@0 °

Logic and Logical Philosophy
Online First Articles (2025)
DOI: 10.12775/LLP.2025.027

Arkadiusz Wojcik

Fitch’s Paradox in Fusions of Epistemic
and Alethic Logics

Abstract. In this paper, we analyze Fitch’s paradox of knowability in the
framework of fusions of epistemic and alethic modal logics. The paradox
arises from accepting the knowability principle, which states that all truths
are knowable. However, this leads to the unacceptable conclusion that all
truths are known. We introduce a logical system that incorporates all as-
sumptions used by Fitch in his original reasoning, including the knowability
principle. We present a natural semantics for this logic, proving the sound-
ness and completeness theorem. Additionally, we present a new semantic
proof of the knowability paradox, demonstrating that the problematic con-
clusion can be derived independently of Fitch’s original proof and showing
that the knowability principle itself is the source of the paradox. Using the
formal tools introduced, we conduct a semantic analysis of the paradox,
which allows us to identify the root cause of its occurrence. Finally, we pro-
pose a weakened version of the knowability principle that avoids paradoxical
conclusions.

Keywords: Fitch’s paradox; knowability paradox; knowability principle;
epistemic logic; fusions of modal logics; modal correspondence theory

1. Introduction

One of the fundamental philosophical questions concerns the limits of
knowledge. The debate over this question centers around the following
thesis:

o All truths are knowable. (The knowability principle)
This can be symbolized as

¢ — 0K, (KP)
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where ¢ is the operator of possibility (i.e., Op should be read as “it is
possible that ¢”), and K is the knowledge operator (i.e., K¢ should be
interpreted as “it is known that ¢” or “someone knows that ¢”).

The knowability principle is primarily endorsed by verificationists
and semantic anti-realists. As highlighted by Salerno [38], it is also ac-
cepted by proponents of various philosophical positions, including
Putnam’s internal realism, the logical positivisms of the Berlin and
Vienna Circles, Peirce’s pragmatism, Kant’s transcendental idealism,
and Berkeley’s metaphysical idealism. Kinkaid [24] adds Husserl and
representatives of phenomenology to this list, while Bueno [6] includes
Field and proponents of fictionalism in the philosophy of mathematics.
Other notable authors, for reasons unrelated to the aforementioned philo-
sophical positions, emphasize the intuitive plausibility of the knowability
principle (see, e.g., [3, 34, 35, 36, 44]).

Nevertheless, Fitch [17] has shown that (KP) leads to a paradoxical
conclusion. To demonstrate this, he made as assumptions two axioms:

K(pNp) = (Ko A K1), (Mk)
Ko — o, (Tk)
and two rules:
if F ¢, then F O, (RN)
if = 0=, then = =0. (RO-)

These assumptions appear plausible. According to (Mg ), knowledge is
distributive over conjunction (monotonic), whereas (Tx) expresses the
factivity of knowledge. (RN) is the rule of necessitation, i.e., a standard
rule of modal logics, stating that if formula ¢ is provable, then formula
Uy is also provable, where [y is interpreted as “it is necessary that ¢”.
Rule (RO-) is also uncontroversial, because [J and ¢ are interdefinable.
Fitch’s proof starts by substituting for (KP) the sentence known as

Moore sentence:
(p A —=Kp) = OK(p A —~Kp). (KPus)

According to the following argument, Moore sentence p A =Kp cannot
be the object of knowledge:

1. K(pA—Kp) premise for a reductio
2. K(p AN—=Kp) — (Kp AN K-Kp) substitution for (Mg)
3. Kp N K-Kp from 1 and 2 by classical logic
4. Kp from 3 by classical logic
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5. K—=Kp from 3 by classical logic
6. K—Kp — —Kp substitution for (Tk)
7. . Kp from 5 and 6 by classical logic

Because we obtain a contradiction, we can infer the following thesis:
~K(pA-Kp). (%)

The next steps in the reasoning are as follows:

1. O-K(p A —Kp) from (%) by the rule (RN)
2. =OK(p AN —Kp) from 1 by the rule (RO-)
3. =(p A —Kp) from (KPys) and 2 by classical logic
4. p— Kp from 3 by classical logic

In item 4, the variable p could be substituted with any formula, leading
to the conclusion
v — Ko. (0P)

This result appears paradoxical because (0P) formalizes a clearly false
principle of omniscience:

e All truths are known. (The omniscience principle)
The issue identified by Fitch is known in the literature as “the knowa-
bility paradox”, “Fitch’s paradox of knowability”, or, due to the role of
Church’s suggestion [see, e.g., 39], “the Church-Fitch paradox”.

The knowability paradox has been the subject of hundreds of papers.
This extensive literature reveals several standard responses to the para-
dox: (i) revising one of the assumptions about the knowledge operator,
(ii) revising classical logic, or (iii) restricting the knowability principle.
None of the proposed solutions have gained widespread acceptance, leav-
ing the problem relevant and open for further inquiry.

Strategy (i) [see, e.g., 8, 32] seems the least plausible. Both (Mg ) and
(Tk) are difficult to challenge, and furthermore, there are alternative ver-
sions of Fitch’s proof that employ weaker versions of these assumptions
[see 23, 31, 50].

Choosing solution (ii), which involves replacing classical logic with a
non-classical system such as intuitionistic [11, 14, 48], relevance [47], or
paraconsistent logic [3, 34], seems too radical and ad hoc. Proponents of
semantic anti-realism can respond to this challenge because their use of
intuitionistic logic is motivated by reasons independent of Fitch’s para-
dox. Nevertheless, intuitionistic logic has led to other counterintuitive
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claims ([33]). While some of these implausible consequences have been
justified within the intuitionistic framework [48, 49], there is still ambi-
guity as to whether these reinterpretations are not ad hoc [29].

Strategy (iii) [see, e.g., 13, 15, 40, 44] appears most promising, though
its applications are often criticized as ad hoc [see, e.g., 5, 12, 20]. To
avoid this objection, it is necessary to provide justification for the pro-
posed restriction independent of the knowability paradox or to develop
a diagnosis of the paradox that supports the suggested solution.

It should be noted that the proof of the knowability paradox, as
reconstructed above, is purely syntactic. However, Fitch’s original argu-
ment was not conducted within any specific logical system. Rather, it
was a formal representation of reasoning based on the stated assumptions
and several rules of classical logic. This naturally leads to the question:
How must the logic and its appropriate semantics be structured to repli-
cate the paradox? To develop a logic that incorporates all of Fitch’s
assumptions, it seems appropriate to consider a method of combining
two modal logical systems. Because assumptions (Mg ) and (Tg) hold in
all standard epistemic modal logics, and assumptions (RN) and (RO-)
are accepted in all alethic modal logics, combining these two types of
systems would yield the required logic. The method that appears most
suitable for achieving such a combination is the so-called fusion of modal
logics. This approach not only allows for a semantic analysis of the
knowability paradox but also enables the study of the actual strength
of various principles related to (KP). Consequently, it becomes possible
to formulate a weakened version of the knowability principle that avoids
paradoxical conclusions.

Outline of the paper. In Section 2, we provide preliminary informa-
tion that introduces the basics of modal systems and the methods by
which they can be combined. Section 3 presents a fusion of two modal
logics that satisfies the assumptions (Mg), (Tx), (RN), and (RO—=). This
base logic is then extended in Section 4 with the addition of (KP), where
we prove the soundness and completeness theorem. In Section 5, we use
the introduced formalism to conduct a semantic analysis of Fitch’s para-
dox. Finally, in Section 6, we propose a restriction on the knowability
principle that resolves the paradox.
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2. Preliminaries: Modal logics and their fusions

To develop a logic that incorporates all of Fitch’s assumptions, we must
formulate it in a language that includes both epistemic and alethic modal
operators.

DEFINITION 2.1. Let Var denote the set of propositional variables. The
epistemic-alethic language Lg o is defined inductively as follows:

o = p| oo | o= | Ko | Oy,

where p € Var. The set of all L o formulas is denoted by 'z Iy The
fragment of the language without the operator [ is denoted by L, and
the fragment without the operator K by L. The sets of formulas of
these languages are denoted by I'z,. and I'z, respectively.

The language Lk 0 extends the language of propositional logic with
the knowledge operator K and the necessity operator [J. We use the
symbol T as an abbreviation for p V —p and L to denote —T. Other
classical logical constants are defined in the standard way. Additionally,
the dual operators (K) and ¢ are defined as follows:

(K)p := K-y, (Def (K))
O 1= —O—. (Def Q)

The semantics for the language Lx o is constructed based on the
semantics proposed by Kripke [26, 27]. However, in this language, there
are two types of modalities, so its interpretation requires the consider-
ation of two distinct accessibility relations: epistemic and alethic. This
distinction is reflected in the following definitions of key semantic terms.

