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THREE-ELEMENT NON-FINITELY
AXIOMATIZABLE MATRICES
AND TERM-EQUIVALENCE

Abstract. It was shown in [5] that all two-element matrices are finitely
based independently of their classification by term equivalence (the Post
classification). In particular, each 2-valued matrix is finitely axiomatizable.
We show below that for certain two not finitely axiomatizable 3-valued
matrices this property is also preserved under term equivalence. The general
problem, whether finite axiomatizability of a finite matrix is preserved under
term-equivalence, is still open, as well as the related problem as to whether
the consequence operation of a finite matrix is finitely based.
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1. Introduction

Recall that a matriz is a triple 9 = (M, F, D), where () # D C M and
F is a finite set of finitary operations on M. The set D is called the set
of designated values of M. Let for each f € F', A¢ be a symbol denoting
the operation f € F of the same arity as f and let Ap := {\;: f € F}.
Let V be a fixed, countable set of variables, V' = {x1,x2,...}, and let
T = 1,y = X9,z := x3. The set of all terms in variables from V'
and operation symbols from Ap is denoted by Tep. The set Tep is
turned into an algebra Ter in the standard way and the homomorphisms
from this algebra into the algebra (M, F) are called valuations in 9.
Functions from V into M are called waluations of variables in M and
each valuation is induced by a valuation of variables. If the target
algebra of a valuation is the algebra of terms then the valuation is called
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a substitution. For terms t, s € Tep and a variable v € V, we write ¢[s/v]
for o(t), where o is the substitution such that o(v) = s and o(x;) = x;
for all x; # v. For a finite set X U {a} C Tep the pair (X, ), written

X
as —, is called a rule. This rule is valid in 9 iff for every valuation

a
¢, we have: p(X) C D = ¢(a) € D. The members of the set X are

X
called premisses and the term « the conclusion of the rule —. A rule

with the empty set of premisses is identified with its concl%sion and
called aziomatic. The conclusion of an axiomatic rule valid in 91 is a
tautology of M. The set of all tautologies of M is denoted by E(IMN).
The notion of a derivation or proof of a term by means of a given set
of rules is standard. A set of rules by means of which all tautologies
of M and nothing more can be derived will be called an aziomatization
of M (see [9, 10]). If E(IM) is not empty, then some of the rules in its
axiomatization must be axiomatic, but in general, axiomatization may
contain some non-axiomatic rules.

A related notion is that of a basis of the consequence operation of 91:
a set R of valid rules of M is called a basis of M iff all valid rules of 91 can
be derived by means of R. Clearly, every basis is an axiomatization. A
matrix is finitely based, iff it has a finite basis; it is finitely axiomatizable
iff there exists a finite set of rules that forms its axiomatization. If a
matrix is not finitely axiomatizable then it is not finitely based.

The question whether the finite basis property is preserved under
term-equivalence was raised by W. Rautenberg. For matrices with the
finite replacement property defined by B. Herrmann and W. Rautenberg
in [5] this, indeed, is true. It was proved there that all 2-element matrices
have the finite replacement property and this result was used in [5] to
complete the proof that all of them (not just the ones resulting explicitely
from the Post classification) are finitely based. It is also known that no
matrix term-equivalent to the three-element Wronski’s matrix of [11] is
finitely based ([7]). Wronski’s matrix is finitely axiomatizable but three-
element non-finitely axiomatizable matrices also exist. In Section 2 below
we recall two such matrices and in Section 5 we show that all matrices
term-equivalent to them are also non-finitely based.
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2. Two non-finitely axiomatizable matrices

The two non-finitely axiomatizable matrices that will be discussed in this
paper both are defined on the three-element set M = {0, 1,2}, have one
binary operation and one designated value: 2. Let 0y = (M, -1, {2})
and My = (M, -2,{2}), where -1 and -5 are presented in Table 1; the two
operations differ only in 0-0. (In [6] these two matrices were denoted by
M7 and Mg and were shown to be nonfinitely axiomatizable.)

