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1. Introduction

In his book from 1984 Horst Wessel presents the system of strict logical conse-
quence F* (see also (Wessel, 1979)). The author maintained that this system ax-
iomatized the relation |=¢ of strict logical consequence between formulas of Clas-
sical Propositional Calculi (CPC). Let = be the classical consequence relation in
CPC. The relation k; is defined as follows:

¢ s ¥ iff ¢ |y, every variable from ¢ occurs in ¢ and
neither ¢ is a contradiction nor ¥ is a tautology.

Clearly, if ¢ = ¥, then neither ¢ is a tautology nor ¥ is a contradiction.

Intuitions connected with the relation =5 were presented in (Wessel, 1984). The
analysis of the relation = is also carried out in (Pietruszczak, 2004). In the present
paper we will show that the system F® is not a complete axiomatization of the
relation ;. Moreover, we will present the system VF® that is an «extension to
completeness» of the F5.!

*This is a corrected version of the Polish paper (Pietruszczak, 1997) and its German version
(Pietruszczak, 1998). Translation from Polish by Rafat Gruszczyniski (authorized).

'The book (Wessel, 1999) is a revised edition of (Wessel, 1984). Wessel replaced the system F*
with VF® (under the old name ‘F*”). In (Wessel, 1999) some of the theorems are given without proofs,
in particular the Completenness Theorem. Wessel refers readers to our paper (Pietruszczak, 1998),
cited several times in (Wessel, 1999).
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2. The calculus F*

Let £ = (L, V,A,—) be a propositional language. Formulas of £ (i.e., elements
of the set L) are built in a standard way from propositional variables from the
countable set V := {pi, p2, p3,...}, brackets and functors V, A and — understood
respectively as truth-value connectives of disjunction, conjunction and negation.

First three variables in examples will be denoted by, respectively, ‘p’, ‘¢’ and
‘r’. Let V(p) be a set of variables occurring in a formula ¢.

Let T (resp. F) be the set of all tautologies (resp. contradictions) of CPC. We
say that a given formula is contingent iff it is neither tautology nor contradiction.
Let K be the set of all contingent formulas, i.e., K := L\ (T U F). Directly form
definitions for all ¢,y € L we obtain:

pEY&peT = YyeT,
pFEYV&YeF = peF,
2.1 eEV&peF&Y¢eT = ¢, K.

In our terminology, for all ¢, € L we have:

R e GE Y&V V@) & p¢F& YT,
(2.2) vEsY = oEyY &VWY) CV(p) & ¢,y €K.

Let {"¢ F ¢y : @, € L} be a set of sequents. The sign ‘+’ do not mark
any binary relation on L. A sequent "¢ F ¢ is a «new formula» that render the
argument with the assumption ¢ and the claim . The formula ¢ is called the
antecedent and y is called the succedent of the sequent "¢ F . A sequent "¢ +
is called correct iff ¢ ¢ Y.

The calculus F® is a deductive system (with the standard notion of proof) built
in the set of all sequents.

An axiom of the system is this and only this sequent that satisfies the following
three conditions:

(EI) neither antecedent of this sequent is a contradiction nor its succedent is a
tautology;

(E2) every variable occurring in a succedent of this sequent occurs in its antecedent
as well;

(E3) the sequent has one of the following nine forms:

(A1) pF
(A2) 2



THE AX10MATIZATION OF STRICT LoGicAL CONSEQUENCE 123

(A3) PAY e
(A4) CAYFY AN
(AS) (@A) F -V Y
(A6) =V =k =(p AY)
(A7) eV AXF@AXY) VY
(A8) AV AY)F(@VY)Ax
(A9) pre AWV Y)

Moreover, the system F* has three rules of inference:
RI) pry vEx

Yrx
(R2) Yy Yy
erYAx
Y Yo .

R3 I~ T 7 d F T
(R3) @) axy ¢Fix(e/y) ¢

A given sequent is a thesis of F* iff it is derivable in a finite number of steps
from the axioms by application of the rules of inference.
Wessel proves:

THEOREM ON THE CORRECTNESS 2.1 (Wessel, 1984, cf. MT1, MT2 and MT3, p. 170).
If a sequent "¢ + 7 is a thesis of the calculus F*, then it is correct, i.e., ¢ Eg . [

3. Incompleteness of F*

In (Wessel, 1984, p. 172) one can find the completeness metatheorem M77, which
says that all correct sequents are theses of F*, i.e., if ¢ =5 i, then "¢ + ¢ is a thesis
of F%. Yet we will show that this theorem does not hold. For example, the correct
sequent

(PA(gV@)N(ErV ) EpA(=gVg)A(=rVT))
is not a thesis of F*, since it does not fulfill the following criterion:

CriterioN. If a sequent "¢ + 7 is a thesis of the calculus F® and a tautology
"(11 A T2)7 is a subformula of ¥, then "(t| A 12)7 is also a subformula of ¢.

Proor. Induction on complexity of proofs of theses. Proofs of the axioms are of
complexity zero; proofs of theses derivable directly from the axioms by means of
the rules of inference are of complexity one; proofs of theses derivable form the
theses whose proofs are of complexity zero or one are of complexity two; etc.
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(D Clearly, the axioms of the form (A1)-(A6), (AS8), (A9) satisfy the above
criterion. Similarly the axioms of the form (A7), since a tautology "(r; A 12)"
has to be a subformula of formulas that are mentioned in the above schema. A
succedent cannot have the form "(7; A 73) V ¢, since it would be a tautology (in
case of the axioms of the form (A4) and(A6) the argument is similar).