DEFINITION 2.2. An epistemic-alethic frame is a tuple F = (W, Rk, Rn),
where

o W () is a set of states,

e Ry C W x W is an epistemic accessibility relation,

o Rn C W x W is an alethic accessibility relation.
The notions of a (purely) epistemic frame (W, Ry ) and a (purely) alethic
frame (W, R) are obtained by dropping R and Rp, respectively. A
model is a pair M = (F,v), where F is a frame and v: Var — P (W) is
a valuation function; such a model is said to be based on F.
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DEFINITION 2.3. Let M = (W, Rg,Rg,v) be an epistemic-alethic
model, and let s € W. The satisfaction relation |= is defined inductively
as follows:

M,sEp iff s e€v(p),

M, s |E - ifft M, s = o,

M,sEe—y iff if M;s | ¢, then M, s =,

M,s = Ky iff for all t € W: if sRkt, then M,t |= ¢,

M, s Qe iff for all t € W: if sRgt, then M, t = ¢,

where p € Var and ¢,¢ € I'z, .

The other terms are defined following standard conventions in modal
logic. A formula ¢ is true in a model M (written M |= ¢) if for any
state s, M,s = ¢. A formula ¢ is true in a frame F (written F = @)
if for any model M based on the frame F, M = ¢. A formula ¢ is
valid (written = ¢) if for any model M, M = ¢. A formula ¢ is valid
with respect to a class of frames C (written C = ¢) if for any F € C,
F = ¢. A formula scheme S is true (or valid) in a model/frame/class of
frames if every instance of S is true (or valid) in that model/frame/class
of frames.

Having established the basic semantic framework for interpreting the
language L 0, we now turn to the presentation of specific modal logics.

DEFINITION 2.4. Let V € {K,0}. The logic Ky is the smallest set of
formulas that contains:

e all instantiations of propositional tautologies, (PC)
e the following axiom scheme:
V(g =) = (Vo = V), (Kv)
and is closed under the following rules:
e from o — 1) and ¢, infer 1, (modus ponens)
e from ¢, infer V. (Godel’s rule for V)

The logic K is the minimal normal alethic modal logic. A normal
alethic modal logic is a set of formulas that contains PC, every instance
of the axiom scheme (Kg), i.e. (Ky) for V = [, and is closed under the
rules of modus ponens and Godel’s rule (RN) for 0. Normal epistemic
modal logics are obtained from normal alethic modal logics by replacing
the operator [J with the operator K. In semantic terms, the logics Kn
and K can be defined as the sets of formulas that are valid on all alethic
and all epistemic frames, respectively.
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Name | Axiom Property of Ry
Dy Vo = V-p serial
Ty Vo= reflexive
4y Vo = VVep transitive
5v -V = V=V | Euclidean

Table 1. Some basic modal axiom schemes for V € {K,}

Stronger normal alethic (or epistemic) modal logics are obtained by
adding all instances of a given axiom scheme to Kg (or Kg). Seman-
tically, these logics are modeled by restricting the class of frames to
those that satisfy certain conditions on the accessibility relation. These
conditions are determined by the specific axiom scheme added to the
logic. A formula scheme S corresponds to a first-order formula @ if the
following holds for all frames F: F |= S iff F satisfies the condition
expressed by @. In that case, we also say that the scheme S defines
the class of frames with condition &. Table 1 provides the fundamen-
tal axiom schemes for both epistemic and alethic operators, which will
be employed in the subsequent sections, along with their corresponding
frame conditions.

Let V € {K,d}. We adopt a variant of Lemmon’s naming convention
for modal logics, where the notation KA .. .Zy denotes the logic obtained
by adding the axiom schemes A, ..., Z (each specialized to V) to the
logic Ky. Some exceptions to this convention apply to certain well-
known normal logics, among which the following will be referred to in
this work: Ty = KTy, S5y = KT5v.

For readability, in some cases we also use the notation L + S for the
smallest normal modal logic extending L by all instances of the axiom
scheme S.

Given that L is a normal modal logic, we use L F ¢ to denote that
¢ € L; in such a case, we say that ¢ is provable in L or simply L-
provable. A scheme S is provable in L if every instance of S is provable
in L. Logic L is sound with respect to a class of frames C if for any ¢,
L F ¢ implies C = ¢. Logic L is complete with respect to a class of
frames C if for any ¢, C |= ¢ implies L - ¢. The standard normal modal
logics are sound and complete with respect to classes of frames whose
accessibility relations satisfy properties expressible in first-order logic.
Based on Table 1, we can establish many such results for various normal
modal logics. For example, the logic S5 is sound and complete with



8 ARKADIUSZ WOICIK

respect to the class of all reflexive and Euclidean alethic frames. This
follows from the fact that S5 = KT5, and the axiom schemes (Tp)
and (50) define the classes of reflexive and Euclidean alethic frames,
respectively. As reflexivity and Euclideanness entail both symmetry and
transitivity, S50 is equivalently sound and complete with respect to the
class of all equivalence alethic frames.

For the purposes of this article, it is crucial to identify effective meth-
ods for combining epistemic modal logics with alethic modal logics. We
will focus on one method of combining modal systems: the fusion of
modal logics.

DEFINITION 2.5. Let Lg and L be normal modal logics formulated in
the languages Lx and Lp, respectively. The fusion Lx ® Lg of the
logics Lx and L is the smallest normal modal logic formulated in the
language L o that contains L U L.

In particular, if L and L are axiomatized by the sets Ar; and Axo,
respectively, then Lx ® L is axiomatized by the union Az, U Azs. By
a general result of Thomason [41], the fusion Lx ® L is a conservative
extension of both Ly and Lo, which means that Lx = (Lx @ Lg) Nz,
and Lo = (LK & L\]) N F£D~

Established results demonstrate the transference of specific metalog-
ical properties from the components to the fusions of modal logics (see,
e.g., [19] or [28] for a survey). Particularly relevant in this context is the
result by Kracht and Wolter [25] and Fine and Schurz [18], which states
the preservation of soundness and completeness. As a direct consequence
of this result, the following theorem holds for epistemic-alethic fusions:

THEOREM 2.1. Let Lx and Lg be normal modal logics formulated in
the languages L and L that are sound and complete with respect to
classes of frames C; and Co, respectively. Then, the fusion Lx ® Lo is
sound and complete with respect to the class

Ci1®C = {(W, RK,RD) : (W,RK) e (Cq, (W,R\]) S CQ}.

3. Towards a base logic for Fitch’s paradox

In order to obtain a logic that satisfies assumptions (Mg), (Tx), (RN),
and (RO-), which were adopted in the proof of Fitch’s paradox, we
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propose considering the fusion Tx ® K0.! In the logic Tx ® Kp, all nec-
essary assumptions hold. Any formula with the scheme (Mg) is provable
in the logic Kk, and therefore, it is also provable in the logic Tx ® Kg.

PROPOSITION 3.1. Tx @ Kok K(e A1) — (Kp A Kv).

Scheme (Tg ) is adopted as an axiom scheme by using (Ty) from Ta-
ble 1 for V = K, while rule (RN) is simply Godel’s rule for [J. Assump-
tion (RO=) holds by virtue of (Def {) and the law of double negation:
for any formula ¢ € 'z, -, we have (=0y) > (==0=¢) > (O-p). The
axiom scheme (Kg) and Godel’s rule for K were not used in Fitch’s proof,
but they must be included to ensure that the logic Tx ® K is a fusion
of two normal modal logics.

As a direct consequence of Theorem 2.1 and the soundness and com-
pleteness of the logics Tx and K with respect to their corresponding
classes of frames, the following theorem holds:

THEOREM 3.1. Logic T ®Kp is sound and complete with respect to the
class of all epistemic-alethic frames where the relation Ry is reflexive.

Although the axiom schemes of T x ® K do not include schemes that
combine epistemic and alethic operators, formulas of this type can still
be provable in this logic.

ProrosiTION 3.2. 1. Tk @ Kok O0Kp — O,
2. Tk @ KgpFUOKp — Q.

However, it is crucial to note that the scheme corresponding to the
knowability principle is not provable in the logic Tx ® Kp.

PROPOSITION 3.3. Tx @ K ¥ ¢ — OKp.