1012 2] 0]1]2
02|22 01122
122]2 1222
21122 211122

Table 1. Tables for -1 and -5

We use the binary operation symbol - as a metavariable to be inter-
preted as either -; or -o. When writing terms in Tey.;, we will omit the
symbol - and adopt the convention of associating to the left. Let 2 be
the term 2 := z(yz) and notice that it is a tautology both in 9t and
in mg.

PROPOSITION 1. Every term t € Tey.y is of the form
t:tlvm~-~v1, (1)

for some m > 0, where vy, ..., v,, are variables and t; is either a variable
or a substitution instance of 2.

By convention, if m = 0 then (1) becomes ¢ = t;, where ¢; is a
substitution of 2 or a variable. It is easy to see that the term zx is a
tautology of M; and zxx is a tautology of Ms. In both My and Mo,
for an element a € {1,2}, a00 = a and for an element a € {0,1,2},
a000 = a0. So it follows that for vy,..., v, € V:

e if the term v,, - - - v1 is a tautology of My, then m is even and m > 2.

If v, - - 01 is a tautology of 9y, then m is odd and m > 3;

e if the term 2v,, ---v; is a tautology of either 9y or My, then m is

even.
Let £ be the set of all terms of the form (1) such that ¢; is a variable
not occurring among vq,...,v,. For a term t € £ we put: I(t) = t;

and C(t) = {v1,...,vm}; we call I(t) the leading variable of t. Notice
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that the functions I and C are not defined on the entire set of terms; the
domain of each of them is the set £ C Tey.;. This set has the following
obvious property.

PROPOSITION 2. Let t1,s € Tegy, 11 ¢ V and let v € V be a variable
occurring in s.

1. Ift = s[t1/v], then
tel iff s,t1€L,v=1s)andl(t1) ¢ C(s).

2. More generally, let o be a substitution such that o(v) = t1, o(s) = t.
Then

tel iff s,;t1eLl,v=1s),0(C(s)CV and I(t;) ¢ o(C(s)).

In Proposition 3 below, we use the expression “v is not a leading
variable of ¢” as an abbreviation for “either ¢ does not have a leading
variable or it has one but this variable is different from v”, i.e., “t € £ =
I(t) # v”. By inspection of the operation tables one gets the following
proposition.

PROPOSITION 3. Let Mt = (M, -, {2}) be either M, or M. Let ¢ and v
be valuations in 9, v € V.

1. Let t € L, I(t) = v. Assume that p(w) = (w) = 0 for every variable
w € C(t), while p(v) = 1 and ¢ (v) = 2. Then ¢(t) # (t).

2. Ift is of the form (1), ¢, valuations such that for somei=1,...,m
(), 6(e) € {1, 2} and p(u;) = ¥(v;) forall j < i, then () = (1)

3. Let t be any term in Tey.y such that v is not a leading variable of t.
Assume that ¢(w) = (w) for all variables w # v, while ¢(v),(v) €
{1,2}. Then o(t) = ().

COROLLARY 4. Let t € Tey,, let v be a variable and ¢, valuations.
Assume that ¢(w) = ¢ (w) for all w # v, while p(v), ¥ (v) € {1,2}. Then
if p(t) # (t) then t € L, v=1(t) and C(t) C o~ 1({0}).

PROOF. Since ¢(t) # (), it follows by item 3 of Proposition 3, that
t € £ and v = I(t). Hence t = vvy, - - -v; for some variables vy, ..., v, €
V' such that v ¢ {v1,...,v,}. By assumption, ¢(v;) = ¥(v;) for all
t=1...,m.

Suppose that for some ¢ = 1,...,m, p(v;) # 0. So ¥(v;) # 0 as
well and for every j < i, ¢(vj) = 9¥(v;). By item 2. of Proposition 3,
o(t) = (1), a contradiction. O
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Tautologies of 9t can be characterized as follows.

PROPOSITION 5. A term t of the form (1) is a tautology of 9y iff the
conjunction of the following conditions holds:

1. ty is a substitution of 2 and m is even or ty is a variable and m is
odd,

2. if t; is a variable, then t; € {v1,...,vm},

3. for each variable v € {v1,...,v,,} there exists an odd i € {1,...,m}
such that v =wv; and v ¢ {v1,...,v;_1}.