(II) As inductive hypothesis, let us assume that the criterion holds for the se-
quents whose proof is of complexity less then n. Let a sequent "¢ ¢ has a proof
of complexity n and let a tautology "(7; A 72)" be a subformula of a formula .

(1) If the sequent "¢ + ' was derived by means of the formula (R1), then for
some y the sequents "¢ + ¥ and "y + ¢ have a proof of complexity less then 7.
Thus, by inductive hypothesis, the tautology "(7; A 7)™ is a subformula of ¢.

(ii) If the sequent "¢ + ¢ was derived by means of the rule (R2), then for some
x1 # 71 and y» # 7, we have Yy = "y A 27, where the sequents "¢ + y1 7 and
"o + x> have a proof of complexity lees than n. Thus the tautology "(71 A 72)7 is
a subformula of y; or y». Hence, by inductive hypothesis, this tautology also is a
subformula of ¢.

(iii) If sequent "¢ + ¢ was derived by means of the rule (R3), then for some
¢’ and ¥ we have ¥ = (¢’ /"), where the sequents "¢’ + ¢’ and "y’ + ¢’ have
a proof of complexity less than n. Since the tautology "(r; A 72)7 is a subformula
of ¥, then at least one of the following two cases holds: (a) this tautology is a
subformula of ¢, () this tautology is a subformula of ¢” and the substitution ¢’ /iy’
was essential (i.e., ¢’ occurred in ¢). In the case (b), by inductive hypothesis, this
tautology is also a subformula of ¢’. Therefore, it is also a subformula of ¢. U

In (Wessel, 1984, p. 167) one can find a proof of the fact, that a sequent "(¢ A
W)Ax F o AW Ax) is a thesis of FS (cf. T4), without any additional restrictions put
on formulas ¢, ¢ and y except for (E7) and (E2). Yet this proof does not take into
account cases in which ¢, i or y are tautologies, but "(@ AY)Ax" and "o AW A x)™
are contingent. Let us analyze a derivation of a sequent "(@ AY) Ax F @ A (W A x)™
taking one additional assumption, that ¢,y y ¢ T. In this derivation we will apply
the following thesis of F®, for any ¢, € L such that "o Ay ¢ Fand y ¢ T:

(3.1) CAY Y.

I. @AY FY A (A4), by hypothesis "¢ A ¢ € K
2. YAQrY (A3)
3. pAYrHY 1,2 and (R1)

We have the following derivation of a sequent "(@ AY) Ay + ¢ A (¥ A x)™ (such
that "(¢ A ) A x7 € K) with additional assumptions:
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la. pgT additional assumption
2a. veT additional assumption
3a.  x¢T additional assumption
4a. @AY AYFY (3.1), (EI), 3a
Sa. WAV AXYFEAY (A3), (El), 1a,2a
6a. CAY (A3), (ED), 1a
Ta. CAY Y (3.1), (El), 2a
8a. @AY AYF@ 5a, 6a and (R1)
9a. (@AY A Y 5a, 7a and (R1)
10a. (@WAY)AYFYAY 9a, 4a and (R2)
1la. (@AY AXYFEAWAY) 8a, 10a and (R2)

From the CrITERION One can see that assumptions 1a—3a were essential.

Similar gaps can be found in the derivations of the theses 75 and 772
(Wessel, 1984, p.167,168). Moreover, in some derivations we can find gaps of
different kinds. For example:

— In the proofs of the theses 7678, "= (¢ V) F = A=y, "= A = + =(p V )7
and "oV + YV, while applying the rule (R3), it is being assumed that theses
of the systemu F*® are sequents ¢ + ——¢ and ——¢ F ¢, although it is not ruled
out that ¢ is not in K (similarly for ¢).

— In the derivation of the thesis 7/8, while applying the rule (R3), it is being as-
sumed that the thesis of F* is a sequent =(¢ V =) + =i A ¢y which has a contra-
dictory antecedent.

— In the proof of a sequent ¢ V (= A ¢) F ¢ the axiom (A9) "o F ¢ A (Y V =)™
is being applied. Yet we may use this axiom only if V(i) C V() (see the condi-
tion £2). But it does not have to obtain for the sequent being proved.

4. The calculus VF*

We will build a new system VF® in the set of sequents. It will have six rules of
inference: to the rules of the system F* we will add rules:

pry :
(R4) m if 7€ Tand V(T) c V(QD)
(R5) Z%iég if ¢ € Fand V(¢) C V()
(R6) oy if ¢ € F and V(¢) C V()

proVY
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By definitions we obtain:

Lemma 4.1. Six rules of inference of the calculus VF® are correct in the following
sense: when applied to correct sequents these yield a correct sequent.

Proor. The relation = is transitive, by (2.2) (since [ is transitive). Therefore the
rule (R1) preserves strict consequence.

IfokEsyand ¢ g y,theny A y ¢ T and ¢ = ¥ A y. Thus the rule (R2) also
preserves strict consequence relation.

If o Es Y and ¥ | ¢, then ¢ H ¥, V() = V(p) and ¢, € K, by (2.2). Thus,
by the extensionality of CPC and (2.2), the rule (R3) preserves strict consequence.
Finally, the rules (R4), (R5) and (R6) preserve strict consequence, since ¢ = ¥

entailsp FY AT, oYy Voandp | o V. O

The axiom of VF® is this and only this sequent that fulfills conditions (E7) and
(E2) for the axioms of F* and

(E3") the sequent in question is a specification of one of the following ten schemas:
(A1)—(A8) and
(A10) pVoro
(Al1) OV F
where ¢ is a contradiction.
By the definition of axioms we obtain:
Lemma 4.2. All axioms of the calculus VF® are correct sequents.

