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ON THE DA COSTA, DUBIKAJTIS
AND KOTAS’ SYSTEM OF THE
DISCURSIVE LOGIC, D;

Abstract. In the late forties, Stanistaw Jaskowski published two papers on
the discursive (or discussive) sentential calculus, D2. He provided a defini-
tion of it by an interpretation in the language of S5 of Lewis. The known
axiomatization of Ds with discursive connectives as primitives was intro-
duced by da Costa, Dubikajtis and Kotas in 1977. It turns out, however,
that one of the axioms they used is not a thesis of the real Jaskowski’s cal-
culus. In fact, they built a new system, D3 for short, that differs from D3 in
many respects. The aim of this paper is to introduce a direct Kripke-type se-
mantics for the system, axiomatize it in a new way and prove soundness and
completeness theorems. Additionally, we present labelled tableaux for Dj.!

Keywords: discursive (discussive) logic, D2, paraconsistent logic, labelled
tableaux.

1. Introduction

The language of D5 is not simply formed by extending, for example, the
classical propositional calculus with an extra operator (or operators) as it
is in a modal case, but by replacing some of the classical connectives with
their discursive counterparts, more explicitly:

!The main ideas of this paper were presented at the Logic-Philosophical Workshop,
Bierzgtowo Teutonic Castle near Torun, September 5-8, 2005.
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DEFINITION 1. Let var be a non-empty set of all propositional variables. The
symbols: ~,V, Agq, —q denote negation, disjunction, discursive conjunction
and discursive implication, respectively. Forp, is defined to be the least set
such that:

(i) @ € var = « € Forp,
(ii) o € Forp, = ~a € Forp,
(iii) o € Forp, and 8 € Forp, = a e 3 € Forp,, where @ € {V,Aq, —q}.2

It seems very exotic at first sight that Jaskowski applied a translation
procedure instead of just giving a direct semantics or a set of the syntactical
rules for Dy. His choice, however, was not accidental.’

To give an insight into the procedure, we determine a translation function
of the language of Dy into the language of S5 of Lewis, f : Forp, = Forgs,
as follows:

aV )= fla)Vf(B)
a g f) = fla) NOF(B)
(@ —a B) = Of(a) = f(B)

and additionally:
(vi) VaeForD2 o€ Dy & Of(a) € S5.

By way of illustration, we demonstrate how the mechanism works in practice.
Suppose then that we check whether the formula ~(~(a Aq 8) V v) —4
(w Ng ~(~ BV ~)) is valid in Dy. As a result, we are made to apply the
translation procedure and check if the formula §(O ~(~(a A OB) V v) —
(a NO~(~BV7))) is valid in S5. Unfortunately, it is a bit inconvenient to
use the translation rules whenever we want to check out if a formula is valid
in Dy or it is not.*

The question arises: Is Do a finitely axiomatizable system? The year
1977 was a turning point. The well-known axiomatization presented by da

2The discursive equivalence is introduced as an abbreviation: a <4 8 = (o —a 8) Ad
(B —a ).

3For details, see [2], [3], [9] and [11].

*We solved this problem in [4] and [5].
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Costa, Dubikajtis and Kotas consists of the following axiom schemata and
rules:

a =4 (B —a @)

(@ —=a (B—=a7)) —d (@ =a B) —a (@ —a 7))
(v =q B) =aq @) =4 @

Oé/\d,B—>dOé

aNg B —qpB

o —q (,8 —d (a Ad ﬁ))

a—qaVp

B—qaVp

(@ —=a7) —=a (B—=a7) =d (@VB—=47))

o —g vV

O — — —

(~~aVB) —q~(aVp)
~(aV ) =a7y) —=a ((~va—=q B) V7))
(@VB)Vy) —=a~(aV(BVY))
~((a =q B) V) =d (@ Na~(B V7))
~((@NaB) V) —=a (@ —a~(BV7))
~(aV B)Vy) =d (~(~aVvy)V~(~B V7))
~(a =4 B) V) =a (o =g ~(~ V7))
~(a g B) V) —a (@ ha~(~B V7))

N =

It is amazing that their construction has been widely recognized as a
real axiomatization of Dy. To shed some light on the point, take the axiom
schema:

(A19) ~((a Aa B) V7Y) —a (@ —a ~(BV7Y))

®See [1], [6] and [12]
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apply the translation procedure to obtain:

QO ~((anOB) V) = (Oa = ~(B V7))
and check if the translated formula is valid in S5 of Lewis.

