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Exploring Essential Occurrence

Abstract. An expression occurs essentially in a formula (or sentence) when
it occurs in every formula equivalent to the given formula, taking equivalence
as logical equivalence relative to the logic in play in the discussion. Setting
aside various niceties, this amounts to provable equivalence if that logic
is presented via some proof system, and to valid equivalence if the salient
characterization is couched in semantic terms. This notion of essential oc-
currence, or an informal analog thereof, has found its way into numerous
philosophical discussions over the past seventy or more years, and here we
tease out some issues of specifically logical interest it presents, stretching
that description somewhat so as to subsume under it the frequently mooted
connection between the essential occurrence of a singular term in a sen-
tence and that sentence’s being genuinely about what the term denotes.
This connection, stressed originally by Nelson Goodman, is touched on in
several sections in the main body of the paper, but especially in §4, where
it is contrasted with an alternative suggestion due to R. Demolombe and
L. Farifas del Cerro. Some issues raised by this and other parts of the
discussion are also treated in several longer notes (referred to by means of
letters A, B, ..., K) which are postponed to an Appendix (§5) of roughly
the same length as the main body of the paper. This enables readers with
a special interest in one or more topics to consult them selectively, while
allowing those with no such interest to avoid involvement with the further
details supplied in the associated longer note(s).

Keywords: essential occurrence; aboutness

1. Introduction

An expression e will be taken, for present purposes, to occur essentially
in a sentence, relative to a logic, if e occurs in every sentence equivalent,
according to that logic, to the given sentence (or formula: this latter
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term will be used from now on when a formal language is at issue); a
more precise definition will be given shortly (Definition 2). For simplic-
ity, we consider mainly logics in which provable equivalence suffices for
the replacement property —equivalent formulas freely interreplaceable
in longer formulas without affecting provability —so instead of saying
“equivalent” one might equally well say “synonymous” (to use the ter-
minology of Smiley [160, p. 116]). More detail on the logics of current
concern is given at under the heading ‘Default Background Conditions’
below. For the most part, these are various propositional logics, and the
expressions e of interest will mostly be the propositional variables, or
sentence letters —these terms taken to be interchangeable — of the lan-
guages of these logics, with the same countable stock of such variables,
any three of which we use we use p, ¢, to stand for; when longer lists
are needed, p1,...,pn and q1, ..., g, are used, again with a presumption
of distinctness (i.e., if ¢ # j, then p; # p; and ¢; # ¢;). As metalinguistic
variables over arbitrary formulas (‘schematic letters’), we mostly use A,
B, C, ... (with no such distinctness presumption in this case). For some
applications (esp. Section 4 and Appendix F) it is individual constants
in first-order languages serving as the expressions whose essential occur-
rence is at issue; mention is occasionally made of predicate letters in this
connection. Note that in each case e is an expression without internal
structure.

Since each formula is equivalent to itself, whenever e occurs essen-
tially in a formula, it does indeed occur in that formula.! If e occurs

L In this respect “essentially” behaves here as it does in metaphysical parlance,
an object’s having the property P essentially implying that it does indeed have the
property P, despite this logical use of the adverb’s close relationship with talk of
the inessential ‘variables’, ‘arguments’, or ‘inputs’— this last being the term used in
Shtrakov and Denecke [158] to avoid obvious distractions —of a function (mapping,
operation,...). These inputs on which, for any way of fixing the other variables, the
value of the function does not depend. This leads to talk of an n-ary function’s being
essentially m-ary (where m < n), to mean that n — m of the inputs are inessential.
Since on this usage, a ternary operation can be essentially binary, being essentially m-
ary does not entail being m-ary. Yet another terminology for the inputs is evidenced
in this sentence from Berman and McKenzie [6, p. 8, italics added] defining what it
is for f to be essentially m-ary: “there are exactly m distinct coordinates on which
f depends.” For all its use-mention infirmities, the term wvariables remains the most
commonly used for the ‘inputs’. (An n-ary connective #’s being essentially m-ary,
where m < n, can be defined in terms of the corresponding function/operation in
the associated Lindenbaum algebra, or more directly when exactly m variables occur
essentially in the formula #(p1,...,pn), though this rough and ready gloss needs
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in a formula but does not occur essentially in it, we say that e occurs
inessentially in the formula, and for an occasionally more convenient for-
mulation, e’s not occurring essentially in a formula e will be described as
e’s occurring at most inessentially in the formula —i.e., it occurs either
not at all or else only inessentially in the formula.

These and related concepts figure in the articulation of numerous
philosophical notions and theses in the work of Goodman, Quine,
Nakhnikian, and others also. Quine used the term wvacuous in place
of inessential. The terminology has been used with an additional rela-
tivization to inferences, as in Pigden [133],2 discussing the issue (‘Hume’s
Law’) of the deducibility of moral conclusions from non-moral premises;
the second ellipsis represents material between the pages cites; the first is
for bibliographical references to Quine — concerning which, see Appendix
B below; the definition of essential occurrence from Quine recalled here
is not quite the same as that of our opening sentence above and artic-
ulated more carefully in Def. 2 below, but the equivalence of which to
that definition will be made explicit in Section 3; these passages are from
[133, pp. 134, 136], respectively:

According to Quine (...), an expression appears vacuously in a sen-
tence if it can be uniformly replaced without prejudice to the sentence’s
truth-value. [...] Having reminded ourselves of the concepts of conse-
quence and vacuous occurrence, we can now combine the two. I define
inference-relative vacuity as follows:

An expression (predicate, propositional variable) ¢ occurs vacuously in
the conclusion of a valid inference K I X, iff under any interpretation
of K U{X} such that both K and X come out true, we can uniformly
substitute for ¢ any expression ¢ of the same grammatical type, without
prejudice to the truth of the resulting X’.

The current reminder of material in this genre, rounded out by a
further quotation from Schurz [155] in Appendix C, has as its point only
the comment that such relativizations of talk of essential occurrence to
the expressions appearing qua premise- or conclusion-parts of particular
inferences will not be under consideration here —just the simple notion

to be relativized to the logic L under consideration, and even, unless the default
background conditions given below are satisfied, to exactly which L-applicable notion
of equivalence is in play. Further aspects of essentiality, related to our main theme,
are discussed in Appendix A.)

2 See also [135], for a more recent statement of Pigden’s approach to these mat-
ters.
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introduced in our opening paragraph.®> What is being set to one side
here is not the concentration on inferences, as Pigden’s use of the term
“inference-relative” may suggest* — since we could just as easily (and in
a precisely parallel way) define an expression’s occurrence essentially in a
sequent, but the fact that it is specifically the conclusion of the inference
(the r.h.s. or ‘succedent’ of the sequent) in question that is singled out
in the second paragraph quoted from Pigden above.

One particular aspect of the topic of essential occurrence which
prompted the present discussion of the area concerns essential-occurrence
preserving contexts, or e.o.-preserving contexts for short. By this is
meant l-ary contexts C(-) with the feature that any expression occurring
essentially in A occurs essentially in C'(A4).5 The extreme example of a
context lacking this property is a constant context, i.e., a C(-) for which,
according to the logic of interest, C'(A) and C(B) are equivalent for all
formulas A, B. For example, if that logic is classical propositional logic
and C(A) is taken as A A L or instead as AV T then C(-) is a constant
context and no expression in A occurs essentially in C'(A). Here, as
already mentioned, we address mainly sentential logic(s) and for present
purposes the paradigmatic example of an expression concerning which
the question of its occurring essentially or otherwise in a formula is a
propositional variable (or sentence letter).5

3 There is indeed a further relativization involved, made explicit there, but that is
to the logic in play in the discussion, rather than the role of the expression concerned
as a premise or a conclusion component of this or that inference. (Notice also, apropos
of Appendix C, that Schurz writes of the inessentiality of the —occurrence of —the
whole formula Op, where O is the deontic Obligation/Ought operator, rather than
reserving such terminology for the occurrence of unstructured expressions, as here.)

4 And for which the term argument appears in the passage quoted from Pap [125]
in Appendix B

5 A more explicit notation is suggested in Williamson [177]: such a context is
an ordered pair comprising a formula and a sentence letter (C,q) and putting the
formula A into this context is a matter of substituting A for all occurrences of ¢ in
C'; obviously a more general version to cover other than 1-ary contexts would replace
q with a sequence of sentence letters). For present purposes most l-ary contexts of
interest will be even simpler, in that ¢ will be the only variable in C'.

S For much of the discussion of essential occurrence in the literature, a good deal
of it stimulated by Quine, there is no restriction to sentential logic or to the expressions
whose essential occurrence is at issue being drawn from the non-logical vocabulary,
as here. In fact Quine’s discussion concerns a rather differently formulated notion of
essential occurrence, as is explained Appendix B and Section 3 below.
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Except where otherwise indicated we think of logics primarily as
consequence relations satisfying certain conditions, but since most of
the literature on the present topic was produced in a period when logics
were thought of primarily as sets of formulas, for the sake of continuity,
most formulations here make use of characterizations in the latter style.
To simplify things, the “certain conditions” alluded to and assumed to
be satisfied in the absence of an explicit indication to the contrary, are
the following

DEFAULT BACKGROUND CONDITIONS:

L is a finitary congruential substitution-invariant consequence
relation on a language whose connectives include two written —
and < satisfying the conditions that for all formulas A, B and
sets I' of formulas:

I'NArF_. Bifand only if ' . A — B;

A—-BB—AH A+ B A« BH A— B and
A+ BFH. B — A

Because of these inset conditions, the condition of congruentiality alluded
to above, and taken to be part these Default Conditions, can be spelled
out equivalently either as the condition that for all formulas A, B, C(q)
in the language of L: A 4 B implies C'(A) 4. C(B), or as the con-
dition that for all such formulas, | A <+ B implies | C(A) <» C(B).”
This is the requirement alluded to in the opening paragraph that (prov-
ably) equivalent formulas should be synonymous, or more explicitly, that
L-equivalent formulas should be L-synonymous. The “provably” is op-
tional, since, although we read k| A (alias @ | A) as saying that A is
provable in L, it makes no difference whether we think of the logic as
presented via a proof-system of some kind or, instead, in terms of some
semantically specified notion of validity.

If there are several distinct notions of equivalence in play, for example
if for the L under consideration, the four relations our Default Back-
ground Conditions require to coincide do not in fact coincide — relations
holding between A and B according as (i) FL A+ B, (ii) A 4+ B,
(iii) L C(A) <» C(B) for all C(+), or (iv) C(A) "+ C(B) for all C(-),

then the opening sentence of the present section gives rise, for the L

7 This last version of congruentiality is satisfied by the formula-logic AL of Ex-
ample 3(ii) below.
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in question, to potentially distinct notions of what it is for e to occur
essentially in a sentence (or formula). We illustrate with the case in
which e is a sentence operator (a l-ary connective):

Ezrample 1. Suppose we expand the language of monomodal proposi-
tional modal logic with an additional 1-ary connective, here written “.A”
(heuristic reading: “actually”), and also expand the models — for sim-
plicity, omitting any accessibility relation for O and taking this to be the
universal relation —with a distinguished point (heuristically: represent-
ing the actual world), the truth of the formula B at which is necessary
and sufficient for the truth of AB at any point in the model. Then we
face a choice: deem validity (on the frame of the model) to consist in
truth at each point (in all models on that frame), general validity, or
instead, deem it to consist in truth at the distinguished point in (in all
models on the frame): real-world validity. On the former choice, the
formulas valid on every frame constitute a normal bimodal logic, but
not so on the latter option. Relative to the logic implementing that
approach, A occurs inessentially in Ap, in that this formula is equivalent
to the A-free p. These formulas are not, however synonymous, yielding
non-equivalent formulas when spliced into the context O(-). Indeed, no
A-free formula is synonymous with Ap, though, as Hazen [56] observes,
every formula has an equivalent A-free formula — which as he also notes,
is not a result that extends to any plausible quantificational extension of
the logic. (Warning: p, g, ... in [56] are used as schematic letters for for-
mulas, rather than, as here, restricted to sentence letters/propositional
variables. There are several further notational differences as well.) For
further information on this topic, to which we return in the discussion
after Corollary 16 below, see Humberstone [77] (note 177 on p. 219, and
Remark 4.7.1 on p. 305) and French [43]. <

Other matters arising in view of the potential plurality of candidate
notions of equivalence bearing on the informal notion of essential occur-
rence, illustrated here by the contrast between provable equivalence and
synonymy, are taken up in Appendix A. We proceed next with some
simple illustrations (Examples 3) of the main concept introduced above,
in connection with two logics, the second of which involves the suspen-
sion of the Default Background Conditions adumbrated above. But for
clarity, we first give a precise definition of that concept, making its logic-
relativity explicit by hyphenating a reference to the logic concerned to
the word essential(ly):
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DEFINITION 2. For a logic L, a sentence letter ¢ occurs L-essentially in a
formula A of the language of L if and only if for all formulas B for which
FL A<+ B, q occurs in B.

Note that if | A for L satisfying the Default Background conditions,
no sentence letter occurs L-essentially in A, for any ¢ occurring in A and
any g-free B for which - B (alias @ k| B) we have A | B by the
‘weakening’ or ‘monotonicity’ condition on consequence relations, and
so b A — B, so by the ‘only if’ direction of the first-listed of the
displayed Default Background Conditions. Similarly, since also | A,
FL B — A, so b A« B (and indeed for all C(+): kL C(A) <> C(B)).

The following examples mention three logics, IL, CL and AL —respec-
tively intuitionistic (propositional) logic, classical logic, and the Abelian
logic of Meyer and Slaney [108, 109]. More specifically, they involve
implicational formulas of the —we may assume —common language of
these logics, and even more specifically, “left-stacking” such formulas:

Ezamples 3. (i) The variable ¢ occurs IL-essentially in the formula (p —
q) — p, and Cl-inessentially in this same formula. For the first claim,
the methods used in the Examples of the following section show that
the existence of a g-free IL-equivalent A; = (p — q) — p would imply
that Ay = (p — T) — p was also equivalent to A;. But that is not the
case, since the implication A; to p is the famously IL-unprovable Peirce’s
Law, whereas (A2 — p) — p is IL-provable. For the second claim, we
just appeal to the fact that, by contrast, Peirce’s Law is CL-provable, in
addition to its (this time IL-provable) converse.

(ii) The variable ¢ occurs CL-essentially in the formula (p — q) — ¢,
and Al-inessentially in this same formula. For the first claim, recall
that the formula in question is CL-equivalent to p V ¢, in which ¢ occurs
essentially. (If this is not obvious, the methods of the following section’s
examples will again supply a proof.) For the second claim, note that
(p — q) — q is AlL-equivalent to the conspicuously g¢-free formula p. <

As already remarked, Example 3(ii) involves a suspension of the De-
fault Background Conditions, in the absence of which we do not have
such conditionals as: “if - B then - A — B” as were mentioned imme-
diately after Definition 2, which are not correct for L = AL. (See note 7,
assuring us that we do not need to worry about AL-equivalence and AL-
synonymy coming apart.) Moreover, there is no uniquely natural conse-
quence relation having as the consequences of @ exactly the theorems of
the implicational fragment of AL, as is shown in Butchart and Rogerson
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[14], and those that do satisfy this ‘Cn(@)’ condition —Butchart and
Rogerson describe two such relations — cannot, for the reason already
given, satisfy the Default Background Conditions above.

Examples 3 raise a question to which it would be interesting to know
the answer. For a logic L in a language with — among its connectives,
let L, be the implicational fragment of L. Now suppose A is a formula
in which — is the only connective appearing. If ¢ occurs L_,-essentially
in A, does it follow that ¢ occurs L-essentially in A7 Of course, this
question could also be asked about fragments, more generally. Note
that L_,, as a logic, for (almost) any choice of L violates the letter of
the Default Background Conditions, in that, with <> absent, we need to
reformulate those conditions involving that connective, and also replace
the “H_ A <+ B” part of Definition 2 with “| A - Band . B — A” —
which we continue to describe by saying that A and B are L-equivalent.
These purely implicational logics provide a natural pond in which to fish
for cases of what Humberstone and Meyer [82] call the relevant equiva-
lence property. This is the property possessed by those L for which any
two L-equivalent formulas are constructed from exactly the same propo-
sitional variables. Putting the matter in terms of our present theme:
a logic L with the relevant equivalence property is one for which every
variable that occurs in a formula occurs L-essentially in that formula.
Some well-known implicational logics are shown to enjoy this property
in [82], among which the best-known is perhaps R_,, the implicational
fragment — alias BCIW® — of the relevant/relevance logic R. The latter
enjoys only the ‘Belnap relevance property’: if A provably implies B in
L, then some propositional variable occurs both in A and in B — but not
the relevant equivalence property, as the discussion immediately follow-
ing Example 6 below explains, with the aid of an example involving both
A and V (see also Jago [85, p. 88f]).

To conclude this section, let us emphasize that our main concern
here is, as the title indicates, essential occurrence and not with essential
occurrences. That is, the title features the abstract noun referring to
the phenomenon of an expression-type occurring one or more times in a
sentence, rather the plural form of the count noun which invites us to
distinguish one such occurrence from another with possible differences
in ‘essentiality’ between such different expression-tokens. The latter is

8 For the sources of this nomenclature, see Humberstone [74, pp. 164-170], where
the label “BCIW logic” is used.
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not an unnatural adaptation of the terminology — just not something of
current concern; for instance, to illustrate with a case from the Peircean
neighbourhood of Example 3(i), one might want to say of the underlined
occurrences of ¢ in

(p=a—p)—p) =9 =g

that they are IL-essential though not ClL-essential, to convey that this
formula is CL-provable and remains provable however the underlined
occurrences are replaced, provided that they are replaced by the same
formula, while the in the IL case, in which the formula is already provable
(“Wajsberg’s Law”) all three occurrences would have to be subjected to
the same replacement (which would then just be a case of uniform sub-
stitution). Evidently this way of speaking would require quite some care
over the definition of the terminology employed, and not just because,
we are talking about provable formulas in logics meeting the Default
Background Conditions, the remark after Definition 2 notwithstanding.
Without attempting such a refinement of the idea of essential occur-
rence to cover particular occurrences of a given variable, the topic of
numbers of occurrences of a given variable itself will come up briefly
below in Section 3, in the paragraph (containing the sentence) to which
note 40 is appended, as well as in the paragraph after Corollary 27
in Appendix A, with its reference to Humberstone [80]. Compare also
Schurz [154, pp. 82, 84] for the use of underlining to single out par-
ticular occurrences of sentence and predicate letters in a formula, and
terminology sensitive to whether all or only some such occurrences are
“relevant” (approximately, ‘essential’ —see Appendix C), and see also
Shtrakov [157, Def. 2.11 and subsequent discussion], for an occurrence-
or position-relativized treatment of essentiality in equational logic.