Proor. For any axiom "¢ + ¢ we have ¢ = . Moreover, from the conditions
(E1) and (E2) we have V(¥) C V(p), ¢ ¢ Fand ¢ ¢ T. Thus ¢ | ¢. O

From lemmas 4.1 and 4.2 we obtain:

THEOREM ON THE CORRECTNESS 4.1. All theses of VF® are correct sequents, i.e., if a
sequent "¢ + 7 is a thesis of the calculus VF®, then ¢ E .

Proor. As we showed, all axioms of VF® are correct sequent. Moreover, all rules
of VF® always lead from correct sequents to correct sequents. Thus, by induction
over VF®, we see that every derivable sequent is correct. U

We will show that for VF® Theorem on the Adequacy holds, i.e., the sequent
To + ¢ will be thesis of VF® iff ¢ ¢ . We will derive auxiliary theses of VF*
necessary to prove that (cf. Section 6, p. 138):

CompLETENNESS THEOREM 4.2. All correct sequents are theses of the calculus VF®.
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5. Some auxiliary theses of VF®

By means of (A1), (A2) and (R1) for any ¢ € K we will derive the sequent:

5.1 pro

From this, by means of the rules (R2), (R5), (R6) and (R4), respectively, for all
¢ € K, ¢ € Fand 7 € T such that V(¢), V(1) C V(¢) we derive the following
sequents

(5.2) Y
(5.3) YrEVe
(5.4) preVe
(5.5) YrEAT

By (5.5) all sequents of the schema (A9), that satisfy conditions (E/) and (E2), are
theses of VF®. Hence we have:

Fact 5.1. All theses of FS are theses of VF®. O
We will infer a derivable rule of the system VF® (and of F* as well):

X1FXx2 w1 Y Ui ke w2 Y Yo k¢

(R7)
X1(e1/¥1) F x2(p2 /i)

1. xi+tx2 assumption
2. w1+ Y assumption
3. Y1k assumption
4, w2 F U assumption
5. te assumption
6.  x2Fxa(e2/h2) 4,5, (R3)
7. x1kxa(e2/y2) 1,6, (RI)
8. xile1/Yy) Fxa X1 =x1(e1/¥0)-Wi/¢1), 2, 3, (R3)
9. xi(ei1/¥n) F x2(p2/¥2) 8,7, (RI)

Farther in this paper all auxiliary theses of VF® will satisfy conditions (E7) and
(E2). This fact will not be mentioned separately.

By means of the new rule (R4) we can «finish the proof» concerning the se-
quents of the form

(5.6) (AP AYEFONW AY)
(5.7) PAWAY)F@AY) Ax
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1b.
2b.
3b.
4b.
5b.
Ic.
2c.
3c.
4c.
1d.
2d.
3d.
4d.
5d.

ANDRZEJ PIETRUSZCZAK

peT

veT

xeT
AP A Y Ax
(AP AXFEANWAY)
peT

veT

XeT

(AP AXFEANWAY)
peT

veT

xeT

AW AXFWAX) AN
(AP AXYFQANWYAY)

additional assumption
additional assumption
additional assumption
2b=2a, 3b, 9a, (R4)
1b=1a, 8a, 4b, (R2)
additional assumption
additional assumption
additional assumption
lc=1a, 8a, 2c, 3c, (R4)
additional assumption
additional assumption
additional assumption
2d=2b, 3d=3b, 4b, 1d, (R4)
(A4), (R7)

Analogously we will analyze remaining alternative cases. The similar proof is
carried out for the sequent (5.7).
Let us prove that some sequents are theses of the calculus VF®.

(5.8)

M

(5.9)

Ll

(5.10)

2a.
3a.
4a.
2b.
3b.

PRV

2 "
2 2"
=7 F (= A —g)
2 A
preVe

eVt
—|—|()0}——|—|(p
—|—|()0\/—|—|()0}—(p
Vet

17

eV Y E (=g A—Y)

p¢F
yeF
VYoV oy
p¢F
yeF

(A3)

(5.2), (R3)

1,2 and (R3) for y = "——¢™
3, (AS), (A6), (R7)

4, (A1), (A2), (R7)

(5.1)
(A3), (5.2), (A1), (A2), (R7)
2, (A5), (A6), (R7)
3, (A1), (A2), (R7)

(A6)
additional assumption
additional assumption

2a, 3a, (5.1), (A1), (A2), (R7)

additional assumption
additional assumption
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4b. VY trog
5b. VY FeV -y
6b. VY F VoY

2c. ¢eF
3c. yY¢F
4e. VY Y

5c. @VYr-ompVy
6c. @VYF-mpV oy

2b, 3b, (A10)

4b, (RS)

5b, 2b, (A1), (A2), (R7)
additional assumption
additional assumption
2b, 3b, (A1)

4c, (R6)

Sc, 2¢, (A1), (A2), (R7)
4a=6b=0c, 1, (R1)

(5.11) (e A Fe VY

L =g A=) k== V (AS)
2a. ¢¢F additional assumption
3a. Y ¢F additional assumption
4da. ——@V oW FeVY 2a, 3a, (5.1), (A1), (A2), (R7)
2b. ¢p¢F additional assumption
3b. Y eF additional assumption

4b. "2 V —|—|(p F @

5b.  —m@ Vo oo VY

6b. -V - FeVY
2c. ¢peF

3c. Yé¢F

de. mm@V m— F -

5¢c. —m@ VoV oy

6c. VoW EeVY
1. (e A VY

2b, 3b, (A10)

4b, (RS)

5b, 2b, (A1), (A2), (R7)
additional assumption
additional assumption
2b, 3b, (A1)

4c, (R6)

Sc, 2¢, (A1), (A2), (R7)
4a=6b=06c, 1, (R1)

(5.12) VY YV

L oVt =(=pA-y) (5.10)
2. (=@ A=) F (=g A ) (A4), (R3)
3. (= A=) YV (5.11)
4. VY LYV 1-3, (RI)
(5.13) (V) F o Aoy

2. (e VY)F gAY 1, (A2), (R1)
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(5.14)

1.
2.

