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Abstract. In this paper we present a comparison of certain inconsistency
adaptive logics and Jaskowski’s logic.

Introduction

One of the first formal ways of handling inconsistency was presented in [11].
The approach opened the way to further investigations concerning paracon-
sistent logic. In time the importance of so called M-fragments of a given
modal logic was also discovered.

Another approach is given by D. Batens. The whole project started with
the paper [1]. The idea is very attractive and can be applied to many different
logical calculi.

1. Inconsistency adaptive logics

The adaptive logics are built with the help of two consequences relations: a
weaker one (in the case of inconsistency adaptive logics it is a paraconsistent
logic) and a stronger (classical logic). You can always derive a conclusion
from given premises using the first kind of consequences relation, while in
some cases we can use the second one. The cases in which the stronger
consequence relation is allowed are determined by a given strategy. Logics
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ACLuN1 and ACLuN2 are the most famous. In what follows, we will re-
fer only to the propositional part of these logics, since the most important
features of the predicative formulations are retained in the propositional ver-
sions.

In both these logics, the logic CLuN is the lower limit logic. The propo-
sitional case of the logic CLuN is defined as the full positive classical logic
plus the law of excluded middle.

Let us recall a very important theorem from [2| which was originally
expressed for the propositional case.

Fcr A iff there are C1, ..., Cp, (n > 0) that Fepewy DEK(Ch,...,Cy) V A.

This suggests rules of inference for inconsistency adaptive logics.

In the proofs of inconsistency adaptive logics every formula is added under
assumption of consistent behavior of some set of formulas. If the set of
assumptions under which a given formula is added to the proof, is the empty
set, we say that the formula appears unconditionally in the proof.

We only recall the meta-rules which govern the inferences for ACLuN1
logic. It is enough for our purposes since in the case of consistent sets of
premisses both consequences coincide, while in general if X Facpunt A then
X Facrunz A. For the exhaustive formulations of semantics and syntax of
both logics, see for example [3].

We say that a formula of the form (C1 A~C1) V-V (Cpy A~Clyy) is a
minimally inconsistent disjunction in a given proof if it appears in the proof
unconditionally and no formula of the form (C;; A~Cj,)V---V (C;, A~ Cy,)
where k < m, appears in the given proof unconditionally.

A formula of the form (Cy A ~Cy)V .-V (Cp A ~Cy,) is a minimally
inconsistent consequence of a given set X iff it is a consequence of X in the
sense of the logic CLuN and no formula of the form (C;;, A ~Cj) V---V
(Cs, N~ C,) where k < m, is a consequence of X. Here are the rules:

RU IfFcrun (A1A---AA,) — Band Ay, ..., A, appears in the proof, B
can be added. The assumption under which B is derived is the sum of
assumptions under which formulas Ay, ..., A, appeared in the proof.

RC o ((C1A~C1V-V(CuAn ) )V (414N Ay) = B), and
Aq, ..., A, appears in the proof, then B can be added provided that
no formula of the form C; A~ C; for all 1 < ¢ < n occurs as the disjunct
of a minimally inconsistent disjunction in that proof. The appropriate
assumption is the sum of assumptions under which formulas Ay, ...,
A,, appeared in the proof plus the set {C1,...,Cp}.
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RD It is obligatory that if A has been inferred under an assumption of
consistent behavior of a set containing a formula B, and the formula
B A ~ B became a disjunct of a minimally inconsistent disjunction,
then A has to be deleted from the proof.

Using the above meta-rules one can formulate the notion of a proof of a
given formula on the basis of a set of premises X. But since RD can cause
the deletion of a step in a proof, the notion of final derivability has to be
introduced. We say that A is finally derived on the basis of premises the
set X iff there is a proof of A on the basis of that set, in which A appears
under some assumption A, and even if A were deleted in some extension of
the proof, it could be further extended in such a way that A is derived under
A once more.

For our purposes the notion of a model is needed. By CLuN-model we
mean any valuation v classical with respect to positive connectives, while
in the case of negation for any A the following is fulfilled: v(A) = 1 or
v(~A) = 1. In the standard way we semantically define the consequence
relation for CLuNN.

A CLuN-model v is the ACLulN1 model of a given set X iff it satisfies
X and the only formulas of the form B A ~ B valid under v are disjuncts of
minimally inconsistent semantical consequences of the set X.

Since for the logic CLuN the completeness result is valid, the word ‘se-
mantical’ can be dropped in the last paragraph.

A CLuN-model v is the ACLulN2 model of a given set X iff it satisfies
X and it is a minimally inconsistent CLuN-model of X, i.e., there is no
CLuN-model of X, which would have validated fewer inconsistences.

2. Jaskowski’s Logic D

Jaskowski’s logic Dg is a propositional logic defined with the help of the
modal logic S5.

A formula A is a theorem of the system Dy iff it is built in the standard
way with the help of ‘<", ‘=’ ‘A’ ‘v’ and ‘~’, and the formula ¢ A’, which
arises by the substitution of C A ©D, &C — D, (¢C — D) A O(OD — O)
respectively for subformulas C A D, ¢ — D and C' < D in OA, is the
theorem of S5.1

The notion of the theorem of Dy can be expressed more accurately. Let
us use the following definition of Jaskowski’s transformation:

! The Appendix contains some basic notions from the modal logic pp. 22-27.
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DEFINITION 1. By a Jaskowski’s transformation we mean the function
(\)4: For — Fory, from the set of all propositional formulas into the set
of all modal propositional formulas, defined by induction for any A € For:

1. If A is a propositional variable, then A4 = A

2. (a) Ais of the form BV C, we put A4 =Bdv 4
(b) A is of the form B A C, we put A= BdAOCH
(c) Ais of the form B — C, we put A4 =oBd — C4
(d) Ais of the form B « C, we put A4 = (¢BY — CHro(0Cd — BY)
(e) A is of the form ~ B, we put A4 = ~(B9).

Jaskowski’s logic defined with the help of M-fragment of the modal logic
P we call set:

P ={AcFor:0A%c P}

ie., for AeFor: Ae Pliff OAd e P,
By the above definition we have:

D, = S57.

Connectives of conjunction, implication and equivalence can be treated
as abbreviations of some modal formulas. In this sense we can call them
“discussive” and denote them with the additional symbol ‘4’

ANy B:=(AAB)4
A—>dB::(A—>B)d
A—gB:=(A- B4

Now we can define the consequence relation by saying that from Ay, ...,
A,, a formula A is derivable in the sense of D5 iff on the basis of <>A1d, e
OAd a formula ©A9 is S5-provable.?