PrOOF. Consider the model M = (W, Rk, R, v) such that W = {s},
Ri ={(s,s)}, Ro =0, v(p) = {s}. Note that M, s = p — OKp. Hence
M £ p — OKp. Since M is a Tk ® Kg-model, we obtain Tx @ K £
© = OK¢. By Theorem 3.1, it follows that Tx @ Kp ¥ ¢ — OKp. A

This raises the question: Is there a plausible fusion of epistemic and
alethic logics in which (KP) is provable? Given that the standard epis-
temic logic is considered to be S5k, and furthermore, the axioms of

1 The suggestion to investigate Fitch’s paradox using a fusion of modal logics was
also proposed by Costa-Leite [9, 10]. Nevertheless, the lack of a formulated semantics
for the proposed logic limited the scope of his analysis.
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the logic S50 characterizing the necessity operator also seem intuitively
acceptable, it would be preferable if (KP) were provable in the fusion
S5 ® S50. Yet, by constructing an appropriate countermodel, it can
be easily demonstrated that this scheme is not S5x ® S5-provable.

PROPOSITION 3.4. S5 ® S50 F ¢ — QK.

PrOOF. Consider the model M = (W, Rk, Rg,v) such that W = {s, t},
Rx = {(s,9),(t,1), (s,1), (t,8)}, Ro = {(s,9), (t,1)}, and v(p) = {s}.
Note that M,s £ p — OKp. Hence M = p — OKp. Since M is a
S5 ® S5-model, we obtain S5k ® S5 £~ ¢ — OKp. By soundness, it
follows that S5 ® S50 ¥ ¢ — O K. -

It is clear that the model presented in the proof of the above propo-
sition also serves as a countermodel for (OP).

Nevertheless, it is possible to construct a fusion of epistemic and
alethic logics in which any formula of the scheme ¢ — QK is provable.
Let the fusion consist of the alethic logic T and the epistemic logic that
contains the axiom scheme (Tx) along with the following axiom scheme:

(K)p = Ko, (Dex)

which is the converse of the standard axiom scheme (D), i.e. (Dy) from
Table 1 for V = K. Moreover, axiom (Tg) defines the class of reflexive
alethic frames, while (D.x ) defines the class of epistemic frames satisfying
the following condition:

Vao,y, z2((xRxky N xR z) = y = 2). (@)

Based on Theorem 2.1, the logic TD.; ® T is sound and complete with
respect to the class of all epistemic-alethic frames where both relations
Rg and R are reflexive, along with the additional satisfaction of ®. It
can be easily checked that in this logic, (KP) is provable and that Fitch’s
paradox arises within it.

PROPOSITION 3.5. 1. TDcfx @ T ¢ = 0K,
2. TDr @ To F @ — K.

To consider this result significant and philosophically interesting, it
would be necessary to justify (D.x). However, formulating such a justifi-
cation does not seem feasible. In the logic TD, ;r ® T, the axiom scheme
(D) is provable. Ultimately, we obtain TD.x @ Tg F K¢ « (K) ¢.
This indicates that the logic TD. ® T does not distinguish between a
scenario where an agent knows that ¢ and a scenario where ¢ is consis-
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tent with the agent’s entire knowledge. This limitation undermines its
status as a plausible epistemic logic (i.e., a logic that captures the basic
intuitions associated with the functioning of expressions such as “it is
known that” and “agent knows that” in natural language).

4. The logic T ® Ko+ (KP)

Since (KP) is not provable in T x ® K or in any natural epistemic-alethic
fusion, it seems reasonable to add it as an additional axiom to the base
logic.

DEFINITION 4.1. The logic Tk ® Kg+(KP) is an extension of the logic
Tx ® Kg by the addition of the axiom scheme (KP).

The primary aim now is to construct the semantics for the logic
Tx ® Kgo+(KP) and prove its soundness and completeness. A critical
question is whether (KP) corresponds to a first-order formula that ex-
presses the properties of the relations Rx and Rn?. To answer these
queries, we must present several important results from modal corre-
spondence theory.

Modal correspondence theory applies not only to epistemic and
alethic modal logics but also to other systems, such as temporal or deon-
tic logics. In many standard publications, definitions and theorems are
presented in a general form applicable to all modal languages. Specif-
ically, these languages can have any modal similarity type. A modal
similarity type is defined as a pair 7 = (O, p), where O is a non-empty
set of modal operators and p : O — N is a function that represents their
arities. For the purpose of presenting the key results of correspondence
theory, we will focus exclusively on the language Lx . We will begin
by introducing two auxiliary definitions and defining an important class
of formulas known as Sahlqvist formulas, named after Henrik Sahlqvist,
who first described them in his work [37].

DEFINITION 4.2. Let ¢ € I'z,  be any formula containing only the
constants -, A, and V. An occurrence of a propositional variable p in ¢
is positive (or negative) if it is under the scope of an even (or odd) number

2 This question is valid because not all modal axioms correspond to properties
of accessibility relations expressible in first-order logic. A frequently cited example is
the McKinsey axiom scheme: O0¢ — 0L (see [42]).
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of negations. A formula ¢ is positive (or negative) if all occurrences of
propositional variables in ¢ are positive (or negative).

DEFINITION 4.3. Let p € Var. A bozed atom is a formula of the form
V1 e Vnp,

where n > 0, and V,; € {K,O} for each i = 1,...,n. In the case where
n = 0, the boxed atom V; ...V, p is simply the propositional variable p.

DEFINITION 4.4. A Sahlquist antecedent is a formula constructed from
T, L, negative formulas, and boxed atoms, using only A, V, ¢, and (K).
A Sahlquist implication is an implication ¢ — 1 where ¢ is a Sahlqvist
antecedent and v is a positive formula. A Sahlquist formula is a formula
constructed from Sahlqvist implications by freely applying K, U, A, and
by applying V to formulas that share no common propositional variables.
A Sahlquist scheme is a scheme constructed from a Sahlqvist formula.

Remark 4.1. The scheme ¢ — Q0K is a Sahlqvist scheme.

Remark 4.1 is significant because, based on it and the following theo-
rem, we can establish the existence of a corresponding first-order formula
for ¢ = O K.

THEOREM 4.1 ([37]). Let S be a Sahlqvist scheme. Then, S corresponds
to a first-order formula that is effectively computable from .

The detailed proof of this theorem can be found in the work of Black-
burn, de Rijke, and Venema [4, p. 165], where it is proven for any modal
similarity type. Alternatively, the proof is available in Sahlqvist’s orig-
inal article [37, p. 121-123], although Sahlqvist’s proof was formulated
for a language with only one modal operator.

The proof of Theorem 4.1 relies on the Sahlqvist-van Benthem algo-
rithm, independently provided by Sahlqvist [37] and van Benthem [43].
This algorithm allows for the computation of a corresponding first-order
formula from a Sahlqvist formula. In Appendix A, we present the version
of this algorithm for the language Lx m, along with a discussion of its
application to the knowability principle. Subsequently, we prove the
following proposition (with the corresponding number in parentheses):

PROPOSITION 4.1 (A.1). Let F = (W, Rk, Rg) be an epistemic-alethic
frame. Then, the following are equivalent:

(a) F =@ = 0Ky,
(b) Ve e W 3y € W(zRoy AVz € W(yRkz — = = 2)).
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As a result, we can accurately define the concept of a frame for the
logic Tx ® Ko+ (KP) as follows:

DEFINITION 4.5. An epistemic-alethic frame for the logic T x @ Ko+ (KP)
(in short, Tx @ Ko+ (KP)-frame) is a frame F = (W, Rk, Rn), where
e W () is a set of epistemic states,
e Ry C W x W and Rg C W x W are relations that satisfy the
following conditions:
(i) Vo € W(zRkzx),
(ii) Yo € W 3y € W(xRoy AVz € W(yRgz — x = 2)).

The significance of Sahlqvist’s research lies not only in proving the
correspondence between Sahlqvist formulas and first-order logic formulas
but also in illuminating the close connection between the structure of
modal formulas and the soundness and completeness of normal modal
logics.

THEOREM 4.2 ([37]). Let L be a normal modal logic that is sound and
complete with respect to the class of frames C, and let S be a Sahlqvist
scheme that defines the class of frames C'. Then, the logic L+ S is sound
and complete with respect to the class of frames CNC'.

Sahlqvist’s completeness theorem enables the proof of the complete-
ness of the logic Tx @ Kg+(KP).

THEOREM 4.3. The logic Tx ® Kg+(KP) is sound and complete with
respect to the class of all T g @ Ko+(KP)-frames.

PROOF. According to Definition 4.1, the logic T x @ Kg+(KP) is obtained
by adding the axiom scheme ¢ — QK¢ to the logic Tk ® K. By
virtue of Proposition 4.1, we know that this scheme defines the class
of frames F = (W, Rk, Rg), such that Vo € W3y € W(zRgy AVz €
W(yRkz — x = z)). Furthermore, from Theorem 3.1, we know that the
logic T g ® K is sound and complete with respect to the class of frames
F = (W, Rk, Rg), such that Vo € W(xRgx). Therefore, by Theorem
4.2 and Remark 4.1, we conclude that the logic Tx ® Kg+(KP) is sound
and complete with respect to the class of all Tx ® Ko+ (KP)-frames.