Similarly, a term t of the form (1) is a tautology of MMy iff conditions 2
and 3 hold as well as the following modification of condition I:

1'. t1 is a substitution of 2 or a variable and in both cases m is even.

Notice that condition 2 is equivalent to “t ¢ £” and implies that ¢ is
not a variable. Condition 3 says that when scanning a tautology of the
form (1) from the right, the first occurrence of every variable is on an
odd position.

PROOF. (=)Ifatermt € L, then by Proposition 3, item 1, there are two
valuations assigning different values to ¢, so ¢t cannot be a tautology. By
the contrapositive, if ¢ is a tautology then ¢ ¢ £ and condition 2 holds.
Condition 1 for tautologies of My and condition 1’ for tautologies of My
follow from the observations made on page 483. To see condition 3, notice
that for every term of the form (1), for each variable v € {vy,..., v},
there is ¢ € {1,...,m} such that v = v; and for each j < i,v; # v. We
claim that such an index ¢ must be odd. For assume ¢ is even and let
o(v) = 2, while ¢(v;) = 0 for all j < i. Then ¢(t) = 207! =1, a
contradiction. Hence 3 holds.

(<) For the proof for 9, assume that ¢ is of the form (1) and that
conditions 1-3 hold. Assume that for some valuation ¢ into 9y, ¢(t) #
2. Since t is not a variable, we have that p(t) = 1. Then @(t1v,, - --v2) =
2 and ¢(v1) = 0. By condition 3, vy = vy, so ¢(v2) = ¢(v1) = 0 and
O(t1Vm - -+ v3) = 1. Proceeding inductively, for each even k < m, we
have that ¢(vg) = ... = @(v1) = 0 and @(t1vp, -+ vp41) = 1. If m is
even, we get that ¢(t1) # 2, so t1 is not a substitution of 2, contradicting
condition 1. Hence m is odd and ¢; is a variable. So ¢(vy—1) = ... =
p(v1) = 0 and p(t1v,) = 1. Hence ¢(t;) = 2 and ¢(v,,) = 0. But
by condition 2., t; € {v1,...,vm}, a contradiction. This finishes the
proof that conditions 1-3 imply that ¢ is a tautology of 9.
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Now assume that for a term of the form (1), the conditions 1’, 2
and 3 hold. We will show that ¢ is a tautology of 5. Assume that for
some valuation ¢ into Mo,

p(t) # 2. (2)
If for all i < m, ¢(v;) = 0 then by conditions 1" and 2, ¢(t) = 2. So there
isanindex ¢ € {1,...,m} such that p(v;) # 0 and for all j < 7, p(v;) = 0.
By (2) this i is even. But then by condition 3 in the assumptions of the
proposition, there is j < ¢ such that v; = v;, a contradiction. [l

It follows from Proposition 5 that for £ > 2 the term
LopX2k—1 " Tj " T2X1 X2k L2k T2k —2X2k—2 " * - L2X2 (3)

is a tautology of 9t;. Similarly, the term

L2k +1X2k X2k —1 * * * L1X2k 41X 2k 4+ 1L 2k L2k L2k —2L 2k —2 * * * LjLj "+ * L2 (4)

is a tautology of M.

The proof given in [6] that neither 9t nor 9y is finitely axiomati-
zable was inspired by [4] and by proofs in [9, 10]; we will now outline
its idea. The same idea will later be expanded to an argument that no
matrix term-equivalent to 911 or M, is finitely axiomatizable.

Let M = (M, -,{2}) be either M; or My. For each k£ > 1 one defines
a term fk, where in case of 9t = My, ty = TopTop_1---x1 and in case
of M = My, £, = Top41Tok - - - Tox1. Let Gy be the set of terms of the
form xvp, - --v1, where v1,..., v, are variables. For every k, the set
E(9) N Gy, is nonempty, for consider (3) and (4). The following is a
consequence of Proposition 5.

PROPOSITION 6. Let k > 1 and let t € E(9) N Gy. Then
t= fkvm R

for some even m and some variables vi,...,v,,. Also, for each i =
1,...,k the variable xo; occurs among v1,...,Vy. Finally, for each v
occurring in t, the first occurrence of v when counting from the right is
on an odd position.