PROPOSITION 2. The Logic D2 is closed under the Modus Ponens rule:

A— B A

(MP) -

2 Tt is obvious that in the case of the presented definition the addition of Gddel’s rule
makes no difference. See the definition 18 on page 23.
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PrROOF. It is enough to see that the following rule is provable in S5:

O(O0A— B)  ©A
OB

Let us assume that in a given proof ¢(CA — B) and ¢A appears. By
Lemma 23 from p. 24 one can derive CA — B, therefore by the rule of
Modus Ponens (being used in S5) we get OB. O

3. Jaskowski’s logic and inconsistency adaptive logics

In the present section we will compare Jaskowski’ logic and inconsistency
adaptive logics ACLulN1 and ACLuN2. To achieve this aim connectives of
implication, conjunction and equivalence will be treated as discussive ones.
Firstly, let us notice that each axiom of the logic CLuN is a theorem of the
logic Da: a fortiori the full positive logic is contained in Ds. Corollary 4
was implicite expressed already by Jaskowski (see [11] and [12]). We present
its full proof here.

THEOREM 3. Fach of the following schema represents a theorem of Dsg.

Ax1. A— (B—A)

Ax2. (A—-B)—A)— A

Ax3. (A-(B—-C)—-((A—=B)— (A—0))

Ax4. AANB — A

AX5. ANB — B

Ax6. A— (B— AAB)

AXT. A— AV B

Ax8. B—AVB

Ax9. (A—-B)— ((C—-B)— (AvC — B))
Ax10. (A<~ B)— (A— B)
Ax11. (A— B)— (B— A)
Ax12. (A—-B)—(B—A)— (A< B))
Ax13. (A-~A)—~A
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ProOF. Using the introduced definitions of discussive connectives and the
definition of Jaskowski’s logic it is enough to show that modal versions (de-
noted by ‘Axq’) of considered axioms are theorems of S5.

Ad Axql. On the basis of S5 a formula ¢(CA — (OB — A)) is by
Lemma 23 and extensionality equivalent to ¢A — (OB — <&A). The latter
is a substitution of A — (B — A), so belongs to S5.

Ad Ax42. By Lemma 23 the following equivalences hold in S5:
O[O(C(CA — B) — A) — A], O(C(CA — B) — A) — CA, (O(CA —
B) — ©CA) — OA, ((CA — OB) — ©GA) — ©A. The latter formula is a
substitution of the law of Peirce. Therefore Ax2 € Ds.

Ad Ax43. The axiom O[O(CA — (OB — () — (¢(©®A — B) —
(CA — (C))] belongs to S5, since by Lemma 23 it is equivalent to the formula
(CA — (OB — 0C)) — ((CA — OB) — (©A — <©C)). The latter is a
substitution of Frege’s law.

Ad Axg4. Fgs O(C(ANOB) — A) by lemmas 23 and 24, this formula
is equivalent to the law of absorption for conjunction.

Ad Ax45. Fgs O(O(ANOB) — B). The proof proceeds in an analogue
way.

Ad Ax46. kg5 O(CA — (OB — AA<CB)). The proof goes similarly
since the formula under consideration is equivalent to the law of adjunction.

Ad Axq7. Fgs O(CA — AV B) This follows directly from the law of
absorption for disjunction, Lemma 23 and the monotonicity rule.

Ad Ax48. Fg5 O(OB — AV B) as in the previous case.

Ad Ax49. Fgs O(O(CA — B) — (O(0C — B) — (¢(AV () — B))).
By Lemma 23 this formula is equivalent to (¢CA — ¢B) — ((¢C — ¢B) —
(C(AV C) — OB)), while by regularity (t3 on p. 23) it is equivalent to the
substitution of: (A — B) — ((C — B) — (AV C — B)).

Ad Axq10. Fgs O[O((CA — B) AO(COB — A)) — (©CA — B)]. By
lemmas 23 and 24 this formula is equivalent to: ((¢CA — OB) A (OB —
OCA)) — (CA — OB), which is a substitution of the law of the absorption
for conjunction.

Ad Axqll. Fgs O[O((CA — B)AO(OB — A)) — (OB — A)]. The
reason is the same as above.

Ad Axql2. tg5 O[O(CA — B) — (O(OB — A) — ((CA — B) A
O(CA — B)))]. This formula is equivalent to the substitution of the law of
adjunction: (CA — OB) — [(OB — CA) — ((CA — OB)A (CA — <¢B))).

Ad Ax413. Fgs O(O(CA — ~A) — ~ A). By Lemma 23 and condition
(1) from page 22 of inter-definability of ‘0’ and ‘<O’ it is equivalent to (CA —
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~0A) — ~0OA, and by the disjunctive syllogism it is equivalent to the
schema (~CAV ~0A) — ~0OA. The last one is a theorem of the logic
S5 by the contraposition of the axiom D: ~0A — ~0OA. (MP) and the
substitution of (A — B) — (AV B — B). O

As a consequence of the last theorem and Proposition 2 we obtain:
COROLLARY 4. The logic CLuN is contained in Dy.

However, the analogous observation does not hold for adaptive logics built
on CLuN as the lower limit logic:

PropoSITION 5. The adaptive logics ACLuN1 and ACLuN2 are crossing
with Da.

PROOF. Since for any set of formulas X and a formula A holds X Fopun
A= X l_ACLuNl A= X l_CL A, X }_CLuN A= X l_ACLuN2 A= X l_CL A
(see |2, 3]) and simultaneously, if X is a consistent set, then X Facpuni
A & X Facrunz A & X FeL A, therefore {p,~p V q} FacrLuni ¢ and
{p,~pV q} FacLunz ¢. It is easy to see, that {p,~p V ¢} ¥p, ¢. Indeed
{Op, O ~pV Oql Fgs Og since {Op, O ~pV Og} Fgs <q:

R
wO~p) = 1 o(0p) =1
v(Op) =1 V(O ~p) =1

v(Oq) = v(~p) =1
v(O~pVOg) =1 v(©q) =0
V(O ~pVOg) =1

On the other hand, one can observe that {p,~p} Faciunz ~(p A ~p).
Indeed, minimally inconsistent CLuN-models of our premises do not validate
the formula ~(pA~ p) (the formula {pA~ p} is a CLuN consequence of the set
of our premises and there is no CLuN-model of our premises which would val-
idate fewer inconsistencies). Since in general X Facrunvt A = X FacLung,
the same observation holds for the ACLuN1 consequence: {p,~p} ¥acLuN1
~(p A ~p). Of course {p,~p} Fp, ~(p A ~p). In fact, G~(p A ~p) is
equivalent to formula <&(p — Op), which belongs to S5.