5. Fitch’s paradox in the logic Tx ® Ko+ (KP)

The established semantics allows us to prove that any formula of the
scheme ¢ — K is valid in the logic Tx ® Kg+(KP).
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THEOREM 5.1. Tg @ Kg+(KP) = ¢ — K.

PRrROOF. Let M = (W, Rk, Rg,v) be a Tx ® Kg+(KP)-model. Then,
the following conditions hold:

Vee W3y e W (xRoy AVz € W (yRxz — x = 2)), (%)
Vo € W(zRgkx). (%)

Let s € W be such that M, s = ¢. We aim to show that M, s = K.
Let t € W such that sRgt. Since s € W, by (x), choose y € W such
that sRoy and the following condition holds:

Vz € W(yRkxz — s = z). (%)

By (xx), yRiy. Since yRgy, from (x*x) we obtain s = y. Thus, from
s = y and sRit, it follows that yRit. Given that yRgt, we conclude
from (s+%) that s = ¢. Finally, from s = t and M,s = ¢, it follows
that M, t |= ¢. Therefore, M, s = K. This concludes the proof that
Tk @ Ko+(KP) = ¢ — K. -

This proof can be seen as a novel semantic proof of Fitch’s paradox.
As a direct consequence of Theorem 5.1 and Theorem 4.3, we obtain the
following theorem:

THEOREM 5.2. Tg @ Kg+(KP) - ¢ — K.

Independently of Fitch’s original proof —without recourse to Moore
sentences of the form p A =K p— we have replicated the original result.
This outcome provides a compelling argument against endorsing the
knowability principle. Furthermore, we have demonstrated that, con-
trary to the assertions made by some authors [see, e.g., 29, 30], the
possibility of deriving (OP) from (KP) does not arise from any fallacy in
Fitch’s original reasoning.

The adopted method not only enables a novel proof of Fitch’s paradox
but also offers several other significant advantages. Firstly, the presented
semantics provides a basis for formulating a semantic explanation for the
provability of ¢ — K: accepting the knowability principle alongside the
remaining assumptions acknowledged by Fitch implies that every world
is epistemically isolated, meaning it has no epistemic alternatives other
than itself.
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PropPOSITION 5.1. Let F = (W, Rk, Rg) be a Tk @ Kg+(KP)-frame.
Then Va,y € W(xRgy — x = y).3

ProOOF. Let F = (W, Rk, Rg) be a Ty ® Kg+(KP)-frame. Then, the
following conditions hold:

Ve e W3y € W (xRoy AVz € W (yRixz — = = 2)), (%)
Vo € W(zRgkx). ()

Let z,y € W be such that zRxy. We aim to show that o = y. Since
x € W, by (x), choose a € W such that x Rga and the following condition
holds:

Vze W(aRkz = x = z). (%)

By (%), aRka. Since aRka, from (x%%) we obtain x = a. From xRxy
and © = a, it follows that aRky. Since aRky, from (x%%) we obtain
T =uy. 4

Interpreting the knowledge operator within relational semantics cre-
ates a strict dependency between the number of worlds in the epistemic
accessibility relation for a given agent and what that agent knows. Ex-
plaining his use of possible worlds semantics for epistemic logic in Know!l-
edge and Belief [21], Hintikka described the relationship between agents’
knowledge as follows:

a knows more than b if and only if the class of possible worlds com-
patible with what he knows is smaller than the class of possible worlds
compatible with what b knows. [22, p. 157]

An agent who is completely ignorant —meaning they possess no knowl-
edge — considers all worlds as possible; an agent who is omniscient con-
siders only the actual world as possible. The standard interpretation
of the scheme ¢ — K, which expresses the omniscience of the agent,
aligns with how omniscience is expressed in model-theoretic terms. This
serves as an argument for the adequacy of using Kripke semantics to
analyze the knowability paradox.

A second advantage is the ability to link the obtained results with
Moore sentences, namely sentences of the form p A —=Kp. If for any
formula ¢, it holds that ¢ — (K¢, then it must also hold for the formula

3 The property of the relation Rx mentioned in Proposition 5.1 implies that
Tx ® Ko+(KP) = ¢ — K¢. Referring to Proposition 5.1 and the fact that the
scheme ¢ — K¢ corresponds to a first-order formula Vz,y(xRxgy — x = y), suffices
to prove Theorem 5.1.
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p A = Kp; therefore, (p A =Kp) — OK(p A —Kp) must be valid. How can
this be guaranteed? This can be achieved by ensuring the truth of the
consequent or the falsity of the antecedent. However, in any epistemic-
alethic system where the relation Ry is reflexive, such as in the logic
Tx @ Kg and any of its extensions, the formula =0 K (p A = Kp) is valid.

PROPOSITION 5.2. Tx @ Kp = —OK(p A —Kp).

PrROOF. Let M = (W, Rk, Rg,v) be a model of the logic Tx ® K,
and let s € W. Suppose, for the sake of contradiction, that M,s |=
OK(p AN =Kp). Thus, there exists t € W such that sRot and M,t |=
K(p A =Kp). Given the reflexivity of the relation Rx, we have tRyt.
From tRxt and M,t = K(p A =Kp), it follows that M,t = p A =Kp.
Since M, t = = Kp, there exists u € W such that tRxu and M, u [~ p.
However, since tRyu, and given that M,t = K(p A =Kp), we obtain
M, u = p A =Kp. Therefore, we have M,u = p and M, u [~ p. Thus,
we have shown that M, s = -0K(p A =Kp). This concludes the proof
that Tk ® Ko = -OK(p A —Kp). .

To ensure the falsity of the antecedent of the formula (p A =Kp) —
OK(pA—Kp), it is necessary to reject the reflexivity of the relation R,
which in turn implies rejecting the axiom (Tg). However, in Fitch’s
assumptions, the axiom (Tx) was explicitly adopted, so this route of
defending (KP) against counterexamples in the form of p A =Kp is closed.

What about ensuring the truth of the consequent? The semantic
implications of adopting (KP) ensure this, because, as stated in Proposi-
tion 5.1, adopting (KP) implies that no world has any epistemic alterna-
tive other than itself. Therefore, the formula p A =Kp is false in every
Tx ® Kg+(KP)-model. Let M = (W, Rg,v) be any epistemic model
where the relation Ry satisfies Vo, y € W(zRxy — x = y), and let s €
W be given. Suppose, for the sake of contradiction, that M, s = pA—=Kp.
By assumption, there exists ¢ € W such that sRxt and M,t %~ p. Be-
cause Ry satisfies the condition Va,y € W(zRgy — = = y) and sRit, it
follows that s = ¢. Therefore, we have M, s = p and M, s [~ p. Thus, in
the logic T x ® Kg+(KP) — in contrast to systems that only contain stan-
dard epistemic axioms — the formula (p A—Kp) — OK(pA—Kp) is valid,
since the antecedent p A—Kp is unsatisfiable in every model of this logic.

The third advantage of the presented method of analysis is the ability
to examine the role of the axiom (Tg) in deriving the paradoxical con-
sequence. Although Fitch used this axiom in his proof, the possibility
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of deriving (OP) from (KP) without invoking the factivity of knowledge
has not yet been ruled out. Now, it can be demonstrated that if the
base logic is chosen to be the fusion Kx ® Kg, where no constraints
are imposed on either the relation R or the relation Ry, then, despite
adding (KP), the scheme ¢ — K¢ remains unprovable.

PROPOSITION 5.3. Kx @ Kg+(KP) ¥ ¢ — K.

ProoFr. Consider the model M = (W, R, R, v) such that W = {s, t},
Rk = Rg = {(s,1),(t,s)}, and v(p) = {s}. Note that M, s }~p — Kp,
which implies M [~ p — Kp. Given that M is a Kx ® Kg+(KP)-model,
we obtain Kx ® Kg+(KP) [~ ¢ — K. By soundness, this is equivalent
to Kx @ Kg+(KP) ¥ ¢ — K. =

Without significant difficulty, it can also be shown, by constructing
appropriate countermodels, that replacing the axiom scheme (Tx) with
any of the standard epistemic axioms schemes listed in Table 1 will not
result in the provability of the scheme ¢ — K.

However, (0P) will be provable in an epistemic-alethic logic that dif-
fers from the system T x ® Kg+(KP) by adopting two axioms, (Dx) and
(4x), instead of the axiom (Tk).

PROPOSITION 5.4. KD4x ® Kg+(KP) ¢ — K.