COROLLARY 1. The formula is not valid in S5 of Lewis (for every a, 3,7y €
Forgs ).

We solve the problem defining a new function f* : Forp, = Forgs in the
following way:

(i) f*(ps) = pi ifpi € var and i = {1,2,3,...}
) [H(~va) =~ f(a)

i) f*(aVp)=f"(a)V [f(B)

(iv) f*(ana B) = Of(a) A f(B)

(V)" [ (e —=a B) = Of (@) — f*(B)

and introducing the key definition:

(vi)’ vozEForD2 ra €Dy Of (o) € 55.

*

Let D3 denote the system defined by the new translation.

COROLLARY 2. All of the axiom schemata are valid in D5 and (MP)* pre-
serves validity.

Note that despite their superficial similarities, the two systems (D and
D3) are slightly different.”

2. Kripke-type Semantics for D}

Although we depicted how to translate any discursive formula into its modal
counterpart, the procedures introduced in Section 1 were a little unhandy
and time-consuming to handle in practice. The inconvenience results in the
search for a new semantic tool we could use trying to avoid passing through
the translation rules. In aid of it we present here a Kripke-type semantics
for Dj.

A frame (Dj-frame) is a pair (W, R) where W is a non-empty set (of
possible worlds) and R is a binary relation on W. Moreover, R is subject to
the conditions:

6See [4].
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(i) Vaew(zRz)
(i) Vayew(zRy = yRx)
(ili) Vay,zew(zRy and yRz = xRz).

The conditions define R as being the equivalence relation on W.

A model (Dj-model) is a triple (W, R,v) where v is a mapping from
propositional variables to sets of worlds, v : var = 2". The satisfaction
relation =, is inductively defined:

(var) z Empi & zewv(p)andi={1,2,3,...}

(~) zEm~«a & TlERa

(V) zEmaVp & zEpaorzkERf

(Ad) zEmanaf € Fyew(zRyandy|=m o) and z =p [
(=4) 2Ema—=qf & if Jyew(xRy and y Em ) then z =4, 6.

We define the notion of a valid sentence as follows:
Ea < for any model (W, R,v),Voew, Jyew (¢Ry and y =m ).

Notice that the non-standard definition is a direct result of (vi). Further-
more, not only is the discursive equivalence definable in our semantics:

a g f=(a—q0) A (B —4a ),

but also the discursive implication can be eliminated:

a—>dﬁ:~(a/\d (pl\/fvpl))\/,B.

Now we can establish a link between the translation rules and the se-
mantics in question.

COROLLARY 3. Vacror,. (FF a < a € D; (& Of (o) € 85).
2

PROOF. By induction. First, we have to prove that for every model (W, R, v)
and every x € W it is true that = =, a © z =7 f*(a), where E7C
W x Forgs is the satisfaction relation defined in any S5-model (W, R, v).
Case (1): a =p;,i=1{1,2,3,...}.

zEmp ez evp) & psr B f(p).
Case (2): a=~7.

TEm~Y ST Eny ez () & EF ~ () & x BF ff(~).
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Case (3): a =~ V4.
2 Em V8 [0 my or @ b 8] & [8 =F £1(0) or 2 E# £(6)]
Sz T X () V [H0) & x T fH(y Vo).
Case (4): ao =~y Nq 9,
TEmYNO S [(Fyew(zRy and y =p 7) and z |=p, §)] ©
& [Byew (zRy and y =% f*(y)) and = =7 f%(4))] &
& [ E# 0f(y) and & =# f(8)] & 3 # 01°(7) A () &
s x E# 5 (v Aa d).
Next we show that
Ea < inany model (W, R,v),Voew Iyew (zRy and y =p, @)
& in any model (W, R,v),Voew Iyew (zRy and y =7 £ (a))
& in any model (W, R, v),Voew (z =7 O f*(a))
< Off(a) e S5
& a € Do. |

The translation procedure became redundant and we succeeded in con-
structing a new (direct) semantics for D3. All the axiom schemata (Aj)—
(Agg) are valid in the modified semantics (and (MP)* preserves validity).