(5.15)

1.

2a.
3a.
4a.
2b.

(5.16)

la.
2a.
3a.
4a.
Saa.
6aa.
7aa.
Sab.
6ab.
7ab.
8ab.
9ab.
10ab.
1b.
2b.
3b.
4b.

ANDRZEJ PIETRUSZCZAK

—p A=Y= V)

—=(=p A =) F (e V)
= A=Yk =(p V)

(VY AxFE@AX)YV W AY)

(VY AX @A) VY

X&T

(VY Axrx

(V) Ax (@A) V) Ax
xeT

A VY E(@AX) V) Ax
VYA AX)VY)Ax
(@A) VY AWV (eAX)Ax
WV@EAXDAXEFW@AXY)V(eAXAY)
WNV@eAXDAXEWAX)V(@AX)
WAXIV(eAX)F(@AX)V W AYx)
(VY AxF(@AX)V W Ax)

(VY VoV Vy)

eV ek

(V) Vy ==V Vy)
(V) Vx k(= A=th) A —x)
(VY VxF (=AY A-x))
YyVyekK

(VY Vxr==(eVyVy)
(V) VxreVEVy)

(5.10), (5.11), (R3)
(Al), 1, (R1)

(AT)

additional assumption
2a, (3.1)

1, 3a, (R2)

additional assumption
2b, (5.5)

1, 3b, (R1)

(5.12), (R3)

(AT)

(A3), (5.2), (R7)
(5.12)

4a=4b, 5,7, 8 (R1)

additional assumption
(AD)

la, 2a, (5.13), (5.14), (R7)

3a, (5.6), (5.7), (R7)
additional assumption

Saa, 4a, (5.13), (5.14), (R7)

6aa, (A2), (R1)

wVyeF additional assumption
v eF Sab
x€eF Sab
pekK la, 6ab
V) Vyro 8ab, 6ab, 7ab, (A10), (R1)

(V) VxreVWVy)
pVyeF

peF

yeF

xY €K

Sab, 9ab, (R5)
additional assumption
1b

1b

1b, (ED)
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Sb. (V) Vxry 1b, 4b, (A11)
6b. (@VY)VYFYVy 3b, 5b, (R6)
Tb. (@VYIVYFeV W Vy) 2b, 6b, (R6)

The sequent

(5.17) eVW VY F@VY) VY

will be derived in an analogous way. We will need a couple of auxiliary theses.

(5.18) (@AY VYE@VX)AWYYX)

L (@A) Vxr (@A) Vy) (A1)
2. @AYV x +F=(=(p A) A =y) 1, (5.13), (5.14), (R7)
3a. @AY eK additional assumption
da. (@AY VxF (=@ V) A ) 3a, 2, (A5), (A6), (R7)
3b. oAy eF additional assumption
4b. (@ AY) A=) F -y 3b, (3.1)
5b. (@ AY)A =y F (=@ V=) A -y 4b, (R4),(A4), (R7)
6b. (= V =)A=y k(e AY)A -y (3.1), 3b, (R4), (A4), (R7)
Tb. (@ AY)V x F =((mp V =) A =y) 5b, 6b, 2, (R7)
8. (@AY VY F (e A—)V (=g A=x)) 4a=T7b, (5.15), (A8), (R7)
9a. ¢pVvyekK additional assumption
10a. Yy VvyekK additional assumption
1la. (e AY)V Y +F=(=(pVY)V =V Y)) 9a, 10a, 8, (5.13), (5.14), (R7)
9%. ¢pVvyekK additional assumption
10b. yvyeT additional assumption
11b. (mp A=x) V(= A =x) F —p Ay 9b, 10b, (A10)
12b. (mp A=x)V (= A =x) F (mp A =x) V = V x) 10b, 11b, (R5)
13b. (7 A=)V =V x)F (= A=x) V(= A —y) 9b, 10b, (A10), (R5)
14b. (@ AY)Vx F=((mp A=)V =V x)) 12b, 13b, 8, (R7)
15b. (@ AY)Vx +F=(=(pVx)V =V Y)) 14b, 10b, (5.13), (5.14), (R7)
9. @vVvyeT additional assumption
10c. Yy VyeK additional assumption
Ilc. (mp A=x) V(= A =x) F =y A =y 9¢, 10c, (A11)
12¢. (A=) V(¢ A=) F=(eVY)V (Y A—x) 9¢, 11c, (RO)
13c. ~(@VY)V (= A=y)F (=@ A=x)V (=Y A —y) 9c¢, 10c, (A11), (R6)
ldc. (@ APV x + =((mp A=x) V =V x)) 12¢, 13c¢, 8, (R7)
15c. (@ APV +F=(=(pVx)V =V y)) 14c, 10c, (5.13), (5.14), (R7)
16. (@AY)VxF-=((eVY)AWVY)) 10a=15b-c, (A5), (A6), (R7)

I7. (@AY VX @V)AWYY) 16, (A2), (RI)
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Analogously we will derive the sequent:

(5.19) VNGV F@@AY VY

Finally we will derive the sequent:
(5.20) proVvy
1. WAV (5.4)
2. er@VY)A @V Y) 1, (5.12), (5.18), (5.19), (R7)
3. eV 2, (A3), (R1)

6. Completeness of the calculus VF*

We will prove Completeness Theorem 4.2 for the system VF®. The proof of this
theorem will consist of a series of auxiliary lemmas.