2. Contexts Destroying Essential Occurrence

Here we take up the matter of ‘essential occurrence’-preservation alluded
to in the preceding section.

DEFINITION 4. A context C(-) of the language of a logic L is e.o.-
preserving for L just in case for all formulas A, and all sentence letters
q, if ¢ occurs L-essentially in A, then ¢ occurs L-essentially in C'(A).

Strictly, it would be more accurate to say that it is embedding a
formula in a certain context that is or isn’t e.o.-preserving, but we stick
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with the more concise form introduced in Definition 4, attributing this
property to the context itself. In our section title, destroying just means
not preserving.”

In part (iv) of the following unpacking of aspects of Definition 2,
CL stands, as in Examples 3 for classical non-modal propositional logic,
though for definiteness let us now add: in some functionally complete
set of primitive connectives.

PROPOSITION 5. (i) If ¢ occurs L-essentially in A and | A <> B, then
q occurs L-essentially in B.

(ii) If q occurs L-essentially in #A for a 1-ary (primitive or derived)
connective # of the language of L, then q occurs essentially in A; more
generally, if q occurs L-essentially in #(Aq, ..., A,) for n-ary #, then q
occurs essentially in at least one A; (1 <i < n).

(iii) If Ly C Ly, then for any formula A in the language of Lo, if q
occurs Li-essentially in A, then q occurs Lg-essentially in A.

(iv) If q occurs L-essentially in A, for any L O CL, then q occurs
Lo-essentially in —A.

PROOF. (i)—(iii) are more or less immediate from Definition 2. For (iv),
saying that over a classical background (i.e., for extensions of CL), —
is e.o.-preserving: by (i), if ¢ occurs essentially in A then, ¢ occurs
essentially in =—A, and so, by (ii), taking # as -, in —A. o

By contrast with Prop. 5(iv), we shall in due course (Example 10),
however, that there are logics weaker than CL of considerable impor-
tance, in which negation —or at least something happily going by that
name — does not preserve essential occurrence in this way.

As an initial step in that direction, we notice that the context C'(A) =
OA of a normal modal logic such as S4 is not e.o.-preserving (for occur-
rences of sentence letters); the reasoning assumes a familiarity with S4:

Ezample 6. Consider the formula A = O(p V q) A p. The variable ¢ (1):
occurs S4-essentially in A, but (2): does not occur S4-essentially in O A.
To establish (1), suppose otherwise: there is a g-free formula B with

Fsa (O(pVq) Ap) <> B (%)
9 So, because of the negation involved, an e.o.-destructive context is a context,
embedding within which leads to some variable no longer occurring essentially — as
opposed to a constant context, for which this “some” would be “every”.
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Since ¢ does not occur in B, uniform substitution of p for ¢ in this
equivalence affects only its L.h.s., yielding Fss (O(p V p) A p) <+ B, and
hence Fss (Op A p) <> B, and so Fs4 Op <+ B. Combining this with (x)
itself, we should have

Fsa (O(pVq) Ap) <> Op (%)

But the — direction of (xx) is easily seen to fail since the L.h.s. is evidently
an S4-consequence of [= is S4-provably implied by|] OgAp, while the r.h.s.
is not. 10

Turning our attention to (2), to see that ¢ does not occur essentially
in 0OA = 0((O(pV q) Ap)), we distribute the O across the conjunction,
getting OO(pV q) AOp, and simplify the left-hand conjunct: O(pVq)AOp
and now “undistribute” the O: O((pV ¢) A p). In the scope of O is now
a formula amenable to simplification (“absorption laws”) to plain p, so
Fsqs OA «» Op, revealing g to occur only S4-inessentially in OA. (A dual
form of this reasoning shows that < is not e.o.-preserving in S4, with ¢
occurring S4-essentially in B = O(p A q) V ¢ but not in ¢B.) <

The key role of the absorption laws stating the equivalence of A
with A A (B V A) as well as with AV (A A B) in “dummying in,” as
he puts it, a new (foreign to A) variable as the B here, was especially
well emphasized in the first ten lines of p. 353 in Dunn [32], along with
its greater applicability for producing inessentially occurring variables
since it applies even in the case of Anderson—Belnap style relevant logics,
such as R, where other dummying-in moves fail. Those moves include
exploiting the ClL-equivalence of g-free A with A A (¢ V —q) or the IL-
equivalence of such an A with AV (¢ A =¢q), both of which would fail
in a relevant setting, with — as the usual De Morgan negation of the
Anderson-Belnap tradition.!! In view of those De Morgan properties,
either A or V can be defined in terms of the other and —. so the {A, -}

10 The consequence relation relevant to seeing S4 is the formula logic satisfying
the Default Background Conditions of Section 1 is the local consequence relation
rather than the global consequence relation associated with S4, characterized
semantically in terms of preserving truth at each point in any Kripke model
(on a transitive reflexive frame), rather than preserving the property of being
true-at-all-points in the model.

1 With the logic of first-degree entailment in mind, we may think of the sole
connectives as conjunction, disjunction and negation, and consider the consequence
relation Frpe as holding between I' and D when there the conjunction of finitely
many C' € I' ‘first degree’ entails D, suspending the connection between logics as sets
of formulas and logics as consequence relation embodied in the Default Background
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and {V, =} also permit ‘dummying in’. Somewhat further afield, Olson et
al. [120, p. 468, Remark 6.6] observe that —in what they call CL, which
is not our CL, but a version of (classical) linear logic, “if a signature
contains —, A or —, V we can always arrange that a formula uses all of
a given finite set of variables, because p is logically equivalent over CL
top A ((p — q) — ¢) and also to ((¢ — ¢q) — p) V p.” (This reference
to [120] updates that given at p. 177 of [82], when [120] was still in a
pre-publication form.)

Digression on Hart’s Desiderata. In Section 3 and Appendix F below,
we shall benefit from the discussion in Hart [53] of Goodman [50] and
reactions to it, but for the moment, pause to note that the above para-
graph makes a comment on another aspect of [53] timely. Had Hart,
when working on [53], been aware of the absorption laws or any similarly
dummying-in options, he might have proceeded differently. Section 2 of
its opening chapter lists some provisional conditions of adequacy for an
account of aboutness, and though he goes on to observe that the fourteen
conditions he comes up with are not jointly consistent, the problem sets
in at a more immediate level than the discussion recognises.'? There is an
Equivalence Condition which says that (logically) equivalent sentences
are about the same things. The logic by which equivalence is judged is
taken to be classical predicate logic, and Hart uses “logically indetermi-
nate” (Carnap-style) to mean neither provable nor refutable with the aid
of that logic in formulating a further condition: logically indeterminate
sentences are each about something. And there is a ‘Composition Con-
dition’ to the fact that if a sentence is about a thing, then any logically
indeterminate sentence of which it is a truth-functional component is
also about that thing. We can set aside the remaining eleven proposed
adequacy conditions to note that if logically indeterminate Sy is about
something, as all such sentences must be, let us take some such thing, s1,

Conditions of Section 1. Equivalence is then taken as mutual Frpg consequence.
Alternatively, we may consider a richer language with the relevant implication con-
nective — present and construe equivalence as the provability of an implication and its
converse, in which case again the Default Background Conditions need to be violated
for the same reason as was given apropos of AL after Example 3(ii).

12 A similar procedure of articulating candidate conditions and then reconsid-
ering them in the light of their mutual inconsistency is found in another Goodman-
oriented discussion of aboutness, Niebergall [118], which contains a list of the main
secondary literature on Goodman — though with no mention of the concise but very
telling footnote 20 in Lewis [99].
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say, and consider the compound S A Sy, where S5 is any other sentence
which is consistent with S;. The Composition Condition tells us that this
is also about s; (whatever else it may also be about), since S A S is not
refutable, So having been chosen as consistent with S7, and not provable
either, since otherwise 57 itself would be; thus Sy A Sy is logically inde-
terminate. Invoking that condition again, we infer that So V (S1 A S3) is
also about s1, and so by the Equivalence Condition (and the tacit choice
of logic, endorsing the absorption laws), Sy is about s1. So whatever
any logically indeterminate sentence is about, every sentence consistent
with it is also about. In particular, all contingently true sentences are
about the same things. If “Dresden was subjected to fire-bombing in
World War 11”7 is about Dresden, then so is “Pumpkins are often on
display at Halloween.”!®* Within a decade, Lewis [99] was to provide a
systematic account of which (‘partializing’) variations on the relation of
being entirely about satisfied which of the several conditions in play —as
in Hart’s list of desiderata. In the course of this, Lewis diagnosed various
problems that had been raised for proposals about cognitive significance
in the literature on logical positivism. Some further connections with the
topic of Hume’s Law (touched on in Section 1 and Appendix C of the
present paper) can be found in Humberstone [66], especially Figure 3 on
p. 135 and the imaginary diagram modifying it as described on p. 134.
End of Digression

Still on the absorption theme, the L-equivalence, for a good many
L — though non-absorptive logics continue to attract a certain amount of
attention'* —of A with A A (A V B), puts paid to the conjecture that,
at least if we concentrate on L’s {A, V}-fragment, any variable occurring
L-essentially in at least one of two formulas C, D, occurs L-essentially
in C A D. After all, in the case of p and p V ¢, with ¢ not occurring
L-essentially in p A (p V q), ¢ does not occur, let alone occur essentially,
in the first conjunct. This suggests a modification: what about the
question of whether any variable occurring L-essentially in each of two

13 1If we throw in Hart’s ‘Limited Negation Condition’ which says that logically
indeterminate sentences are about the same things as their negations are about, we
can go further and conclude that all logically indeterminate sentences are about the
same things. When Hart acknowledges that his list of conditions is inconsistent, he
[63, p. 15] is inclined to question one of them not isolated above—a Condition of
Adequacy with regard to Consequences: “if ¢ implies 1, then ¢ is at least ‘as strong
as’ . Hence, if 1) is about k, then ¢ is about k as well.”

14 For example: Fine [37], French [44]; see also note 20.
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formulas C, D, occurs L-essentially in C' A D? Perhaps surprisingly, still
restricting attention to {A,V}-formulas,'® the answer is still negative.
Consider C' = (pV ¢q) Ar; D = (pVr) Aq. The conjunction is equivalent
to g A7, so p does not occur essentially in C' A D. In fact, this is really
a somewhat concealed appeal to absorption, as one sees by writing out
the conjunction C' A D explicitly:

(pva)Ar)A((pVr)Ag)

and interchange the underlined conjuncts, exploiting the associativity
and commutativity of A, so as to invoke absorption on the first conjunct
of the resulting formula and then again on the second conjunct. (Another
‘concealed’ absorption example, from Demolombe and Farifias del Cerro
[26, p. 92] in classical predicate logic: Fa A Jz(Fx V Gx), equivalent to
its G-free first conjunct.)

We return to Example 6 itself, first to view it from a slightly different
perspective —that of describing the ‘inverse images’ of O-formulas in
modal logic —and then to proceed to an analogue of that example for
the case of intuitionistic logic (Example 10 below). The inverse image
(under 0O) of a formula A, relative to a congruential modal logic L, we
denote by O71[A]", which is defined to be {B| . A <+ OB} (as in
[75, p. 1034]). If A is not L-equivalent to any O-formula, then of course
this set is empty, and it may happen that for A of the form OBy (or
-equivalent to such a formula) O7![A]" contains many elements, all of
which are S-equivalent,'® in which case one can conservatively extend S
by expanding it language with a left-inverse forming operator, L, say,
and considering the smallest congruential (or indeed monotone, regular,
or normal in respect of 0) modal logic extending S in this new language
and containing all formulas of the form LOA <+ A.'" But the typical

15 And L— sometimes left implicit in our formulations here —to being a logic
agreeing with CL on the logical relations among these formulas. We could let in —
too, by passing to FDE, which shares the same {A, V}-fragment but excludes the —-
involving counterexamples such as C' = pV ¢, D = p V —q (since their conjunction is
not FDE-equivalent to the g-free p).

16 This happens when L is closed under the Cancellation Rule for O: from OA <
OB to A <+ B—a converse of the Congruentiality Rule for the same operator.

7 This option is explored (for the O-normal case), in Humberstone and
Williamson [83], where right inverses, R, are also considered, with the characteris-
tic schema ORA > A. If congruential L provides a left inverse operator L for one of
its 1-ary connectives O, then O is e.o.-preserving for L in the sense of Definition 4.
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situation is that there are many non-L-equivalent formulas in the inverse
image of a given OBy. Indeed, for the case of L = S4, with a bit of
elaboration, Example 6 itself provides a countably infinite set of pairwise
non-equivalent elements of O~ [0p;]34, choosing the p of the example as
the variable p; in our official enumeration of the sentence letters from
the opening paragraph of Section 1, similarly take ¢ there to be p, and
now consider the formulas B; = O(p; V pi+1) A p1. Bi is then the
formula A of Example 6 in which ps is shown to occur S4-essentially,
but not to occur essentially in OBj, the latter being S4-equivalent to
Opy. By the same reasoning, for each ¢ > 1, p; 41 occurs S4-essentially
in B; but not so in OB;, which is again S4-equivalent to Op;. Thus
{B;|1<i<w}C O™ Op |3, while for no distinct B;, B; in the former
set does either imply the other, since, with any O(py V p;) A p1 and
O(p1 Vpj) Ap1 with @ # j, Op; Ap; has the former as an S4-consequence
but not the latter.

The following Remark is prompted by the discussion of inverses and
inverse images for O in modal logic uses the terms functor and argu-
mentor in the sense introduced into categorial grammar in Potts [138];
in particular, there is no (non-etymological) connection between this use
of the word functor and the use of the same word as used in category
theory. (Likewise of course, for the word category itself.) One may prefer
the terminology operator/operand over of functor/argumentor, as Potts
himself later came to, in [139].

Remark 7. Suppressing any logic-relativity here, for simplicity, while
O-1!-] applies to a formula to deliver the set of —in particular, mu-
tually non-equivalent — expressions in the argumentor category yielding
results equivalent to that of applying the functor category expression O
to the formula in question, we could also envisage the process that ap-
plies to a formula to deliver the set of expressions in the functor category

For suppose ¢ does not occur essentially in OA. Thus . OA < B for some g-free
B. By congruentiality we can prefix L to each side of this biconditional, and then
by appeal to the left-inverse schema LOA <> A infer that | A <> LB, showing A to
be L-equivalent to the g-free formula LB. This is the reason we have negation e.o.-
preserving (Proposition 5(iv)) for classical but not intuitionistic logic —as we shall
see in Example 10; in the classical case, negation has itself as a left inverse while the
addition of a (congruential) left inverse operator to IL immediately turns it into an
extension of CL. (See Example 4.21.1(i), Humberstone [74, p. 540], for this familiar
fact, along with 4.21.1(ii) showing that the same goes for any proposed right inverse
for intuitionistic negation.)



184 LLoyD HUMBERSTONE

yielding results equivalent to that of applying a given such expression
to an argumentor expression — for example, considering all the ways the
monadic predicate letter F' could be varied so as to yield something
non-equivalent to F' (or A\z. F'z, to be more explicit) but yielding equiva-
lent predications for the given argumentor expression. Humberstone [69]
makes a few moves in that direction. (One might consider thinking of F'
as itself the argumentor, type-promoting — “Montague raising/lifting” —
the former: \p.pa(F).) <

Rounding out the discussion of Example 6, let us attend briefly to
an equivalence relation between formulas suggested by it:

DEFINITION 8. For formulas A, B of the language of a logic L, we de-
fine A =f° iff A and B have the same sentence letters occurring
L—essentlally in them.

For brevity, borrowing a term from biology and chemistry, we might
like to read A =° B as saying that A and B are L-congeneric, suppress-
ing the “L” When it is clear from the context of the discussion.'® In view
of Proposition 5(i), if - A <+ B then A =f° B for any formulas A, B,
of the language of L.'° Thus, for formulas A, B, there arise exactly three
possibilities:

(i) FL A <> B (& so A ={° B);
(i) Fr A>B& A=(°
(iii) /L A B & A §éﬁ°

Note that for logics L with the relevant equivalence property mentioned
towards the end of Section 1, A =[° B iff the same variables occur in A
and B.

Ezample 9. Mlustrating the possibilities (i)—(iii) just distinguished: pV ¢
and pAgq stand, for any consistent L one is likely to encounter, in relation

18 This terminology has a particular resonance for logics as sets of formulas when
we think of the Lindenbaum algebras of fragments with different sets of generators
but the same fundamental operations (corresponding to the primitive connectives),
since even if pi,p2 and ps occur in A and p1,p2 and ps in B, with ps and ps L-
inessentially in A, B, respectively. The L-equivalence classes of A, B happily cohabit in
the Lindenbaum algebra of L’s two-variable fragment with generators the equivalence
classes of A, B.

19 Recall that, by the Default Background Conditions imposed to simplify the

discussion in Section 1, this implies that for all contexts C: L C(A4) +» C(B) (or
equivalently, by those Conditions, C(A) 4L C(B)).
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(ii): congeneric though not equivalent, as are p V ¢ and —p — ¢ for L =
IL, though for L = CL this pair stand in relation (i). <

In this terminology, what Example 6 shows is that for suitably cho-
sen A, different formulas in the set O7'[A]* may not only fail to be
S4-equivalent, exhibiting even greater diversity than that description
conveys: they need not even be congeneric (relation (iii), in other words).
For any A, we have A and —A related as in (ii) for L = CL (by Prop.
5(ii), (iv)). Example 10 below will show that for some choices of A, we
have the non-equivalent A, =A not even congeneric.?’ We now set off in
the direction of that Example.

While Example 6 provides a perfectly clear illustration of how modal
contexts in normal modal logics can fail to be e.o.-preserving, and the
case does seem to be of some interest in its own right, it may not seem
especially surprising. But S4 was chosen to illustrate the phenomenon
with a certain ulterior motive in mind, foreshadowed in the paragraph
after Proposition 5, namely that supplied by the analogy made espe-
cially vivid by the Kripke semantics (for these logics) between S4 and
intuitionistic (propositional) logic — or IL for short.?! Certain differences
between the two cases, however, and particularly the fact that every for-
mula in the IL case, once true (at a point in a model) remains true at all
accessible points, rather than, as in the S4 case, having this persistence
(or ‘heredity’) property only for certain (specifically, O-) formulas, make

20 Goodman [49, Example 61, p. 643] defines a binary relation ~ between for-
mulas that are logically equivalent and have the same constants occurring in them —
“occurring” rather than “essentially occurring”; and constant is apparently intended
to cover (non-logical) predicates as well as individual constants. The ‘agglomerative
algebras’ discussed in the paper are a generalization of Boolean algebras in which the
absorption laws are observed to fail — Prop. 7, p. 634 —and the ~-equivalence classes
of formulas are seen in Example 61 to constitute such an algebra. (Note that although
the intended application is to aboutness, this is not a reference to Nelson Goodman.)
See also Brast-McKie [10].