Since the accessibility relation defined on Dj-frames is reflexive, sym-
metric and transitive, it implies that any world is accessible from any other
and we might well considere the relation to be complete. Consequently, the
notion of D3-model can be simplified to the form:

A model (D3-model) is a pair (W,v) where W is a non-empty set (of
possible worlds, points, etc.) and v is a function that each pair consisting of
a formula and a point assigns an element of {1,0},v : Forps x W = {1,0},
defined as follows:

(~) v(i~va,z)=1 & v(a
V) wveVvpgr)=1 & vlax)=
d -

( (
(Aa) v(aAg B,x) =1
( (

—d) v(a—=qf,x)=1 & VYyew(v

or v(B,x) =1
=1) and v(f5,z) =1

a,y)
a,y) =0)or v(f,z) =1.

The notion of a valid sentence also needs to be modified:
o < inany model (W, v),3yew (v(a,y) = 1).

It is worth mentioning that the most of the notorious, in a very real para-
consistent sense, formulas are not valid in D3, for instance:

(1) p—=a (~p—d q)
(2) p—a (~p—a~q)
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3
4

(3) (p—daq) —a (~q—a~p)
(4) (~p—da~q) —a (¢ —ap)
(5) (p=aq) »a (~(p—aq) —ar)
(6) p—a (~p—d (V~p—aq))
(7) (pAa~p) —dq

3. New Axiomatization of Dy

In this section, we present a new axiomatization of D5 making use of the
discursive connectives occurring directly in a set of axiom schemata. The
role of axiom schemata of D3 can be taken on by the following:

o —q (6 —aq @)

(@ —=a (B—=a7)) —da (@ —=a B) —a (@ —a7))
((a =4 B) =q @) =q a

aNg B —q

)
)
)
)
5) aNgf—a B
)
)
)
)
)

1

3

a —q (,8 —d (a Ad ,8))
a—qaVp

8
(@ —=a7) —=a ((B—=a7) —d (@VB—=a7)).

10)& —d N(N(Oé\/ﬁ) Ad Nﬁ/\d NOé)
1) ~(~(aV ) Aa~BAd~a) =g ~(~(aV BV y) A~y Ad~ B Ag~a)
12)~(~(aVyVB)Ag~y Ad~ B Ag~a) =4
—d ~(~(aVBVY) Aa~BAG~Y Ag~a)

(Alg) N(N(a\/ﬁ) Ag ~ B Ng Na) —d ((a \/N,B) —d a)
(Arg) ~(~(@V BV AY) Aa~Y Aa~BAa~a) =q ((a@V BV ~y) =4 (@VF))
(A15) ~(~(aV BV Y) Ad~7y Ad~ B Ad~a) —q

—d (~(~(aV BV ~y) Ad~~y A~ B A ~a) =g ~(~ B A ~a))
(A1) ~(~aNg~pB) —=a (aV B)
(A17) (aV~~B) —=q (aV B)
(Asg) (aV B) =a (aV~~p)

BN

The sole rule of inference is Detachment Rule

(MP>* O, —q B//B
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The consequence relation - ps is determined by the set of axioms and
(MP)*.

Observe that (A;),(Az) are axiom schemata of D3 and our system is
closed under the detachment rule. It immediately follows that the proof of
the deduction theorem is standard.

THEOREM 1. @ Fps o —q & QU {a} Fp; B,
where a, 3 € Forps,® C Forps.

COROLLARY 4. The formulas listed below are provable in D3:

(Th) (aVa) —qa«

(T2) (aVpB)+q (BVa)

(T3) ((@VB)Vy)<a(aV(BVYy))

(Ta) (aV (B —=a7)) ¢ ((@VB) =a (aV7y))
(T5) aV(a—aB)

(T6) (o —a B) —a (v Va) —a (yVB))

(T7) (¢ —a (@ —a B)) —a B

(Tg) (BVaVp)—q(aVp)

(Ty) ~(~(aV B)Ad~BAd~a) —q

—d (N(N(a V Nﬁ) Ag ~~ B Nq NOé) —d a)
and the set of {a :Fps a} is closed under the rules:
(Rl) C!,,B / a/\d/B
(R2) ana B/ o (B)
(R3) o (B) / aVp.
PRrROOF. We prove (T7) — (T5) in much the same way as it is in the (positive)
classical case. (Ty):

