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A Completeness Theorem for a Functionally
Complete Lukasiewicz Logic

Abstract. We present a new axiomatization for a truth-functionally com-
plete version of L3, a three-valued propositional logic, using two propo-
sitional constants and the Lukasiewicz implication as primitive symbols.
We develop a corresponding proof system that incorporates Lukasiewicz’s
axioms, a variant of Stupecki’s postulates for a 0-ary connective, and some
properties of the Baaz delta operation. Using a weakened Deduction Theo-
rem and adapting Henkin’s method to this three-valued setting, we establish
a Completeness Theorem for the system.
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1. Introduction

In (1974), Goldberg et al. proved that Wajsberg’s axiomatization of L3
(a three-valued propositional calculus) is strongly complete, and there-
fore weakly complete. Although the result was not entirely original (1974,
p. 325), they argued that the “simplicity and directness” of their proof
made it “worthy of reporting”. In this paper, we provide a new axioma-
tization of a truth-complete version of £3 and prove its strong complete-
ness as well.

As it is well known, k3 is not a functionally complete logic: some
truth-functions cannot be defined in terms of the familiar -, —, A, V,
= (see, e.g. Malinowski, 2007, p. 37). To solve this problem, Stupecki
(1946, 1967) first added a new l-ary connective assigning the intermedi-
ate truth-value, 0.5, to every proposition; then, he extended Wajsberg’s
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axioms for k3 with two new principles governing that connective. Gold-
berg et al. observed that their proof could be easily generalized to this
system, but did not provide the details. We have replaced Stupecki’s
unary connective by a 0-ary one (whose interpretation is 0.5), but, since
our set of primitive symbols still allows us to define the original operator,
the expressive power is kept.

The strategy to obtain the Completeness Theorem is the following.
Firstly, we present the language and semantics of LS, a truth-functionally
complete Lukasiewicz logic. Then, we offer a proof system consisting of
Lukasiewicz’s axioms, some properties of the Baaz (1996) delta operation,
one of the axioms formulated by Avron (1991, p. 289) (which plays an
essential role in the completeness proof) and a variant of Stupecki’s two
postulates for the new O-ary connective, T. We prove a weaker version
of the Deduction Theorem, taken from Novak’s work (2005, p. 261) and
involving the Baaz delta operation. Finally, in the last section, we adapt
the usual definitions of consistency, maximality and completeness (of a
set of formulas) to our three-valued framework and get a Completeness
Theorem following Henkin’s procedure.

2. Preliminaries

In this section, we first introduce the language of the truth-functionally
complete £3, but replacing Stupecki’s unary connective by a 0-ary one.
We call this logic LS.

The logic S has propositional letters py1, p2, ..., two 0-ary connec-
tives, L and T, and implication —. Formulas are defined as follows:

plL|Tle—1v

Now, we define the semantics of our system (valuation, tautology, model
and consequence).

DEFINITION 2.1 (Valuation). A wvaluation is a function v assigning to
each propositional variable p its truth-value v(p) € {0,0.5,1}. This is
extended to all formulas as follows:

1. (L) =0,
2. o(T) =0.5,
3. 0(p = ¢) = min{l, (1 — v(p)) + v(¢)}.

Clearly, — is a Lukasiewicz implication.
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We fix 1 as the only designated truth-value. Therefore: |= ¢ if v(p) =
1 for every valuation v.

DEFINITION 2.2 (Model). A model of a set of formulas I" is a valuation
v such that v(vy) =1 for all v € I'.

DEFINITION 2.3 (Consequence). I' |= ¢ if, for every valuation v, if v is
a model of I', then v(yp) = 1.

The fLukasiewicz negation and strong conjunction are definable in
terms of the set of primitive symbols {L, T,—} as follows:
pri=p = 1
p&y:=(p = )

We have v(—p) = 1 — v(¢p) and v(p & ¢) = max{0, (v(p) + v())) — 1}.
Moreover, new connectives, A, V, and =, the Baaz operator, A, and the
original Stupecki’s T" operator are introduced:

Ay =& (p— 1))
V= (p—=9) >
p=vi=(p—=>Y) & — )
Ap:=p&yp
Teo:=T— (L&)

THEOREM 2.1. The set {1, T,—} is truth-functionally complete.