For the beginning we will need a generalized form of a couple of previously
proved theorems.

LemMA 6.1. If (o1 V- -V )AY T, Tpiny T € Kfori =1, ..., n, then the following
sequents are theses of VF*:

(@1 V- Vo) AN E (@1t AY)V -V (n A W)
(@1 ANV - N(@ AP F (1 V-V ) AN

Proor. For n = 1 the lemma holds by (5.1). As inductive hypothesis, let us assume
that the lemma is true for n — 1. From (5.12), (A8), (5.15) and (R7) we will derive
theses: "(p1 V- Vo) AU F (01 V- V1) AY) V (n AY)T and "((¢1 V
oV O ) AV (o AY) F (@1 V-V ) AT Notice that (by assumption):
"1 V-~ Ve,-)AY T e Ko Indeed, if "(p1 V- V,- ) AY T ¢ K then "(p; V-V
@n—1) AY T € F, thus also ¢; Ay € Ffori < n— 1, contrary to the assumption. Thus
we can apply the inductive hypothesis. Hence, applying (AS8), (5.15) and (R7), we
will get both sequents. U

LemMa 6.2. If "oy A -+ A @, € K, then the following sequents are theses of VF*:

=1V Voo Eo(er A A )

Proor. For n = 1 the lemma holds by (5.1). Let n > 1. Then, by means of (A5),
(A6) and (R7) we will derive: (@) "=((@1 A+ - App—1)A@y) F (@1 A+ - A@p—1)V =y,
and (b)) " (@1 A A1)V, F (@1 A App—1)A@y) . As inductive hypothesis,
let us assume that the condition holds for n—1. Thus in case if " A---Ag,—1 ' € K,
by inductive hypothesis and from (R7), we get the thesis. In case if "y A -+ A
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on—1 '€ T, wegetthat ¢1,...,¢,-1 € Tand ¢, € K. Thus from (a), (A11) and (R1)
we will derive the sequent "=((¢1 A -+ A @u—1) A @n) F g, . From this, applying
(R6), we get the first of the sequents being proved. Similarly, from (A11) and (R6)
we will derive the sequent " V- - V=, Vo, F (@1 A A@,u—1)V g, . From
this and from (), applying (R1) we get the second of the sequents being proved.
The above reasoning can be repeated for an arbitrary combination of brackets,
applying respectively (5.6) and (5.7) or (5.16) and (5.17). U

Lemma 6.3. If "y V -+ V ¢, € K, then the following sequents are theses of VF*:

(1 Ve V) Fmpr Ao Aoy
QLA A E (e Vo Vo)

Proor. For n = 1 the lemma holds by (5.1). Let n > 1. Then, by means of
(5.13), (5.14) and (R7) we will derive sequents: (a) "=((¢1 V -+ V @u_1) V @) +
(@1 V- V1) A=y Tand (D) "=(@1 Ve Veu-1) A=y E (@1 Ve Veu-1) V)
As inductive hypothesis, let us assume that the condition holds for n — 1. Thus in
caseif "oy A+ - Ag,-1 " € K, by inductive hypothesis and by (R7), we get the thesis.
Incaseif "¢ V.-V, '€ F,wegetthat ¢y, ..., 9,1 € Fand ¢, € K. Thus from
(a), (3.1) and (R1) we will derive the sequent "=((¢1 V -+ V ©u—1) V ) F =@, .
From this, applying (A4) and (R4), we get the first of the sequents being proved.
Similarly, from (3.1), (A4) and (R4) we will derive the sequent "= A- - - A=, A
=@, F (@1 V- V1) A, . From this, (b) and (R1) we will get the second of
the sequents being proved. U

Let E” be the set of elementary conjunctions. These will include variables and
their negations, and conjunctions built from variables and their negations. More-
over, let LY” be the set of all conjunctions from E” and all disjunctions of these con-
junctions. Thus all members of LY" have a disjunctive—conjunctive normal form.
We will prove a couple of lemmas concerning the formulas from LY.

Lemma 6.4. For every k € E® N K there are such ¢ € LY N K, that theses of VF*
are sequents: "=k + ¢ and "¢ + -k

Proor. By Lemma 6.2, (A1) (A2) and (R7). ]

Lemma 6.5. Let ¢y, ..., ¢, € LY forn > 0. If "y A -+ A @, € K, then there is
such ¢ € LY N K, that the following sequents are theses of VF*:

LA Npp B Y
Yrer A Ay
Proor. By induction on n. (I) For n = 1: by (5.1) and the assumption take ¢ = ¢;.
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(II) For n = 2: assume that ¢; = "k; V--- Vi, 'and oo ="A; V---V A7, where
m, !> 0 and «;, ; € E”". We will consider three cases.