L ~(~(aVB)Ad~ B Na~a) by deduction theorem
2. ~(~(aV~B)Ag~~B A~ a) by deduction theorem
3. (av~B)V~BVa (A6),2 and (MP)*
4. aVv~f (Tg), (T3),3 and (MP)*
5. « (Alg), 1, 4 and (MP)*

(R1)—(R3) are obvious due to (Ag), (4s), (A4), (A7), (Ag) and (MP)*. O

COROLLARY 5. Each of the axiom schemata of D3, (A1)—(A1s), becomes a
schema of the thesis of the classical propositional calculus after replacing
in A;, where i € {1,...,18}, all the discursive connectives with their clas-
sical counterparts (i.e. —q / — and Agq/A).” The rule (MP)* becomes an

"(Ag) can already be treated as a thesis of CPC.
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admissible rule of C PC' after replacing —q with —.

Let (D3) = {a :F(p;) o} be the system described in Corollary 5 and
CPC = {Oé :'_CPC a}.

COROLLARY 6. (D3) C CPC.

4. Soundness and Completeness

THEOREM 2 (Soundness). Fp: a = | a.

PROOF. By induction. All that needs to be checked is that (A;)—(Aig) are
valid and (MP)* preserves validity. O

THEOREM 3 (Completeness). = a = bpy o

PrOOF. (Outline). Assume that I7ps o (by contraposition) and = «. Define
a sequence of all the formulas of D3 as follows:

I'=v,7,73,... wherey; =a.
Define the family of (finite) subsequences of I':
A1 =6 where 01 =71 = «
AQ :51,52 where 51 = Y1 = « and 52 = % iff |71D; 51 V Vi,

otherwise take the very next formula(s) occurring in
I',v; for short, and check if /ps 61V 5

A3 = 51,52,53 where 51 =7 = 05,52 = Y and (53 = Yi+n iff VD;
01V 62 V Yitn, otherwise go on testing the very next
formulas of the sequence I'

Ay =01,02,03,...,0p

Next define:

v1 = 51 751>527517527537"'7517527537"'75717"'
N N —— —
Aq Ao As Ap

Vo = 01,09,61,09,03,...,01,09,03,...,0n,...
—— N——— ~— ———
Ao As Ap

V3 =01,02,03,...,01,02,03,...,0p,...
—— — ———

A3 An
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V=01, y0n,c.y01,02,03, ..., Onik,---
———
An A77.-‘—16
Observe that all the sequences are infinite. O

From now on we use V;, where i = {1,2,3,...}, to denote both the
i-sequence and the set of formulas which contains all the elements of the
i-sequence. Additionally, let V. ={V1,Va,...V,;,...,V,,... }.

LemMA 1. (i) /ps 01V -+ V1 V-V by, foranyne N
(i) if B & Vi, thentps 61V ---V o1 V-V V3, forsomek € N.

PRrROOF. Apply the definition of V;, where i = {1,2,3,... }. O
DEFINITION 2. V;RV & (V; = V), for every V;, V. € V.

LeEMMA 2. R is the equivalence relation on V.

Proor. Immediately from Definition 2. O

In Section 2, we mentioned that the connectives of <+q and —4 were
redundant. This fact simplifies a proof of the next lemma.

LEMMA 3. vﬁﬂepor% VY, Veev:

(i) BVyeV; < pfeV;andvy €V,
(ii) BNa € Vi@VVkGV(ViRVk =peVy) oryeV;
(iii) ~B €V, & & V,.

PROOF. We only show (ii) and (iii).