PROOF. In (1946), Jerzy Stupecki has showed that {T',—, —} is truth-
functionally complete (see also an English translation Stupecki (1967) of
Stupecki’s article (1946)). Since {_L, T, —} can be used to define {—, T},
it is truth-functionally complete. O

3. The system LS

Axiom schemas:
1. Lukasiewicz’s axioms:

(£ o=@ — o),

(£2)  (p=9) = (¥ = x) = (¢ = X)),
(£3)  (mp = ) = (¥ = ),

(B4) (¢ =) =) = (¥ = ) = »).
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2. Azioms of A.
(Al)  Ap— o,

(A2)  (Ap—= (W —=x) = (Ap =)= (Ap = X)),
(A3)  Alp =) = (Ap— AY),

(A4)  Ap—>AAyp,

(A5)  A(p =) VA — ),

(A6) - A(-Ap)—= Ap.

3. The Axiom of Avron:

(Av)  (eV (e =)V (¥ = x)
4. New azioms of Stupecks:

(St1) T — T,

Rules of inference:
(MP)  From ¢ and ¢ — 1 infer 1.
(N)  From ¢ infer A .

A proof in a set of formulas I" is a sequence 1, ..., @, of formulas
such that each ¢;:

is an axiom of kS, or

isin I'; or

follows from some preceding ¢;, ¢ by (MP), or
follows from some preceding ¢ by (N).

W

e o is provable from I' in LS (in symbols, I' - @) if ¢ is the last member
of a proof in I'.

e is provable in LS (in symbols, F ¢) if ¢ is the last member of a proof
from @.

The formulas below follow from Lukasiewicz’s axioms (see, e.g., Hajek,
1998, p. 66):

o= ((p =) =) (1)
(p—=W—=x) = W= (p—=x), (2)
o= (3)

L= (4)
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Q= ¢, (5)
(o= ) = (¥ = —p) (6)
e a1 (7)

Moreover, the following axioms and properties of Basic Fuzzy Logic (BL)
follow from Lukasiewicz’s axioms (see, e.g., Hdjek, 1998, Lemma 3.1.9,
Lemma 2.2.8 and 2.2.10(16)):

(p—=x) = (¥ —=x) = (VY —x)) (8)
(p—= @ —=x) = (p&Y) = x), (9)
(p &) = x) = (¢ = (¥ = x), (10)

(p&y) = (11)
(p&yp) = (V&) (12)
o= (Y= p&) (13)

(p&)&x = p& (Y& x) (14)
p&W&x) = (p&y)&x (15)

Hence we obtain:
PROPOSITION 3.1. The formulas (1)—(15) are provable in LS.

THEOREM 3.1 (Deduction theorem). For all I' C Fm and ¢, € Fm,
Fu{etFy if T'E Ay — .

PROOF. Let I'U {¢} F 1. The proof is by induction on the number of
formulas, k, in the sequence 1, ..., %, forming the derivation of ¢ from

I'u{e}.
Base step: k= 1.

1. 71 is an Axiom. Then:
a. I' 1y is an Axiom
b. ' Ap— (L1), 1, (MP)
2. 91 € I'. Then, I' F 41, so the same argument works here.
3. Y1 = . Since A ¢ — p is an instance of Axiom (Al), ' Ay — .

Inductive step: suppose that the derivation finishes with the step g
and the theorem holds for all the previous ones.

1. 1y, have been obtained using (MP). Thus, ¢; — ¢, and ¢; appear
earlier in the derivation, so I'U{¢} F 1¢; — 9, and I'U{p} F v;. Hence:
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L.I'EAp— (Y — ) IH
2. T Ap— 1, H
3. TH (Ap— 1) = (A — i) (A2), 1, (MP)
4. T Ap— 3,2, (MP)

2. 1y, have been obtained using Rule (N). It follows that v is of the
form A @, so 6 appears earlier in the derivation. In consequence, we have
I'U{p} F 0 and hence:

1.I'FAp—0 IH
2. T'FA(Ap —0) 1, Rule (N)
3. I'FAAp— Af (A3), 2, (MP)
4. I'Ap— A¥b 3, (A4), (L2), (MP)
Conversely, let I' - A ¢ — 1. Then:
1. 'U{ptFAp =9 hypothesis
2. F'Uu{ptt o p € I'U{p}
3. 'u{p} F Ay 2, Rule (N)
4. TU{p}F o 1,3, (MP)O

THEOREM 3.2 (Soundness). If I' - ¢, then I' |= .

