski was interested in the question of finding a theory in
which (WSP®+) is raised to the rank of a specific postulate (and thus
made it possible to formulate a proof of the principle (SSP¢+)), then the
analyzed notes just express this kind of interest. This is how we under-
stand the information added as the introduction to the whole manuscript.

As we said before, Le$niewski’s own axiomatics from 1916, as well
as the versions from 1918 and 1920, did not include any formulation
of (AL4)/(SSP¢+). The same applies to (WSP®+) and its equivalents.
What Drewnowski achieved was an axiomatics with the primitive con-
cept of part and the principle (WSP®+). Let us note that thesis T3 from
Drewnowski’s system is a component of axiom (AD1), and with the use
of (dfing) and (dfextr) it is equivalent to (WSP®+) which is (WSP®+).

As far as we know, Drewnowski’s result is original and was not re-
peated in any version of mereology built on ontology, created up to 1954.8
We also did not find contemporary formalizations that would take any
formulation analogous to (WSP®+) as an axiom.

8 This can be seen thanks to Sobociniski’s synthetic study [10].
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6. A modern look at two old systems

We want now to reconsider Drewnowski’s approach using modern mere-
ological tools which extract mereological notions from the ontological
context. Following this path, we use the first-order language £ with the
identity ‘=" and the two-argument predicates ‘C’ (“is a proper part of”),
‘C’ (“is an ingrediens”), ‘1’ (“is exterior t0”) and ‘0’ (“overlaps”). The
formulas ‘z € y’, ‘z Ly’ and ‘z 1 y’ correspond to ‘z ¢ cz(y)’, ‘x ¢ ing(y)’
and ‘z € extr(y)’, respectively.

Furthermore, in £ for any its formula ¢ which contains the free vari-
able ‘z” and does not contain the variable ‘2’ as free we put the following
abbreviation:

Lub,z stands for: Va(p = 2 C2) AVy(Vae(p -2 Cy) = 2Cy).

Informally, "Lub, 2" says that z is a least upper bound of the ¢s.” More-
over, the formula "Lub,z A 3z ¢ is a modern counterpart of "z e K1(b)™,
where b is a general name of the members of the set {z : ¢(x)}. Thus, if
Jz (), then "Lub,, " is a counterpart of "K1(b)™.

6.1. A reconstruction of Drewnowski’s system MD

We take as primitive the predicate ‘C’. The other three predicates are
defined as follows:

Ve,y(xCy+xCyVa=y), (dfc)
Vo,y(z 1y« —3z(zCa Az Ly)), (df1)
Va,y(z oy <> 3z(2 Cax Az L y)), (dfo)

Directly from the definitions it follows that the predicates ‘1’ and ‘0’ are
symmetrical and ‘E’ is reflexive:

Ve x T x. (re)

To axioms and rules of the first-order logic with identity in £ we add
the following axioms:

Va,y,z(xCyAyC z— xC 2), (tc)

Ve,y(rcy - Jz(zCyAzl e AVu(uCyAul z — uC z))), (WSP+)

and the following axiom schema:
Jz ¢ — JzLub,z, (exLub)

9 In [1, 12] the term ‘minimal upper bound of the ¢s’ is used and the abbreviations
F,z and Mub(z, ¢.), respectively.
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where ¢ contains the free variable ‘z’ and does not contain the variable
‘2’ as free. Axioms (tc) and (WSP+) correspond to (ting) and (WSP+),
respectively. Let us remind that from (obpy), (tpr) and (WSP®+) we
obtain (AD1’), which is equivalent to (AD1). Thus, the conjunction (tr)
and (WSP+) is equivalent to the counterpart of (AD1) in £. Finally, the
schema (exLub) corresponds to (AD2"), which is equivalent to (AD2).

Just as (WSP®+) can be transformed to (WSP+), also (SSP®+) can
be reformulated as follows:

Ve,y(mxCy — Jz(zExAz1l yAVu(uEzAul y — uE z2))). (SSP+)

Following the terminology proposed by Pietruszczak [9, pp. 93-94], we
call (WSP+) and (SSP+), respectively: weak super-supplementation and
strong super-supplementation principles (in [7, p. 106] the latter is called
super strong supplementation principle). From the above principles we
obtain weak supplementation and strong supplementation principles:

Ve,y(zrcy — 3z(zCy Azl x)), (WSP)
Vao,y(nxCy— 3z(zCaxAzly)). (SSP)
As noted in [9, remarks I1.3.1 and II1.6.1], in the light of (t¢), condi-

tions (WSP) and (WSP+) may be given the following equivalent form,

respectively:
Vo,y(zcy — 3z(zcyAzl x)),

Ve,y(xcy — Jz(zcyAzl a AVu(ut yAul  — uC 2))).

Furthermore, as noted in [7, p. 83], from (WSP) we obtain (cf. the proof
of conditions (irrpy)):

Ve -z C . (irr.)
Hence and from (tr) we have:
Ve,y(xcy — —yCux). (asc)
Of course, by (tc), (as.) and (irr.) we have:
Vo,y,2(tCyAyLz—aCz), (te)
Va,y,z2(tCyANyCx —x=1y) (antis,)

Furthermore, (antis;) entails the uniqueness of Luby, i.e., for any formula
© which contains the free variable ‘z” and does not contain the variables
‘2’ and ‘u’ as free we have:

Vz,u(Lubyz A Lub,u — 2 =u).
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Now let us take the formula ¢y := ‘x € u A x E v’ Then for ¢y from
axiom schema (exLub) we obtain:

Jr(xCuAhNzCv) —
Jz(Vz(z CunzCv— zC2)AVy(Ve(z CuAzCv — 2 Cy) — 2 Ly)).