(ii) =. Let (1) BAqay € Vi, (2)3vk€v(viRvk and 8 € Vi) and v € V.
Then, due to (2), we obtain (3) V,;RVy, (4) 8 & Vi and (5) v € V.
By Definition 2 and (4), we have (6) 8 ¢ V; and consequently (7) Fp;
V-V V- VoV for some k € N (Lemma 1(ii) and (6)), (8)
Fpgy 01V -V Vo VGV, for some 1 € N (Lemma 1 (ii) and (5)).
Suppose that & > r (we prove the second case, i.e. r > k, on much the
same way as k > 7). Apply (R3), (I2), (I5), (MP)* to (8), to get (9)
Fpy 01V Vo1V Vg V. Now use (R) to obtain (10) Fpy (01 V---V
0 \/"'\/(Sk\/ﬂ) Nd (51 V.oV VeV \/’)/) and finally, (T4) to get (11)
|_D§ (61 V-V V- V) V(B Aq7). Obviously, d1, 2, ... , 0k, BAaY
€ V;. A contradiction due to Lemma 1(i).
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(ii) «=. Assume that (1) Vy,ev(V:RVy = 5 € Vi) or v € V; and (2)
B Aavy & V;. Subcase (a): if (1) Vv, ev(ViRVE = 8 € Vi), (2)8 Aay € Vi,
then (3) B8 €V, (by R) and (4) |—D§ (51 Vet VO Ve V(Sk)\/ (,8 /\d'y),
for some k € N (Lemma 1(ii) and (2)). Now apply (74) to get (5) Fp;
((51\/"'\/(51\/"'V(Sk\/ﬁ)/\d((51\/~~~\/(51\/~~~\/(5k\/’y) and (RQ) to obtain
(6) '_DE OHV---VHV---V&iH VG, but dy,...,0, 8 € V;. A contradition due
to Lemma 1(i). Subcase (b): (1) v € V; and (2) 8 Aqy € Vi. Now proceed
analogously to the subcase (a).

(iii) =. Assume that ~ 3 € V; and § € V;. It means the formula SV~ 3
is not a thesis of D (Lemma 1 (i)). A contradiction due to (Ay).

(iii) <. Let V; be a sequence i = {1,2,3,... }. For every V, define:

Vi =46],05,05,05,...

where

(@)df=d=m =«

(b) for every 6,€V;: (6,=87) & ps ~(~(5i V...V 6) Ad ~ 8 Ad. - Aa ~87).

DEFINITION 3. We call a formula 8 classical if it does not include constant
symbols other than ~ and V. We call a formula g discursive if it contains
at least one discursive connective. A formula 3 is a discursive thesis if it is
a thesis and discursive.

COROLLARY 7. (i) Vi C V,, for every i € {1,2,3,...}
(i) s ~(~(07 V++- V&) Aa~ 0y Ad ... Aa ~07), for everyn € N

(iii) If B isnot a discursive thesis, B ¢ V;, then Fps ~(~(67 V --+ V & V )
Nd~BANg~Ad ... Na~07), for some k € N.

Now assume that (1) ~3 ¢ V; and (2) 8 ¢ V,;. Apply Lemma 1(ii), to
get (3) Fpg 61V -V, V~ B and (4) Fp; 01V- -V, VB, for some m,n € N.
Suppose that m > n (the case n > m is similar to m > n). Use (R3), (T2),
(Tg), (MP)* to (4), to obtain (5) }_D;‘ V- Vi, VB If~B8&V;,8&V,;
and VI C V;, then (6) ~5 &€ VI, (7) 8 ¢ VI. We have to consider three
subcases:
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(A) neither 8 nor ~ 3 is a discursive thesis
(B) B is a discursive thesis, but ~ (3 is not a discursive thesis

(C) ~ B is a discursive thesis, but 3 is not a discursive thesis.

Note that the fourth subcase (both § and ~f is a discursive thesis) is
impossible due to Soundness.

Subcase (A).
Let m = 1. (8) Fpy ~(~(07V B) Aa~ BAa~d7), Corollary 7 (iii) and (2), (9)
Fpy ~(~(07 V ~ B) Aa ~~ B Aa ~d7), Corollary 7 (iii) and (1). Apply (T5)
to (8) and (9), to get (10) Fp; d7, but 67 = 01 =1 = a. A contradiction.
Let m > 1. (8)" Fps ~(~(6]V- VsV B)Aa~ BAa~ 6y Aa. . .Aa~ d7), for some
pEN, (9)’ |—D; N(N((ST\/' . '\/5;‘\/~ ,8)/\dN ~ BAg~ (5;<Ad. VAV LY (51(), for some
r € N. Note that p > rorr > p. If p > r, then apply (A411), (A12) and (MP)*
to (9)’, to get (10)’ f—Dg ~(~(0F V- 'V(S;VN,B)/\dN N,B/\dN(SZ/\d. S Ad~07),
for some r € N. Now consider (8)’, (10)’ and use (Ai5) and (MP)*, to
obtain (11)" Fps ~(~3d; Aa ... Aa ~d7). Apply (Ae) to (11), to get (12)’
Fp, 67 V- V5. Since Vi C V;, (R3) is an admissible rule in D3 and we
have (T3), (13), then (13)’ Fp, 61V -+ -V 6, (where 67 = 81, 05 = 02, ... , 0,
= 9,). Clearly, d1,...,6, € V;. A contradition due to Lemma 1(i).