21 This is not to suggest that S4 is required for illustrating failure of e.o.-
preservation under O, or even for the particular illustration of that failure in Ex-
ample 6. Restricting attention to normal modal logics, one can check that part (1) of
the argument there goes through for any such logic in which p — Op is not provable;
indeed, that for (normal modal L) ¢ occurs L-essentially in the formula A of Example 6
iff L 2 KT.. (We use the Chellas notation, as in [77], so T. is the converse, A — OA,
of the T-schema, with T! being the corresponding biconditional form.) As for part
(2) of the argument, to the effect that ¢ occurs L-inessentially in OA, the reasoning
does not require the full force of the combined T and 4 schemas, and goes through
already in K4!.
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the analogy somewhat indirect. The modalized p in the first conjunct
of the left-hand side of biconditional in (%) above was weakened to an
unmodalized p in the second conjunct, whereas below the p in the first
conjunct of (T)’s left-hand formula—no explicit modality in sight —is
weakened to ——p in the second conjunct. Some familiarity with IL is
assumed, and, in particular, we make use of the following consequence
of Glivenko’s Theorem, with CL being non-modal classical propositional
logic: whenever k¢ C' <> D, we have b =C < —D.

Ezample 10. Consider the formula A = (p V ¢) A =—p. The variable ¢
(1): occurs IL-essentially in A, but (2): does not occur IL-essentially in
—A. Checking (1), suppose for Reductio that we have a g-free formula
B with

Fi ((pVa) A——p) < B (1)

As in Example 6, we exploit the fact that ¢ does not occur in B to
invoke closure under uniform substitution (p for ¢) to conclude that
Fie ((pV p) A ==p) < B, and hence Fi. (p A =—p) <> B and thus
FiL p +» B. Then, appealing again to (), we should have

L ((pVg) A==p) <> p (1)

But the — direction of (xx) is easily seen to fail since the L.h.s. is evidently
an IL-consequence of ¢ A =—p while the r.h.s. is not.

Now addressing (2), as at the corresponding point in Example 6, we reach
for the absorption equivalence of (p V ¢) A p with p, or more accurately
for a CL-available reformulation thereof:

Fe ((pV @) A=) <> p.

By the above-noted corollary to Glivenko’s Theorem we have

FiL =((pV q) A ==p) < —p.

Since the 1.h.s. here is = A for the current choice of A, while ¢ does not
occur on the right, this establishes (2). ((1) and (2) here could be shown
to hold in the case of Minimal Logic no less then Intuitionistic logic,
but (a) that would be more time-consuming since Glivenko’s Theorem
(equivalently, the corollary used here) is not correct for Minimal Logic
above, despite occasional claims to the contrary in the literature —an
example is cited in Remark 8.33.11 of Humberstone [74, p. 1271] —and
(b) the connection with contrariety and contradiction touched on briefly
below and more fully in Appendix D would then be lost.) <
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Here we have given Example 10 first because of the close affinity to
Example 6, both exploiting the absorption equivalences and the former
needing a little help from Glivenko. In the intuitionistic case, we can
offer a simpler example —also requiring that same assistance, though
this time with no hint of absorption:

Ezample 11. Consider the formula A = ¢ V —¢. The variable ¢ (1):
occurs |L-essentially in A, but (2): does not occur IL-essentially in —A.
As before, we observe, for (1), that if A has a g-free IL equivalent, we
can pass via it using Uniform Substitution to the conclusion that
(g V —q) <> (rV —r), which is easily seen not to be the case, since
¥iL ¢ — (r VvV =r). On the other hand, for (2), by the Glivenko corollary
used before, by =(qV —q) <> =(r vV —=r) (the negation of each side of this
<> being IL-provable) —so ¢ does not occur essentially in —A. <

Pausing for a moment, now that we have the law of excluded middle
before us as it fares in IL, to interrupt the discussion of e.o.-preservation
and its absence, we take the opportunity to recall also the intuitionis-
tic unprovability of the ‘weak’ law of excluded middle, —q V =—¢q, made
famous as the characteristic axiom of an intermediate (i.e., consistent su-
perintuitionistic) logic in the 1960s (Dummett and Lemmon [31], Jankov
[86]), called KC in [31]. Of course g occurs KC-inessentially in —¢q V =g,
since no variable occurs L-essentially in an L-provable formula (as noted
after Definition 2, and with the Default Background Conditions assumed
taken as satisfied). But as in the case of the law of excluded middle itself
(Example 11), g occurs IL-inessentially in —¢q V =g, since otherwise this
formula would be IL-equivalent to =p V —=p and so —q V =—¢ would be
provably IL-implied by —p, meaning that, by substituting L for p, we
would be able to conclude that k. —pV ——p— which is not the case: KC
is a properly intermediate logic.?? We can now proceed to

Ezample 12. As an alternative (though CL-specific) definition of ¢’s oc-
curring essentially in A(q), consider the following, which presumes the
availability of the connective — in the language of L:

q occurs Korner-L-essentially in A(q) if and only if A(q) is not
L-equivalent to A(—q).

The appropriateness of the nomenclature here can be gleaned from re-
marks on p. 63 of Korner [87], recalling and generalizing an earlier pas-

22 As we can easily check using the Kripke semantics for IL, or by recalling that
IL has the Disjunction Property.



188 LLoyD HUMBERSTONE

sage (p. 24f.) in the same book, but, for a fuller appreciation, see §3 of
Schurz [156] and the references there to an earlier book by Kérner and
to a later article by J. P. Cleave, as well as Schurz’s own discussion of
Korner’s criterion of essential occurrence. The criterion was, inciden-
tally, never proposed as offering an explication of essential occurrence
for variable L as above, and indeed for the case Kérner had in mind — of
L as CL —this alternative version L-essential occurrence coincides with
L-essential occurrence as in Definition 2. Readers to whom the point
is familiar may prefer to skip the following paragraph justifying this
assertion.

If ¢ occurs Cl-inessentially in A, Fc. A(q) + B, for some g¢-free
B, in which case, by Uniform Substitution, F¢. A(—q) < B, so bFcL
A(q) <> A(—q) and thus ¢ occurs Korner-CL-inessentially in A(g). For
the converse, suppose that g occurs Korner-CL-inessentially in A(q): FcL
A(q) <» A(—q). Without loss of generality we can suppose that other
than ¢, the sentence letters in A are p1,...,p,, and we write « for
the Boolean function (truth-function) induced by the formula A(q) as a
function of the truth-values of these n + 1 variables —though we leave
—q intact rather than absorbing that negation into the effects of aa—so
that for all v this supposition means that

oz(v(pl), SR U(pn), U(q)) = a(v(pl)v SRR U(pn), U(_'q))' (KO)

Then, where r is (for simplicity) a new sentence letter, we claim that for
all v:
Oé(U(pl), ) v(pn)v U(T)) = Oé(?)(pl), ) v(pn)v U(Q))’

and thus that k¢ A(q) <> A(r), showing that ¢ occurs CL-inessentially
in A. The correctness of the claim is clear for any v for which v(r) =
v(q). (The same function applied to the same arguments yields the same
value.) On the other hand, if v(r) # v(q), then v(—q) = v(r), and we
appeal to (Ko6) to draw the same conclusion.

We now get to the Example proper, illustrating the fact that, by
contrast, outside of CL, Korner essentiality and the standard notion
cannot be counted on to coincide. Although, as we saw at the end
of the paragraph after Example 11, g occurs IL-essentially in —q V =g,
q does not occur Korner-IL-essentially in this formula since we do have
FiL (5q V ==q) <> (5—q V =——q), since the second disjunct on the right-
hand side simplifies intuitionistically to =¢ (“the law of triple negation”)
and we can then appeal to the IL-commutativity of V. As in some other
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cases we have already seen, a similar example could be given from (clas-
sically based) modal logic, where the notion of contingency — VA for “it
is contingent whether A” is often taken as a defined connective (VA as
OANO—A) and occasionally as a primitive (see the discussion and refer-
ences in Humberstone [80]), and in most modal logics of interest ¢ occurs
essentially in Vq though not Koérner-essentially since we’ll have V¢ and
V—q provably equivalent. Note also that as well as failing — outside of the
confines of CL —to capture the intuitive notion of essential occurrence,
it has no application to the question of essential occurrence in a sentence
for expressions of a syntactic type for which there is no plausible notion of
negation available, such as individual constants in predicate logic. (One
can naturally, if derivatively, apply it to predicates, as well quantifiers,
so whether a predicate letter occurs essentially in a sentence could be
given a Kornerian interpretation, and again we would find it not to live
up to expectations, even in the setting of classical predicate logic. The
contingency example just considered has the obvious analogue: Jz(Fx)A
Jz(—Fx), classically equivalent to the result of replacing Fx by —F,
but not susceptible of reformulation without the aid of F.) <

We can think of Korner-essentiality as specifically suited to the case
of CL, then, in the sense that it supplies a criterion of L-essential occur-
rence in the general sense provided by Definition 2 for the case of L = CL.
One would like to see it apply to various fragments of classical logic, in
which k¢ would be taken as understood as the restriction of the classical
consequence relation to the fragment concerned, for which, since <» and
— may be absent, the Default Background Conditions of Section 1 may
have to be waived.2> And whenever — is absent (and not definable in
terms of the primitive connectives of the fragment), the substitutions of
—q for ¢ and so on, in Example 12, are not available, so it is convenient
to have a less linguistic formulation of a Ko&rner-style criterion, some-
times encountered in the literature on Boolean functions (as the local
incarnation of the concept of being an essential argument /variable of a
function: see note 1).24

2 The pure +»-fragment of CL, considered as a consequence relation, here denoted
by F+, has the following distinctively classical feature, observed in Humberstone [67,
Prop. 4.5(ii)]: for all A, C in this fragment, if ¥, C while A F C, then for all B
(in the fragment) such that, putting it lazily, A F« B ko C, the formulas A, B,
and C all have the same variables occurring essentially in them (are all classically
congeneric/=¢-equivalent, as per Definition 8).

24 The specifically Boolean case, with functions taking arguments and values from
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A useful presentation of such a treatment, for present purposes, is
given in Pietruszczak [131].2% Tt is particularly pertinent for present pur-
poses because of the connections it makes with the ideas of information
and, more especially, aboutness, which we attend to after Example 13 (as
well as in §4 and Appendix F). The elaborate treatment of information
in [131] will not occupy us in what follows, though a brief comment
seems in order concerning some of the introductory remarks about it
that are slightly puzzling, possibly because of issues of translation. For
example, Pietruszczak writes [131, p. 91] concerning a relation =; — “i”
for information — as follows:°
In Section 5 of this paper we will define the consequence relation |;
that preserves information:

¢ i ¢ iff (a) neither ¢ is a contradiction no v is a tautology
(b) information contained in % is a part of information contained in (.

What seems a little odd about this is that “preserves information” sug-
gests that any information provided xby ¢, on the left (of “;”), is also
provided by %, on the right: information is not lost on passing from
left to right. But if no information is lost in the transition from ¢ to
1 that all the information provided by ¢ is provided by 1), whereas the
formulation in (b) makes it sound as though it is the other way around.
Further clarification can be found in the account of information provided
in [131] already alluded to above, invoked in the semantic explanation
consequence-like relation in question. The motivating considerations are

a single two-element set, presents further special features. By way of example, quoting
from Zakharova and Yablonskii [179, p. 435] “An important property of two-valued
functions is that under substitution of some function for an essential argument of
another function, all essential arguments of the internal function prove to be essential
arguments of the whole superposition.” Linguistically, then: if ¢ occurs CL-essentially
in B(q) and p occurs essentially in a g-free formula A(p), then ¢ occurs essentially
in A(B(q)), where this last is the result of substituting B, alias B(q), for p in A(p).
Still further special observations arise when restrictions are imposed on the stock of
two-valued functions under consideration, as illustrated in note 23 above.

25 Thanks are due to a Logic and Logical Philosophy referee, who drew this
paper —from an earlier volume of the journal —to my attention, on which see also
note 29.

26 Somewhat loosely, Pietruszczak calls this a consequence relation, though it is a
binary relation between formulas rather than between sets of formulas and formulas;
we could convert it into a consequence relation proper in the manner described in
note 11 for the case of First-Degree Entailment a la Anderson and Belnap.
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those associated in the Anglophone world with W.T. Parry, R. B. Angell,
and the analytic implication tradition.?” Pietruszczak’s own references
are to the (respectively) Russian and German publications of Alexandr
Zinov’ev and Horst Wessel, and he is interested in improving the latter’s
attempt to improve on the former’s account on how the idea of checking
that appropriately occurring propositional variables on the right (in the
consequence formula) occur appropriately on the left (of which is to be
considered a consequence).?® Appropriate occurrence is explicated as
essential occurrence, and essentiality is taken as Cl-essentiality, which
brings us to the promised, less language-dependent, variation on Koérner-
essentiality:2”

Ezxample 13. We first explain that by Boolean valuation is meant an
assignment of truth-values (7', F') to all formulas of a language, which
respects the conventional association of truth-functions with those con-
nectives that for which such conventions exist (or are stipulated to be in
force) —so, if A is a connective of the language, then a Boolean valuation
v must obey the constraint that v(A A B) = T iff v(A) = v(B) =T for
all A, B; and so on. for -, —, V, etc. For all the connectives of the
usual language of CL and its fragments, there are such associated func-
tions/constraints, so v(A) is uniquely determined for a Boolean valuation
v by v(p1), ..., v(pn) where the indicated p; exhaust the variables used

27 A full discussion of this tradition, with ample references, is provided by Fer-
guson [35]; the papers by Fine and by French cited in note 14 are also relevant,
Ferguson’s coverage includes mention of Zinov’ev, mentioned in the next sentence.
For an aboutness-oriented focus, in particular, see the discussion and references in
Ferguson [36]. Along with essentiality of occurrence Pietruszczak [131] attends to
matching in respect of positive vs. negative occurrences, a continuing theme of cur-
rent work on variable-inclusion logics —as in Randriamahazaka [145] and Rubin and
Szmuc [150].

28 This Horst Wessel is not to be confused with the Horst Wessel associated with
early Nationalsozialismus, who died before the HW of current concern was born. A
second warning: our secondary reference, Pietruszczak [132, e.g., p. 127], makes use
of the two forms of the same lower case Greek letter phi (¢ and ¢) — for two different
things.

29 The account given here is not claimed to be original in [131], though the
adaptation of it to what are there called ‘alternatives of information’ is. The presen-
tation that follows undoes this adaptation and applies the notion directly to formulas,
following a suggestion —though not the suggested notation — of the referee mentioned
in note 25. (The suggested notation used special metalinguistic variables ranging over
truth-value assignments to the sentence letters, as is done in [131] itself, rather than
sticking with the current valuations, assigning truth-values to all formulas.)
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in the construction of A. If v is such a valuation, let v*P¢ be the unique

Boolean valuation which “flips” p;’s truth value leaving other variables
alone, i.e.

For all j: v*Pi (p;j) = v(p;) if and only if ¢ # j.

Then p; is defined to occur essentially in A just in case there is some
Boolean valuation v for which v(A) # v*Pi(A). In other words, we get
the effect on v of negating ¢, as in (Ko) of Example 12 of keeping the
valuation the same and changing the formula, by instead keeping the
formula the same and changing the valuation (from v to v*?). This then
makes sense even if the only available object-language connectives are,
say, A and —. <

We return to matters of e.o.-preservation and our earlier Examples
10 and 11 of how intuitionistic negation lacks this property. The moral
of these examples is potentially disconcerting for an intuitionistically in-
clined advocate of any approach to aboutness similar to that mooted by
Goodman [50, p. 5f.]: a sentence is about whatever is referred to by any
term occurring essentially in it.3° In view of our current setting, adapted
to the case of predicate logic, since there is no model-independent no-
tion of reference for the terms of a formal language, we would need to
introduce not only the logic-relativity in play in the above discussion
but also a model-relativity to get from the (now first-order) language
(of the logic classical predicate logic in Goodman’s case) to what it is
interpreted in terms of, in particular specifying which elements are the
denotations of which individual constants. That is certainly more trouble
than it’s worth for present purposes, so let’s just keep it at the linguistic
level and ask whether this or that individual constant occurs essentially
in the formulas under discussion. (This delicate use-mention issue will
come up again in Section 4.)

That said, let us now consider a predicate-logical version of Example
10, taking the language to have in its vocabulary a monadic predicate
letter F' and individual constants a, b, with A as (FaV Fb) A ——Fa. So,
adapting Example 10, b occurs in A IL-essentially, meaning, according to

30 In fact Goodman only uses the term twice in the paper, in both occurrences
as part of the word “non-essentially”, which itself appears only in scare quotes, and
he favours what in Section 3 is called a generality explication of the notion, the gist
of which can be gleaned from this remark: “Now we must seriously raise the question
whether a statement can properly be regarded as saying about any particular thing
what it says about everything else.” [50, p. 5].
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the proposal under consideration, then relative to M and IL, A is about
whatever b is taken to denote, while = A is not. This seems surprising:
you say something about an individual, but when I deny it by asserting
its negation, what I say is apparently not about that individual. Uhh?3!
This certainly gives a whole new meaning to the Quinean slogan about
‘denying the doctrine and (thereby) changing the subject’.3?