COROLLARY 7. Ift € E(9M) NGy, then ty, is a subterm of t and there are
at least k distinct variables occurring in t outside of t,.

PROOF. By Proposition 6 at least all x4;, for ¢ = 1,..., k must occur in
t outside of tj. O
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Let us mention that in the case that 9t = 9y when #j, is defined as
t = Togp41Tok - - - Tox1, also the variable xox41 must occur in ¢ outside
of t1,, so in this case there are even at least k + 1 variables in ¢ outside
of tAk.

For a finite set A the symbol #(A) denotes the number of elements in
the set A. Corollary 7 can be restated as follows:

PROPOSITION 8. If s € L and t € E(9) NG}, is obtained by substituting
ty, for the leading variable in s, then #(C(s)) > k.

Let Ry be the set of all rules valid in 9t with the conclusion not
longer than k. Using Corollary 7 one shows that the set E(9) \ Gy, is
closed under Ryj. It follows that no tautology from the nonempty set
G N E(M) can be derived by means of the rules from Rj. Since every
finite set of rules is a subset of some Ry, it follows that there is no finite
axiomatization.

3. Term-equivalence

Let M be a nonempty set and let F' and G be two sets of operations
on M. Let Ap and Ag be the corresponding sets of operation symbols
and Ter and Teq corresponding algebras of terms in variables V. For
a valuation of variables ¢ : V. — M, let pp : Tep — (M, F) and
v : Teqg — (M, G) denote valuations induced by .

DEFINITION 9. Let 9 = (M, F, D) and 9t = (M, G, D) be two matrices
with the same underlying set M and the same set of designated values
D. We say that 91 and 91 are term-equivalent and write 9t = 9 if

1. for every n and every n-ary operation f € F' there is a term ¢t € Teg
such that for every ¢ : V. — M, op(Af(x1,...,2,)) = pa(t); and

2. for every n and every n-ary operation g € GG there is a term s € Tep
such that for every ¢ : V.= M, oa(Ag(z1,..., 7)) = @r(s).

If two terms t € Tep,s € Teg are such that for every valuation ¢
of variables ¢r(t) = @a(s), then we write ¢ = s and say that ¢ and
s are equivalent relatively to (9, D). In other words, terms t € Tep
and s € Teg are equivalent iff the equality ¢ ~ s is an identity of the
algebra (M, F'UG). When using this notation, we do not assume that
the sets F' and G are distinct; actually, they may be equal. As the set D
does not play any role in this definition, term-equivalence is really the
property of pairs of algebras: matrices are term-equivalent iff their base



488 KATARZYNA PALASINSKA

algebras are. The finite basis property considered in universal algebra is
obviously independent of the choice of the operation sets, as long as they
are equivalent. More specifically, if there is a finite basis £ of identities of
an algebra A and an algebra B is term-equivalent to A then £ can easily
be transformed into a finite basis of identities of B. The same is true for
a finite basis of quasi-identities of A. There is still another meaning of a
finite basis of an algebra that best resembles the finite axiomatizability
property of a matrix: one may ask whether there is a finite set of quasi-
identities of an algebra A from which all identities of A can be derived.
This finite basis property, too, is preserved under term-equivalence. If a
consequence operation Cn is algebraizable ([2]) with equivalent algebraic
semantics quasivariety Q then Cn is finitely axiomatizable iff there is a
finite set of quasi-identities of Q from which all identities of @ can be
derived. A similar connection holds between finite basis property of
an algebraizable consequence operation and finite basis property for the
quasi-identities of its equivalent algebraic semantics quasivariety Q.

A weaker property than algebraizability of a consequence operation
is sufficient to reproduce the universal algebraic argument that the fi-
nite basis and the finite axiomatizability properties are preserved under
term-equivalence. Namely, if the consequence operation of 91 is congru-
ential ([3]), 2 = 91 and M is finitely axiomatizable (or based) then so
is 91. Now, such a direct general argument cannot be applied to the
two non-finitely axiomatizable matrices considered here, as their conse-
quence operations are not congruential. In Proposition 10 we claim that
they are not even protoalgebraic ([1]), which is a weaker property than
congruential.

PROPOSITION 10. Let 91 be 9y or M. Then the deductive system
defined by the set of all rules valid in 90 is not protoalgebraic.