Let us notice that {pA~p,pV~(pA~p)} FacLun1 ~(p A~ p). Since on
the basis of the premises one can unconditionally derive p A ~p, while only
assuming consistent behavior of p one can derive ~(p A ~p). U
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LEMMA 6. Let KD*T* is the normal modal logic arising by extension of the
logic K with the axioms:

(T™) OO0CA — OA, equivalently O(OOCA — A)
(D*) OCA — OA, equivalently O(CA — A)
In KD*T* the following formulas are provable:

(D) 04 —- A

( ) O(OC(AV B) — (OCA vV OOB))

(DN2) O[O(CA — B) — (©(0C — B) — (©¢(AV () — B))]
(DN3) 04 — CO(O0AA A)

( ) OC(O0AV A) — CA

Proor. Ad (D)

1. (CA—A)— (A— A (MP), the law of identity, and

(A= A) = (OA — A) — (4 — 4))
2. O(CA— A) - O(A— A) 1 and the monotonicity rule
3. O(A— A) (MP), 2 and (D*)

Ad (DN1)

1. OC(AV B) - OCAV OOB t3, monotonicity, and t4
2. OCAVOOB —» OOBVOCA commutativity of ‘v’
3. OC(AV B) - 00BVOCA the law of syllogism, 1 and 2
4. OO0C(AV B) — O0OBVOOCA 3, monotonicity rule and t4
5. O0COBVOOCA — OOCA VYV OOOB commutativity of ‘v’
6. 0OOO(AV B) — 0O0CAV OOOB the law of syllogism, 4 and 5
7. OOCOB — oOO0OCOB  the substitution to the version of (T*): A/(COB)
8. ©OOOCCB — ©OOB the axiom (T*) and monotonicity rules
9. OGOB — CO0B the law of syllogism, 7 and 8

10. OOCAVOOOB — OOCAV OOOCB
the substitution of (A — B) — ((CVA) — (CV B)), (MP) and 9

11. 0OOG(AV B) — ©O0CA vV ©OOB the law of syllogism, 6 and 10
12. OOCAV OOOB — O(OCAV OOB) t3
13. 0O0G(AV B) — O(OCA Vv OOB) the law of syllogism, 11 and 12

14. O(OOG(AV B) — (OCA vV OOB)) 13 and t5
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Ad (DN2)

1. (0CA — OB) — {(O00C — OB) — [(OC(AV C) — (OCAVDOOC0)) —
— (O0OC(AVC) — ¢B)]} the substitution of
(4= B) = {[(C — B) - (D — AV C) — (D — B))}
2. OO(CA — B) — O(CA — B) the axiom (D*): A/(CA — B)
3. O(O0CA — OB) — (O0CA — ©OB) 2 and tb
4. OO(CC — B) — O(¢C — B) the axiom (D*): A/(CC — B)
5. 0(O0CC — OB) — (OOCC — ©B) 4 and t5

6. O(0CA — OB) — {0(00C — ©B) —

— [(OC(AVC) — (OCAVOCC)) — (OC(AVC) — OB)|}
the commutativity rule, the law of syllogism, 5, 3 and 1
7. (OC(AVC) — (OCAVOOC)) —
—{0(0CA - ©OB) — [O0(O00C — ¢B) — (OC(AV C) — OB)]}
the commutativity rule and 6
8. O(OCG(AV () — (OCAVOSC)) —
— O{0(0CA — ©¢B) — [O0(OCC — ¢B) — (OC(AV C) — ©OB)]}
monotonicity rule and 7
9. &{0(O0CA — OB) — [O(OCC — ©B) — (OC(AV C) — OB)]}
(MP), 8 and (DN1)
10. O[OOG(CA — B) — [OO(CC — B) — O(O(AV C) — B)]
9, laws of extensionality and t5
11. OO[O(CA — B) — [O(0C — B) — (¢(AV C) — B)]]
10, extensionality and t5
12. OOCO[O(CA — B) — [O(OC — B) — (¢(AV C) — B)]]
11 and (RG)
13. O[C(CA — B) — [O(0C — B) — (¢(AVv C) — B)]]
the axiom (T*), 12 and (MP)

Ad (DN3) We will prove an auxiliary theorem:
(DN3') OO(CAVA) - A

1. O[O(CCA - A) = (C(CA— A) — (O(CAV A) — A))
the substitution of (DN2): A/GA, B/A and C/A
2. O(OCCA — CA) — [O0(OCA - CA) — (OC(CAV A) — CA)
1, extensionality and tb
3. O(OCCA — CA) (T*) and (RG)
O(0CA — ©A) (D*) and (RG)
5. OO(CAVA) - OA (MP), 2, 3 and 4

e~
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Using the rule of contraposition to (DN3’), where ~ A is substituted for A
we get: ~ O~ A - ~O0(C~AV~A). (DN3) is arising by the condition
(1), via de Morgan’s law:

6. OC(G—AV-A)— G- A contraposition of the substitution of (DN3')

7. 0A — OO(0ANA) 6, contraposition, de Morgan’s law and (1)
Ad (DN4)

1. (OAVA)— (CAVA) the axiom D and addition of a new

disjunct to arguments of an implication

2. OC(0AVA) - OO0(CAV A) 1 and the monotonicity rules

3. OO(CAV A) — ©A (DN3')

4. OO(OAV A) — CA the law of syllogism, 2 and 3 [

THEOREM 7. The minimal normal logic, which contains axioms <(Ax1)9-
O(Ax13)9, closed with respect to the rule:

©A  O(CA— B)
OB

is the logic KD*T*, j.e., KD*T* = J(CLuN)

PROOF. Firstly, we will show that each of axioms Axql-Axq13 is provable
in KD*T*.