PROOF. Let M = (W, Rk, Ro,v) be a model of the logic KDdx ®
Ko+ (KP). Then, the following conditions hold:

Vee W Jy € W(xRgy AVz € W(yRkz — x = 2)), (%)
Ve e W 3y € W(xRkvy), (%)
Va,y,z € W((xRxky NyRkz) — tRkz). (%)

Let s € W be such that M, s = ¢. The goal is to show that M, s = K.
Let t € W be such that sRxt. Given s € W, by (%), choose y € W such
that sROy and the following condition holds:

Vze W(yRxz — s = z). (#)

Since y € W, by (%), choose z € W such that yRxz. By (#), s = z.
From s = 2z and sRkt, it follows that zRkt. From yRgz and zRkt,
by (x%x), we get yRyit. However, since yRit, by (#), we obtain s = t.
Finally, s = t and M,s = ¢ imply M,t = ¢. Thus, we have shown
that M, s = K. This concludes the proof that KD4x ® Kg+(KP) =
» — K. Since the completeness of the logic KD4x ® Kg+(KP) can be
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proven analogously to the completeness of the logic Tk ® Kg+(KP), we
obtain KD4x @ Ko+ (KP) - ¢ — K. =

This result is significant because, since Hintikka’s foundational works
in epistemic logic, the logic KD4 —or its extension KD45 —has been
regarded as the standard doxastic logic. Consequently, if the operator
K is interpreted not as a knowledge operator but as a belief operator, we
obtain a doxastic version of Fitch’s paradox: the believability paradozx.

Another significant benefit of the adopted method for analyzing the
knowability paradox is that the obtained semantics allow us to identify
other schemes that are provable under the given assumptions. Some
of these schemes, such as the formulas of the form ¢ — K¢, should
not be provable in a system we consider an adequate epistemic-alethic
logic. Below, we present several schemes that are provable in the logic
Tk @ Kg+(KP).

PROPOSITION 5.5. 1. Tx @ Kg+(KP) F Ko — KKo,
T ® K|:|+(KP F-Kp — K-Kop,

Tx @ Kg+(KP) - Oy — ¢,

Tk @ Kg+(KP) F Op — Ko,

Tx @ Kg+(KP) - (K) ¢ — Ko,

T ® K|:|+(KP) FOp — OKe.

oG N
~— N

The fact that the schemes listed in points 1, 2, and 3 are provable is
not inherently problematic, even though these formulas are not derivable
within the fusion Tx ® K itself. However, the presence of 4, 5, and 6 is
highly undesirable. Nevertheless, it should be observed that none of the
formulas from 4-6 are provable in the fusion Tx ® Kq itself, nor in any
stronger fusion obtained from it by adding the standard modal axioms for
both modal operators, such as S5 ® S55. This can be shown by means
of a simple countermodel M = (W, Rg, Rg,v) such that W = {s,t},
Rk = {(3? 3)7 (t? t)v (3? t)v (tv 3)}7 Rpo = {(33 3)? (tv t)}? and U(p) - {3}
The model M is a model of the logic S5 ® S5, and hence also of the
weaker fusion Tx ® K.

The provability of formulas associated with the scheme in point 4 —a
consequence of the inclusion Ry C Rp, which itself results from adding
the axiom scheme (KP) to Tx ® Kg—is not surprising. If it is provable
that all truths are known, it should also be provable that all necessarily
true truths are known. Particular attention should be given to the scheme
O¢ — OK¢. Since Tx @ Kg+(KP) - ¢ — Ko, then, by (RN), we get
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Tk @ Ko+(KP) - O(¢ — K¢). From this, applying the axiom (Kp),
we obtain Tx ® Kg+(KP) - Op — OK . Therefore, if the assumptions
in this paper are justified, it follows that the principle of knowability
implies the existence of truths that are necessarily known by someone.

6. Restricting the knowability principle

In the context of dynamic epistemic logics (see [46] for a survey), it
is possible to model the phenomenon of an unsuccessful update. This
phenomenon occurs when a true sentence becomes false due to its an-
nouncement. To illustrate, let’s assume that agent A is waiting for a let-
ter informing them of their admission to university. Agent B picks up the
letter from the post office, reads its contents, and announces to A: “You
don’t know it, but you have been admitted to university”. B conveys two
pieces of information in his announcement: (i) A has been admitted to
university; (ii) A does not know that A has been admitted to university.
Assuming agent A considers B to be a reliable source of information,
conveying piece of information (i) renders piece of information (ii) false.
Therefore, the true sentence becomes false due to its announcement.

Using the formalism of dynamic epistemic logics, it can be demon-
strated that the phenomenon of an unsuccessful update plays a key role
in the emergence of the knowability paradox [see 44, 51]. This formalism
also allows for defining an important class of formulas: successful formu-
las [see 45]. A formula is considered successful if, after its announcement,
it retains its truth, meaning it cannot change its logical value during the
verification process, which could lead to an unsuccessful update. In
[2] is shown that restricting the formalization of the knowability prin-
ciple in dynamic epistemic logic to formulas in the class of successful
formulas effectively blocks the paradox. The results obtained support
the hypothesis that the cause of Fitch’s paradox is the phenomenon of
unsuccessful update, and an adequate solution to the paradox should
involve restricting the knowability principle to sentences that cannot
lead to this phenomenon.

In standard epistemic-alethic logics, it is not possible to express that
a given formula is successful. However, in epistemic-alethic systems, one
can express that a certain formula is stable —where stability is under-
stood as the preservation of the formula’s truth in all possible states
of the verification process. To express this property, it is necessary to
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modify the interpretation of the alethic operators from the language
L 0. This reinterpretation is based on the proposal by Artemov and
Protopopescu [1].

According to the standard interpretation, the operator { represents
logical possibility. We have adopted this interpretation to accurately re-
flect how Fitch and other authors understand the knowability principle.
However, Artemov and Protopopescu argue that to adequately formalize
the knowability of ¢ —especially from a verificationist standpoint — the
interpretation of the alethic operators ¢ and [ should be modified. They
propose viewing these operators as quantifiers over states of discovery.
According to this view, the formula Q¢ should be interpreted as “there
exists a state of the discovery process in which ¢ holds”, while the for-
mula g should be interpreted as “in all states of the discovery process,
© holds”. A consequence of this reinterpretation is a different under-
standing of the accessibility relation Rp. The presence of the relation
R between elements of the model’s universe —referred to as informa-
tion states —indicates a potential direction in the verification process. If
sRnt holds, it means that the discovery or verification process can lead
from state s to state ¢.

As a result of this reinterpretation, we obtain the original system of
dynamic epistemic logic, which not only provides a formal representation
of knowledge but also models the phenomenon of knowledge change at
various stages of the verification process. Furthermore, due to the mod-
ification in the interpretation of the alethic operators described above,
there is a new way to understand the knowability principle:

o Ify is true, then there exists a state of the discovery process in which
@ is known.

Of course, as demonstrated by Fitch’s proof, if no restrictions are im-
posed on the formulas ¢, the above thesis is false because the formula
p A - Kp cannot be known in any state of the discovery process. This is
because a proposition may change its logical value during the discovery
process.

Nevertheless, if the alethic operators are understood as described
above, it becomes possible to express within the language Ly o that a
formula ¢ is stable, meaning it retains its truth throughout the discovery
process. More precisely, a formula ¢ is stable in a given model M if for
any state s, it holds that M, s = ¢ — Op. Consequently, the following
modification of (KP) can be made, which can be termed the principle of
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stable knowability:
(e A (¢ = Lp)) = OKep.

Note that in any model where the accessibility relation used to interpret
the operator [J is reflexive, the formulas ¢ — [y and Ly are equivalent.
Because the authors assume that the relation R is reflexive, the stable
knowability principle can be equivalently expressed as follows:

Op — OKe. (SK)
The above formula scheme should be interpreted as follows:

e If p holds at all states of discovery, then there exists a state of the
discovery process in which ¢ becomes known.

Artemov and Protopopescu argue that this thesis represents the cor-
rect interpretation of the verificationist approach because it explicitly
establishes the relationship between verification, knowledge, and truth?.
They present an argument that, in their view, demonstrates that ac-
cepting the stable knowability principle does not imply the omniscience
principle. Specifically, they provide a model of the logic S5 ® T and
show that the formula Oy — QK¢ is true in this model, while ¢ — K¢
fails to hold in any state. However, the argument presented by Artemov
and Protopopescu does not establish that, in the logic S5x ® To+(SK),
the scheme ¢ — K¢ is not valid. The authors did not determine which
first-order formula corresponds to the scheme Clp — O K, and, there-
fore, did not construct a semantics for the logic S5x ® Tn+(SK).?