PRrOOF. For the proof by contradiction assume that the deductive sys-
tem determined by 901 is protoalgebraic. Then there is a set of binary
terms A(z,y) such that all terms in A(z,x) are tautologies and y is
deducible from {z} U A(x,y), i.e., the rule W is valid in 9.
Since A(z,z) are tautologies of 9, none of the terms in A(z,y) is a
single variable. Under the valuation ¢ such that ¢(z) = 2, ¢(y) = 1, all
compound terms take the designated value 2 (see the table of -). So the
premisses of the rule {2}UA@Y) 4]] take the designated value 2, while
the conclusion does not. O
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4. Auxiliary definitions and lemmas

Let M = {0, 1,2} and let 91 be either M; or M. The following Propo-
sition concerning terms equivalent relatively to (9, 90) is a consequence
of Proposition 3 and Corollary 4.

PROPOSITION 11. Let t,s € Teqy, where t = 10y, - -+ - V1, § = S1Wy, -
-« -y, for some t1,51,01,...,Um, W1,... Wy € V. Assume that t € L
andt=s. Then s € L, t; = s1 and {v1,..., v} = {wi,...,w,}.

PROOF. Define valuations ¢ and 1 such that ¢(w) = ¢ (w) = 0 for all
w € C(t); o(t1) = L,9(t1) = 2 and ¢(w) = Y(w) = 2 for all other
variables w. Then by item 1. of Proposition 3, ¢(t) # (t). Since
t = s, it follows that ¢(s) # ¥(s). By Corollary 4, s € £, t; = I(s) and
C(s) € p~1({0}). So 51 = t; and {wy,...,w,} C {v1,...,vm}. Another
application of Corollary 4 yields the opposite inclusion {vy,...,v,} C
{wi, ..., w,}. O

A consequence of this proposition is that a term ¢ € £ depends on
each of the variables occurring in it.

Now let F' be some set of operations on M such that 9t = (M, F, {2})
is term-equivalent to 9. Let = denote the equivalence relative to (9T, N).
First of all, by term-equivalence, there is a term ®(z,y) € Tep such that
xy = ®(x,y). We will write the symbol ® between its arguments and
use the association to the left. For every k > 1 we define the term

Qp = Top QXop_1 Q- QT if M=9M; and
Ok i= Topy1 @ Top @+ @1 if M =M;.

Clearly, & = {1, where tj, is as defined in section 2.

Next, every operation from F' can be expressed by some term t €
Tey.y, so for every n, every m-ary operation symbol A € A there is
t € Tey.y such that:

Mz, ..., 2n) =t (5)

If in addition ¢ € L, then by Proposition 11 the variable I(¢) and the set
C(t) are independent of the choice of the term ¢ on the right hand side
of (5). As was noticed after Proposition 11, the term ¢t € £ depends on
all variables occurring in it, i.e., on every variable in the set {I(¢) } UC(¢).
Therefore, in this case also A(x1, ..., x,) depends on every variable from
this set, hence {I(t)} UC(t) C {z1,...,2,}. The following convention
will be used.
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CONVENTION. If (5) holds and ¢t € £ then we assume that z; = I(t)
and C(t) = {z2,...,z;} for some [ < n. In this case, we write the term
ANz, ... x,) as

)\(l’l, sy L X4 - - ‘7xn)

marking with the semicolon the end of the list of variables actually oc-
curring in .

The purpose of this convention is to simplify the notation; all arguments
below can be rewritten in the general case when the variables on which
Ax1,...,x,) actually depends are not necessarily the first [ variables on
the list. The variables on which a term depends are also called essential
in this term. If the set of operations F' contains projections, then there
are composed terms in Tep that are equivalent to variables.

NoTATION. For T' C Tep we write T'C=V iff for every t € T there exists
a variable z € V such that t = z. If TC=V and Z ={z €V :a =z for
some o € T'} then we write T = Z.

The set £ of terms that we are now going to define is a generalization
of the set £ considered in Section 2 to the case of an arbitraty set of
operations F' instead of {-}, such that (M, F,{2}) is term-equivalent to
M. Also, the functions C and I defined previously on £ are now redefined
as the functions with the general domain of L. In the special case when
F = {-}, the concepts defined in Definition 12 coincide with the previous
ones.