One might just say: “So much the worse for intuitionistic logic,” or
“So much the worse for the proposal,” or again “But intuitionistically
available alternative negations are ten a penny —or ‘a dime a dozen’ —
and who’s to say that the conventionally notated — is the right one to pick
for present purposes?” The third response might be fleshed out with an
invitation to consider some form of strong negation/constructible falsity,
or perhaps dual intuitionistic negation. These particular suggestions are
open to the objection that their logical behaviour goes against the spirit
of IL,3® which would perhaps leave a lot resting on the first of the above
“so much the worse” reactions. As for the second ‘reject the proposal’
response, the proposal under consideration is perhaps no longer felt to be
a candidate account of aboutness in view of the subsequent dominance
of the account in Lewis [99, 100], and later refinements thereof, as in

31 Most accounts of aboutness in the literature are wedded to the idea that the
negation of a statement about something is another statement about the same thing,
and because they tend to be couched in terms of classical logic, it is — as interpreted
in CL that they have in mind, though Niebergall [118, p. 151 disagrees] taking Paris
is a city to be about Paris but —=(Paris is a city) not to be about Paris because
the latter “can also be true if Paris does not exist”. The subject of aboutness is
quite hard enough, one would have thought, to work one’s way through, without
additionally having to worry about extraneous complications arising from admitting
non-denoting terms, or (if you must) terms denoting things — cities even — that don’t
exist. An adjacent (though distinct) range of questions arise over aboutness in fiction,
imagination, etc., which have received recent considerable attention but are again not
on our current menu: Berto [7, 8], Lamarque [91], and perhaps with fictional cases
in mind Osorio-Kupferblum [123, §3], where aboutness is described as “a relation
internal to language.”

32 The relevant passages from Quine are cited and discussed in Morton [115].

33 For example, IL extended by dual intuitionistic negation lacks the disjunc-
tion property, running against its constructive raison d’étre, while the extension via
strong negation, although conservative at the level of provability, does not conserve
synonymy: formulas free of strong negation can be synonymous in IL without being
so in the extended logic. These considerations can be found in Gabbay [46] and
Humberstone [74, p. 1236], respectively. Both of these reactions are conveniently
summarized in Standefer [162, §4)|, along with further pertinent discussion.
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Yablo [178, especially §2.5].3* For one thing the non-linguistic relatum
is different (as is emphasized in [178, §§2.1-2.2]): for Goodman, as for
most others discussing aboutness before the appearance of Lewis [99],
statements are about such things as people, places and other such things
one might encounter in the world, perhaps plurally conceived, as when
people complained that “All ravens are black” is about ravens rather
than being about non-black things —an example to which we return in
note 70 (and elaborate on in Appendix K); see also the remark from
Ladd-Franklin quoted in Appendix A. (In Goodman’s treatment of such
examples, this emerges as being about the class of ravens, thought of as
a potential candidate k—see Appendix F — falling within the range of
first-order quantifiers.3®) For Lewis, by contrast, the things statements
are about are subject-matters, conceived as partitions of the set of possi-
ble worlds (or the corresponding equivalence relations®%) — a suggestion

31 For commentary, see Osorio-Kupferblum [121]; Fine [39] provides some dis-
cussion of Yablo’s account and its relation to his own preferred treatment; see also
Hawke [54] and Giordani [48] on the latter. Indeed these two papers provide useful
critical summaries of the recent literature on aboutness, with Osorio-Kupferblum [122]
providing additional historical background and Hawke, Hornischer and Berto [55] on
aspects of hyperintensionality in this field.

35 As has no doubt been observed by many (and is certainly pointed out in the
text to which note 5 is appended in Niebergall [118, p. 139]), this does not seem to
sit well with Goodman’s more typically nominalistic tendencies; in any case, as Tichy
[165] points out, if abstract entities are going to feature in such cases, properties
(and relations-in-intension) would be more suitable candidates than sets. (Tichy
was actually making this point about the treatment of predicate letters in Putnam’s
account of aboutness in [141], before proceeding to other problems emerging in the
courser of trying to fix that account.) Many issues arising from aboutness questions
for sentences with plural noun phrases (“S is about F's”) are discussed extensively in
Hart [53], with a focus on Goodman and commentators, as well as in Vranas [169],
which also supplies many useful references to more recent literature. There is an
excellent discussion of problems and possible oversights in Goodman’s extension of
his aboutness proposals from singular term position to predicate position in Patton
[130, pp. 316-325]. Our own discussion has not ventured into this mire of issues, many
of them not specifically relevant to essential occurrence — well-known extensionality
questions (stories about unicorns vs. stories about mermaids, etc.), the ‘primitive
plurality vs. sets or other aggregates’ question, etc. Yet further issues concerning
aboutness for predicates, quantified noun phrases, and other expressions are raised,
along with options for dealing with them, in Simchen [159, pp. 71-85].

36 A sentence is, on Lewis’ proposal, entirely about a given subject matter when it
takes the same truth-value relative to any worlds standing in that equivalence relation.
Yablo [178, p. 36f.] voices qualms about the requirement of transitivity built into the
notion of an equivalence relation, opting at this point, instead, for similarity relations
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we return to in Appendix J. The syntactic side of this distinction is
emphasized in Carlson [17, p. 249] in terms of the category to which
the object of the preposition about belongs, a distinction he illustrates
there with a children’s verse from Lewis Carroll. There is more to be
said about the status of — in IL, which underlines the problematic side
of its not being e.o.-preserving, but for the moment we proceed with
the formal development —rather than any philosophical implications —
of the above themes.?”

3. The Approach via Generality

The transitions from (%) to (#*) in Example 6 and from (}) to (1) in
Example 10, proceeded via substitutions that affect only the side of the
biconditionals involved that contain the inessentially occurring variable.
Similar moves can be put a somewhat different gloss on essential oc-
currence which is sometimes presented by way of a definition of this
notion as an alternative to Definition 2 or a version of that definition
which replaces the reference to ¢ by one for arbitrary expressions e (as
in Section 1); the point is obvious enough and no doubt widely familiar,
but we spell out the proof anyway:38

ProproSITION 14. Let L be any logic meeting the Default Background
Conditions of Section 1. The following are equivalent: (1) q occurs at
most L-inessentially in A; (2) For all formulas C, ki A(q) — A(C).

PROOF. (1) = (2): Suppose (1), so there is a g-free formula B for which
FL A(q) <» B. Let p be some variable distinct from ¢ and occurring in
neither A nor B. Since F A(q) <> B, substituting p uniformly for ¢
gives F A(p) <» B, so we have ki A(q) <> A(p), and again by uniform
substitution, ki A(q) <> A(C), so in particular i A(q) — A(C).

(2) = (1): Suppose (2), and choose as C' some variable p # ¢ with p
not occurring in A(q), so we have b A(q) — A(p). By simultaneously
substituting ¢ for p and p for ¢, ki A(p) — A(q). Thus A(p) is a g-free
formula L-equivalent to A(q). =

(though confusingly writing that “similarity is intransitive,” a much stronger —and
here inappropriate — claim than the denial that it is transitive, when foreshadowing

this move at p. 5 of [178]).
37 A discussion of such implications is deferred to Appendix D.
38 As in Humberstone [71, note 9, p. 75f].
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The following, with “4+” in place of “—”, is more of an alternative
formulation of Prop. 14 that a Corollary proper, as it could just as easily
have been stated first, its equivalence to Prop. 14 is evident in the proof:

COROLLARY 15. Let L be any logic meeting the Default Background

Conditions of Section 1. The following are equivalent: (1) q occurs at
most L-inessentially in A; (2) For all formulas C, ki A(q) <> A(C).

Another simple moral we can draw from the working in Examples
6 we state here as follows, for any L meeting the Default Background
Conditions of Section 1, by choose B as A(C) in Coro. 15:

COROLLARY 16. If ¢ does not occur L-essentially in A(q) then there is
not just some g-free formula B or other that is L-equivalent to A(q), but
more specifically such a B can be found which is a substitution instance

of A(q) itself.

Coro. 16 involves a claim in general stronger than the content of
essential occurrence from the informal discussion of Section 1, in that
e’s occurring L-inessentially in A need not imply the existence of a
substitution instance (now understanding this relative to e’s syntactic
category) of A always being available to serve a witness to this inessen-
tiality. Example 18 below, for instance, mentions in passing the fact that
propositional quantifiers 3¢ and Vq in a second-order classical proposi-
tional logic never occur essentially in a formulas since that can always
be replaced by suitable disjunctions or conjunctions (reducing 3¢(A(q)),
Vq(A(q)), to A(T)V A(L), A(T) A A(L), resp.), these sentences are not
substitution instances of the originals. Another case that might be cited
is that arising in Example 1, taking L to be the (substitution-invariant
though not congruential) modal actuality logic of Hazen [56]: A occurs
L-inessentially in O(p V Aqg) —e.g., since this is equivalent to p V Ogq.
Clearly, however, every substitution instance of this formula, taking q as
the substituend, still have A occurring in it. More to the point, taking A
as the substituend and taking its category to be that of a 1-ary sentence
operator, so such substitution will remove ¢ from the scope of O and
end up equivalent to the original (or to the A-free equivalent just given).
Even for the logics (and choices of e) we are principally concerned with
here, though, the increased specificity of Coro. 16 need not be regarded
an improvement on the original criterion of inessential occurrence, if
what we are interested in is simplicity. Any substitution instance of a
formula has at least the complexity (= number of occurrences of con-
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nectives, for present purposes) of the original formula, and we may be
more interested in reducing that complexity, as we saw in the case of the
absorption equivalences in Section 2: when we notice that p * (¢ o p) is
equivalent to p, for %, o as A, V, respectively, or as V, A, resp., it may
be the reduction of complexity that impresses us rather than the reduc-
tion in diversity among the surviving occurrences of sentence letters.3”
If anything useful and general can be said on the complexity-reducing
front, that would be welcome, but the observations made in the present
discussion do not seem particularly to help there. The {o, *}-formulation
of absorption just given prompts the inclusion of a question or conjec-
ture often arising in formal studies and calling for the deployment of the
notion of essential occurrence, in connection with a related condition:

Ezample 17. First let us recall that {A, V} absorption suggests, in view
of the commutativity of these connectives (according to most familiar
logics) that, generalizing to cover cases which are different in this respect,
that any of the equivalence of any of the following with p be regarded as
an absorption principle for binary connectives *, o:

p*(qop), px(poq), (qop)*p, (poq)*p,

and similarly with * and o interchanged in the given formula, making
o rather than % the main connective. Similarly, we may regard as an
extraction principle (for x,0), the equivalence of any of these formulas
with, not p but instead ¢. Take the last one listed. The equivalence, for
any L meeting the Default Background Conditions, with binary o and
* (primitive or defined binary) connectives in the language of L, which
could be recorded either as

(poq)xp-kLq FL((poq) xp) < g,

39 Just to make the notion explicit (as it applies to propositional languages) we
define the diversity of a formula A to be n, where there are distinct sentence letters
P1,...,pn where a sentence letter occurs at least once in A if and only if it is one of
these p;. Of course, one could introduce a similar diversity measure for connectives,
which tracks the number of distinct connectives that occur in a formula rather than
the number of occurrences of connectives, as complexity does, but we have no need
of such a measure here. On the other hand, we shall re-encounter the notion of
sentence-letter diversity just defined —towards the end of Appendix A in Section 5 in
the discussion of what we call the ‘removability’ of sentence letters, which is a matter
of reducing a formula’s diversity while keeping it equivalent in a certain respect to
the original formula (putting things very loosely: keeping it interdeducible with the
original formula).
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thus guaranteeing, in view of those Conditions that for any A, B, the
formulas (Ao B) x A and B are L-synonymous: we can ‘extract’ B from
any compound A o B in which has been embedded, by application of
our second connective * which ‘undoes’ that embedding, when fed that
compound and the formula A again as arguments. Since we get back to
where we started by means of the latter application, extraction is one
analogue for binary connectives of the (left) inverse connective theme
for unary connectives discussed in note 17 and the text to which it is
attached. (For further information, see the index entries in Humber-
stone [74] under “reciprocal function,” as well as p. 707 there for the
connections with logical subtraction, as in Remark 19(iii) below.)

With the form of extraction illustrated in the equivalence inset above
(formulated twice over), we see that for L = CL the following illustrations
come to mind: (i) take o and * both as material equivalence (<), (ii)
take both as exclusive disjunction (however one prefers to notate it),
(iii) take o as a binary connective for the left projection (“projection
to the first coordinate”) truth-function and * for the right or (second
coordinate) projection. It is well known that cases (i) and (ii) for corre-
spondingly notated connectives do not hold for L = IL, though of course
there is considerable slack as to which connective in the intuitionistic
case is involved. The convention use of <+ in discussion of IL gives an
obvious candidate, since {p <> q} is a set of equivalence formulas in the
sense of abstract algebraic logic (see Appendix G) for IL though in the
exclusive disjunction case, there are several discriminable options worthy
of consideration [see 74, p. 786f.]. We return to asking about how option
(iii) fares in for IL, after returning briefly to (i). A relatively familiar
line of reasoning quickly shows that taking o as <> there is no way of
finding a suitable candidate for x That is, there is no definable or even
(conservatively addable) * for which (p <> ¢) * p 4L ¢. If there, we
would have the following implication (for all formulas):

AHB—”—“_AHC — B—“—"_C,

since we could ‘s«-multiply’ both sides of the antecedent here (by A), so
that we had (A <» B) * A and (A <> C) * A, which would simplify, using
appropriate substitution instances of (p <+ ¢q) *p - ¢, to B and C,
respectively. But no such cancellation conditional holds in IL, since, as
we see by taking A as 1, that this would then be a cancellation principle
for intuitionistic negation (=B - —C implying B - C, that is), which
is notoriously not in fact correct (e.g., take B and C' as =—p and p, re-



EXPLORING ESSENTIAL OCCURRENCE 199

spectively: see note 17, where this is put in terms of the nonexistence of a
left inverse for intuitionistic —). Stepping beyond the evidence presented
by this example, let us venture a

CONJECTURE: IL provides no essentially binary connectives (primitive
or defined) o, x, for which (p o q) * p 4 ¢, or indeed any of the four
extraction principles mentioned at the start of the present Example.

The case numbered (iii) above, using left and right projection connec-
tives for o and * is now handled by the restriction to essentially — or
more, explicitly IL-essentially binary connectives —where this is defined
as in note 1. Another way of putting the conjecture, or rather, a slight
strengthening of it, which emphasizes * as the connective that ‘does the
extracting’, is to say that there is no formula C(p, ¢) in which p, ¢ both
occur essentially, and for which IL provides a binary connective satisfying:
C(p, q)*p AL g. Though with a very differently behaving — connective,
we might venture for the case of FDE, introduced after Example 6, and
with only A, V, — as primitive connectives in its language, a similar ‘non
nontrivial extraction’

CONJECTURE: FDE provides no essentially binary connectives (primitive
or defined) o, x, for which (pogq)*p 4Fepe ¢ (or, again, any of the earlier
variants).

Both IL and FDE allow for the dummying in of new variables via ab-
sorption, as do all strengthenings of the {—, A} and {—, V} fragments of
(classical or intuitionistic) linear logic —see the paragraph after Exam-
ple 6 above. In any such logic the projection connectives can be defined,
for instance (illustrating with the absorption case, and tailored to the
present discussion), using #§ for the i-ary projection connective to the
4" coordinate (j < i), and sticking with our i = 2 case: A #? B defined
as AN (AV B), and A #3 B as B A (BV A). At this point, one may
react by saying that we can always define such projection connectives
without worrying about the available primitive connectives are and how
they behave accord to the logic under consideration, simply by stipulat-
ing that for any A, B, the formula A #2 B is to be the formula A, and
A #2 B, the formula B. The discussion this reaction merits is deferred
to Appendix E. <

Before launching into Example 17 we noted that the observations
made to that point did not seem particularly helpful over the ques-
tion of reducing complexity as opposed to reducing diversity to help
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there. One last such observation before returning to our ‘generality’
theme: the reference just made to the diversity among the surviving
occurrences of sentence letters is to the number of token occurrences of
sentence letters, rather than the number of types. If we take the case
of A(p1,...,Pn,Pnt1) in which p,y1 occurs inessentially relative to the
logic under discussion, then since this can be replaced by any C to give
something equivalent, we can choose one of the p; < n, as long as n # 0,
thereby reducing the diversity in question.*® This applies also to the
discussion in Example 12 apropos of choosing a new variable r, meaning
one distinct from the p; as well as ¢ there; this is why the parenthet-
ical words “for simplicity” appear in the line after the equation (Ko)
there — avoiding the more involved and potentially obfuscating reference
to re-using an earlier p;. In the case of the absorption example, the
‘re-use’ strategy yields as a g-free equivalent to p * (¢ o p), the formula
p* (pop), with lower diversity but equal complexity, as opposed to the
more obvious p, lowering both complexity and diversity.

We turn now to the historical setting in which the talk of gener-
ality in this connection arose. Whereas in (2) of Proposition 14 (or
Coro. 15) the universal quantification governing the consequent remains
of the implication figuring there remains in the metalanguage (“for all
formulas D”), the generality theme as it figured in discussion emanating
from Goodman [50] tended to be object-linguistic. So, in particular,
with regard to the essential occurrence of singular terms rather than
of sentence letters, and taking L —for definiteness —as classical first-
order predicate logic, instead of saying something like “for all terms t¢:
FL A(6) — A(t),” where § is the term whose essentially was at issue,
one had “k A(§) — Va.A(z)"*! The simplest example is perhaps the
following excerpt from Appendix F, quoting from a recapitulation in
Hart ([53], p. 29) of a (supervisorial) suggestion of H. E. Hendry:*?

40 And if there are nullary connectives available in the language (such as T, 1),
we can use one of them in the n = 0 case.

41 Or alternatively F Vz(A(§) — A(x)), where z is chosen so as not to occur
free in the antecedent.

42 Here the ellipsis omits the words “any designator part of”, the obscurity of
which has been noted by more than one commentator: see the last two lines of
Niebergall [118], p. 143, and note 14 there. Concerning this ‘designator part’ aspect of
Goodman’s account, Tichy ([165], p. 89, line 7) writes that it “seems to me intuitively
rather undermotivated,” though he concedes it may help with a version of (what is
now often called) the ‘Slingshot’ argument in the course of mounting an objection to
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Let us say that a designator 0 occurs essentially in a sentence 1 if and
only if ¢ does not imply its own generalization with respect to [...] 4.