We will demonstrate that it is not necessary to restrict (KP) to stable
formulas to block the provability of formulas of the form ¢ — K.
Instead, it is sufficient to restrict (KP) to formulas that can be termed

4 Tt is important to note that this thesis was considered in the literature before
the publication of Artemov and Protopopescu’s article. However, the authors who
addressed it interpreted the operators O and ¢ in the standard way. (SK) was con-
sidered by Burgess [7], who ultimately advocated for its temporal counterpart, and
by Egré [16], who argued that adopting (SK) is the appropriate response to Fitch’s
paradox.

5 It can be demonstrated, however, that the scheme g — (K¢ corresponds to
a first-order formula ¥: Vz3y(xRoy AVz(yRixz — xRnz)). It can also be proven that
the logic S5 ® T+ (SK) is sound and complete with respect to the class of all frames
where the relation Ry is an equivalence relation, the relation Rp is reflexive, and ¥
holds. Consequently, a countermodel for ¢ — K¢ could be, for example, the model
M = (W, Rk, Rg,v), such that W = {s,t}, Rk = Ro = {(s,s), (t,1), (s,¢), (t,8)},
v(p) = {s}.
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locally stable formulas. A formula ¢ is considered locally stable in a given
model M if for any state s, it holds that M, s = 0Op. Consequently, we
obtain the following thesis, referred to as the principle of locally stable
knowability:

(p A O0p) — OKo. (LSK)

According to this principle, for a true formula ¢ to be considered know-
able in state s, it suffices that there exists a state ¢ such that the discovery
process can lead from s to ¢, with ¢ remaining true in all states reach-
able from ¢ via the verification process. Restricting (KP) to locally stable
formulas is, of course, less rigorous than restricting it to stable formulas.
Under (LSK), ¢ can be knowable in state s even if it is false in some
states reachable from s via Rp, whereas (SK) excludes this possibility.
However, the restriction imposed by (LSK) is sufficient to eliminate all
those truths that become false as a result of the very act of discovery.

Next, we will investigate the logic obtained by extending the base
logic with (LSK) as an additional axiom scheme.

DEFINITION 6.1. The logic Tx ® Kg+(LSK) is an extension of the logic
Tx ® Kg by the addition of the axiom scheme (LSK).

Remark 6.1. The scheme (¢ A O0p) — OKp is a Sahlqvist scheme.

By Remark 6.1, and according to Sahlqvist’s correspondence theorem
(Theorem 4.1) for the language Ly 0, there is a first-order formula cor-
responding to (p A O0p) — OK . In Appendix B, we present a version
of the Sahlqvist-van Benthem algorithm applicable to (LSK), followed by
a proof of the following proposition:

ProposITION 6.1 (B.1). Let F = (W, Rk, Rg) be an epistemic-alethic

frame. Then, the following are equivalent:

(a) F (¢ A 00p) = 0Ky,

(b) Vz,y € W(xRgy — Ja € W(xRga AVb € W(aRkgb — (yRgb
Vb=1))).

Based on these results, we can define a frame for the logic T ®
Ko+(LSK) as follows:

DEFINITION 6.2. An epistemic-alethic frame for Tx @ Kpo+(LSK) (in
short, Tx ® Kg+(LSK)-frame) is a frame F = (W, Rx, Rn), where
o W 7& (2)7
o R CWxW and Rg C W xW are relations satisfying the following
conditions:



FITCH’S PARADOX IN FUSIONS OF EPISTEMIC AND ALETHIC LOGICS 23

(i) Vo € W(zRkx),
(ii) Vz,y € W(zRgy — Ja € W(xRga AVb € W(aRkgb — (yRob
Vb =),

The application of Theorem 4.2 and the established propositions and
theorems is sufficient to prove the soundness and completeness of the
Tk ® Kg+(LSK) logic.

THEOREM 6.1. Logic T x @K+ (LSK) is sound and complete with respect
to the class of all T x ® Kg+(LSK)-frames.

PROOF. According to Definition 6.1, the logic Tx ® Kg+(LSK) is ob-
tained by adding the axiom scheme (p A O0p) — OK¢ to the logic
Tx ® K. By Proposition 6.1, we know that this scheme defines the
class of frames F = (W, Rk, Rg), such that Va,y € W(zRpy — Ja €
W(zRpaAVb € W(aRgb — (yRobVb = z)))). Furthermore, from The-
orem 3.1, we know that the logic T x ® K is sound and complete with re-
spect to the class of frames F = (W, Rk, Rn), such that Vo € W (z Rk ).
Therefore, by Theorem 4.2 and Remark 6.1, we conclude that the logic
Tk ® Kg+(LSK) is sound and complete with respect to the class of all
Tx ® Ko+ (LSK)-frames. -

Referring to the above theorem, we can demonstrate the difference
between the logics Tx ® Kg+(KP) and Tk ® Ko+ (LSK) in terms of the
provability of paradoxical formulas. A key observation in the context
of Fitch’s paradox is that the standard formalization of the omniscience
principle is not provable in the logic Tx ® Kg+(LSK).

PROPOSITION 6.2. Tx ® Kg+(LSK) ¥ ¢ — K.

ProoF. Consider the model M = (W, Rg, Rg,v) such that W = {s, t},
Rx = {(s,s), (t,t),(s,t)}, Ro = 0, and v(p) = {s}. Since sRit and
Mt £~ p, we have M, s [~ Kp. Thus, M,s [~ p — Kp. Therefore,
M = p — Kp. Note that M is a Tx ® Kg+(LSK)-model: the relation
Ry is reflexive, and since R = (), the condition Va,y € W(xRgy —
Jda € W(xRoaAVb € W(aRgb — (yRobVb = z)))) holds. Consequently,
we obtain Tk ® Kg+(LSK) = ¢ — K¢, and thus, by Theorem 6.1, we
conclude Tx ® Kg+(LSK) ¥ ¢ — K. .

By restricting the knowability principle to locally stable formulas, we
successfully eliminate the main negative consequence of adopting (KP).
Notably, in the logic T x @ Kg+(LSK), formulas of the form (o A OOp) —
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Ky are not provable, implying that not all locally stable truths are
known.

PROPOSITION 6.3. Tx @ Kg+(LSK) ¥ (¢ A O0p) — K.

PrOOF. Consider the model M = (W, Rg,Rg,v) such that
W = {3? t u}? Rk = {(3? 3)7 (t? t)v (uv u)v (Sa t)}? Rp = {(Sa u)v (uv u)}v
and v(p) = {s,u}. Since sRxt and M,t [~ p, we have M, s = Kp. Due
to the choice of R and the fact that M, u = p, we obtain M, u = Op.
Given that sRou and M, u = Op, it follows that M, s = OOp. Thus,
M, s = pAOOp and M, s = Kp, which means that M, s = (pAOOp) —
Kp. Therefore, M [~ (p A OOp) — Kp. Since M is a Tx ® Kg+(LSK)-
model, we obtain Tx ® Kg+(LSK) [~ (¢ A O0p) — K¢, which implies
Tx ® Kg+(LSK) ¥ (¢ A O0p) — K¢ by Theorem 6.1. —|

In Proposition 5.5, we highlighted other schemes beyond ¢ — K¢
that are provable in Tx ® Kg+(KP). Formulas of these schemes should
not be regarded as theorems of a system that we would consider to be an
adequate epistemic-alethic logic. Now, we can demonstrate that these
schemes are not provable in the logic T x ® Kg+(LSK).

PROPOSITION 6.4. 1. Tx @ Kg+(LSK) ¥ Op — Ko,
2. Tk @ Kg+(LSK) ¥ (K) p — Ko,
3. Tk ® Kg+(LSK) ¥ Op — OK .

PROOF. It can be easily verified that a countermodel for items 1 and 2
is the model provided in the proof of Proposition 6.2. We now focus
on proving point 3. Consider the model M = (W, R, R, v) such that
W = {s,t,u}, Rx = {(s,s), (t,t), (u,u), (t,w)}, Ro = {(s,s), (s,t)}, and
v(p) = {s,t}. Because Rg = {(s, s), (s,1)}, and given that M, s = p and
Mt |= p, it follows that M, s = Op. Notably, since tRxu and M, u =
p, we have M,t [~ Kp. Consequently, given sRot, we obtain M, s [~
OKp. Thus, we have M,s = Op and M,s [~ OKp, which means
M, s = Op — OKp. Therefore, M = Op — OKp. Since M is a Tx ®
Ko+(LSK)-model, we obtain Tx @ Kg+(LSK) (= O — OK ¢, which, by
Theorem 6.1, is equivalent to Tx @ Ko+ (LSK) ¥ Oy — OK . —

Given the argument presented, the following objection may arise: al-
though replacing (KP) with the weaker axiom scheme (LSK) has blocked
the provability of the omniscience principle and other paradoxical formu-
las, the logic T x @ Kg+(LSK) does not include all possible axioms for the
operators K and 0. Thus, it remains possible that accepting additional
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epistemic and alethic axioms may cause these paradoxical formulas to
be provable in an extended version of the logic Tx ® Kg+(LSK). To
counter this objection, we will demonstrate that these formulas are also
not provable in the system S5x ® S5+ (LSK).