DEFINITION 12. Inductively, we define the set L C Tep. For a term
a € Lits leading variable I(«) and the set C(«) of its remaining essential
variables are also inductively defined.

1. IfveV, thenv e L, I(v) = v and C(v) = 0.
2. Let o € L. Assume that A € Arp and t € £ are such that

Mz, .o T Tig1y ey y) =L

Assume further that ao,...,q, € Ter and that for some Z C V,
{ag,...,aq} = Z, while I(a1) ¢ Z. Then the term

ﬁ = )\(Oél,...,&l;al_t,-h...,an)

is a member of £, I(8) = I(o) and C(3) = C(ay) U Z.
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By Definition 12 all terms equivalent to variables are in L. Tt also
follows from this definition and Proposition 11 that if (5) holds then

A

te L iff MNay,...,z52041,...,2,) € L.

This can be generalized to all terms in £.

PROPOSITION 13. Let o € Ter. Then o € L iff there exists a term t € L
such that o = t. For such o and t as above, I(t) = I(«) and C(t) = C(«).

PRrROOF. If « is a variable, then the statements of the proposition clearly
hold. Assume that o € £ and suppose that o = Aaq, ..., 0050041, ...,
ap), where oy € ﬁ,{ag,...,al} =7 CV,Illay) ¢ Z and there is
s € L such that \(x1,...,2;5241,...,2,) = . Then by Definition 12,
I(a) = I(ay) and C(a) = C(a1) U Z. Also, by our Convention I(s) = z
and C(s) = {za,...,z;}. By the induction hypothesis there is a term
t1 € L with I(t1) = I(ay) and C(t1) = C(av1) such that t3 = a;. Let t
be the result of substituting ¢; for z; and z; for z; for j =2,...,lin s,
where z; € Z is such that o; = z;. Then a =t and by Proposition 2,
te L. Also I(t) = I(t1) = (1) = I(a) and C(t) = C(t1) U {2a,..., 21} =
Claj)U{za,...,z1} =C(an) U Z = C(a).

For the proof in the other direction, assume that o = ¢t € £ and
that « = Aaa,...,ay), where A € Ap and a5 ..., a, € Tep. By term-
equivalence there exists a term s € Tey.) such that s = Ax1,...,2,).
Similarly, let ¢1,12,...,t, € Tey) be such that

th=a, ta=a, ..., ty = Q. (6)

Let o be a substitution in Tey, such that for i = 1,...,n, o(z;) =
t;. Then a = o(s), so o(s) = t. By Proposition 11, o(s) € L. If,
for all # = 1,...,1, o(z;) is a variable, then by Definition 12, o € L
and the condition on variables in Proposition 13 holds. If for some
i =1,...,1, o(x;) is not a variable, then by Proposition 2, s € £ and
x; = I(s). Assume, as in our convention, that x; = I(s), so this i = 1,
and C(s) = {xa,...,x;} for some | < n. Also, by Proposition 2, t; € L,
ta,...,t; are variables and I(t1) ¢ {t2,...,%t;}. Then I(t;) = I(t). By
the induction hypothesis, oy € £, I(ay) = I(t;) and C(a;) = C(t1). By
(6) ag,...,q; are equivalent to variables and none of these variables
coincides with I(a1). So a € L, I(a) = I(a1) = I(t1) = I(t) and C(a) =
C(Oél)U{tQ,...,tl}:C(tl)U{tQ,...,tl}:C(t). O
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By Proposition 13 we get the following corollaries to Proposition 3
and Corollary 4.

COROLLARY 14. Let ¢ and ¢ be valuations. Let 8 € £,1(8) = v, o(v) #
¥ (v), both p(v), ¥ (v) € {1,2} and p(w) = Y(w) = 0 for w € C(S). Then
o(B) # p(B).

COROLLARY 15. Let ¢ and v be valuations. Let v € Tep, o(v), ¥ (v) €
{1,2} and p(w) = Y(w) for w # v,w € V. Assume ¢(a) # ¢(a). Then
v €L, v=1(y) and C(v) € ¢~ *({0}).