(i) Let I = 1 = m. Then by the assumption "k; A 4; € E* N K C LY". Hence,
by (5.1), we can set ¢y = "k A A

(i) Let m+ 1 =k > 1 and m > 1. Then by the assumption, (5.1), (5.6), (5.7)
and (R7) we get sequents: "¢; Ay F (k1 V (ko V-V Kkp)) Ay and T(k; V (ko V
-V Kkm) Ao @1 Ay From these and from (A8) and (5.15) by application
(R7) we get sequents: (a) "o1 Ao + (k1 A @)V (k2 V -+ V Ky) A 2)" and (D)
Tk AN@) V(K2 V-V Kky) ANpa) o1 Ay

As inductive hypothesis, let us assume that for n = 2 the lemma is true for all
m and [ such that m + [ < k. By the assumption and the Theorem 4.1 one of the
following three subcases holds:

(@) "k1 Ao, (ko V -+ V k) Ao € K. By inductive hypothesis, there are such
Yi,Yn € LVANK, that sequents "k Ay F Y L, T F kAT, T (ko Vs Vi) Ao F
Yomand Ty F (ka V- V k) A o are theses of VFS. Hence, applying (R7) to
sequents (a) and (b) we get: "1 Ao F iy Vi and Ty Vo F o Agr™.

®) "k Ay e Kand "(kp V- - - V k) Ar ' € F. By inductive hypothesis, there
are such y € LY N K, that sequents: "1 A @2 F 7 and "y F k1 A 7 are theses of
VF®. Hence from sequents (a) and (b) applying (R7) we will derive sequents: (a’)
Tp1AQ2 F YN ((K2V- - Vi) Ap2) T and (b)) TYV (Ko V- - VK ) Ag2) B @1 A ™. From
(a’), by application of (A10) and (R1), we get a sequent: "¢ A ¢ + . Hence,
applying (R5), we will derive "1 Aga + ¢V (piy A=piy)V -+ V(pi; A=pi;)7, where
Pi» - --» pi; are all variables from the set V(¢1 A ¢2) \ V(). Moreover, the sequent:
"WV (piy A=pi) VooV (pi; A =pig) B YT s a particular instance of the axiom
(A10). From this, applying (R6), we will get "y V (p;; A=p;;) V-V (pi; A=pi;) +
UV (k2 V-V Ky A @), From this and from (b"), applying (R1), we will get
"YUV (piy A=pi) VoV (P Api) F et Agr ™

©) "k Ay eFand "(kp V -+ V k) A o' € K. Analogously to (b).

(iii) Let m + [ > 2 and [ > 1. Analogously to the case (ii).

(II) For n > 2: as inductive hypothesis, let us assume that the lemma being
proved is true for all m < n. Consider two cases:

(i) "1 A+~ Ag,—1 " € K. Then, by inductive hypothesis, there is such ¢’ € LY",
that sequents "1 A - Ay F Y Tand "Y' F @) A -+ A @, are theses of
VF®. From this and from (5.1), by the assumption and (R7), we get sequents:
TN Ay F Y A, and T A, F @i A - A, . Applying inductive hypothesis,
again we get such ¢ € LY", that sequents "¢/’ A, + ¢ and "y + ' A, are theses
of VF®. Thus by application of (R1) we get the theses being proved.

1) "1 A App—1 ' € K. Then " A---Ap,—1 " € T and ¢,, € K. Thus, applying
(RS5), from the thesis "1 A+ A@,—1 Ap, F @, ' of the schema (3.1) we will derive
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the sequent "@i A+ - A@u_1 A@n F @uV (piy Api )V -+ -V (pi; A=pip) ", where pi,, ...,
pi; are all variables from the set V(o1 A~ A@,—1) \ V(¢,). Moreover, the particular
instance of the axiom (A10) is the sequent: "¢, V(p;, A=p;,)V-- V(pi;A=pi;) b ©n .
From this, applying (R4), we will get ", V (piy A =pi) V -+ V (pi; A =pi) +
©n A (@1 A -+ A pp_1)". From this and from (A4), applying (R7), we will get
"on V(piy A=pi) VeV (pi; ATpi) F oL A Ay
Considerations from (III) are repeated for an arbitrary combination of brackets.
O

Lemma 6.6. Forevery ¢ € LY"NK there is such y € LY"NK, that sequents "—¢ +
and "y + @™ are theses of VF®,

Proor. Assume that o = "k V---Vk,",wherek; € E*dlai=1,...,n > 1. By the
Lemma 6.3 we get theses " (k) V- Vk,) F kg A== A=-k, tand "=k A= Ak,
(k1 V- Vi)™

Let k;, ..., k;, € Kdla0 < m < n. By Lemma 6.4 there are such ¢;, ...,
@i, € LY" nK, that for j = 1, ..., m sequents "—;, + ¢;" and "g;; F —k;; " are
theses of VFS.

Let us notice that since ¢, —k;; € Kfor 1 < j < m, so T=kiy Ao Ak, €K
Hence, beginning with the thesis —«;, A---A-k;, F -k A--- A-k;, " and applying
(R7), we get theses: (a) "—k;, A--- A=k, F @iy A=A Tand (D) Tgi A A, F
—Kj, VANRERIAN _'Ki,,,-l-

From (A3), (3.1) (5.6), (5.7) and (R1) we will derive the sequent "—¢ + —k;, A
-+ + A =k;, . From this and from (a) we get the sequent "—¢ F ¢; A---Ag; 7. From
this, applying (R4), we derive (@) "—¢ F @i, A= A, AP, Vo pi) A A(prg V
—pi,)", where py,, ..., pi, are all variables from the set V(¢) \ V(g;, A --- A g;).