We prove the subcases (B) and (C) in a very similar way. Make use of
(A11), (A12) (A13), (A1), (A17) and (Ass). O

Now we construct a canonical model for D3 that will falsify any non-theorem
(and invalidate a non-derivable rule). Let M¢c = (V, R, v.) be such a model.
The canonical valuation v, : Forps x V = {1,0} is defined:

ve(B, Vi) _{ 0, if € V.

We have to show:

Case (1): B=0oVT
(i) ve(ovVT,Vy))=10VT¢V, & 0d¢dV,or 7€V, < v.(0,V;) =1
or v.(r,V;) =1
(ii) ve(oVT, Vi) =0 0cVT eV, o0 e Viand 7 € V; & v.(0,V;) =0
and v.(7,V;) = 0.

Case (2): =0 AT
(i) ve(cNa7, Vi) =10 NaT €V, e v, ev(ViRVy and 0 ¢ Vi)
and 7 € V; & 3y, cv(ViRVy and ve(o, Vi) = 1) and v.(7,V;) =1
(ii) ve(o Ng T, Vi) =0 0 \qT €V, & Vv,.ev (if V;RVy then o € Vi)
or 7€ V; & Vy,cv (if V,RVy then v.(o, Vi) =0) or v.(1,V;) =1.
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Case (3): B=~0

(i) ’UC(NJ,VZ‘) =1l ~0o sz SoeV; <=>Uc(0,vi) =0

(ii) ve(~0o, Vi) =0 ~0 €V, &0 €V, S v (o0, V;) =1

To finish the proof, recall i/ps «, but = «. Notice, however, that
the formula « is the very first element of all the sequences V;, where i €
{1,2,3,... }. Since o € V;, then the formula is not valid in (V,R,v.), and
consequently = a. A contradiction.

5. Labelled Tableaux for D

In what follows, we will use signed labelled formulas such as o :: TP (or
o :: FP), where o is a label and TP (or FP) is a signed formula (i.e. a
formula prefixed with a “T"” or “F”). The phrase ¢ :: TP is read as “P is
true at the world ¢” and o :: F'P as “P is false at the world ¢”. By label, we
understand a natural number. We call p root label and always assume that
p = 1. A tableau for a labelled formula P is a downward rooted tree, where
each of the nodes contains a signed labelled formula, constructed using the
branch extension rules defined below.

Non-discursive rules:
The rules for disjunction and negation are identical to the ones used in
classical case.

(TV) o:TPVQ (Fv) o FPVQ
U:ITP‘O’:ZTQ o: FP
o FQ
(T~) o:=:T~P (F~) o:F~P
o FP c:TP

The rules (FV), (F~) and (T~) are linear, but (T'V) is branching.

Discursive rules:

(TArq) c:xTPANQ (FAq) o FPAQ
T:TP U’:ZFP‘O‘:ZFQ
o:=TQ

Notice that 7, for (T'Aq), is a label that is new to the branch, but o', for
(F'Aq), is a label that has been already used in the branch.
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(T—q) oc:TP —4Q (F—4q) o FP—4Q
UIZZFP‘UZZTQ TuTP
o FQ

where o', for (T —4), has been already used in the branch and 7, for (F —q),
is a label that is new to the branch.

Closure rule:
A branch of a tableau is closed if we can apply the rule:

(C) o=TP
o FP
closed

Otherwise the branch is open. A tableau is closed if all of its branches are
closed, otherwise the tableau is open.