DEFINITION 16. For k > 1 let S € Ter be the smallest set such that:

1. & € Sk;

2. if A € Ap is an n-ary operation such that A(x1,...2;5241,...,2,) €
L and if B € Sk, B, ..., Bn € Tep, {Ba2,...,Bn} C= V, then the term
(B, B2,y ..+, Bn) € Sk

It follows from this definition that if o € S, then & is a subterm
of a. The following proposition follows from Definition 16 by induction.

ProprosITION 17. Let o,y € Tep. Then

1. o € Sy iff there is § € L such that o = B[du/1(3)].
2. Assume that v € L,0(I(y)) € Sk and that o(C(vy)) C= V. Then
o() € Sk.

Modifying terms (3) and (4) from Section 2 appropriately, we get the
following proposition.

LEMMA 18. The set Sy N E(MN) is nonempty.

LEMMA 19. If a € S, N E(M) and B € L is such that o = S[a/1(B)]
then §(C(8)) = k-

PROOF. Let s € £ be such that § = s. The existence of such a term
s is guaranteed by Proposition 13. Then C(s) = C(8) and I(3) = I(s).
Since f, = au, we get a = s[ty/1(s)], so s[tr/1(s)] € E(M) N Gy By
Proposition 8, §(C(s)) > k, so £(C(8)) > k. O

Define the length || of a term 5 € Tep: if § € V or § is a constant,
then |B| =1. If B = f(B1,...,[0n), then |B] = >0 |5l
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LEMMA 20. Let k > 1,5 € Tep,|f| < k. Let o : Tep — Tep be a
substitution such that o(3) € E(M) N Sk. Define 39 := 3. Then there
exists p > 0 such that for each 1 < ¢ < p there exist: n; > 1,1 <1[; < ng,
Ai € Ap of arity n; and terms B{, .. .,Bf” such that

Ni(@1, o 1y Tp,) €L (7)
. /\i(ﬁi,---yﬂiéﬁiﬂw--,ﬂ;i) (8)
a(B) € Sk \ {dn} (9)
{o(B;):j=2,...,li} C=V and (10)
BY is a variable. (11)

PRroOOF. Clearly, there is p > 0 such that for all 0 < ¢ < p there are
ni’s, Ai’s and terms B, .. .,B,’;p such that (8) holds and S is either a
variable or a constant. The following inductive argument shows that for
each i = 0,1,...,p also (9) holds and if ¢« > 1 then (7) and (10) hold.
From (9) for i = p it then follows that 3% is not a constant and therefore
(11) is true.

Notice that (8?) = o(8) # dx, for & is not a tautology of 9 while
o(B) is. So for i = 0 we have (9) and the statement “if ¢ > 1 then (7)
and (10)” is satisfied vacuously.

Let 1 < ip < p and assume that for all i < ip (9) holds and if ¢ > 1
then (10). By (9), for i = iy — 1, we have

o(Ble™) € Sy, and o(Bi°71) # dy. (12)
By (8) applied to i = iy

io_l )‘io(ﬂio?"'aﬁfﬂ)a SO
a(BI71) = Xig (0 (B1°), -, o (B13))-

By (12) and Definition 16

o(B1°) € S, {o(BY), -0 (B2)} C= V,

Aio(xla .. 'axlio;ajlio—‘rla .. '7$ni0) € ‘C’

(13)

so in particular (10) holds for 4g. To finish the proof it remains to show
that o(3]°) # dx. Suppose otherwise. Equations (8) yield:

ﬂ - )\1(6%3367111)
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Bi = X(Bi,....5,)

- , ,
ol = (B0, B ).