This is representative of Goodman and the immediately post-Goodman
literature, conveniently and comprehensively reviewed in Hart [53], a
small fraction of which is touched on in Appendix F below, where a
slightly extended version of the passage just quoted appears. It is clear
from the literature concerned that “implying its own generalization”
means “implying its own universal generalization,” in these publications.
Going back to Proposition 14, the analogous object-linguistic version
would use propositional quantifiers.*3 Going back to the part of the
(1) = (2) proof of Prop. 14 where we had “I- A(q) <+ A(p),” we extract
the forward direction, | A(q) — A(p), and since p does not occur in
the antecedent, infer by uncontroversial rules governing (propositional)
“7: kL A(q) — Yp .« A(p). Now, we could equally well have extracted
the other half of our biconditional instead, and from the fact that
A(p) — A(q) proceeded equally to the conclusion that F_ Jp. A(p) —
A(q) (i.e. FL 3p(A(p)) — A(q)). So instead of saying “implying its own
universal generalization,” we could equally well have said “implied by its
own existential generalization.” Since both implications automatically
imply their own converses, under the assumptions in force regarding the
occurrence of p and ¢ here, what we have is that the three formulas:

Alq)  3p.Alp) Vp.Alp),

are all L-equivalent, given the conditions on L in Proposition 14, which
are satisfied by, for example, IL with propositional quantifiers (as for-
malized, natural deduction style, in Zdanowski [180],%* for example).
For (non-modal) propositionally quantified CL, on the other hand, it is a
standard observation that Ip.A(p) and Vp.A(p) are already definable, as

A(T)V A(L) and A(T)NA(L), (1)

Goodman’s account. Since we are concerning ourselves here with essential occurrence
for unstructured expressions, these complex issues can be avoided here.

43 A comprehensive discussion of this topic is provided by Fritz [45]; such quan-
tifiers figure prominently alongside other higher-order apparatus in several parts of
Bacon [3] (e.g., Chapter 6 there).

4 The title of [180] notwithstanding, rules for both 3 and V are given. The
presentation uses a sequent-to-sequent formulation of the rules but is, as Zdanowski
says, a natural deduction system rather than a sequent calculus (i.e., with operational
rules in which material does not disappear from the premise-sequents on passage via
the rules to the conclusion-sequent).
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respectively. When the disjunction and the conjunction of two formulas
are equivalent, so are the formulas themselves, so we have Fc A(T) «+»
A(L), either side of which will do as a p-free formula witnessing its at
most CL-inessential occurrence in A(p), by which stage we have gone
a considerable distance from a characterization in terms of generality,
quantificationally construed —whether universally or existentially —in
the object language itself.

There are also various conceptual complications raised by this latest
turn the discussion has taken. For example, one might prefer to say not
that Jp. A(p) and Vp. A(p) are definable, but that formulas behaving
like these are already definable, if one takes the object-linguistic as op-
posed to the metalinguistic view of definition. The former view conceives
of definition as adding vocabulary to the object language with the re-
quirement that the definiens and definiendum are to be synonymous in
the logic thereby extended in this expanded language, while the latter
view thinks of definition as not changing the object language at all, but
adding vocabulary to the metalanguage for referring to the formulas in
a more convenient way.*> For the object-linguistic approach, Jp. A(p) as
introduced above, has for its principal or main logical symbol an existen-
tial propositional quantifier. For the metalinguistic approach, V is the
principal symbol — or main connective, in this case — is disjunction. This
bears on this issue of which vocabulary occurs essentially in a formula
because it bears on the more basic question of which vocabulary occurs
at all in a formula. But there is also a further complication bearing
specifically on essentiality, occasioned by the fact that quantifiers are
under discussion, because of the relation between the terminology of
“inessentially occurring” variables and that of “apparent variables”. The
opening paragraph of Leblanc [96] is helpful on this matter:

The old distinction between an apparent variable and a real one was
never too clearly drawn. Passages from Principia Mathematica and
earlier logic treatises suggest, though, that an individual variable X

45 Both views can be found in the literature on defining items of logical vocabu-
lary when discussing logics; the object-linguistic view is more common in the literature
on defining items of non-logical vocabulary when discussing (non-logical) theories. See
the discussion starting in bottom paragraph of p. 176 of Humberstone and Meyer [82],
and including note 21 on the following page (and references there supplied), as well
as p. 57 of Humberstone [65] or subsection 3.16 of Humberstone [74]. In the course of
his discussion of Tarski, Lesniewski, and Lukasiewicz’s writings on definition, Hodges
[62, p. 102], also describes these contrasting approaches to definition.
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apparently occurs in a formula A if X occurs in A just for form, i.e., if
X can be replaced salvo sensu in A by some individual variable foreign
to A, and that X really occurs in A if X does not apparently occur in A.
Thus, ‘@’ apparently occurs in Russell’s ‘(Vz) f(x) (= ‘(z).p(fz)’, since
‘z’ can be replaced salvo sensu in ‘(Vx)f(x)’ by ‘y’ whereas ‘z’ really
occurs in ‘f(z). The distinction between a bound variable and a free
one, which eventually displaced that between an apparent variable and
a real one, does not match it, all assertions to the contrary notwith-
standing. An individual variable may —by current standards — occur
free in a given formula, and yet not really occur therein by the above
criterion. ‘z’, for example, though it occurs free in ‘(Vz) f(z) & f(z)’,
does not really occur in ’(Vz) f(x) & f(z)’, since it can be replaced salvo
sensu in ‘(Vz) f(x) & f(z)’ by any one of ‘y’ [...] or—as we prefer to
put it —since ‘(Va)f(z) & f(x) is semantically equivalent to any one

of ‘(Vy) f(y) & f(y)’, ‘(Vz)f(z) & f(z)’, and so on.

Leblanc goes on to contrast a syntactic bound/free distinction and a
semantic bound/free division to sort things out, though perhaps a pre-
liminary hygienic measure would consist in notationally distinguishing
free and bound variables, as Gentzen was perhaps the first to insist on,
calling the former parameters, though for purposes of pure logic where
there are no non-logical axioms and there is no particular interpretation
(structure, model, ...)—or class thereof —in focus, there is really no
distinction between such expressions and individual constants. Accord-
ingly, when predicate logic is at issue (as in Appendix F, for example)
we use z, Yy, ... as (bound) variables and a, b, ... as individual con-
stants/parameters. This practice is not common in the case of second-
order propositional logic, however, so it seems potentially burdensome
to impose it in the present discussion. But just temporarily enforcing
the distinction by using upper case italics for the bound variables and
lower case bold italics for the propositional parameters, we are no longer
tempted, as we might be with the notation of “p — ¢” and “Vp(p — q)”,
to think that the propositional quantifier is e.o.-destructive, with p oc-
curring essentially in the former and inessentially in the latter, once these
are rewritten as p — q and YP(P — ¢). That bears particularly on the
option of having propositional quantification in the object-linguistic (as
opposed to the metalinguistic) option canvassed above. A case free from
this complication is provided in Example 18, in which it is very clear that
the author quoted intends ¢ not to occur in the object-language formula
denoted by the metalinguistic description — choosing A as p — ¢, for
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example — “del,(p — ¢)),” despite the double appearance of “¢” in that
description:

Ezample 18. Weber [173, p. 339] defines the deletion of q from A(q),
which is intended to provide a way to “delete all information on a par-
ticular atom [here ¢| from a formula”:

Definition 3.4 del,(A(q)) = A(T)V A(L).

Weber points out that (i) the sentence letters occurring in del,(A(q)) are
exactly those other than ¢ occurring in A(q), (ii) A(q) FcL dely(A(q)),
and (iii) that for any formula B in which only those sentence letters oc-
cur, if A(q) ¢ B then dely(A(q)) FcL. B. Weber also notes that any for-
mula A’ satisfying the conditions (i)-(iii) say are satisfied by del,(A(q)),
then A" ¢ del;(A(g)). Darwiche and Marquis [22] make the further
observation that, so understood, del,(A(g)) is in effect, the background
logic being CL: 3¢.A(q).*® Returning to the disjunctive form Still further,
is more or less explicit in (i)—(iii), the disjunctive form A(T)V A(L), we
recall that this is the form used in Kreisel’s proof [89, p. 5] of interpola-
tion for classical propositional logic, successive applications for all the g;
occurring in the antecedent but not the consequent of an implication for
which we have e A(p1,.. ., pesq1 - s Gm) — C(D1y- -y pesT1 ..o T) tO
obtain an interpolant B with F¢p A — B and k¢ B — C constructed
from at most sentence letters (here the p;) common to A and C. More
recently, it is common to observe instead of pruning away the antecedent
A’s variables not occurring in C' to obtain an interpolant B, we could
equally well have started with the consequent C(pi,...,ps,71...,75)
and pruned away the r; instead (or indeed, as well), in this case using
substitutions dual to those described by Weber, and illustrated in the
n =1 case here, starting with:

l_CL A(pla ey Pesqr - an) — C(pl?' . '7p5’r)
passing to:
l_CL A(ph ey Pesq1 - 7Qm) — (C(ph .. '7pZ7T) /\C(plv . ‘7pf7—|—))7

the consequent here serving as the interpolant B implied by A and im-
plying C and not constructed from variables common to A and C. From
a syntactic (or perhaps we might say, morphological) perspective, this

46 Note that we are talking about arbitrary sentence letters ¢, not specifically
about those occurring inessentially in A(q); [22] uses a slightly different notation. We
refer back to the present example from Appendix A.
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Latin to Greek | Greek to Latin
T(p)=m t(r) =p
(@) =m<p tp) =p+rq
T(# (A1, An)) = #(7(A1), ... 7(An)) | t#(an, .. an) = #(t(ar),. .. t(an))

Table 1. Two Translations

second style ‘deletes’ all occurrences of the unshared variables from the
consequent, just as the first deletes all of the antecedent’s unshared vari-
ables, though semantically it would not warrant Weber’s attention be-
cause it doesn’t delete r-pertinent information from C' as the disjunctive
form weakens A by deleting g-pertinent information from it, constructing
instead a formula which is in general stronger than C. (This contrast
between working from the antecedent and working from the consequent
to find an interpolant arose in the work by Andrew Pitts in the setting of
propositionally quantified intuitionistic logic, in which the simple equiva-
lence to Boolean compounds of formulas with suitably placed 1, T is not
available but there is a corresponding antecedent-based vs. consequent-
based distinction. A clear discussion with relevant references can be
found in Iemhoff [84]. Also worth bearing in mind is the observation,
in Polacik [137], that Pitts’ interpretation of intuitionistic propositional
quantifiers is not the only game in town.)

Returning to Weber’s del operation, to illustrate what might be con-
sidered a case of unwelcome language-dependence on the part of the
del operation, we enlist a simplified translation argument in the style of
Max Black and David Miller.*” We have two interpreted propositional
languages, each with only two sentence letters, between which we will
keep track of the difference by writing the sentence letters of one as p, g
and of the other as 7, p, understood in such way that p and 7 are accurate
translations of each other, whereas ¢ is translated from the first language
into m <> p in the second, and conversely, p is translated in the other
direction as p <> ¢, as recorded in Table 1. (The logical independence
of p, p <+ q, is only fitting given that they are translations of distinct —
and thus logically independent — sentence letters 7, p.) In the table, the
translation into the second language, with its Greek sentence letters, is

47 See Miller [112], and, for Black’s discussion as well as further relevant publi-
cations by Miller, consult the index entries in [74] under ‘language-dependence objec-
tions’. Several criticisms of Miller’s use of these considerations specifically in connec-
tion with verisimilitude are cited and responded to in [113, 114].
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called 7, and that into the first language, with its Latin sentence letters,
t. The third row of the Table 1 pertains to any Boolean connectives
(such as <), over which we use # as a variable (for an n-ary connective),
which we assume to be common to both languages, and to be presumed
by speakers of both of them to have their logical properties as specified
by CL. Writing = . for ClL-equivalence, under these conditions, with
both the Latin-based language and the Greek-based language, the two
translations are mutually inverse, in the sense that for any formula A
of the former language we have ¢((7)A) = - A and for any formula o
of the latter, 7(t(a)) = «, as we illustrate with A = ¢, showing that
t(7(q)) = g- This holds because, since 7(q) = 7 <> p, we have

Hr(q)) = t(r > p) = t(m) & t(p) = p > (p ¢+ @) = 4.

Now observe that applying Weber’s del operation on the Latin-based side
we get del,(pAg) = ¢, and similarly on the Greek-based side, del.(7Ap) =
p. But then del, ) (7(p) A 7(q)) = delr(m A (7 <> p)) = delr(m A p) =
p # . 7(q) since 7(q) is, instead, ™ <> p. <

Apropos of this Example, we add:

Remarks 19. (i) In later publications, such as Lin and Reiter [101] and
Lang et al. [93], “Delete” (or del) becomes “Forget.” Here is a passage
from p. 392f. of the latter paper:

Two notions play a central role in this paper. The first one, (semantical)
formula-variable independence (FV-independence for short) tells [us]
that a propositional formula 3 is independent from a given set V' of
variables if and only if it can be rewritten equivalently as a formula in
which none of the variables in V' appears. The second one is the notion
of forgetting a given set V' of variables in a formula . Tt is intimately
linked to the notion of formula-variable independence because, as we
show, the result of forgetting a set of variables V' in a formula ¥ can be
defined as the strongest consequence ¥ independent from V.

“Equivalently” here means “CL-equivalently.” Thus, when V' = {p;} the
authors’ talk of a formula’s being independent from V' amounts to p;’s
not occurring ClL-essentially in the formula in question. The formulation
addressing the general case of V is suggestive of the possibility that
there might be several variables which collectively have the property of
occurring — one or another of them —in any equivalent of the formula in
question without any of them individually occurring essentially in that
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formula. A discussion of the possibility such a ‘disjunctive’ version of
essential occurrence is postponed to Appendix G.

(ii) Unwelcome or otherwise, the language-dependence considerations
just seen in the case of del affect the notion of essential occurrence itself:
from the fact that a sentence letter occurs essentially in a formula, we
can’t conclude that that sentence letter’s translation into an intertrans-
latable language occurs essentially in the translation of that formula.
One sees easily that p occurs ClL-essentially in p <+ ¢, whereas 7(p) = 7
does not occur Cl-essentially in 7(p <+ ¢) = 7(p) «> 7(q) = 7 <> (7 <>
p) = cLp» and of course 7 does not occur at all in the distinct sentence
letter p. (See Note 28 in Humberstone [70], where, in different notation,
the case presented in Example 18 appears in a different notation, and the
point is made that the choice of sentence letters whose =  -classes freely
generate the Boolean algebra of equivalence classes of formulas does not
represent an ‘algebraically objective’ choice from among numerous alter-
native candidate sets of free generators. As [70] mentions, the situation
is rather different with IL and Heyting Algebras.)

(iii) The language-dependence issue is also a potential threat to one of
two possible ways of taking the notion of logical subtraction.*® In the
course of Example 18, it was noted that del,(p A ¢), or, if preferred,
forgetp(p A q) was ¢ — just as one one expect from an account of logical
subtraction (notated with the aid of “—”) (A A B) — A was equivalent
provided that A, B have no propositional variables in common. Without
the proviso, inconsistency results (given that we require the subtraction
to provide a congruential context), as it does if the proviso is weakened
to “provided that A, B are logically independent”. (Take the background
logic to be CL for definiteness, though the point is more general that this
might suggest.) The first of four decisions to make about logical sub-
traction in subsection 5.22 of [74, p. 680] was headed “Is a connectival
treatment desirable?” and an affirmative answer was preferred there:
since ‘_ A B’ typically adds requirements for the truth of A A B to those
required for the truth of A, so the envisaged reciprocal operation ‘_ — B’
should typically remove such truth-requirements, so if either is given a
connectival treatment — which is to say, is treated as a (fundamental or
derived) operation in the (absolutely) free algebras of formulas — then
so should the other be. More recent work on logical subtraction has

48 For background, see Humberstone [74, subsection 5.21], [74, pp. 677-680], or
[68, §3].
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gone for the non-connectival option, a function taking a pair of formulas
to a formula without necessarily having those formulas as immediate
subformulas —or indeed a partial function. (See the index entries for
subtraction in Yablo [178] —though Yablo’s discussion is exploratory
rather than committed to a particular account. The distinction between
connectival and non-connectival operations on formulas is related to, but
does not coincide with, the distinction between the two conceptions of
definition raised above in the text to which note 45 is appended.) <

4. Aboutness chez Demolombe and Farinas del Cerro.

The title of the preceding section spoke of approaching the subject “via
generality,” and although our main subject is essential occurrence, rather
than aboutness, we have seen the connection proposed by Goodman be-
tween the things a sentence is about and the essential occurrence in that
sentence of references to those things. These considerations together
suggest the value of looking at a more recent development in theorizing
on aboutness and comparing it with Goodman’s own proposal (and vari-
ants thereof, mainly touched on in Appendix F'). This more recent work
is represented in Demolombe and Farinas del Cerro [26-28], which ap-
peared in 2000, 2009, and 2010 respectively, and will usually be referred
to in what follows by via a reference to the relevant year.*® —the focus
of Demolombe and Jones [29], an issue to which return at the end of Ap-
pendix J. Oversimplifying the situation somewhat, 2000 paper considers
first-order languages without function symbols or identity, but with, in
addition to the usual 3 and V quantifiers, a special-purpose restricted
quantifier Ju # t (and definable dual Yu # t) and ¢ is a individual
constant or an individual variable, but no independent predicate symbol
= (or #), creating the appearance, which in these papers the authors
warn is deceptive, that identity is present.?°

49 These papers deal with being about an object, individual or, as the authors
tend to say, an entity, rather than being about a topic, or subject-matter

50 Note 1 of [26], for example, reads: “Here x # ¢ is used as a notation to denote
restricted quantifiers; it is not taken as a sentence with an occurrence of [the] equality
predicate.” On the other hand, we take it that ¢ does occur in formulas constructed
with these restricted quantifiers. “#£” can be regarded as an expression which takes a
quantifier and a term and yields a corresponding quantifier ranging over all elements
of the domain other than the current interpretation (denotation) of that term.
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The respects in which the above description oversimplifies concern
the status of these restricted quantifiers, which has been generalized in
more than one way in that description. In fact, in the 2000 and 2009
papers, Demolombe and Farifias del Cerro do not allow this ‘exceptive’
quantifier Ju # t to feature a variable in the role of t here, requiring
an individual constant. Not only that, but the language they discuss
has, among its individual constants, a single distinguished constant c
(the language being called L. in fact, to highlight this role) to figure as
t, so they always write “#£ ¢” in this restricted quantifier construction.
(The term ‘exceptive’ just used is based on the corresponding universal
construction, where we can read “Vx # c. Px” as everything except
for ¢ is P,” as long as this is understood as meaning “everything with
the possible exception of ¢ is P,” since we do not want to exclude the
truth of Pec. For this reason, the word eremptive would perhaps be
more suitable than exceptive, as an alternative to “restricted” with its
suggestion that the restriction involves what would otherwise be a self-
standing open formula—“x # ¢.”!) Apropos of logical subtraction,
mentioned in Remark 19(iii), one might express “Va # c¢. Pz” with its
aid as “(Va . Pz) — Pc” (as in Humberstone [68, p. 67]).