Special rule:
pu P
(S) o FP
p is a root label and ¢’ is a label that has been already used in the branch.

The application of the rule is always limited to root labels.

Let P be a formula. By a D3-tableau proof of P we mean a closed tableau
with 1 :: F'P.
Now, we give a few examples to illustrate how the rules we defined work.

EXAMPLE 1. Closed tableau for the second Clavius’ law.

(a) 1:F (~P—=qP)—qP (start)

(b) 2:T ~P—4P (F —q), (a)

(¢) 1=FP (F —q), (a)

5% branch

(d) 1:F ~P (T —q), (b)

() 1=TP (F~), (d)
Closed (C), (), (e)

224 pranch

(dy 2:TP (T —4q), (b)

() 2:F (~P—=qP)—=4qP (S), (a)

(fy) 32T ~P—4P (F —q), (e)

(g) 2:FP (F —q), (e)
Closed (C), (d), (g)
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In our example, we applied one of the branching rules, i.e. (T —4), to the
line (b) and used the notions 1% branch and 2"* branch to indicate that the
(new) branches were opened.

In the next example, we will generate an infinite tableau for a notorious
law of C'PC.

EXAMPLE 2. Infinite tableau for the Duns Scotus thesis

(a) 1:FP—4q(~P—=4Q) (start)

(by 2:TP (F —q), (a)
(¢) 1:F ~P—4Q (F —4q), (a)
(d) 32T ~P (F —q), (c)
(e) 1:FQ (F —4q), (c)
(f) 3=:FP (T ~), (d)
(8) 2:FP—=4(~P—qQ) (5),(a)

(hy 4:TP (F —q), (2)
i) 2:F ~P—=qQ (F' =), (g)
(Gj) b5=T ~P (F —4q), (1)
k) 2:FQ (F —q), (i)
) 5=:FP (T ~), (j)
(m) 3:FP—4q(~P—=4Q) (9),(a)

(n) 6:T7P (F —4q), (m)
(o) 3:F ~P—4Q (F —4q), (m)
(p) 72T ~P (F —4q), (0)
(r) 3:FQ (F —4q), (0)
(s) 7T=:FP (T ~), (p)
(t) 4 (S), (a)

2 P —y (NP—>dQ)

The procedure goes on ad infinitum.
THEOREM 4. A formula P has a Dj-tableau proof < P is valid in D5.

PROOF. See [5]. O

6. Unsigned Labelled Tableaux for D

Now, we give a new set of tableau rules for our system We will work with
labelled formulas such as o :: P, where o is a label (being viewed as a natural
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number) and P is a formula. The notation o :: P intuitively means “P holds
in world o”.

Dj-tableau is a tree of labelled formulas with root label p (we always
assume that p = 1) and all the nodes of a tree are obtained by the rules
schematically described in Table 1. A branch of Dj-tableau is closed if it
contains L, otherwise it is open. A D3-tableau is closed if all of the branches
it contains are closed, otherwise it is open. By a D3-tableau proof of P we
mean a closed tableau with 1 :: ~P.

Classical rules:

(V) c=PVvQ (~V) o:x~PVQ
0::P|0::Q T oo ~P
oinQ
(~~) ou~~P
o= P

Discursive rules:

(Aa) oc:PAqQ (~Na) o:~P AN Q)
TP U’::NP|U::~Q
c:Q (for o’ used)
(for T new)
(—a) oc:P—=4Q (~ —4q) o ~P =4 Q)
a'::~P|U::Q TP
(for o’ used) o:~Q
(for T new)
Closing rule: Special rule:
(©) c:P (S) pu~P (for root label p)
ou~P o ~P (for o’ used)
1

Table 1. Unsigned Labelled Tableaux for D3
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Here is an example of a tableau proof of ~~P —4 P.

ExaMPLE 3. Closed tableau for the law of double negation.

a
b
¢

\g\%\—/v\—/

f

O\Q/\_/

(
(
(
(
(
(
(
(i)

1]

=

= o

lir~(~v~P —g~P)  (start)
2:~~P (~ —=a), (a)
l:n~P (~ —4q), (a)
2:P (~~), (b)
2:~(~v~P =g ~P) (S), (a)
3:~~P (~ —4q), (e)
2:~P (~ —4q), (e)
L ( )
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