Therefore |3] > 321 (n; — 1) + |81 and since || < k, we get
i
>_(ni= 1) +[B°| <k, so

i=1 .

i(ni—ngk—l. (14)

Applying the substitution ¢ to the equations expanding 3, we get:

o(B) = Mi(o(B),...,a(B})
O-(ﬁll) = )‘2(0(/6%)7"'70-(ﬁ7212))

a(BT) = Nig(a(B)s 0 (B2))-
By assumption that (10) holds for all i < ip and by (13), we know that
for all i <ig, all j =2,...,1;,

o (%) is equivalent to a variable. (15)

Let v be a new variable and let
7= AiO(U,J(ﬂQO),...,O’( ZLOZ-O))
Yo = Aig1(y, o (BT, (B ))

Yo = Mio-1,0(B2) - 0 (By,))-

Let v := 7;,. Then by our assumption that o(Blo) = ay, we get y[ay/
v] = ~[o(B1°)/v] = o(B). Also, by construction and (15), v € £, v = I(7)
and

2C(y) <
1{o(B2),- -, 0(BL), 0 (B3), - 0B, o (B, s 0 (B2}
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This is so because for each i = 1,...,ip and for each j = 2,...,[; there
is one variable in o(3}) that is in C(7) and some of these variables may
be repeating. So

CCHED DUREIED SIS

By (14)
8C(y) <k -1 (16)
But
V]ow/v] = o (B) € EM),

so by Lemma 19
tHC(M)) =k

contradicting (16). Hence o(89°') # a4, which finishes the proof. [

COROLLARY 21. Let k > 1,8 € Tep, || < k. Let o : Tep — Tep be a
substitution such that o(5) € E(M) N Sk. Then

1. Be L,

2. o(I(B)) € Sk and

3. o(C(B)) c= V.

PROOF. By conditions (7), (8) and (10) in Lemma 20, 8 € £ and I(8) =
BY. So by (9), o(I(B)) = o(BY) € Sk. By (10), for each i = 1,...,p and
for each j = 2,...,[; the substitution J(ﬂ;) of the term ﬂ; is equivalent

to a variable, so the term ﬁ; is also equivalent to a variable. The set C(/3)
consists of variables equivalent to all such terms ﬁ; Therefore again by

(10), o(C(B)) c= V. O

5. Main result

For k > 1 let Ry, be the set of valid rules of 0, of the form 2, such that
|B| < k. Let 0 denote the valuation that assigns 0 to every variable.

LEMMA 22. Let k > 1. Then the set E()M) \ Sk is closed under Ry.

PROOF. Assume that % € Rk, so |B] < k. Let o be a substitution and
assume that o(X) C E(M) \ Sk. For the proof by contradiction assume
that o = o(8) € E(M) N Sk. By Corollary 21, 5 € L, o(I(8)) € Sk and
o(C(B)) c= V. Let v = I(8). Then v ¢ C(B) and o(v) € Sk. Let us
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define a valuation ¢ as follows: for w € V let

0(c(w)) for w #wv
p(w) =<1 for w =v if 0(c(v)) =2 (17)
2 for w=wv if 0(c(v))=1.

Since o(f) is a tautology, 0(c(8)) = 2. Since v ¢ C(B), for every
w € C(B) we have p(w) = 0(c(w)) and since o(C(B)) C= V, p(w) =
0(o(w)) = 0. By Corollary 14, ¢(8) # 0(a(f)), so p(3) # 2. Since % is
valid, there must be a term v € X such that ¢(vy) # 2. But o(y) is a
tautology of M, so 0(a(y)) = 2, hence () # 0(c(3)). By Corollary 15,
ye L, v=1I4#)and C(y) C ¢ '({0}). So a(I(y) = o(v) € Sk and for
every w € C(7y) we have 0(c(w)) = ¢(w) = 0, so o(w) is equivalent to
a variable. Hence o(C(v)) C= V. By Proposition 17, o(y) € S, which
contradicts the assumption that o(X) C E(M) \ S. O

THEOREM 23. Let MM = (M,{-},{2}), where - is either -1 or -2. Let
N = (M, F,{2}) be a matrix term-equivalent to 9. Then M is not
finitely axiomatizable.

PROOF. Assume that there is a finite set R of rules in A such that R
is an axiomatization of 91. Then there exists £ > 1 such that R C R,.
Let a be a term in E(91) N Sk with the shortest proof by means of R.
By Lemma 18 such « exists. Obviously, by length considerations, « is
not an axiomatic rule in R. So there is a substitution o and a rule

— € R that was used at the end of this proof with the substitution o.

Then o(X) C E(M) \ Sk and o(8) = a € E(M) N Sk. This contradicts
Lemma 22. O
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