Remark 20. One casualty of the presence of the #-restricted quanti-
fiers in the absence of = (or #) as a predicate symbol would appear
to be the interpolation property, last seen in a propositional setting,
in Example 18. Here we can put this by calling a formula true in ev-
ery interpretation/model (the details of which follow shortly) valid and
consisting in the existence for all formulas A, C with A — C valid of
a formula B with no non-logical vocabulary except that appearing in
both A and C, for which the implications A — B and B — C are
both valid. (Complications for certain more refined versions of inter-
polation —involved with tracking positive and negative occurrences of
such vocabulary in the sense of Example 24 and note 88 — arise for first-
order logic with identity/equality, treated in Motohashi [116], but we
are concerned here neither with those refinements nor with the presence
of identity.) For example, with P, Q monadic predicate letters, consider
A= -PbAVx # c¢.Pcand C = Qb — Qc. The only common non-
logical vocabulary from which to construct the desired B consists of the
constants b, ¢, but the current language is missing the obvious would-be

51 The phrase ezemptive quantifier is used in Humberstone [64, p. 179] with a
somewhat different meaning.
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interpolant b = ¢ (Adding identity as a self-standing predicate to the
language is problematic, as is explained in Demolombe and Farinas del
Cerro [28]; see also note 107 of Humberstone [81]). It would be inter-
esting to know what classes of structures are definable using a language
with the currently envisaged resources, intermediate in terms of expres-
sive power between first-order logic with identity and (what is normally
called) first-order logic without identity. <

As for disallowing variables in the post-“#£” position, it seems unduly
restrictive (now using that word in its everyday sense) to disallow the
inference from dx # c¢. Fx to Jydxr # y. Fz. In fact in the 2010 pa-
per, where function symbols, but still not identity —identity proper and
unbridled —are added to the vocabulary, the exceptive quantifies have
disappeared from the language, along with the distinguished individual
constant, the language now being called L rather than L.. So we have
lost expressive power along that dimension. Also lost is the opportunity
convey a significant feature of the earlier language, which is highlighted
by the authors and which we will get to presently —more specifically: in
the ‘non-necessity’ part of the proof of Proposition 22. The presenta-
tion of this material on Demolombe and Farinas del Cerro in Appendix
B of Humberstone [81] stays closer to the original “distinguished con-
stant” version, in order to compare this with the use of models with
distinguished elements (one per model) in play in Russell [151] —such
as Kripke models with a distinguished (‘actual’) world, and models for
indexical logic singling out a domain element as representing the current
speaker, to provide a denotation for first person pronouns, etc.

Demolombe and Farinas del Cerro [28] contains material similar, in-
sofar as our current discussion is concerned, to that in the same authors’
earlier published [27] —the 2010 and 2009 papers, respectively — though
there are some notation differences. In particular the “NAbout” of the
earlier paper (and which we shall use here) appears as simply “NA” in
the later one. That dyadic metalinguistic predicate is defined in a way
that will be explained shortly, it having proved more convenient to do
things this way round, starting with this N(egated) Aboutness relation
first (p. 23): “We say that a formula F' is about the entity c, if it is
not the case that NAbout(F,c).” (The definiendum is then abbreviated
to About(F, ¢).5) Here, for the sake of continuity with the discussion in

52 The 2000 paper contains a potentially confusing typo near the base of p. 1236 —
“We say that a formula F' is about the entity ¢, if it is not the case that it is about the
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Demolombe and Farifias del Cerro’s papers, we use F, G, ... rather than
A, B, ... as schematic symbols for (open or closed) formulas.

Somewhat adapting the presentation in especially the first two of
these papers, we think of a model (or interpretation) for a first-order
language as incorporating an assignment of values to individual variables,
rather than as needing supplementation by such an assignment relative
to which truth is defined for the closed formulas of such a language,
L. As noted in the second paragraph of this section, Demolombe and
Farinias del Cerro work instead with a language L. with a single distin-
guished individual constant ¢, for which a model provides an element of
its domain to interpret this constant. The adaptation alluded to is that
we do not single out a constant and a domain element, but simply take
a model M to comprise a domain or universe Dy, and functions || - ||,
|- |2 and || - ||prd, which assign appropriate values to the individual
variables, individual constants and predicate letters of L.%3 That is, for
each individual variable v, ||[v||M, € Dy, for each individual constant c,
|c|M € Dyy, and for each n-ary predicate letter P:

||P||%§DM><---><DM

n times

DEFINITIONS 21. (i) For an individual variable v, models Ml,Mg are
v-variants iff Dy, = Day,, |lc|M: = ||¢[|M2 for all constants ¢, ||P||M:

prd -
| P Hprd for all predicate letters P, and for all variables v’ other than v,
o/ |8 = v 1M We write My a2, My when M; and M, are v-variants.

(ii) For an individual constant ¢, models M1, My are c-variants iff Dy, =
Dy, [0l = llol| M for all variables v, ||P||M: = ||P||Cns for all pred-
icate letters P, and Hc’chs |l |1Ms for all constants ¢’ other than c.
We write M7 ~. My when M; and M5 are c-variants.

(iii) For models My, My with Dy, = Dy, = D and d € D, we say that
M and My are d-variants when, as well as having Dy, = Dyy,, we have

[w]| 24 = [Jv]| 3 for all variables v, ||c||22 = ||c||24 for all Constants ¢, and
for all n-place predicate letters P (for each n) (dy,...,d,) € ||P||prd

entity ¢” —which appears in the intended form in the 1999 paper (using the predicate
NAbout, which needs to do the work of the second occurrence of “about” in the
sentence just quoted).

53 A treatment closer in approach to that of Demolombe and Farifias del Cerro

is given in Appendix B of [81] in order to focus on parallels with parts of Russell [151]
in which the models come equipped with distinguished elements.
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(dy,...,d,) € ||P||£:[j’ whenever d ¢ {dy,...,d,}. We write My ~4 Mo

when M; and My are d-variants.

A more explicit notation would, for My =, My, M, ~. Ms and
M, =4 Ms, write respectively:

\; d
M, %blv My, M; %, M, M Ta M, (i1)

with the superscript indicating which vocabulary is subject to reinter-
pretation as we pass between variant models, but we forgo the additional
clutter here.?® Note that in the first and second cases of the more explicit
notation, the superscripted indicator simply reflects the syntactic type
already indicated in the subscript, but in the third case it does not: we
use, instead, an element of the domain —not any kind of linguistic ex-
pression —so as to indicate how to vary the interpretation of a predicate
letter. The first these three equivalence relations is just the usual device
needed for the inductive definition of truth/satisfaction to handle the
case of quantifiers: M = Jv . ¢ iff for some M’ ~, M, we have M’ |
©.°®>  Similar clauses in the case of the Boolean connectives we may
safely omit here, as also for the universal quantifier, but the special
exceptive/exemptive quantifier “Ju # ¢” mentioned above deserves have
its clause spelled out, though, where ¢ (for ‘term’) is either an individual
constant or an individual variable (in this generalized version of De-
molombe and Farifias del Cerro), and ||t||™" means |||, in the former
case and [t} in the latter:

M = v # t. g iff for some M’ ~, M, |[v||3] # [|t|™ and M’ = .

The third equivalence relation is the key conceptual novelty introduced
in the work of Demolombe and Farinas del Cerro mentioned above. In

> On the subject of notation, it should be noted that Demolombe and Farifias
del Cerro use “ipr(v)”, “iar(c)”, and “ipr(P)” for the interpretations in a model M of
the expressions concerned, rather than the present “|| - [|*” notation. Note that here
the interpretation of such-and-such a symbol is not intended to mean anything more
than its semantic value in the model in question, rather than to buy into anything
like the interpretational vs. representational construals of model theory featuring in
Etchemendy [34].

55 This is what is called the model-changing semantic treatment of quantifiers
in p. 256f. of Humberstone [73], as distinct from the more commonly encountered
model-fized treatment there described, though the two come to the same thing for
defining semantic consequence if attention is restricted to closed formulas. (This note
is continued in Appendix J.)
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their [28, p. 1234], the authors provide a helpful gloss on their proposed
identification of “is not about” (reproduced two paragraphs below as (®):

The intuitive idea in the semantical characterization of sentences that
are not about the entity denoted by a term t is that the truth value of
such sentences should remain unchanged if we change the truth value
of the atomic facts that are about ¢

For Demolombe and Farinas del Cerro this talk of facts is purely heuristic
and informal, and may strike some as involving a quaint throwback to
the days of logical atomism, so it is worth recalling that the standard
model-theoretic approach to first-order languages is indeed atomistic in
the relevant respects, and can be recast, if desired, at a level which explic-
itly invokes (relative to a given model) fact-like entities in the inductive
definition of truth (in a model) —as in McKinsey [106], van Fraassen
[168]. But, as Demolombe and Farinas del Cerro show, their idea does
not itself require this departure from the standard presentation of the
semantics.?6

The idea is promising, though it may need some minor tweaking
because of the issue raised in the paragraph following Example 10: the
fact that, independently of a specified model (or class thereof, alike in this
respect), there is no such thing as the denotation —or, more generally,
the interpretation — of an item of non-logical vocabulary. Another way
of putting this point (and others like it) is to warn of a danger of use—
mention confusion in discussions of aboutness, a cautionary note sounded
in Niebergall [118, pp. 141 and 148] apropos of the Goodman-related
discussion of the subject.’” The role of the third relation in (i1), ~g,
lies in specifying a binary relation whose complement will be the desired

56 If one were to make such a departure, it would probably be best not to speak,
as our authors do, of the “truth value of the atomic facts,” as though the facts were
themselves atomic sentences, and to formulate matters in terms of obtaining (relative
to a model) rather than being true (in the model).

5T The title of Humberstone [69] can be accused of exhibiting the same confusion:
In “What Fa says about a” the first occurrence of a is mentioned, while the second
is used. But if this is taken as the schematic representation of such sentences as
“Athens is a city,” the —as Carnap called it — autonymous use of language is harmless,
at least when empty names are avoided, since the second occurrence simply denotes
what the denotation of the first occurrence itself denotes: in the present case, the
first occurrence denoting the name “Athens,” the second denotes the city of Athens
itself. We can’t do quite that in the present model-theoretic setting, since there is no
privileged “what such-and-such denotes” to be had. Incidentally, more than once in
the papers under discussion here, Demolombe and Farifias del Cerro cite Carnap [15]
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aboutness relation, and which is notated as NAbout in the 2010 paper,
the notation used here.®®

To give the definition of this NAbout relation given on p. 23 of the
2009 paper and on p. 1236 of the 2010 paper using the notion of a ‘ground
term’ (as computer science logicians call what are elsewhere called closed
terms), which, seeing as we are not here considering function symbols,
we reproduce as “individual constant,” avoiding further complications
induced by the presence of function symbols in the 2010 paper and us-
ing the &, relation where the d in question is the interpretation of the
constant ¢ in the definiendum —we get to problems with this way of
speaking, in the following paragraph —we say that for any sentence F'
and constant ¢, we have:?

NAbO’U,t(F, C) iff VMVM/((M %HCHI% M/ & M ': F) = M/ ’: F) (@)
Note that we could equally well have written “||c| f)\ﬁ; " in place of “||¢| é\ﬁj 7,
as a subscript to the “~”, since, as Definition 21(iii) tells us, any models
related by the a4 relation only in respect of which tuples of entities from
their common domain the models must agree on for the interpretation
of predicate letters —namely those tuples in which d does not appear;
in particular they agree on the interpretation of the constants, so here,
where the relevant d is |||}y, d is also HcHé\fd,. Note that although
the individual constant ¢ figures prominently in specifying the relevant
variance relation here, the subscripts have been kept in place in the
|| - || notation, to emphasize, with the “prd” (rather than “cns”) that the
only differences between the variants M and M’ in (®) pertain to the
semantic values of the predicate letters, not of individual constants such
as c¢. Finally, About(F,c) is defined as: not NAbout(F,c), and it is this
last notion that is the proposed formal explication of what it is for a
sentence to be about an object.

All is well but for one detail, somewhat ironically given the inclusion
of references to Carnap in Demolombe and Farinas del Cerro’s publica-
tions (see note 57): what we have been given is an account of what it

in connection with aboutness, though, in the absence of any specific section or page
numbers, it is not always clear exactly what they have in mind.

58 The notation NA is used use 2000 paper and N About — with a space —in the
2009 paper.

59 Recall, though, that while we are contemplating the prospect of several such
constants as in their 2010 paper, Demolombe and Farinas del Cerro have just one in
mind in the earlier papers, the distinguished constant of L.
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is for a sentence to be about an individual constant (or more generally,
a closed term), rather than of what it is for a sentence to be about an
individual (or object, or ‘entity’) in general: the definition of NAbout is in
the metalanguage and the “c” in “NAbout(F,c)” refers to the constant
¢ (of one or other of the object languages under discussion, L. or L,
depending on which paper is considered).®® As already remarked, this
point was briefly raised in connection with Goodman in the paragraph
after Example 11.
Definition 5 of the 2000 paper [26, p. 90] is representative:

Let F be a sentence of language L.. We say that F is not about an
object named by the constant symbol c iff for every interpretation M,
we have M |= F iff for every interpretation M’ in M€ we have M’ = F.

The authors write “M¢” for the set of models M’ such that —as we
have been putting it here — M’ Rl M (or, equivalently, such that
pr

M =y m M’), and should be thought of as defining NAbout, or NA
pra

as they were notating it in the 2000 paper (though we reproduce their
remarks using the longer expression here), since an explicit definition
should ideally follow the protocol of defining only unstructured vocabu-
lary, if only for the sake of reinforcing habits of methodological hygiene
in respect of such matters. We could fix this by simply shifting the “not”
in “not about” over the right of the main (here the first occurrence of)
“iff,” though the authors’ route is slightly different, writing “The fact
that F' is not about object ¢ is denoted by NAbout(F,c)”: so here we

50 Our authors become even more confused on the subject of aboutness in their
2010 paper’s Definition 4 [28, p. 1235], trying to define a notation for the “set of
elements of Dj; which are about the term t”: aboutness relates a linguistic (or more
abstract but still representational) item to something in the realm being represented,
so if anything was going to be about anything here, it would be the term that was
about an element of Dy;.%0 And in any case, it is sentences (or the propositions
thereby expressed) that are in the relevant linguistic or representational category —
or at best predicates (and their propositional analogues),62 and certainly not names
or terms — that can be described as being about things. (Why, you might ask, even
if they have got things the wrong way round here, do the authors speak of the “set
of elements of Dp;” instead of “the element of Djs,” since an individual constant ¢
is assigned a unique denotation relative to M, called here ||c[|™, and called by the
authors ip7(c)? The answer is that here they are permitting function symbols, so a
term can have proper subterms, which can have proper subterms again,... —meaning
there is no upper limit to the number of domain elements that can referred to in the
construction of a single term.)
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have passed from “object named by the constant symbol ¢” of the passage
inset above, “object ¢.”63

This masks the issue of whether the aboutness (or more precisely,
the ‘nonaboutness’) relation has been defined for linguistic expressions
or not (as the second relatum). To repeat for the present setting the
point already made: the initial formulation doesn’t strictly make sense,
because the words “an object named by [...] ¢” occur on the left in on
the left of the “iff,” but the quantification over models only begins on
the right, so we are not considering the constant ¢ with reference to any
model/interpretation and there is no such thing as an object named by ¢:
that would have to be ||c||™ for some given M, which we have precisely
not yet been given.

One might consider remedying the defect and defining NAbout (and
so About) to relate sentences F' to potential domain elements rather than
to individual constants that might be interpreted as naming them, simply
enough; here the formulation stays as close as possible to that quoted
above, even to extent of addressing L. with its distinguished constant c,
and suboptimal use of “not about” on the left:

Let F be a sentence of language L.. For any object d, we say that F'
is mot about d iff for every interpretation M with ||c[|™ = d, we have
M = F iff for every interpretation M’ in M€ we have M' = F.

This does not seem very promising, though, since the only properties
of objects (d here) that matter for model-theoretic purposes are the
properties that are given by this or that model/interpretation — at least
insofar as questions of validity and satisfiability are concerned (in respect
of which there is no role to be played by any notion of an ‘intended
model’). A rough-and-ready alternative response would be to replace
“about” when followed by a reference to a term ¢ to with a new word,
“about*”, say, taking the use in a particular discursive context of

Sentence S is about* “Babylon”

to mean that S is about whatever, relative to that context, “Babylon”
refers t0.54 In the kind of conversational setting envisaged by Carnap
(see note 57 above, and Appendix H below), this would be —setting

63 The double occurrence of “iff” in this definition may initially seem puzzling,
and its relation to the formulation in the earlier (®) unclear; the situation is clarified
in Appendix I.

64 There is no intended connection between the asterisk in “about*” here —or
“About™” below —and the famous use of “*” in David Lewis’s discussion (in [100])
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aside Carnap’s own qualms —the city of that name, though in a differ-
ent setting, it might be the horse that just came in second in race that
has just finished at Kenilworth, South Africa. Similarly in the case of a
formal language a sentence is about™ ¢ in a context in which a model M
is salient, amounts to its being about ||¢[|* — making “whatever t refers
to” a context-shifting device of the decried by Kaplan, though, to the
contrary, many of us were reassured early on by our mothers that there
weren’t really any monsters to be afraid of.%% (The formulation “what-
ever t refers to” is used here in preference “what t refers to” as a gloss
on “the contextually salient denotation of t” to by-pass a temptation
to think of the latter as a concealed question —a suggestion with some
prima facie appeal made and later rebutted in the linguistic literature on
about-phrases.%%) We can retain the definition (®) of NAbout provided
by Demolombe and Farinas del Cerro, but relabelling the definiendum as
“NAbout*” and its negation as “ About™” to make it clear that the relation
defined is one between a sentence and a term rather than between the
sentence and what that term is (relative to a given model) interpreted as
denoting — though of course the definiens concerns itself with the latter
potentially varying denotations of that term.

With that out of the way, we can attend to an issue Demolombe and
Farinas del Cerro raise in several places, introducing it in [26] with the
following words:

As pointed out by Goodman in [50], the fact that a sentence mentions

an object ¢ does not occur in a sentence F' does not imply that F' is not
about object ¢. [...] First, the fact that ¢ does not occur in a sentence

of aboutness in relevant logic - a playful allusion to the “Routley star” semantic
treatment of De Morgan negation (from Routley and Routley [148], originally).