From (b), (A3) and (R1) we will derive "¢;, A---A@;, A(pi, V=pi,)A---A(p, V
—-pK,) F —k;, A+ A=k . Since remaining elementary conjunctions occurring in ¢
are in F, so applying (R4) we get "¢;, A« -~ A, A(piy ¥V =pi) A== A(pi V =pi) +
—Kk1 A -+ - A =k, . From this, applying (R1), we derive (0") "p;, A=~ A A (pr, V
“Pr) A A(prg vV oprg) F e

By application of the Lemma 6.5 to the conjunction "¢; A --- A @; A (pk, V
=pi) A=+ A(pr, V —pr,)7, there is such ¢ € LY, that—applying the rule (R7) to
(a’) and (b")—we get theses: "= F T and Ty F = O

Lemma 6.7. Forevery ¢ € K there is such ¢* € LY NK, that sequents "¢ + ¢*7 and
T + ¢ are theses of VF®.

Proor. Induction on the complexity of the formula ¢.
(D e V. Thenp € LY* NnKand "¢ + ¢ is a thesis of the form (5.1).
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() ¢ = "7 Then ¢ € K. As inductive hypothesis, let us assume that for
 the lemma being proved holds, i.e., there is such y* € LY N K, that sequents
Ty - A and TYP + Y7 are theses of VF®. Thus, applying rule (R7) to "¢ + ¢, we
get sequents "=y F —/* 7 and T F -7 Applying Lemma 6.6 to ¢* we get such
¢* € LY/, that theses of VF® are sequents "—¢* + ¢*7 and "¢* + —¢*7. Thus, by
(R1), we get the theses being proved.

() ¢ = " Vv x 7. Consider three cases. (i) ¥, y € K. By inductive hypothesis,
there are such y®, y* € LY", that we will derive theses: "y + 27, W* + ¢,
"y v x¥*"and "y* + x7. From these, by (R7), we have: "¢ r ¢¥* V x*" and
YAV X F @7 Clearly, "y® v x*7 € LY~ (ii)) ¢ € K and y € F. Then by (A10),
we have "¢ + 7. By inductive hypothesis, there is such y* € LY”, that sequents
Ty o+ AT and YA + YT are theses of VF®. By (R1) and (R5), we have the thesis
"o - YV (pi, ANpi) V-V (pi, A =pi)T, where p;, ..., pj are all variables
from the set V(¢) \ V(). Moreover, applying the axiom "y* V (p;, A =p;,) V-V
(pi, A —pi) F 7 of the form (A10) and the rules (R1) and (R5) we will get thesis:
"YWV (pi, N=pi) V-V (pi, Ampi) FY YV x . (i) ¢ € F and y € K. Analogously
to (ii), applying (A11) and (R6).

(V) ¢ = "y A x 7. Consider two cases. (i) ¥, y € K. By inductive hypothesis,
for some /2, y* € LY we have theses: "y F ¢, "y F Y7, Ty B x* T and Ty F x 7.
From these, by (R7), we have theses: "¢ + ¢* A x*" and "y* A x* + ¢7. By
Lemma 6.5, there is ¢* € LY” such that sequents "y/* A y* + ¢* 7 and "¢? + Yy* Ax* +
¢*7 are theses VF®. From (R1) we thus get sequents "¢ + ¢*7 and "¢* + ¢
(ii) ¢ € Kand y € T. Then, by inductive hypothesis, for some y* € LY" we get
theses: " + ¢*7 and "Y? + 7. Now from the axiom "¢ + ¢ of the form (A3)
and (R1), we have "¢ + ¢*7. Hence applying rules (R1) and (R5) we get thesis
"o - YtV (pi, Api) V- V(i A —pi)T, where p;, ..., p; are all variables
from the set V(¢) \ V(¥). Moreover, applying axiom "¢* V (p;;, A =p;)) V --- V
(pi, A —pi) F 7 of the form (A10) and the rules (R1) and (R4) we will get thesis:
"YWV (pi, N=pi) V-V (pi, A=pi) FY A (D) ¢ € T and y € K. Analogously
to (ii), applying (3.1) and (A4). ]

For a formula ¢ from K by ¢° we will denote its canonical disjunctive-con-
Jjunctive normal form (cf. (Asser, 1959)). Let V(o) = {p;,, ..., pi,} fori; <--- <i,.

o . ,k
Then ¢° := K1V~"\/Kk

b; ; .
W, where Ki( = pil1 Ao A pf”, the evaluation V(p) >
pi; > bi; € {0, 1} satisfies the formula ¢ and pl.bj" is pj;, if b;; = 1, otherwise it is
=pi;- Moreover, the order of elementary conjunctions in ¢° is determined by an

increasing order of numbers b;, ... b; in binary notation.

Lemma 6.8. If ¢ € K, then sequents "¢ + ¢°7 and "¢° + ¢ are theses of VF®.



THE AX1I0MATIZATION OF STRICT LoGicAL CONSEQUENCE 137

Proor. For ¢ € Klet V(¢) = {pi,, Pir»- ... Pi,}, Where i| <ip <--- <i,.

By Lemma 6.7, there is such ¢* € LY* NK, that sequents "¢ + ¢* 7 and "¢? + ¢
are theses of VF®. Let ki, ..., k,, (for m > 0) be all elementary conjunctions in ¢*
that are elements of K.