Ad AXdl.
1. O0A — OA (D¥)
2. OOB — (OCA — ©OA) 1 and the classical logic
3. OCA — (OOB — OA) 2 and the commutativity law
4. O(CA — (OB — A)) 3, t5 and extensionality rule

Ad Axq42. Let us start with the observation, that in the considered logic
the following theorem is provable:

(DN4/) OO(O0CAV A) — CA

Indeed:

1. O0CA — CA (D*)

2. 0OCAVA—-CAVA 1 and the addition of a new
disjunct to arguments of an implication

3. OO(OCAVA) - OO(CAV A) 2, monotonicity rules

4. OOC(CAVA) - OA (DN3")

5. 0C(O0CAV A) — CA 3, 4 and the law of syllogism
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Using (DN4') we prove Axq2.

. ((OCAN~OB)VA) — (OCAVA) the law of absorption and the

addition of a new disjunct to arguments of an implication

OC(OCAAN~OB)VA) - DOO(OCAV A) 1 and monotonicity rules

OO((OCAAN~OB)VA) — OA 2, (DN4/)

and the law of the syllogism

OO((OCAN~OB)V A) — A 3 and tb

OO(~(OCAN~OB) — A) — A] 4, extensionality

and the disjunctive syllogism

OO(OCA — OB) — A) — A 5, extensionality

and the law of negation of ‘—’

O[O(O(CA — B) — A) — 4] 6 and tb
Ad AXd3.

(OCAANO~C) - OCAA~C) the regularity condition t2

(O0(OCA - OB)A (OCAANO~C)) — (O(OCA - OB) AO(CA A ~C))
1 and the the addition of a new conjunct to arguments of an implication
(O0(O0CA - OB)AO(CAA~C)) = O(OCA = OB)A (CAN~C))
t2
(O(O0CA - OB)A (OCANTO~C)) —
— O0(0CA - OB) A (CAN~C)) the law of syllogism, 2. and 3.
O((O0CA — OB)A (CAA~C)) — 00[0(OCA — OB) A (CAA~(C))
A((OCA - OB)A(CAN~C))]
(DN3): A/[(O0CA — OB) A (CAN~C)]
O(OCA = OB)A (CAN~C)) — OCA the absorption law
and the monotonicity rule
[O(OCA = OB)A(CAN~C)) A ((OCA = OB)A (CAN~C))] —
— [OCAA ((BCA — OB)A (CAN~(O))] 6 and the the addition
of a new conjunct to arguments of an implication
QOO(OCA - OB)A(CAN~C) A ((OCA - OB)A (CAN~C))]—
— OO[OCAA ((BCA — OB)A (CAN~(C))]
7 and the monotonicity rules
OCAA (OCA — OB) — OB the substitution
of the principle of detachment
[OCANA (OCA = OB)A(CAN~C))] = (CAN(CBA~C))
9 and the the addition of a new conjunct to arguments of an
implication, and laws of associativity and commutativity of conjunction

11. SOOCAAN ((OCA — OB) A (CAN~C))] — CORAN(CBA~C)]
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10 and the monotonicity rules

CO[CAA (OBA~C)] — O[OCAA(OCBAO~C)]
extensionality and regularity
(O(O0CA - OB)A (OCAANDO~C)) = O(OCAA (OOBAO~C))
the law of syllogism 4, 5, 8, 11 and 12
~O(OCAN (OCBAO~C(C)) — ~[0(00CA — OB) A (OCAATO~C)]
13, contraposition
O0CA — (OOB — OC)] — [0(00A — OB) — (0CA — ©C)]
14, the law of negation of ‘—’
and condition (1)
O[0CA — O(OB — C)] = [OC(CA — B) — O(CA — CO)]
15 and t5
O[O(CA = (OB = C)) — (O(CA — B) — (CA — ()]
16 and t5
Ad Axg4.
ANOB — A the absorption law
OC(AANOB) — OCA 1 and monotonicity rules
OCA — CA (D*)
OC(ANOB) = OA the law of syllogism, 2 and 3
O(OC(ANOB) — A) 4 and t5
Ad Axg5.
ANOB — OB the absorption law
OC(AANOB) — O0OB 1 and monotonicity rules
OoOB — B (T™)
OC(AANOB) — OB the law of syllogism, 2 and 3
O(O(ANCOB) — B) 4 and t5
Ad AXd6.
A— (OB — ANOB) the law of adjunction
CA — O(OB — ANOB) 1 and the monotonicity rule
00CA — CA (D*)
OCA — (OB — ANCB) the law of syllogism, 3 and 2
O(CA — (OB — AANOB)) 4 and t5

Ad AxqT.

. OCA — O(AV B)
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2. OCA — OA (D¥)
3. OCA — O(AV B) the law of syllogism, 2 and 1
4. O(OA — AV B) 3 and t5

Ad Ax48. lLe., &(¢B — AV B). The proof is analogous.
Ad Ax49. Le., O[C(CA — B) — (O(¢C — B) — (¢(AV () — B))].
This is just the formula (DN2) from Lemma DN1.

Ad Ax410.

1. O[C((CA —- B)ANO(OB — A)) — (CA — B)]
Axq4, A/(CA — B), B/(¢CB — A)

Ad Axqll.

1. O[O((CA— B)AO(OB — A)) — (¢B — A)]
Ax45, A/(CA — B), B/(¢CB — A)

Ad Axql12.

1. O[O(OA — B) — [O(OB — A) — ((0A — B) AO(OB — A))]]
Ax46, A/(OA — B), B/(GB — A)

Ad AXd13.
1. OO(O0~AV~A) - O~ A (DN4): A/~ A
2. 00(~vO0~A—-~A) - O~A the disjunctive syllogism
and the extensionality
3. O(C(CA —~A) - ~A) t5 and the condition (1)

Let us assume that 04 € KD*T* and ¢(¢A — A) € KD*T*. By (RG)
and t5 we have that O0CA € KD*T* and OCA — GA € KD*T*. So, by
(MP) we have ©A € KD*T*.

In the opposite direction, it is easy to see that axioms (D*) and (T%)
cannot be omitted by postulated minimality — indeed these axioms are just
appropriate substitutions of some the axioms Axq1-Ax413:

Ad T*.

1 O(O(CANCA) — A) the substitution of Axg45: A/CA and B/A

2. O(CCA — A) 1, idempotency and extensionality

3. O000CA - A 2 and tb
Ad D*.

1. O(CA — (©A — A)) the substitution of Ax4ql: B/A
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2. O(CA— A) 1, the substitution of (A — (A — B)) < (A — B)
and extensionality
3. 0CA = CA 2and tb O

LEMMA 8. The axiom (T*) is equivalent to the formula OA — OGODA.