5 Our mothers, and in this case, others too: Schlenker [153] started the ball
rolling, g.v. for the relevant Kaplan references; see also Humberstone [73, p. 260], for
connections with some other themes of the current discussion. Subsequent theoretical
discussions can be found in Briciu [11] and work by Santorio and by Rabern and Ball
in [11]’s bibliography; relevant empirical findings for specific natural languages are
given in, for example, Anand and Nevins [2], Sudo [163], Deal [25], and Major [102].

66 See Frana [40], or, for a brief treatment supplying the relevant details and
references, discussion on pp. 18-20 of Frana [41]. The phase “contextually salient”
is deliberately vague, with context not to be understood as specifically the ambient
linguistic context — whether that is taken as the sentential context, as in the title of
Section 2, or the context of utterance, for resolving the interpretation of indexicals,
and its appropriate explication a matter on which disagreement is to be expected.
Partee [128] helpfully aired many relevant considerations with no claim to have settled
everything in this area definitively.
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F does not imply that F' is not about ¢. [...] Second, the fact that ¢
occurs in a sentence F' does not imply that F' is about object c.

In the remark about Goodman, all is well on the use-mention front, aside
from the choice of the letter “c” (reserved for individual constants), since
a non-linguistic object is the right kind of thing, typically, for a sentence
to mention and also to be about. In the second and third remarks, things
go off the rails, because that kind of thing is not the right kind of thing to
‘occur’ in a sentence, for which we need to take the choice of “c” seriously
as appropriately suggesting an individual constant. Clearing this up,
then, the question becomes one of what implications hold between c¢’s
occurring in F' on the one hand, and F’s being about® ¢ — in the technical
sense that we have About™(F,c)—on the other; we use the “F' is about™
¢” formulation.5” Given our present concerns, however, a more pertinent
version of the question arises as to the implications between ¢’s occurring
essentially in F and F’s being about™ c. As the authors observe in
the passage marked by the second ellipsis in the quotation about, we
can always ‘dummy in’ any extraneous constant by such devices as the
absorption equivalences of classical predicate logic, called QCL below (as
in Appendix F) for “Quantified CL” — which is the appropriate L with
respect which to take this reference to essentiality as L-essentiality.%®
Since these involve inessential occurrence, they leave open the question
of whether ¢ can occur essentially in F' without F’s being about™ c.

As it happens, the authors address this last question in an aside to
the way they fill the gap in our first ellipsis from the passage quoted,
so we include both points in this in the following distillation of relevant
discussion in Demolombe and Farinas del Cerro [26, p. 94]:

PROPOSITION 22. An individual constant ¢’s occurring QCL-essentially
in a sentence F' is neither necessary nor sufficient for F'’s being about™ c.

PRrOOF. Non-necessity: It is clear that ¢ occurs QCL-essentially in, for
example, Vx # ¢(Pz), where P is a monadic predicate letter, but since
models M and M’ with M ~u M, as far as d = ||c|™ P is concerned

differ at most on whether d’ # disin |P|™ (= ||¢[|M"), M and M’ cannot
differ over the truth of Va # c¢(Px). (Here we are identifying (d) with

57 Reminder: in Demolombe and Farifias del Cerro [26], About and NAbout of the
successor papers, to which the asterisk is here appended, appear simply as A and NA.

68 The authors also note at this point such examples as Pc V —Pc, in which ¢
occurs but which are not (as we would say) about™® c.
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d, and taking it that ¢ does indeed occur in this formula — see note 50 —
and not just in some metalinguistic expression denoting the formula.)
Non-sufficiency: Switching from restricted to unrestricted quantifica-
tion, we get this counterexample to the hypothesis that F’s being about™
¢ implies that ¢ occurs essentially in F: Va(Px). We must supply models
M, M'" agreeing on everything with the possible exception of how P is
interpreted and differing on the evaluation of Vz(Pz). We can arrange
for this to happen by letting | P||[ be the (common) domain D of M, M’
and ||P||M" be D ~ {||¢[|™'} (recalling that || = |j¢[|[™). This gives
M = Vxz(Px) while M’ £ Vo (Px). In a similar way, we see that Jz(Px)
is likewise about™ ¢, as is Vx3y(Rbzry). In all these examples, P is a
1-adic predicate letter, and in the last, R, a 3-adic predicate letter (and
b, a constant distinct from ¢). o

We should pause to compare the definition of NAbout(F),c) from De-
molombe and Farinas del Cerro, given as (®) above, repeated here a sim-
ilarly styled definition of occurring at most inessentially in a formula —
we’ll write this as NEssOcc(F, ¢) (listed here as (®®)); for readability we
write the main metalinguistic biconditional (formerly “iff”) as a stretched
version of the (metalinguistic) biconditional “<” featuring on the right-
hand sides of the variants (®') and (®®’) given below this pair:

NAbout(F, c) iff VMVM' ((M R el M&MEF)= MEF), (®)
NEssOcc(F,c) <= YMYM'((M ~jgu M' & M |= F) = M' = F)

(2®)

One may prefer a ‘supervenience’ formulation of such notions — agree-

ment in respect of the relevant ~-equivalence class implying agreement
in respect of verifying F:%°

pre

(@)
NEssOcc(F, ¢) <= YMYM' (M =y qu M' = (M | F & M' = F))
(@)

69 The most well-known appearance of a supervenience account in the aboutness
literature is perhaps that provided in Lewis [99]; see note 36 above, where the dis-
cussion is couched in terms of possible worlds rather than models. Note, however,
that Lewis gives a supervenience account of aboutness rather than of “not-aboutness”
(NAboutness) — quite a contrast, at least on the face of it. Appendix J takes up this
issue in the course of a general discussion of proposed ‘possible worlds’ adaptations
of (or appeals to) Demolombe and Farinas del Cerro’s work.
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The equivalence of the right-hand sides of (®) and (®’), and therefore
of (®) and (®’) themselves is entirely routine and so is postponed to the
end of Appendix I. Likewise for the case of (®®) and (®®').

Regardless of formulation, the question arises as to which of the two
metalinguistic predicates defined here might be the more appropriate
to have its negation count as a candidate explication of aboutness (or,
strictly, about*ness). For F' to stand in the relation concerned to ¢, both
of course pay close attention to the truth of F' as it fares relative to each
of a pair of models defined with special reference of the denotation of ¢ in
the two models. The negated version of NEssOcc looks for a difference, in
F’s truth-value, between a pair of models differing at most w.r.t. what
that the denotation of that constant is (whence the “cns” subscript),
while the negated version of NAbout keeps the denotation the same but
allows for arbitrary differences over which atomically expressed (with
the “prd” as a reminder) relations that denotation stands in to itself and
other objects (or: which sets it belongs to, in the l-ary case). Prima
facie, each has a good claim, if informal discourse is anything to go by.
In support of NAbout: someone who has so far read the applications of
nine of the ten applicants for a vacancy and makes this clear —in order
to block any conversational implicature than might otherwise arise —
may say “All the candidates other than ¢ [= the tenth candidate] satisfy
the advertised criteria for the position” and legitimately claim to have
said nothing about ¢, and avow an intention not to do so until after
reading that tenth application. On the other hand, to grasp the content
of what has been said, one does need to see that it is specifically that
individual whose application is being exempted from the claim made
about the various applicants: concerning c it is being said that everyone
else ( = other than ¢) has met the required conditions.

The question of which of the above candidate explications of about-
ness should be endorsed over the other may accordingly be a question
to reject, rather than one to answer. What a sentence —or perhaps
more appropriately, an utterance —is about is a highly fluid and interest-
sensitive matter, as is stressed in the remarks by Strawson and Partee
(note 75) and in the passage from Bar-Elli [4] quoted near the end of
Appendix H. We may be after nothing more than mere mention, sat-
isfied with Goodman’s differential aboutness without the “differential.”
Focalization, topicalization, or some other form of highlighting may be
required for aboutness: Appendix A, starting with the quotation there
from Christine Ladd-Frankin. Still more demandingly, we move in the
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Goodman—Quine direction of essential mention, and the neither-weaker-
nor-stronger notion (Proposition 22) isolated in the work of Demolombe
and Farifias del Cerro.”™

The reason for saying, above, that choosing between the two no-
tions of aboutness in play in Proposition 22 may be a choice one should
reject rather than to make is the following. Not only might each candi-
date in principle be appropriate to explicate aboutness for this or that
purpose, and nor has anything been said to rule out further candidate
explications, but: one might feel that one or other of the options—
Demolombe-aboutness and Goodman-aboutness, as they are called in
Humberstone [81, Appendix B] —is not really a serious contender. In
particular, Demolombe aboutness (i.e., about*ness, the complement of
NAbout-ness) would seem, in view of the non-sufficiency examples in the
proof of Prop. 22, to be at best a notion of potential aboutness, perhaps
in better shape if transformed into a model-relative or model-specific no-
tion.”* A strong candidate in this vein would be the complement of the
following: relative to a model M, F is NAbout™ c iff, now removing from
(®)’ the first universal quantifier over models, and suitably adjusting the
remainder:

Thus, relative to an M for which (for monadic P) we have |P||M =
{11611, [el|M}, with ||b]|™ # ||c||™, the sentence Jz(Px) is not about* ¢,
because no change to M in respect of the ||c||™-involving ‘atomic facts’ of
M — in particular of whether or not ||¢[|™" (alias ||c||™) is removed from
the extension of ||P||™ to get || P||™" — can change the M-relative truth-
value of Jz(Pz): it remains true because of the surviving witness ||b[|*.

70" The example of “Everything other than ¢ is G” suggests that attention might
usefully be paid to “All non-Fs are G” should be susceptible of a treatment not
permitting contraposition to being about ¢ on the latter account is reminiscent of the
idea that Hempel’s “All ravens are black” is about ravens and not about, for instance,
and about non-black things (Hempel [58, p. 12ff.]) —a sentiment already alluded to in
Section 2 above — might be treated with the aid of a theory of restricted quantification
not taken as a mere notational abbreviation. See further, Appendix K.

"L A similar move is urged in [79, pp. 1424-1427], [81, p. 220] (and for a world-
relativized Lewis-style aboutness relation [66, Section 1V]). Note that Demolombe
and Farifias del Cerro are well aware of the examples of such unrestrictedly quantified
sentences, and explicitly venture the tentative conjecture (p.94) that the sentences
which are, as they put it, about ¢, are exactly those that are equivalent to sentences
in the language with standard but no Va # c-restricted quantifiers.
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On the other hand, if we make the additional stipulation that D), =
{1I]™, ||c||™ 3, then this same removal changes Va(Px) from being true
to being false, so this universal sentence is, relative to M, ‘genuinely’
about® ¢ in this respect: its truth-value hangs on how things stand with
its denotation — despite its not mentioning that denotation. The reader
will have no difficulty illustrating the converse case in which it is a sen-
tence’s initial falsity in M that cannot or can turn into truth in a suitably
related M’ (i.e., related by the relation defined in Def. 21(iii) and appear-
ing as the third equivalence relation in (1) just before that definition).

5. Longer Notes as Appendices

A. “Essential” — for What? Here we continue the point made after Ex-
ample 1 about the fact that even relative to a single logic, there may
be several candidate equivalence relations for which the occurrence of
expression e in a sentence may be counted as inessential when a suit-
ably equivalent e-free sentence can be found. This phenomenon arises,
also, for more informal talk of essential occurrence in natural language
sentences comes up for discussion, as we shall be particularly keen to
illustrate here (until the paragraph leading up to Definition 23 below,
where discussion returns to a more formal setting).

If we think of being in the same equivalence class of some such re-
lation as being alike in respect of this or that feature of interest, then
the further relativity just noted to can be approached by asking which
transformations of the sentence preserve the feature in question. This
way of putting things is emphasized in Brozek [12], mainly consider-
ing the subject from the perspective of natural language. For example,
one transformation of this kind might consist simply in removing the
expression e from the sentence, in the case in which this results in an-
other sentence (as opposed to a sentence-like string with a gap in it).”

"2 Compare Hosli [63, p. 202] describing a certain three-valued logic: “A formula
X is a tautology [of the matrix in question] if every subformula of X —arisen by
discarding some variables —is a classical tautology.” This would need further clar-
ification before it was intelligible. (Contrast the case of deleting a variable from a
formula defined precisely in Example 18, though the present case one perhaps expects
an inductive definition rather than a single equation.) For instance, if ¢ and r are
‘discarded’ from (p A ¢) V (p — (=1 A s)) the result is presumably not intended to be
the non-formula (p A _) V (p — (—_ A s)), with blanks at the underlined spaces, but
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Such an expression is inessential in the most obvious sense imaginable:
it is completely redundant, from the perspective of the feature we are
interested in. (As this reminds us, what is essential for achieving one
goal may be redundant in respect of another, and likewise the other way
round.) If we think of the sentences of such a language as being in an
informal sense logically equivalent — from the truth of either, the truth
of the other can be inferred a priori —the inessentially occurring e may
be so in virtue of its removal yielding an alternative way of expressing
the same proposition. It can sometimes fail to be obvious when such
redundancy is present — for example, whether this is so for the last six
words of the parenthetical sentence just written, beginning with “As
this”. Notice, in any case, how far we have strayed considerably from
our main business here, since such a candidate expression is replete with
internal structure rather than being semantically atomic, and even if
we were to restrict the discussion the case of unstructured expressions,
the issue of redundancy here pertains more naturally to individual token
occurrences of an expression type within a sentence rather than the type
as such, whereas, as remarked at the end of Section 1, our main focus on
essential occurrence does not isolate a notion of essential occurrences.
A variation on the ‘same proposition’ relation just informally char-
acterized arises when Brozek [12, §6.4] considers separately the preser-
vation of merely the denotation rather than the connotation (using the
Polish cognates of these words), of the expressions concerned, taking
“connotation” as amounting approximately to Frege’s “sense” (Sinn) and
more exactly to Carnap’s “intension”, in such a way that if b has exactly
one sister then b’s sister can replace b’s sole sister within a sentence in
a denotation-preserving way, making the word “sole” occur inessentially
in any such sentence, when sameness of denotation rather than sameness
of connotation is at issue.”® Concerning these transformation-based for-

rather, at pV (p — s). Here I have followed the heuristic: “delete and sew up,” but a
precise general account is needed. The example just given uses all of [63]’s primitive
connectives, but what if all we had was a single ternary primitive connective # and
wanted to ‘discard’ ¢ from #(p, ¢,7)? And, even for Hoésli’s language, what formula
is the result of discarding ¢ and r from g — —7r?

7 As it happens, this example illustrates further noteworthy aspects of Brozek’s
discussion, such as the focus on expression tokens rather than types, since other
occurrences of “sole” in the same sentence need not be be similarly removable, and
also the fact that she distinguishes inessentiality from the special case involved here
of direct remowability, the literal deletion of the inessentially occurring expression
rather than any more indirect transformation of the sentence into one equivalent in
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mulations, note that the relation R obtaining between S; and S5 when
Sy arises from S via such a transformation (such as simply removing e
from S7) is not in general an equivalence relation, the associated such
relation being the transitive symmetric closure of R.

Similarly, transforming “President Macron, like everyone else, needs
oxygen to live” into “Everyone needs oxygen to live” removes the name
“President Macron” while preserving the proposition expressed, from
which perspective that name occurs inessentially in the first sentence.”™
But if what is to be preserved is more demanding than this and requires
specification of which aspects of the world someone uttering the sentence
will be taken as actively directing attention to, then this feature is not
preserved by the transformation just described, and in addition, “Marine
le Pen, like everyone else, needs oxygen to live” directs our attention in
a quite different direction, while expressing the same abstract ‘propo-
sition’. If we set aside some of the finer distinctions involved (presup-
posed/asserted, given/new...) in such contrasts, we can approximate
the distinction formally by contrasting Fa A Vz(z # a — Fax) with
FbAVz(x # b — Fz), and coupling this with the ‘attentional content’

the relevant respects but from which in which that expression is absent. (A different
notion of removability will be treated at the end of this Appendix: Definition 23
onward.) A further complication about this ‘sole sister’ example: Brozek may be
taking b’s sister as a Russellian definite description with the uniqueness condition
built into its meaning; alternatively she may not be assuming that, but be envisaging
a case in which a in fact has exactly one sister, so we are relying on the de facto
given co-denotation of a’s sole sister and a’s sister. The text makes it clear that it is
the latter considerations that drive Brozek’s (autobiographically inspired) discussion
here, in which, in fact, the brother and sister pair appear, not as b and, say, a, but as
Bartosz and Anna, Anna being the only sister of Bartosz Brozek, the philosopher of
law and co-editor of (as well as contributor to) the Templeton Foundation supported
Brozek et al. [13]. Because of his theory of descriptions, we can’t quite say that
what is being preserved is the Russellian proposition expressed; in terms of Lemmon’s
distinction between statements and propositions in [97] it is the statement expressed
(by a sentence in a given context), rather than the proposition expressed, that is
preserved. Since Lemmon-style ‘statements’ survive the replacement of a term by any
co-referential term, there may be danger from the ‘slingshot’ argument here, presented
in §5 of Tichy [165] as an objection to Goodman’s account of aboutness.

™ The simpler conception of the proposition expressed by S as the set of worlds
in which S is true, will suffice for present purposes. (If the presence of the proper
name Macron is felt to be too much of a complication either with the characterization
in terms of a priori inference or — for those taking its bearer to exist contingently —
that in terms of possible worlds, another example might be used to make the point,
such as “Mammals with tails, like all other mammals, need oxygen to live.”)
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semantics of Roelofsen [147]. Issues in this vicinity were nicely encapsu-
lated long ago in the following remark from Ladd(-Franklin), [90, p. 27],
though the use of “proposition” differs from that just in play:

The propositions, “no men are mortal,” and “there are no mortal men,”
convey the same information; but the first offers it by way of information
about men, and the second by way of a description of the universe.

Perhaps, rounding out the picture, she would have had a similar attitude
in respect of “No mortals are men,” — same information again, this time
offering it as information about mortals.

There has been considerable empirical linguistic research on such
attentional devices: see Gildea [47], and, critically surveying much early
work, McNally [107] as well as the more recent Endriss [33], and the con-
siderably earlier Van der Auwera [167] (briefly touched on in Appendix
H). Hinterwimmer [61] and Roberts [146], adjacent entries in the same
encyclopedia/handbook, helpfully discuss potentially conflatable distinc-
tions; at p. 1876 of the former, on the subject of the topic-comment and
focus-background contrasts we have:

(1) a. Tell me something about John. b. John married BERTHA.