For 1 < i < m, by (A4), (5.6), (5.7), (A3), (5.2), (R1) and (R7), we can de-
rive sequents "k; + «; ' and "k + &', where V(k]) = V(k;) and «] differs from «;
only in that, that no element of the conjunction «; repeats and these are ordered
according to an increasing order of indexes of variables. Let now [} < --- < [;
and {py,, ..., pi;} = V(p) \ V(k;). By (Ad), (5.15), (A8), (5.6), (5.7) and (R7), we
get sequents "k; A (py, V —py) b (Kl’.)} \Y (Kl’.)(l)—l and "K} \v K(l) Fki A (py Y 2pn)T
where (K;)% and (K;)(l) differ from "« A p;, " and "k] A —p;, 7, respectively, only in
that, that their elements are ordered according to increasing numbers of indexes of
variables. In a second step, for a variable p;,, in an analogous way, we get sequents
TWDE A (P V p) F KDV DI TGOV RIS DA (o V=),
TWDY A (i V mp) F KDV (D19 and TRV (OIS KDY A (i, V =i,
Thus, by (5.15), (A8), (R1) and (R7), we have sequents "k A (py, V =py,) A (p, V
=pp) F D V(D VDY, VDR and T, V(KD VDY VT,
K; A (p1, V =pi) A (pr, V —p,)". These steps are repeated for j and thus we get
sequents " A (pi, V =p) A+ Ay V=) E DY DRV Y 09
and r(Kl’.)B::} Vv (K;)B:g V...V (K;)(l)g:g FKA (P Y =pr) A A (py; v —|plj)". Let us
denote derived 2/ elementary disjunction by K:.(a. By construction, V(K:.‘a) = V(p).

Notice that by (A10), (A11), (5.12), (5.16), (5.17), (R1), (R7) and previously
proved theses, we will derive a sequent "¢* + k] V --- V k;,”. From this, applying
(R4), (5.12), (5.16), (5.17), (A8), (5.15), (A3), (3.1), (R1), (R7) and Lemma 6.1,
we get sequent " F kK v - v kT,

Moreover, applying (5.18), (5.19), (A3), (3.1), (5.12), (5.16), (5.17), (R1) and
(R7), we will derive the sequent '_Kll"“ Vo voka Ky V -+ V k. From this and
previously proved theses, by (5.12), (5.16), (5.17), (R5), (R6) and (R7), we get the
thesis '_Kll‘zl Vo vk T,

Now, by (5.16), (5.17), (5.8), (5.9) and (5.12) from disjunction "k5 v - - - v k2™
we can delete elementary conjunctions that repeat and arrange it in order proper for
a formula ¢°.

It remains to show that the above disjunction is really the formula ¢°.

Since this disjunction is equivalent, within CPC, to the formula ¢, thus an arbi-
trary O-1 evaluation p;, — b;, ..., p;, — b; satisfies the formula ¢ iff it satisfies
the disjunction in question, i.e., it satisfies at least one of its members. Hence it fol-
lows, firstly, that the disjunction contains all elementary conjunctions determined
by evaluations satisfying the formula ¢; secondly, that only such conjunctions. [
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Now we can finish the proof of the Completeness Theorem.

Proor oF CoMPLETENNESs THEOREM 4.2. Assume that ¢ |=¢ . Thus ¢ = ¥, V(¥) C
V(¢) and ¢, ¥ € K. Moreover, set ' = "y A (p;, V =pi, ) A---A(pi, V —p;,)", where
Di,» ---» Di, are all variables from the set V(¢) \ V(). Thus V(¥') = V().

By Lemma 6.8 we get theses "¢ + ¢°" and "¢’° + ¢’ 7. Since ¢ E ¢ and ¢’ is
equivalent, within CPC, to ¢, thus ¢° |= ¢'°. Therefore all members of disjunction
¢° occur also in a disjunction ¥’°. Hence by (5.20) and (R1) we will derive thesis
T°® + ¢'°7. Moreover from (A3) and (R1) we will derive thesis "¢’ + 7. Thus,
applying the rule (R1) to the theses already proved, we will derive "¢ + . U

References

Asser, G., 1959, Einfiihrung in die matematische Logik, Teil 1, Leipzig.

Pietruszczak, A., 1997, “Aksjomatyzacja relacji Scistego wynikania logicznego Horsta
Wessla”, pp. 281-297 in: Byt, Logos, Matematyka. FLFL 1995, J. Perzanowski and
A. Pietruszczak (eds.), The NCU Press, Torun.

Pietruszczak, A., 1998, “Zur Axiomatisierung der strikten logischen Folgebeziehung Horst
Wessels”, pp. 215-228 in: Terminigebrauch und Folgebeziehung, U. Scheffler and
K. Wattich (eds.), Logische Philosophie, Bd. 1, Logos Verlag Berlin.

Pietruszczak, A., 2004, “The consequence relation preserving logical information”, this
volume, pp. 89-120.

Wessel, H., 1979, “Ein System der strikten logischen Folgebeziehung”, in: “Begriffs-
schrift”. Jenaer Frege-Konferenz, Wissenschaftliche Beitrige der Friedrich-Schiller-
Universitit Jena.

Wessel, H., 1984, Logik, Deutsche Verlag der Wissenschaften Berlin.
Wessel, H., 1999, Logik, Logische Philosophie, Bd. 2, Logos Verlag Berlin.

ANDRZEJ PIETRUSZCZAK

Nicolaus Copernicus University
Department of Logic and Semiotics
ul. Asnyka 2

PL 87-100 Torun, Poland
pietrusz@uni.torun.pl



	
	
	
	
	
	