PROOF. obvious: contraposition of the substitution of (T*): A/~ A and the
condition (1). O

LEMMA 9. The axiom (D*) is equivalent to the formula OA — GOA.
PROOF. is analogous to the previous one. O
Let us recall:
THEOREM 10 (Furmanowski |7]). ¢S4 = ©S5.
The following logic is formulated by Perzanowski ([14]).

DEFINITION 11. S5y is the normal logic defined with the help of following
axioms:

(D) 04 — <A
(M5) OO(COA — OA)
(MT) OO(0A — A)

with the additional rule

OCA
RT* —_—
(RT) oA
Theorem 10 follows from the stronger theorem:

THEOREM 12 (Perzanowski [14]). S5np is the minimal normal logic for which
the set of all its theorems which start with ‘>’ is equal to ©S5.

We’ll prove this theorem, simplifying Perzanowski’s axioms. Let us notice
that in [14] Perzanowski gave the general method of axiomatization of M-
fragments of normal logics, not only of S5.

Firstly we show that Perzanowski’s system is equivalent the system in-
troduced in Lemma 6. The theorem by Dziobiak is presented here with the
full proof:

THEOREM 13 (Dziobiak [4]). S5y = KD*T*
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PROOF. We show that using given axiomatization one can prove specific
axioms and the rule of the logic S5\;. Let us notice that:
Ad (MT)

1. ~OO(0A - A) - OC(ODAA~A)
the law of negation of ‘—’ and the condition (1)

2. O(OAN~A) - COANO~A t6: A/OA, B/~ A

3. OC(OAAN~A) - OCOANO~A) 2 and the monotonicity rule

4. O(COANO~A) - ~O(CTUA — TA) the law of negation of ‘—’

and condition (1)

5. ~O0O(0A — A) - ~O(COA — OA) the law of syllogism

and 1, 3 and 4

6. O(COA — 0A) - o004 — A the contraposition of 5

7. OCOA — OOA (D*): A/OA

8. (OCOA — OOA) — O(COA — OA) t5

9. ©O(0A — A) 2 x (MP), 7, 8 and 6
Ad (M5)

1. ~O00O(CUA — OA) — O0OO(COA N ~DOA) the law of negation

of ‘=’ and condition (1)

2. OOO(COANA~TOA) — (OOOCOCOA A ~OOOOA) t6: A/(CTA),

B/(~0OA), the monotonicity rule and condition (1)
3. (BOCCOA A ~ OOO0A) — ~(0O00COA — OOCO0A)
the law of negation of ‘—’
4. ~OOO(COA — 04) — ~(00C0COA — OOO0A) the law
of syllogism, 1, 2 and 3
5 (~O0O(C0A — OA) — ~(000O0A4A — OOO0A)) —
— ((BO0C0A — ©0O04) — OOO(COA — OA))
the law of contraposition

6. (0OCCOA — OOO0A) — OOO(COA — OA) (MP), 4 and 5
7. OCOOA — OOA (T*): A/OA
8. O0OOCCO0A — OCOA 7 and the monotonicity rule
9. OOOA — ©OA D*: A/DA
10. DOOCCOA — ©OOA the law of syllogism, 8 and 9
11. OA — ©0O0A the equivalent version of (T*)
12. OOA — OOUOUA 11 and monotonicity rule
13. OOCCO0A — OOO0OA the law of syllogism, 10 and 12
14. SOO(COA — OA) (MP), 13 and 6

15. OO0O(COA — OA) 14 and Godel’s rule
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16. OOCCO(COA — OA) — O0(COA — TOA)  (T*): A/(O(COA — OA))
17. SO(COA — OA) (MP), 15 and 16

It is easy to see that the rule (RT*) is provable:

1. OOCA assumption
2. OCCA Godel’s rule
3. DO0CA — OA (T*)
4. OA (MP), 2 and 3
In the opposite direction we show that the formulas (T*) and (D*) belong
to S5p. Indeed we have:
1. O(O0CA — CA) — O(O0CA — CA) (D): A/(OCA — CA)
2. OO(OCA — CA) — OO(OCA — OA) the monotonicity rule and 1
3. OO(00A — OA) (MT): A/OA
4. OO(OCA — CA) (MP), 2 and 3
5. O(OCA — O A) (RT*) and 4
6. O(OCA — CA) — OO(CA — A) t5 and monotonicity rule
7. OO(CA — A) (MP), 5 and 6
8. O(CA — A) (RT*) and 7
9. O(OA = A) — (OCA — OA) t5
10. OCA — OA (MP), 8 and 9
In the proof of the schema (T*) we use the schema (D*).
1. O0CA — OCA (D*): A/OCA
2. OO0CCA — O00CA the monotonicity rule and 1
3. O00CCA — OCA the law of syllogism, 2 and 1
4. (OO00CA — O0OA) — O(OCCA — OA) t5
5. O(O0CA — CA) — OO(CCA — A) t5 and the monotonicity rule
6. OO(OCA — A) 2 x (MP), 3, 4 and 5
7. O(CCA — A) the rule (RT*) and 6
8. O(OOA — A) — (OOCOA — GA) t5
9. OCCA — OA (MP), 7and 8 O

PROOF OF THEOREM 12. Let OA € S5. There exists a S5-proof: Dy, ...,
D, = OGA. Let us consider a sequence of formulas ¢ODq,..., ¢0OD, =
OOOA. We show the construction of the S5yg-proof of the formula GOCA.
The proof goes by induction on 1 < ¢ < n. By the induction hypothesis, for
each k < ¢ there exists in the sense of the logic S5y a proof of the formula
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&ODyg. We show how to construct an analogous sequence for ¢OD;. If in
the given sequence the formula D; is either the axiom (T) or (5), then in
both cases ©OD; is also provable as an axiom of the logic S5ng. If on the
other hand D; is either the axiom (K) or a classical theorem, then ¢0OD; can
be easily also proved in the sense of S5p1: we use Godel’s rule twice with D;
obtaining in this way the antecedent of the substitution of the axiom (D):
00D; — <&0D;. The consequent of this substitution is the required formula.
If, however, D; is of the form 0OD;, for some j < ¢, then by the induction
hypothesis for j there exists in S5y a proof of formula ¢OD;. By Lemma 8
and the monotonicity rule the given be the induction hypothesis sequence
we can extend with steps k + 1-k + 4:

k. Fssy OOD; by the induction hypothesis
k+1. OD,, — 00D, the version of 7*: A/(D;) — Lemma 8
k+2. 60OD; — &000D; k+1 and the monotonicity rule
k-+3. 0O0OOD; (MP), k, k+2 and (RG)
k-+4. ©00OD; (T*): A/(DODy), (MP) and k+3