PRrROOF. Straightforward. All the axioms are tautologies and both (MP)
and (N) preserve validity:

. I'Fe—1 hypothesis
2. 'y hypothesis
3.7 ¢ H
4. T TH
a. I' does not have any model
ba. I' =1 Definition 2.3
b. Every model v of I" is a model of ¢ and ¢ — ¢
5b. v(y) =1, forally e I Definition 2.2
6b. v(p) =1
. v(p —Y)=1
8b. v(y)) =1 6b, 7b, Definition 2.1
9b. I' =9 5b, 8b, Definition 2.3
10. I' = 5a, 9b

The proof for (N) is analogous. O
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4. Completeness

A set of formulas I' is inconsistent iff I' = L. Otherwise it is consistent.
A set of formulas I is mazximal iff for every formula ¢ such that ¢ & I,
I'U{p} is inconsistent. A set of formulas I" is complete iff for every two
formulas @ and ¥, ' = or I' 1Y — .

PROPOSITION 4.1. If I' is a consistent set of formulas, then T,—T ¢ I

PRrROOF. By contrapositive. Suppose that T € I'. Then:

L. IT'ET Terl
2 I'FT—=(T—1) (SL1)
3. 7T — L 2,1, (MP)
4. T+ L 3,1, (MP)

Suppose that =T € I'. Hence, I' - =T, so we can use Axiom (Si2) and
(MP) to get I' = T, making I" inconsistent (by the previous argument).
O

PropPOSITION 4.2. For any maximal consistent and complete set I of
formulas,

1. fI'F @, then p € I
2. p&peliffpe 'andy € I
3. Ifopvy el thenpel ory el

ProOF. 1. Suppose that I' F ¢, but let us assume, for the sake of
contradiction, that ¢ ¢ I'. Since I" is maximal, it follows that I"U{¢} F
L. Hence:

1. I'Fyp hypothesis
2. T'u{p}F L hypothesis
3. I'FA(p) > L 2, DT
4. I'Ayp 3, Rule (N)
5. I'F L 3, 4, (MP) contradicting the consistency of I".

2, Let ¢ & 1) € I'. Suppose, for the sake of contradiction, that ¢ & I
or ¢» € I', say . Since I is maximal, it follows that I"U{¢} - L. Thus:

1. I'Fp&y hypothesis
2. 'u{p}F L hypothesis
3. I Ap) = L 2, DT
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'y (BL4), 1, (MP)
I'EAgp 4, Rule (N)
I'_1 3, 5, (MP), contradicting the consistency of I".

In case ¢ & I', the proof still works, as (12) guarantees that & is com-
mutative.

Conversely, let ¢ € I' and ¥ € I', but assume that p & ¢ & I

Because I' is maximal, I' U {¢ & ¥} F L and hence we have:

I A A

' hypothesis
'y hypothesis
ru{p&yit- L hypothesis
A&y — L 3, DT
Iy (p&) (13), 1, (MP)
I o&y 5,2, (MP)
' A(p &) 6, Rule (N)
I'-_1 4,7, (MP), contradicting the consistency of I".

3. Let ¢ Vi € I'. Assume, for the sake of contradiction, that ¢ & I

and ¢ € I'. Since I' is maximal, I'U{¢} F L and I'U{¢} - L. Therefore:

© e No O N

— = =
N = O

13.

'V hypothesis
Nu{e}k L hypothesis
ru{y}+_L hypothesis
F'FAp— 1 3, DT
N 4, DT
I'(p—=v¢) =1 1
'@ —¢) = (L4), 6, (MP)
' A((e =) =) 6, Rule (N)
I'EA((Y = ¢) = p) 7, Rule (N)
I Alp =) > Ay (A3), 8, (MP)
THEA®W — @)= Ap (A3), 9, (MP)
LA =) - L (£.2), 10, 5, (MP)
AW =)= L (£2), 11, 4, (MP)

However, since I' is complete, we know that either I" - ¢ — 1 or
I' =4 — . In any case, we can use Rule (N), 12 (or 13) and (MP) to
get I' = 1, which is a contradiction. O

ProprosSITION 4.3. For any maximal consistent and complete set I of
formulas,
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1. If wel, theny —xel.
2. If xeI',theny — x eI
3. Ifp¢gI"and -x ¢ I, theny — x €.