Hence and from (t.) we have the following condition:
Vu,o(—ulv — Jz(Vy(yC z <+ yCuAyLo))), (c3r)

which states the conditional existence of an object, this being the “prod-
uct” of two overlapping objects.

In [9, Theorem II1.6.2; in Eng. trans. Theorem II1.6.11] it is proved
that (t;), (WSP+) and (c3M) entail (SSP+).

6.2. A reconstruction of Le$niewski’s system ML22

In the language £ we present the system of classical mereology which is a
modern analogue of Lesniewski’s system ML22. So we take as primitive
the predicate ‘C’. Furthermore, we accept (df1), (df o) and the following
definition for ‘C’:

Ve,yxCy < xCyAx+y). (dfc)

Directly from (dfc) we obtain (irr,).

The system is characterized by the addition to axioms and rules of
first-order logic with identity in £ three axioms (t), (antis;), (SSP+)
and the axiom schema (exLub).

Let us recall that from (SSP+) we obtain (SSP). In [7, pp. 91
and 157] it is proved that (r.) follows from (t.) and (SSP). Thus, we
see that our system is a modern analogue of Lesniewski’s system ML22.

Finally, notice that from (antis;) we have (as.); and (antis;) and (t)

entail (tc).
Remark. In [1] Cotnoir and Varzi proposed the system for classical mere-
ology, CM, by adding to axioms and rules of first-order logic with identity
in £ the axiom schema (exLub) and axioms (r.), (t.), (antis;), (df1),
(dfc) and the following remainder principle:

vx,y(—‘x;y%EIzVu(uEz<—>u|;x/\u1y))- (RP)

In [9, Eng. trans.; Theorem III.6.3] it is proved that (RP) and (r;)
entail (SSP+); and (SSP+) and (t.) entail (RP). Thus, we see that
Cotnoir—Varzi’s system is equivalent to our system. —
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6.3. Definitional equivalence of both modern systems

We will show that both modern systems presented above are definition-
ally equivalent.

Firstly, in point 6.1 we showed that all axiom (t.), (antis;) and
(SSP+) of the modern counterpart of LM22 are theses of the mod-
ern counterpart of MD. Furthermore, (dfc) is derivable from (dfC) and
(irr.).10

Secondly, we showed that (tc) is a thesis of the modern counterpart
of ML22. In [9, Lemma II1.6.1] it is proved that (SSP+), (as.), and (r;)
entail (WSP+). Finally, (dfC) is derivable from (dfc) and (r;).

6.4. Mereological sums

Let us recall that (dfK1) expresses different idea than Le$niewski’s orig-
inal definition of collective class used in approaches from 1916, 1918,
1920 and after 1922. The original idea of Leéniwski’s collective classes
is presented by the definition (dfCl). Its modern counterpart can be
expressed as follows:

Sum,z stands for: Vz(p -2 C2)AVy(yC z— Jx(pAy o0 x)),

where ¢ contains the free variable ‘z’ and does not contain the variable
‘2" as free. Informally, "Sum 2" says that z is a mereological sum of
the s and it is a modern counterpart of "z e C1(b)™, where b is a general
name of members of {x : p(z)}.

From (r.) we obtain:

dz Sumyz — 3dx .
Moreover, by Lemma I1.8.2 from [7], from (t.) and (SSP) we obtain:
Vz(Sum,z — Lubyz).

Hence and from (antis;) we obtain the uniqueness of Sum, i.e., for any
formula ¢ which contains the free variable ‘z” and does not contain the
variables ‘z” and ‘u’ as free we have [see also 7, pp. 91 and 156]:

Vz,u(Sum,z A Sumgyu — 2z =u).

10 The proof may be formulated following the path from Drewnowski’s
manuscript completed by us in the previous sections.
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Furthermore, by Lemma V.3.2 from [7], conditions (as.), (tc) and
(WSP) we obtain the following:

Vz(Sum,z A Lubyu — 2z =u).

In [7, Proposition V.6.3] it is proved that conditions (r.), (t.), (antis,)
and (SSP+) entail the following:

Vz(Luby,z A Jx ¢ — Sumy,z).
Thus, in both modern reconstructions of MD and ML22 we obtain:
Vz(Sumg,z <> Lubgyz A 3z ),

which corresponds to the condition ‘Va,b(a € C1(b) <> a € K1(b))’ on
p- 204. Therefore, in both modern reconstructions of MD and ML22 the
following axiom schema also holds:

Jdz ¢ — JzSum,z, (exSum)

where ¢ contains the free variable ‘z’ and does not contain the variable
‘2’ as free.

In [7, 9] it is proven that by taking axiom schema (exLub), axioms
(SSP+) and (WSP+) cannot be replaced by (SSP) and (WSP), respec-
tively. In addition, in [7, 9] it is proven that such replacements are
possible if we take (exSum) instead of (exLub).
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