Let us consider the case that in the initial proof D; arises by the rule
(MP), i.e., 3 j<iDm = Dj — D;, therefore by the induction hypothesis we
have Fgs,, ¢0D; and Fgss5,, ¢O(D; — D;). We associate the appropriate
sequences, adding the following steps:

L Fssy COD; by the induction hypothesis
1+k. Fssy CO(D; — D;) by the induction hypothesis
the version of (T*): A/(D; — D)
l+k+2. 0(D; — D;) — &000(D; — Dy)
l4+k+1 and the monotonicity rule

l+k+3. ©000(D; — D) (MP), 14k and 14+k+2
l4+k+4. 0OCOD; — &OOOD; the axiom (K) and t1, t5
l+k+5. 0OOCOD; 2 x (RG) and 1.
l+k+6. &O0OD; (MP) and 14+k+4, 1+k+5
11k +7. O0OOOD; (RG) and 1+k+6
I+k+8. O000OD; — 00D, the axiom (T*): A/(¢OD;)
11k 19. ©oOD; (MP), 1+k+7 and 11k +8
1+k-+10. OCCOD; (RG) and 1+k+9
l+k+11. OOCOD,; — <©OD; the axiom (T*): A/(OD;)
1+k+12. ©OD; (MP), 14+k+10 and 1+k+11
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which ends the inductive proof. So, for i = n we have Fg5,, COCA. By
the axiom (D*), the provable in S5p; rule of monotonicity and (MP) we
have: gg,, OCA, while by Godel’s rule, with the help of the axiom (T*) we
conclude that Fg5,, ¢A. Since all our axioms belongs to the M-fragment of
S5, so the postulated minimality S5y is stated. ]

3.1. Semantics of the logic S5y

Now we give conditions for frames which establish the completeness result
for the logic under consideration. We'll use Theorem 13 and the following
observations semantically characterizing logic KD*T*.

THEOREM 14. A formula is valid in all frames satisfying the condition
(%) VuIw(WRW AV (WRW — wRw'))
iff it is provable in the logic K extended with (D*), i.e., in K[D*] (= D*).

ProOOF. “«<” Using the standard procedure, via Lemma 34 from p. 26 it is
enough to show that the axiom (D*) is valid in each frame satisfying the
given condition. We assume to the contrary, that there is a frame satisfying
the condition (%), where the formula (D*) is not valid, so there is a world w
and some valuation v, that w &, (D*), i.e., w |, OCp and w }&, Op. By
the definition of the notion of the truth at a world for ‘&’ we have w &, p
for all worlds w, where wRw; in particular, we have w’ [&, p for the world
w’ postulated in the condition (). By the assumption and the definition of
truth for ‘0, we see that w' =, Op, thus there is w”, that w' Rw” and w” =,
p, however by (%) we obtain wRw”, i.e., w }=, Op which is a contradiction.

“=" Let us consider the canonical model of the logic D*.

Firstly we show that for each world w, the set {A : OA € w} U {0OA :
OA € w} is consistent with respect to D*. Assume otherwise, i.e., there are
formulas OA;,...,04,,04,...,04] € wthat Fp- ~(A1A---AA,AOA4 A
.-+ ANOA! ). By classical logic we have Fp« A A~ ANA, NAY A NAL —
AN+ -ANA,, and on the basis of the logic K using t2 and obvious induction we
get Fp« O(A1A- - ANAZNA N NAL) — (DA A - AOAANOAA---ADAL ),
while using the absorption law for conjunction we obtain Fp« O(A1A- - -AA, A
AN NAL) — (OALA---AOAL). Let us denote Ay A---AANAYN---NAL
as A. Our observations can be written as follows: Fp« A — A1 A--- AN A,
and Fp- OA — (OA} A--- ANOAL).

Apparently OA € w; by the law of adjunction of implications we have:
Fp- ANOA — Ay A - ANA, A(OA] A --- AOAL), and via the law of
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contraposition Fp« =[A1 A -+ A A, A (OA] A -+~ ANOAL)] — —(A A DOA).
Therefore, by the assumption and Modus Ponens, we have: Fp- =(AADOA),
equivalently Fp« OA — —A. By Godel’s rule and t1 we conclude Fp-
OOA — —0A. Using Lemma 9 and the law of syllogism we get Fp- OA —
—-0A, ie., "O0A € w, therefore OA ¢ w. However OA € w, which is a
contradiction.

We are ready to prove that the accessibility relation R of the canonical
model fulfills the condition (). Since the set W = {A : OA € w} U {OA:
OA € w} is consistent with respect to D*, there is thus a maximally consis-
tent set w’ containing W, by the definition of the accessibility relation in the
canonical model we state that wRw'. Indeed, if OA € w, then A € W C w'.
Let w” be any set that w' Rw”. We prove that wRw”. Let us assume that
OB € w. By the definition of w’ clearly OB € w’, but since w' Rw”, so
Bew”.

Thus the canonical model of the logic D* belongs to the class of models
fulfilling (), then if some formula is valid in all frames satisfying the con-
dition (), it is also valid in the canonical model, but by Lemma 36 each
formula valid in the canonical model, is provable in D*. U

THEOREM 15. A formula is valid in all frames fulfilling the condition
(®) Vo Iz (WRW A VoV (WRW' A w'Rw” — wRw'))
iff it is provable in the logic K with the axiom T*, i.e., in K[T*] (= T").

PROOF. “<” We prove the the axiom T™ is valid in each frame fulfilling the
given condition.

Assume to the contrary that there exists a frame fulfilling the condition
(®), in which the formula 7™ is refuted. Then there is a world w and valuation
v, that w &, T, ie., w &, OCOp and w (&, Op. The last condition via
the definition of truth says that w %=, p for all possible worlds w, such that
wRw, i.e., we also have W [, p for w, which is postulated by (®). By the
assumption w =, OOGOp and the conditions of truth for ‘0 for ‘G there are
worlds w’ and w”, that WRw', w'Rw” and w” =, p, then by the condition
(®) we get wRw", i.e., w =, Op which is a contradiction.