Proor. 1 Let =) € I'. Then:

1. I'F = ~per
2. 'y — L 1,
3. '+-1 —x (4)
4. THo¢ —x 2,3, (L2), (MP)
5. ¢ —>xel (4), Proposition 4.2(1)
2. Let x € I'. Then:
1. I'+y x el
2. I'Ex—= (W —x) (L1)
3. T — 2,1, (MP)
4. v > x el 3, Proposition 4.2(1)
3. Let ¢ ¢ I' and —x € I'. We have that:
LIF®VE®—=x)Vix—1) (Av)
2. (V@ —x)V-x 1
3. WV —x)V-xerl 2, Proposition 4.2(1)
4. (YV (Y —x)) el or-~xel 3, Proposition 4.2(3)
5. (Vv —=x)er 4, ~x ¢TI
6. el ory—xel 5, Proposition 4.2(3)
7.9 yerl 6, 9T O

In the standard way we get:

LEMMA 4.1 (Lindenbaum). Every consistent set of formulas I" can be
extended to a maximal consistent set I'*.

So, we obtain:
PROPOSITION 4.4. I'™* is complete.

PROOF. Suppose that there are formulas ¢ and v such that I'* I/ ¢ — ¢
and I'™* I/ ¢ — . Since I'* is maximal, I'™* U {¢ — ¢} + L and
I'*u{y — ¢} F L. Therefore:

LI FA(p =) — L DT
2. I+ A — @) — L DT
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3.1 E(AW = ¢) = 1) = (Alp =) VAW = ) = 1)

(8),1,(MP)
4. I (A(p = V) VAR — @) = L 3,2, (MP)
5. I'+ L 4, (A5), (MP), contradicting the consistency of I'* O

DEFINITION 4.1. For any maximal set I of formulas and propositional
letter p, let
1 ifpe I'
o(p) =<0 if-pel™

0.5 otherwise.
LEMMA 4.2 (Truth lemma). For every ¢ € Fm: v(p) =1 iff p € I'*.

ProoOF. We prove both directions simultaneously, by induction on ¢.

Base step: ¢ := p. Immediate by Definition 4.1 of a valuation bv.
p:=T. [[T]]Mr*’g = 0.5 by the definition of satisfaction. On the other
hand, T,-T ¢ I'*, since I'* is consistent (Proposition 4.1). ¢ := L.
[[J_]]MF* 9 = 0 by the definition of satisfaction. Because I'* is consistent,
we also know that 1 & I'*, as required.

Inductive step: ¢ := 9 — x. By the definition of satisfaction, if
([ — X]]Mr*’g = 1, we shall distinguish three cases: v(¢)) = 0 iff
- € I'*, (by IH) iff ¢y — x € I'* (by Proposition 4.3(1)).

o(x) =1iff x € I'* (by IH) iff ¢» — x € I'* (by Proposition 4.3(2).

v(¢)) = 0.5 and v(x) = 0.5 iff ¢, ~p ¢ I'* and x,—-x ¢ ['* (by IH) iff
¥ — x € I'* (by Proposition 4.3(3)). O

THEOREM 4.1 (Completeness). If I = ¢, then I' - .

PROOF. Assume that I" ¥ ¢. Obviously, I" has to be consistent (oth-
erwise I' b L and, hence, I" - ¢ by Proposition 3.1(4) and (MP)). We
shall prove that I" U {= A ¢} is consistent:

1. 'U{-Ag¢}rF 1L hypothesis
2. I'FA(—Ag) — L 1, DT
3. I'F=A(-Ay) 2
4. TFAp 3, (A6), (MP)
5. 'k 4, (A1), (MP), contradicting the starting assumption

Thus, by Lemma 4.1, there is a I'™* such that I' C I'*, I'* is maximal
consistent and contains I' U {—= A ¢}. Take the valuation v for I'* as it
is defined in Definition 4.1. It follows (by Lemma 4.2) that v(y) = 1
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for all v € I' and v(—Ayp) = 1. Hence, v(Ayp) = 0, so v(p) # 1 by
Definition 2.1. In consequence, by Definition 2.3, I" & ¢. O

5. Conclusion

In the present paper, we have addressed the issue of the completeness of
a particular non-classical formalism: the truth-functionally complete E3.
To do so, we have replaced Stupecki’s 1-ary connective by a O-ary one,
included the Baaz delta operation and established a (weaker) version of
the Deduction Theorem. Henkin’s method has been successfully adapted
to this three-valued setting.

The extension of this logic to a first-order setting is a matter of future
work. We think that the intermediate truth value, 0.5, can be attributed
to those statements about non-existing objects, like ‘Pegasus has a white
hind leg’. The idea is to develop a formal system for a neutral free logic,
based upon our truth-functionally complete L3.
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