The logic S5 ® S5g+(LSK) is sound and complete with respect to
the class of all epistemic-alethic frames where the relations Rx and Rp
are equivalence relations, and the condition Vz,y(zRgy — Ja(xRga A
Vb(aRkxb — (yRobV b = x)))) holds. Based on this, we can establish
the following proposition:

PROPOSITION 6.5. 1. S5x ® S50+ (LSK) ¥ ¢ — Ky,
2. S5k ® S50+(LSK) ¥ (o A OL¢) — Ko,

3. S5 ® S50+(LSK) ¥ Oy — Ko,

4. S5 ® S50+ (LSK) ¥ (K) ¢ — Ko,

5. S5 ® S50+(LSK) ¥ Oy — UK,

Proor. We will prove point 2. The countermodel provided for the
scheme (¢ A OOp) — K¢ will also be a countermodel for all other
schemes. Consider the model M = (W, Rg,Rg,v) such that
W = {s,t,u,w}, Rk = {(s,5),(t,t), (u,u), (w,w), (s,t),(t,s)}, Ro =
(5, 5), (8), (w, ), (w, w), (5,1), (1, 5). (£, w), (w, 1)}, and v(p) = {s, .
This model is a S5x ® S50+ (LSK)-model. Since sRxt and M, t [~ p,
we have M, s [~ Kp. From the choice of R, given that M, s = p and
M, u = p, it follows that M, u = Op. Furthermore, since M, u = Op
and sRpu, we obtain M,s = OOp. Thus, we have M,s = p A OUp
and M, s [~ Kp, i.e., M,s [~ (p A OUp) — Kp. Consequently, M -
(p A OOp) — Kp. Hence, we obtain S5x ® S50+ (LSK) £~ (¢ A O0g) —
K, which, by the soundness of the logic S5 ® S5+ (LSK), implies
S5 ® S50+ (LSK) ¥ (o A O0p) — K. -

Consequently, even strengthening the base logic to the fusion of the
systems Tx and K does not result in the provability of paradoxical
formulas when the knowability principle is restricted to locally stable
formulas.

7. Conclusion

The key contributions of this study are as follows:

e Demonstration that (OP) is not provable in any natural fusion of
epistemic and alethic logics unless (KP) is assumed.



26 ARKADIUSZ WOICIK

e Formulation of a new semantic proof of the knowability paradox,
showing that the problematic conclusion can be reached indepen-
dently of Fitch’s original proof, emphasizing that the knowability
principle itself is responsible for the paradox.

e Development of a semantic explanation for the provability of (OP),
demonstrating that it arises from the fact that models of the logic
Tx @ Kg+(KP) are, in a sense, abnormal, meaning that no world
possesses an epistemic alternative other than itself.

e Detection of paradoxical schemes other than (0P), provable due to the
adoption of (KP) in conjunction with the other assumptions present
in Fitch’s proof.

e Identification of the root cause of the paradox, namely the possibility
of a formula changing its truth value during the process of verifica-
tion.

e Demonstration that the paradox can be blocked in some dynamic
epistemic logics by restricting the knowability principle to locally
stable formulas (i.e., formulas that retain their truth value from a
specific stage of the verification process).

e Demonstration that the proposed restriction prevents the provability
of other paradoxical formulas that were theorems of the logic where
(KP) was assumed.

The boundary between the principles related to the knowability prin-
ciple that lead to the provability of paradoxical formulas and those that
avoid such undesirable consequences can be termed “the Fitch bound-
ary”. The method of fusing modal logics proves to be a valuable tool
in drawing this boundary. Although the restriction on the knowability
principle proposed in this paper is less stringent than other suggestions
found in the literature, it is possible that even less restrictive limitations
may be identified in the future, thereby bringing us closer to the Fitch
boundary while remaining on its non-paradoxical side. However, as a re-
sult of the conceptual framework for the knowability problem presented
here, this issue takes on a more technical character, providing us with
new formal tools for its analysis.
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Appendices

A. Very simple Sahlqvist formulas of L

DEFINITION A.1. Let = be a first-order variable. The standard transla-
tion ST, that converts formulas from the language L 0 to first-order
formulas is defined as follows:

STx(p) = P(x),
ST (~p) = —5T:(p),
ST (p =) = STu(p) — STz (v),

ST, (Kp) Vy(zRiy — STy(p)),
ST,(Op) = Vy(zRoy — STy(p)),

where p € Var and y is a new variable.
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The standard second-order translation of the formula ¢ € I'z - is de-
fined as the formula VP ...VP, (ST, (p)), where Py, ..., Py are all unary
predicates occurring in the formula ST, (y).

To obtain the first-order formula corresponding to the axiom scheme
(KP), we will use a simplified version of the Sahlqvist-van Benthem algo-
rithm, characterized similarly to that in [4]. This algorithm enables us to
obtain the first-order formula corresponding to the so-called very simple
Sahlqvist formula, which for the language Ly 0 is defined as follows:

DEFINITION A.2. A wvery simple Sahlquist antecedent is a formula con-
structed from T, 1, and propositional variables, using only A, ¢, and
(K). A very simple Sahlquist formula is an implication ¢ — 1, where ¢
is a very simple Sahlqvist antecedent and 1 is a positive formula.

It is clear that the formula p — QO Kp is a very simple Sahlqvist for-
mula and that every very simple Sahlqvist formula is a Sahlqvist formula.

ALGORITHM A.1 (Sahlqvist-van Benthem algorithm for very simple
Sahlqvist formulas). Let V € {K,O}. If ¢ — 1) is a very simple Sahlqvist
formula, then the corresponding first-order formula can be obtained by
following these steps:

Step 1 (Standard second-order translation). The standard second-order
translation of the formula ¢ — 9 results in a formula of the form

VP .. VPu(STs(p) — STy (1)).

The aim of the following steps is to eliminate the second-order quantifiers
from the above formula to yield its first-order equivalent.

Step 2 (Formula transformation). Transform the second-order formula
obtained in Step 1 using the equivalence

(Fzia(z;) A B) < Jxi(alx;) A B),
and then the equivalence
(Fzia(z;) — B) < Vo (a(z;) — B),

in order to move the first-order quantifiers in the antecedent ST, (y) to
the front of the implication. This procedure yields a formula of the form

VP .. VPVay .. Vo, ((RELA AT) — ST,(1)),

where REL is a conjunction of atomic formulas of the form z;Rvx;,
corresponding to occurrences of existential modal operators, and AT is
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a conjunction of predicate symbols corresponding to propositional vari-
ables.

Step 3 (Establishing instances). Let P; be a predicate occurring in the
formula obtained in Step 2, and let Pi(z;,), ..., Pi(x;,) be all instances
of the predicate variable P; from AT. We define the substitution o as
follows:

o(P)=M.(u=x; V...Vu=u;, ),

where the symbol A denotes a lambda function as in [4].

Step 4 (Instantiating). Using the substitution defined in Step 3, we
obtain the formula

[0(P)/ Py, ..., 0(Py)/Pil Var . . Vam ((REL A AT) — STo(¥)).

The resulting formula is a first-order formula.

We will use the above algorithm to obtain a first-order formula corre-
sponding to the formula p — O Kp. In Step 1, by applying the standard
second-order translation, we obtain the following formula:

VP(P(z) — Jy(zRoy AVz(yRiz — P(2)))).

In Step 2, we do not make any rearrangement. Note that AT is simply
P(z). Thus, in Step 3, we determine the following substitution:

o(P) = Auu = .

According to Step 4 of the algorithm, we carry out the substitution,
obtaining the following formula:

r =12 — Jy(xRoy AVz(yRrxz — = = 2)).
By eliminating the equality, we finally obtain the first-order formula:
Jy(zRoy ANVz(yRrxz — x = 2)).