“=" We follow the proof of the previous theorem. Let us consider the
canonical model of the logic T*. We prove the canonical frame satisfies (®).
Let us start with the observation that for each possible world w, the set
of formulas {A : OA € w} U{OOA : OA € w} is T*-consistent. Assume
otherwise, i.e., there are formulas OAq,...,0A4,,04),...,04! € w that
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Fpe =(A1 Ao AN A, AOOA] A --- AOOAL). By the law of absorption
we have Fp« Ay A - NA, NA A - NAL — AL Ao+ A A, while on
the basis of K, and via t2 we get OO(A; A -~ ANA, NAJ A NAL) —
(OOA A---ANOOA, AOOA] A---ADOOA] ), thus once more using the law of
absorption for conjunction we see that Fx OO(A;A---AAANALA---NAL) —
(OOAA---ANOOA),). If we denote the formula Ay A---AA, NATA---ANA,
by A, then the above observations can be written: Fp« A — A7 A -+ A
A, and Fp« O0OA — (OOA] A --- AOOA)). Clearly OA € w, indeed
since OAy,...,04,,04 ,...,0A4] € w, thus via the law of adjunction also
OA; A--- ANOA, AOA]A--- ANOA) € w. In K we have OA; A--- AOA, A
OA N ANOA - O(AL A ANAZNATA-- - NAL) so O(AL A - ANAR A
AN NAL) € w; and using the law of addition of implications we state:
ANOOA — AjA-- - ANAN(BOALA---AOOAL), by the contraposition law and
the assumption we have: Fp« =(A A OOA), equivalently Fp- OOA — —A.
By Godel’s rule and t1 we deduce that Fp«~ GO0A — —0A. By Lemma 8 we
have Fp« OA — OOOA, and by the law of syllogism we get Fp« OA — —0A,
i.e., "0A € w, contrary to the earlier observation.

We show that canonical frame of the logic T* satisfies the condition (®).
The set {A: 0A € w} U{OOA : OA € w} is consistent with respect to T*,
so it is contained in a maximally consistent set. Let us denote it by w. By
the definition of the accessibility relation in the canonical frame we get wRw.
Let w’, w” be any possible world such that WRw’ and w’ Rw”. We show that
wRw"”. Let us assume that OB € w, by the definition of the world w we see
that OOB € w, by via the assumption about w’ and w” we get OB € w'
and B € w”, since B was any formula, we have wRw”. The rest of the proof
follows in the standard way, as in the previous theorem. O

The above semantical conditions express a kind of weaker version of the
condition of transitivity of the relation R. Therefore obviously these theo-
rems can be generalized:

THEOREM 16. A formula is valid in all frames fulfilling the condition
Vo Fw(WRW A Vo, Vi (WRw1 A wiRwa A ... wy—1 Rwy, — wRwy,))

iff it is provable in logic K with the axiom OO ... O A — OA.
N —

n

PRrOOF. It is analogous. O

There follows an easily-provable corollary:
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COROLLARY 17. Formulas (T*) and (D*) are independent on the basis of K.

PRrOOF. We point out a model whose frame fulfills (%) but does not fulfill
the condition (®).

W := {w, w1, ws, w3}, the relation R between possible worlds is indicated
with arrows, which ends in the second argument of an ordered pair. One can
easily see that in the world w formula OCOp — Op is not satisfied, while
formula D* is true in the model.

w w2 w3
v(OOOp — Op) =0 w(p) =0 v(p) =0 v(p) =1
p(O0Cp) =1 v(Op) =0 v(Op) =1 v(Op) =1
v(Op) =0 v(OOp) =1 v(OOp) =
v(OCp) = v(OCp) =0

Now let us consider a model which for which the condition (®) is satisfied,
and the condition (%) is not satisfied. Let W = {w,w;, w2, ws}. In each
world the formula (T*) is satisfied, while the formula D* is not satisfied in
the world w.

(
Zggzp)zi v(Op) = v(Op) =0 v(Op) =1
v(DCOp) = 0 v(00p) =0 v(@OOP) =0 v(OOp) =0
]
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Appendix: Preliminaries in modal logic

Syntax

By a logic we mean any set of formulas, which is closed under the substitution
rule and the consequence relation.

We recall standard notions concerning modal logics. The language of a
modal logic arises by enriching the standard propositional language with the
unary logical constant ‘O’ (so called possibility) or ‘0" (necessity), which are
inter-definable by the following condition:

(1) OA — ~0O~ A.

We say that ‘O’ and ‘O’ are dual connectives.
By the logic K we mean the smallest modal logic containing the classical
logic, the Kripke axiom

(K) 0(A — B) — (DA — OB),

closed under rules of Modus Ponens (MP) and the Gédel’s rule:

A

OA

A normal modal logic is a set of formulas which contains K and is closed

under the same as K rules.

By the logic D we mean the minimal normal logic which contains the
3.

(RG)

axiom
(D) O0A - A

The logic T is the normal modal logic obtained by adding to K, the
axiom:

(T) OA — A or equivalently 4 — CA

The logic S4 is the normal modal logic defined by adding to T, the axiom
(4) OOA — OA or equivalently 0A — OOA.

The logic S5 is the normal modal logic defined by adding to T, the axiom

(5) OOA — OA or equivalently ©A — OCA.

3 We say that this normal logic is defined by adding to K the axiom (D*).
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The logic Triv is the normal modal logic defined by adding to D, the
axiom

(Triv) A — DA or equivalently GA — A.

For each of those logics one can define a consequence relation allowing (MP)
to be the only rule of inference. For example we have:

DEFINITION 18. We say that a given formula A is S5-provable on the basis
of X (notation: X kg5 A) iff there is a sequence of formulas C, ..., C, = A,
where for each 1 < ¢ < n: C; € X either C; is a theorem of S5, or arises by
(MP) from earlier formulas in the that sequence,*

Let us recall some well-known theorems and rules provable in normal
modal logics which will be needed in the sequel.

LEMMA 19. The following rule are provable in all normal logics

.. A— B
1. The monotonicity rule: OA OB’
9. The dual form of th tonicity rul A—B
) e dual form of the monotonicity rule: : ——
Y OA = OB’
. . A~ B
3. The extensionality: TA< OB

4. The dual form of extensionality: —+—5
. e dual 1orm o. exens1ona1y. <>A<—><>B

LEMMA 20. The following formulas are theorems in all normal logics

tl
t2

(t1) (A= B) — (04— 0B),
(t2) Regularity: O(A A B) < (DA A OB),
(t3) The dual form of the regularity: G(AV B) « (CAV OB)
(t4) O(AVB)— (DAV<OB),0(AVB)— (CAVOB),
(t5) O(A — B) « (DA — OB),
(t6) O(ANB) — (CANOB),
(t7) CANOB — O(ANB),
(t8) O0A « -0O-A

1 can be defined as the abbreviation of: p A ~p (or any other contr-
tautology).

4 Notice that we do not use Godel’s rule here.
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LEMMA 21. Fg OL «— L

PROOF.

1. L -0C1L by the classical logic L. — A
2. ~ 1 by the classical logic
3.0~ 1 2 and (RG)
4. ~1 - 0O~ 1 3 and weakening
5. ~O~1L - ~~1 4 and the law of contraposition
6. 0L — L 5, (1) and the law of double negation [J

LEMMA 22. Fg5 OCA — OA, ie., (S5) F (4).

PRrooF.

1. CA—-0OCA the equivalent version of 5
2. OCA — COCA Lemma 2
3. 0O0CA — OCA the substitution of the axiom (5): A/CA
4. OCA — CA the instance of (T): A/CA
5, OO0A — CA the law of syllogism and 2, 3,4 O

LEMMA 23. kg5 O(CA — B) « (CA — ©OB)

PROOF. follows from two above theorems: Fg O(CA — B) « (OCA —
OB) and kg5 (OCA — OB) « (CA — OB). ]

LEMMA 24. Fg5 O(AA OB) < (OAAOB).

PROOF. “=” By t6 we have Fx O(A A OB) — CA A OOCB. And by
Lemma 22 we obtain Fg5g CANOOB — CANOB.

“«<” Using classical logic and S5 we have Fg5 (CAANOCB) — (CAANOOB),
and substituting ¢ B for B in the formula t7 we see that Fx CAAOOB —
O(ANOB). O

Let us introduce the following notation:

For any modal logic P, we define the set OP := {OGA : OA € P} which
is called the M-fragment of the logic P.

For any modal logic P, let M(P) := {A € Fory, : CA € P}, where Fory,
is the set of all modal formulas. The set M(P) is called M-analogon of the
logic P.
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Semantics

In this section we present the Kripke semantics for modal logics. Once more
we start with some standard definitions, which will be used later.

DEFINITION 25. A relational frame (in shortage a frame) is a pair (W, R)
consisting of nonempty set W, and a binary relation R on W. Elements of
the set W we call the points of the frame, while R is the accessibility relation.

DEFINITION 26. A waluation is any function v: Var — 2V,

DEFINITION 27. A model is a triple (W, R, v), where (W, R) is a frame and
v is a valuation. We say that (W, R,v) is based on the frame (W, R).

DEFINITION 28. A formula A is true in the point w € W under the valuation
v (notation: w =, A) iff

1. if A is a propositional letter p, then:
w =y p e w e v(p).

2. if A is of the form —B, for some formula B, then:
w =, 7B & it is not the case that w =, B (as abbreviation we use
w B, B).

3. if A is of the form B A C, for some formulas B and C, then
wkEy, BANC < wl=, Band w =, C.

4. if A is of the form BV C, for some formulas B and C, then
wkE,BVC & wlE, BorwkE,C.

5. if A is of the form B — C, for some formulas B and C, then
wkEyB—C&wl, Borwl=, C.

6. if A is of the form B « C, for some formulas B and C, then
wkyB—(C& (wky,Bandw |, C) or (w [~, B and w &, C).

7. if A is of the form OB, for a formula B, then
w Ey OB < Jyew (wWRW Aw' =, B).

8. if A is of the form OB, for a formula B, then
w =y OB < Vyrew (WRW = w' =, B).
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DEFINITION 29. A formula A is true in a model M = (W, R,v) (notation
ME A)iff wk, A for each w € W.

DEFINITION 30. A formula A is wvalid in frame (W, R) iff it is true in all
models based on (W, R).

DEFINITION 31. 1. Logic P is complete with respect to the class of frames
C iff (a formula A is a theorem of P iff A is valid in each frame from C.
In that case we say that frames of the class C are P-frames.

2. Any frame in which all theorems of a given modal logic P are valid we
call a frame for P.

DEFINITION 32. A is a S5-consequence of the set X (notation: X g5 A)
iff for any model (W, R, v) with equivalence accessibility-relation and for any

we W ifw k=, X then w =, A.

LEMMA 33. 1. S5-frames are frames with the equivalence accessability-
relation.

2. X bes A iff X =s5 A.

Let us recall the classical:
LEMMA 34. (a) The axiom K is valid in any frame.
(b) All classical tautologies are valid in each frame.

(¢) The set of all formulas valid in a given frame is closed under Godel’s
rule, (MP) and substitution.

DEFINITION 35. The set X of formulas is inconsistent with respect to the
modal logic P (or shortly P-inconsistent) iff there are formulas A;,....A, €
X, such that Fp =(A; A--- A Ay,). The set X is consistent with respect to
the modal logic P (or shortly P-consistent) iff it not P-inconsistent.

We have also:

LEMMA 36. All maximally consistent sets with respect to the modal logic
P contain P and are closed under (MP).

Finally let us recall the definition of a compact logic:

DEFINITION 37. A logic P is compact iff for every P-consistent set of for-
mulas X, there is a world w in some model M based on a frame for P, such
that all the formulas in X are true in that world in M.
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Canonical models
DEFINITION 38. Let P be any modal logic.

1. Let W be a class of all maximally consistent sets with respect to P, and
R be a binary relation on W defined as follows: wRw' < V4(0A € w =
A € w). The canonical frame of the logic P is the pair (W, R).

2. A canonical model of the logic P is the model (W, R, v), where (W, R) is
the canonical frame of the logic P and the following condition is satisfied
for any variable p;:

v(pi)) ={we W :p; € w}.
le, w =, pi < pi € w.
We have:
LEMMA 39. Let (W, R,v) be a canonical model of the logic P.
(a) For each formula A and w € W the following holds: w =, A & A € w.
(b) A formula is true in (W, R,v) iff it is a theorem of P.

Let us stress that if the notion of truth in the canonical frame instead of
truth in the canonical model were used, the point (b) of the above theorem
would not hold in general. This is why the important notion of canonical
logic is often formulated:

DEFINITION 40. A logic P is canonical iff all theorems of P are valid in the
canonical frame of P, i.e., if the canonical frame of P is a frame for P.
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