PROPOSITION A.1 (4.1). Let F = (W, Rk, Rg) be an epistemic-alethic
frame. Then, the following are equivalent:

(a) F =@ = 0Ky,
(b) Ve e W 3y € W(zRaoy AVz € W(yRgz — = = 2)).
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ProoF. “(a) = (b)” We will prove this by contraposition. Let F =
(W, Rk, R) be an epistemic-alethic frame such that

dx e WYy € W(xRpy — 32 € W(yRrz ANz # 2)). (%)

We will show that for a certain formula ¢ and a certain model M based
on F, it holds that M [~ ¢ — OK¢. Based on (%), choose s € W such
that the following condition holds:

Vy € W(sRoy — 3z € W(yRkz A s # z)). (%)

Consider the model M = (W, Ry, R, v) based on F, such that v(p) =
{s}. The goal is to show that M,s £~ p — OKp. Since M,s | p,
it suffices to show that M,s = OKp (i.e., for all t € W: if sRnt,
then M,t = Kp). Let t € W be such that sRgt. We will prove that
Mt = Kp. Since sRot, based on (xx), choose z € W such that tRxz
and s # z. From s # z and v(p) = {s}, it follows that M,z [~ p.
From tRkz and M, z [~ p, it follows that M, ¢ = Kp. Thus, we have
shown that M, s = OKp. Consequently, we obtain M, s = p — OKp.
Therefore, M [~ p — OKp. Since the model M is based on F, this
concludes the proof that F & ¢ — OKe.

“(b) = (a)” Let F = (W, Rk, RO) be an epistemic-alethic frame such
that

Ve e W3y € W(xRoy AVz € W(yRgz — x = z)). ()

We will show that for any model M based on F, it holds that M |=
o — OKyp. Let M = (W, Rk, Rg,v) be a model based on F, and let
s € W be arbitrary. Assume that M,s = ¢. The goal is to show that
M, s = OKyp. Based on (1), choose y € W such that sRoy and the
following condition holds:

Vz € W(yRkz — s = z). ()

We will prove that M,y = Kp. Let z € W be such that yRiz. By
(1), it follows that s = z. Since s = z and M,s = ¢, we obtain
M,z E ¢. Hence, M,y = K¢. From M,y = K¢ and sRgy, it
follows that M, s = 0 K¢. Consequently, we obtain M, s = ¢ — OKp.
Therefore, M = ¢ — OK¢. Since the model M is based on F, this
concludes the proof that F | ¢ — OKp. o
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B. Simple Sahlqvist formulas of £

The difficulty in obtaining a first-order formula corresponding to the
formula (p A O0Op) — OKp lies in the fact that p A OOp is not a very
simple Sahlqvist antecedent, and consequently, the entire formula is not
a very simple Sahlqvist formula. Therefore, the algorithm presented in
Appendix A cannot be applied in this case. We will define a new class
of formulas — the class of simple Sahlqvist formulas — and extend Algo-
rithm A.1. This extension will allow us to obtain a first-order formula
corresponding to any simple Sahlqvist formula.

DEFINITION B.1. A simple Sahlquist antecedent is a formula constructed
from T, L1, and boxed atoms, using only A, ¢, and (K). A simple
Sahlquist formula is an implication ¢ — v, where ¢ is a simple Sahlqvist
antecedent and v is a positive formula.

Note that the formula (pAQOp) — O Kp is a simple Sahlqvist formula.
This allows us to apply the following algorithm to it.

ALGORITHM B.1 (Sahlgvist-van Benthem algorithm for simple Sahlqvist
formulas). Let V € {K,O}. If ¢ — # is a simple Sahlqvist formula, the
corresponding first-order formula can be obtained as follows:

Step 1 and Step 2 proceed as in Algorithm A.1. The only difference is
that as a result of these two steps, we obtain a formula of the form

VP .. VPVay .. Vo, ((REL A BOX-AT) — ST, (1)).

REL is a conjunction of atomic formulas of the form z;Ryx;, corre-
sponding to occurrences of existential modal operators. BOX-AT is a
conjunction of formulas corresponding to each boxed atom. For a boxed
atom of the form V;...V,p (where n > 0, and V,; € {K,O} for each
i=1,...,n), this formula can be expressed as:

Vy(ziR"y = P(y)),
where x; Ry abbreviates:
dzy (IL’iva FARAY 322(2’1Rv2 - WANRRAN
Elzn_l(zn_ngnflzn_l A Zn—lRVny) - ))

Note that if we consider the translation of a propositional variable (i.e.,
n = 0), the formula z; R™y should be interpreted as x; = y.
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Step 3 (Establishing instances). Let P; be a predicate occurring in the
formula obtained in Step 2, and let m(zy,), ..., mx(z;,) represent all
the translations of boxed atoms in which the predicate P; occurs. Every
mj(x;,) is therefore of the form Vy(z;; R’y — P(y)). We define the
substitution o as follows:

o(P) = Mu.(zy, RV -V, R™u).

Step 4 (Instantiating). Using the substitution defined in Step 3, we
obtain the following formula:

[0(P)/ Py, ..., 0(Py)/Pi] Var . . . Vam((REL A BOX-AT) — STy ().

The resulting formula is a first-order formula.

We will use the above algorithm to obtain a first-order formula cor-
responding to the formula (p A OOp) — OKp. In Step 1, by applying the
standard second-order translation, we obtain the following formula:

VP((P(xz) A Jy(xRoy AVz(yRpoz — P(z2)))) —
Ja(zRpa AVb(aRgb — P(b)))).

In Step 2, after performing the transformation, we have

VPYy((xRoy AVz(yRoz — P(z)) A P(x)) —
Ja(zRpa AVb(aRgb — P(b)))).

Note that BOX-AT is Vz(yRgz — P(z)) A P(z). Thus, in Step 3, we
determine the following substitution:

o(P) = Au.(yRou V u = x).

According to Step 4 of the algorithm, we carry out the substitution and
obtain

Vy((zRoy A (yRoz Vo = x) AVz(yRoz — (yRoz V z = x))) —
Ja(xRga AVb(aRkb — (yRobV b =x)))).

By deleting the tautological parts from the antecedent, we finally obtain

Vy(zRoy — Ja(zrRoa AVb(aRxb — (yRobV b = x)))).
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ProposITION B.1 (6.1). Let F = (W, Rk, Rg) be an epistemic-alethic
frame. Then, the following are equivalent:

(a) F k= (¢ A 0Op) = 0Ky,
(b) Va,y € W(xRoy — Ja € W(xRga ANVb € W(aRkb — (yRnb
Vb=1)))).

PROOF. “(a) = (b)” We will prove this by contraposition. Let F =
(W, Rk, R) be an epistemic-alethic frame such that

Jz,y € W(xRgy AVa € W(xRga — 3b € W(aRgb A —yRobAb # x))).
(%)
We will show that for a certain formula ¢ and a certain model M based
on F, it holds that M = (p A O0p) — O K.
Based on (%), choose s,t € W such that sRot and the following
condition holds:

Va € W(sRoa — 3b € W(aRgb A\ —tRaobAb # s)). ()

Consider the model M = (W, Ry, R, v) based on F, such that v(p) =
{z € W :tRgxz} U {s}. The goal is to show that M,s = p A O0p and
M, s = OKp.

Given that M,s = p and sRgt, to establish M,s = p A OOp, it
suffices to demonstrate that M, ¢ |= Op. Let u € W such that tRou.
Then, by the choice of v(p), we obtain M, u = p. Hence, M, t = Op.

To complete the proof of the first implication, we need to demonstrate
that M, s £ OKp, meaning Va € W(sRga — M, a [~ Kp). Let a € W
be such that sRha. Then, based on (xx), choose b € W such that aRkb,
—tROb, and b # s. From —tROb and b # s, according to the choice of
v(p), it follows that M,b [~ p. Since aRxb and M,b [~ p, we obtain
M, a [~ Kp. Hence, M, s [= OKp.

We have thus shown that M, s = p A OOp and M, s = OKp. There-
fore, M [~ (o A O0¢p) — QK. Since the model M is based on F, this
concludes the proof that F = (¢ A O0¢) — O K.

“(b) = (a)” Let F = (W, Rk, Ro) be an epistemic-alethic frame such
that

Ve,y € W(xRoy —
Jda € W(zRpa AVb € W(aRgb— (yRobV b=x)))). (1)

We will show that for any model M based on F, it holds that M |
(e A OOp) — OK .
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Let M = (W, Rk, Rg,v) be a model based on F, and let s € W.
Assume that M, s = ¢ A OOp. Our goal is to show that M, s = 0 K.

Given that M, s = OO, choose t € W such that sRot and M, t =
Oe. Since sRot, based on (1), choose a € W such that sRpa and the
following condition holds:

Vb € W(aRkxb— (tRobV b=ys)). (1)

We shall prove that M,a = Kp. Let b € W be such that aRxb. Since
aRgb, from () we know that either tRob or b = s.

If tRob, by tRob and M, t = Op, we obtain M,b = . If b = s,
by b = s and M,s = ¢ A OOy, we obtain M,b = ¢. Thus, we have
shown that M, b = ¢. This completes the proof that M, a = K¢. From
M. a = Ky and sRpa, it follows that M, s = O K¢. Consequently, we
obtain M, s = (pAOOy) — O K. Therefore, M = (o AQOOp) — QK.
Since the model M is based on F, this concludes the proof that F |=
(e A OOp) — OK . .
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