In the case of (1b), the subject noun phrase John is given, and further-
more has been made the aboutness topic (see below) by the preceding
utterance (la). On the other hand, the verb phrase married Bertha is
not only new, but also focal, which is indicated by the main stress on
the object noun phrase Bertha [...].7

Or again, setting aside matters of focus and the topic/comment contrast,
one might follow the lead of Fine [38], distinguish between truth in the
same possible worlds and the narrower equivalence relation of having the
same (‘exact’) truthmakers, with conjunctions made true by the fusions
of truthmakers for the separate conjuncts. Goodman [50, p. 10] considers

™5 See also §4.1 in Lambrecht [92], including the useful quotation there from
Strawson: “There is great variety of possible types of answer to the question what the
topic of a statement is, what a statement is ‘about’ [...] and not every such answer
excludes every other in a given case.” In a similar vein, we have this in Partee [127,
p. 153] (in the section headed ‘Reply to Perry’): “Perry’s claims notwithstanding,
our pretheoretic intuitions do not seem to delimit a unique notion of aboutness in
a clear and distinct way.” §§1-3 of Chapter 5 of Carlson [17] provides an extensive
discussion of the various topic/comment, theme/rheme, etc., style distinctions made
in the history of linguistic semantics and their relation to aboutness. A more recent
venture into this territory is provided by Plebani and Spolaore [136], with a direct
representation of contrastive stress in the formalized object-language.
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cases —in particular “Maine and everything else prospers” like those in
the text, saying of it that it is not about Maine despite mentioning
Maine “and is not logically true or contradictory and yet, since it yields
no consequence differentially with respect to Maine, is not absolutely
about Maine.”

One might also consider here connotation in the more popular sense
of Fregean ‘colouring’ (Farbung, or, in Dummett’s rendering, tone): a
pejorative expression in a sentence occurs inessentially there if it can be
replaced, for instance, by a neutral expression with the same sense if it
is just the proposition expressed (understood as above) that is to be pre-
served, though not if one is concerned with the preservation also of such —
let us, for the sake of the example, assume — non-truth-conditionally rel-
evant overtones.

In any discussion of essential occurrence, especially down at the infor-
mal end of the spectrum, it is accordingly always worth asking “essential
for (preserving) what?” Let us look at some illustrations.

We begin with he case of Donnellan, who, having introduced (in
[30]) his distinction between attributive and referential uses of definite
descriptions, writes [30, p. 235]:

In the first case the definite description might be said to occur essen-
tially, for the speaker wishes to assert something about whatever or
whoever fits that description; but in the referential use the definite
description merely one tool for doing a certain job — calling attention
to a person or thing —and in general any other device for doing the
same job, another description or a name, would do as well.

Discussing this remark of Donnellan’s, Martinich [105, p. 160], observes
that “it is important to know what he means by an essential occurrence
of an expression. Since Donnellan unfortunately does not explain what
he means by this notion, it is necessary for us to try to provide at least
some explanation of it.” While not wanting to deter anyone from consult-
ing Martinich’s attempts in that direction, I would like to suggest that
Donnellan is not best interpreted here as suggesting that any particular
expression —such as “Smith’s murderer” —occurs essentially in his ex-
amples, but that what is essential is that some expression of a given type
occur in them, namely a descriptive expression (it might just as suitably
be “Smith’s killer,” “the person who did this to Smith,”...), and what it
is essential for is picking whichever individual satisfies the description, as
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opposed to some independently identified specific individual presumed
to satisfy it.”®

Intermission on Copular Sentence Taxonomy. Martinich’s point about
proper names, and not just definite descriptions, being capable of being
used on both sides of the referential /attributive distinction, had, as it
happens, been made some years before, in Stalnaker [161], and some of
that discussion is cited in the virtuoso dissertation (later published as)
Higgins [60]. Some mention of the issues involved is called for because
of their connection not only with reference but with aboutness (as in
Section 4).

The passage from Stalnaker quoted in Higgins [60, p. 222] reads as
follows:

Proper names, for example, are normally used to refer, but can be used
in a way resembling the attributive use of definite descriptions. When
you ask, “Which one is Daniels?” you are not referring to Daniels, since
you do not presuppose of any one person that he is Daniels. When I
answer “Daniels is the bald one” I am using “the bald one” referentially,
and the name Daniels attributively. I am telling you not that Daniels
is bald, but that he is Daniels.””

After Higgins has introduced his fourfold typology of copular sentences™

as Identity, Identificational, Specificational or Predicational Sentences,
he returns to the above theme, explaining that the status of the distinc-
tion between the first two types is somewhat unclear, writing [60, p. 263]
with emphasis as in the original:

Clearly, Identity sentences are close to Identificational sentences, and
perhaps if one abstracts from “conditions of use” may be analyzed as
identical with them. Thus, a sentence like:

(146) That man over there is Joe Bloggs.

is normally used to teach someone a name, and it does not seem to me
that the name is used Referentially in such sentences —nothing is said
about Joe Bloggs.

76 An example of a somewhat similar kind occurs on p. 88 of Tichy [165], where,
concerning an identity statement labelled “(5)”, we read “Note that the right-hand
side of (5) constitutes an essential occurrence of a definite description fitting Chicago.”

T Stalnaker [161, p. 393f.]. Here I have italicized the name as it occurs near end
of the second last sentence, just for use/mention hygiene.

8 Really, no doubt, one should say — as in Mikkelsen — ‘clauses’ rather than ‘sen-
tences’ here, though the latter is more common in the literature.
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This leaves a bit of a puzzle. Suppose that (146) is said to me, with
a suitable pointing gesture, perhaps, in reply to my asking at a party
who it is over by the bar playing two harmonicas at once. One thing I
seem to have learned that night —assuming conditions were favourable
for the transmission of knowledge by testimony (it really was Joe Bloggs,
I believed what I was told, etc.) —that night was that Joe Bloggs was
at the party, which is hard to explain, if nothing had been said to me
about Joe Bloggs. Heller and Wolter [57] have their own doubts abouts
the first two types on Higgins’ list, wanting to subsume Identificational
sentences under the ‘Predicational’ rubric.” The publications of Ilaria
Frana cited in note 66 are also relevant to sorting out this evidently
challenging terrain, also treated in Mikkelsen [110], or more briefly in
Mikkelsen [111]; another chapter of the same collection containing the
Partee paper cited in note 66, namely considers related material with
different methodological priorities in mind: [129]. End of Intermission

To extract the nub of this discussion before the intermission: the
point hangs on a scope ambiguity in saying, where FE is a class of expres-
sions, that some expression in FE occurs essentially in a sentence S may
mean (1) that some e € E occurs essentially in S in the sense in which
we have been principally concerned — .S has no e-free equivalent — but it
may also mean (2) that S has no equivalent in which no e € E occurs
(modulo precisification of “equivalent” in both cases). The suggestion is
that Donnellan had the latter in mind with E as the class of descriptive
expressions — though this stretches the understanding of “e” in Section
1 as ranging over unstructured expressions. Another such case arises in
Zimmerman’s discussion [181, p. 122], of a remark from [119, p. 263]:

Nozick’s claim that [a certain group of agents| coerce Z only if they
do not act within their rights is striking in that it makes “coercion”
out to be an essentially moral concept, in the sense that its conditions

™ To illustrate the difference between the Specificational and Predicational types,
consider the sentence, uttered, say, by the father of a child who is tapping repeatedly
on the underside of the dining room table: “What you are doing is annoying your
mother.” This can be taken predicationally (now dropping Higgins’ capitalization
convention — as in Mikkelsen [110]) if it is taken as saying that whatever is that the
child is doing —as it happens, in the present case, tapping the table —satisfies the
predicate “is annoying your mother”. But it could also be taken specificationally,
which can be encouraged by giving it a ‘colon’ intonation: “What you are doing is
(the following): annoying your mother.”
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of application contain an ineliminable reference to moral rightness or
wrongness.30

Here it is evident that essentiality is tied to eliminability not in the sense
that any specific item of moral vocabulary (ought, wrong, permissible,. . .)
is ineliminable but that there is no relevantly equivalent formulation from
which all such items have been eliminated.

We turn to a passage from Castaneda [18, p. 206f.], which is at the
same time highly suggestive and potentially confusing in threatening
to undermine the connection between essential and ineliminable occur-
rence. (The subscripted ¢ is a variable ranging over the sources of the
obligations, etc., involved.)

There are cases in which a propositional function in the scope of a de-
ontic operator cannot, preserving equivalence, be brought outside that
scope. To see this consider deontic propositions of the form:

(13) It is permitted; that everybody who did (does) B do A.

Here the propositional function expressed by the clause ‘who did (does)
B’ cannot be brought out of the operator *it is permitted that*. The
statements normally made with a sentence of form (13) are not equiva-
lent to the statements normally made with the corresponding sentences
of the form

(14) Everybody who did (does) B is permitted; to do A.

The statements made with a sentence of form (13) entail, but are not
entailed by, the statements made with the corresponding sentence of
form (14). Suppose that our statements of form (13) are about a club
that has only two members say, a and b. Hence, (13) would amount to:

(13a) It is permitted; that both if a did (does) B, he do A and if b did
(does) B, he do A.

On the other hand, (14) would amount to:

(14a) If @ did (does) B, he is permitted; to do A, and if b did (does) B,
he is permitted; to do A.

Clearly, (13a) entails (14a). But (14a) does not entail (13a): each

80 Clarifying the issue in note 4 of the following page of [181], Zimmerman writes:
“When I urge that ‘coercion’ is not an essentially moral concept, I trust it is clear that
I am making a more-or-less conceptual point and in no way denying that substantive
moral judgments can be made about coercion. In fact, I am insisting on the conceptual
point precisely because I believe that this is the only way to be clear about the basis
of the substantive moral judgment.”
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person can have a right or permission to do something while lacking a
right or permission to do it jointly.

Thus, the act B or the doing of B appears in (13) and in (13a) inelim-
inably in the scope of the deontic operator *it is permitted; that*, in
spite of the fact that it does not occur essentially, so to speak, in such
a scope. In a statement made with sentence (13), or (13a), doing B is
conceived of only as a circumstance, not as an act in that peculiar sense
in which acts are the subject matter of deontic considerations, or, as
we shall say, as an act prescriptively or practitionally considered.

Readers familiar with the literature connected with Example 1 may
recognise in (13) a deontic version of the example “It is possible that
everything which is (actually) red is shiny,” from that literature. Hum-
berstone [72, §4] discusses the relation between the ‘actuality operator’
approach and Castafnieda’s practition-based or, more generally, subjunc-
tivity-based approach (and more recent subjunctive ventures®!) to mak-
ing good the expressive weakness here noted. The point of present inter-
est lies in the unexpected juxtaposition: some material appears inessen-
tially, though still ineliminably, in the scope of a deontic operator. By
“inessentially” here, Castafieda means that, despite its appearance in
the scope of such an operator, no reference is being made to the permis-
sibility or otherwise of doing B: the permissibility (or “permittedness;”)
concerns only doing A, though under circumstances specifiable by refer-
ence to having done B.52 Although this use of “essential” again involves

81 See Wehmeier and Riickert [174] and references therein.

82 And, crucially, since what is (being said to be) permissible is that all of those
those who have done B, we need the universal quantifier —and therefore the reference
to B—in the scope of the permissibility operator —as in (13), rather than the other
way round, as in (14), where everybody amounts to anybody. When translated into the
language of modal actuality logic, this illustrates the point attributed to Hazen [56]
under Example 1 above: the result that every formula has a real-world equivalent A-
free formula does not extend from propositional to predicate logic. If we were to take
the “ifs” in Catafieda’s (13a) and (14a) as material implications (“—” in what follows)
then we would presumably disagree with his “ineliminably” as it bears on (13a) in the
opening sentence of the final paragraph quoted here. After all, representing “x does
A” as Az, and similarly for B, and with “!” and “P” as our subjunctive/practition
marker and permissibility operator respectively, (13a) amounts to the conjunction of
Ba — P!Aa, Bb — P!Ab and (Ba A Bb) — P(!AaA!Ab), via their respective equiv-
alence with P(Ba —!Aa), P(Bb —!Ab) and P((Ba A Bb) — (lAan!Ab)) — thereby
successfully extricating “B” from the scope of “P.” But Castaneda has an elaborate
discussion of if /then in [18, Ch. 3 (esp.§4), Ch. 4 (again §4] suggesting that no such
‘material’ interpretation is intended. Indeed, no explicit formal semantics is provided,



EXPLORING ESSENTIAL OCCURRENCE 231

the idea of needing a specific type of linguistic formulation to convey
what is intended, it is evidently further still from the use of this term in
the main body of our discussion than those sampled earlier in this ap-
pendix. The next —and final — essentiality-of-occurrence like concepts
to be considered here lends itself to a more formal treatment.
Definition 0.1(i) of Humberstone [80, p. 30] ran approximately as
follows, introducing a notion of remowvability distinct from that in play in
the discussion of Brozek above. The background is that we are thinking
of logics as sets of formulas of some fixed language and a lattice A of such
logics®? with ordering C and, where A is a formula of that language, write
“L@M A for the least L’ € A such that LU{A} C L’. The definition reads:

DEFINITION 23. With A, L, and A as just described and A = A(qy, ...,
dn—1,qn) We say that g, is removable from A (as a candidate axiom for
extending L to L @ A) if there is a formula B = B(qy,...q,_1) with
Le* A=Lo*B.

Thus ‘removing’ ¢, from A does not just consist in passing to a ¢,-
free formula B yielding from L the same logic in A as adding A yields: we
could do this simply by substituting uniformly for ¢, some other variable
distinct from all of ¢1, . . ., g,—1 — at least, we can to this if each logic in A
is closed under Uniform Substitution.®* Rather more demandingly, the
variables occurring in B must comprise just the remaining variables in A.

Ezample 24. For an example in the style of those in [80], consider the
language of propositional (mono)modal logic, with primitive connectives
1, — and O of arities 0, 1, 2 respectively, and the lattice (= A for the
present example) of monotonic modal logics in this language, which is
to say: those containing all CL-tautologies and closed under Uniform
Substitution, Modus Ponens and the ‘monoton(icit)y rule,” licensing the
transition from A — B to OA — OB. More generally, a context C(-) is
monotone (according to L) or antitone (according to L) if C(A) . C(B)
whenever A | B or, respectively, whenever B | A. We identify the

the remarks just made having been made in the light of the semantics sketched in §4
of [72], and so perhaps not quite what Castafieda might have had in mind.

83 For example, in the case of the language of monomodal propositional logic:
the lattice of all modal logics, the lattice of all monotonic modal logics, the lattice of
all normal modal logics, etc.

84 As mentioned in note 106, this condition is not always imposed, so care is

needed over the question of whether, in particular, congruential, monotone, or normal
modal logics are required to be closed under Uniform Substitution.
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occurrence of sentence letter ¢’s being positive, or being negative, in a
formula C'(g) —in which there may be occurrences of further sentence
letters —with the ‘Williamson context’ (as in note 5) (C(¢’),¢’), being
respectively monotone or antitone, and C(q’) results from ¢’ replacing
the single occurrence of ¢ in question where ¢’ is a variable not occurring
in C(q). (The consequence relation - here can be thought of in terms
of the set of provable formulas of L in accordance with: I' k| A iff for
some C1,...,C, € T, we have C; — (Cy — ... (C,, — A)...) as one
such formula.) o

DEFINITIONS 25. (i) We say that ¢ occurs homotonically in C(q) if all
occurrences of ¢ in C(q) are positive or else all occurrences of ¢ in in
C(q) are negative.®

(i) A homotonic formula is one in which every variable that occurs,
occurs homotonically in it.

(iii) A formula is uniformly homotonic if every variable occurring in it
occurs positively, or else every variable occurring in it occurs negatively.

(iv) For n > 1, an n-ary primitive connective # in the language of
L is homotonic (uniformly homotonic) if the formula #(p1,...,pn) is
homotonic (uniformly homotonic).

Thus, for instance, for the L introduced in Example 24 in p — ¢ is
homotonic but not uniformly so since p and g occur (resp.) negatively
and positively. In (p — ¢q) — ¢ the first occurrence of ¢ is negative and
the second is positive, and the sole occurrence of p is positive, so p occurs
homotonically and ¢ does not. On the other hand, in the L-equivalent
(because CL-equivalent) formula (p — 1) — ¢ both variables occur only
positively, so this formula is uniformly homotonic. Thus, if V is intro-
duced on the basis of the primitive Boolean (i.e., non-modal) connectives
of Example 24 by taking A V B as the formula (A — B) — B, and we
tried to extend Definition 25(iv) from primitive to encompass also defined
connectives, V would not count as a homotonic connective, whereas if we
took AV B instead to be the formula (A — 1) — B then V would emerge

85 Formulas all of whose variables occur homotonically in them are called normal
formulas in Sidorenko [152, p. 57| but here we need to attend to whether this or
that particular variable occurs homogeneously with respect to ‘tonicity type’ (mono-
tonic/positive or antitonic/negative). Blackburn et al. [9] use the word uniformly for
homotonically in this sense, but for present purposes it is more convenient to reserve
this adverb for to mark a different kind of homogeneity ((iii) below).
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as (uniformly) homotonic.5¢ If we included <+ as a primitive Boolean
connective it would not be homotonic, since neither p nor g occurs ho-
motonically in p <+ ¢, making such a choice of primitives an unpropitious
starting point for results such as Proposition 26 below. The same goes for
certain candidate modal primitives, such as the noncontingency operator
discussed in [80] — or its negation, the “V operator, touched on in Exam-
ple 12 above, or indeed O in the lattice of all congruential modal logics.
This is the reason EM rather than E (using the nomenclature of Chellas
[19]) appears in Example 24: positive, resp. negative, occurrences of a
variable in a formula B remain positive, resp. negative, in 0B.%” One
might suspect that < (or its complementary form, XOR, say) could never
in fact appear, other than redundantly, in a functionally complete set of
Boolean connectives, but that would be wrong: {A, <>, L}, for example,
is an irredundant functionally complete set.

Returning to removability in the sense of Definition 23, we give a
simple illustration of a sufficient condition for its applicability in the
connection with L as EM and A as the lattice of all monotonic modal
logics, as in Example 24:

ProprosiTION 26. With A as just recalled, for any A, n with A =
A(q1,- -+, qn—-1,qn) in which g, occurs homotonically (according to EM),

EM @A A((Qla'“aQﬂ—laQﬂ)) = EM ® A(qla"'7Qn—laT)7 or A((qla"'a
qn—van)) =EM ¥ A(Qh . an—l,J—)-

PROOF. Since g, occurs homotonically in A = A(q1,...,¢n—1,qn), all of
its occurrences in A are positive or all are negative.
In the former case:

« EM @ A(Q17~‘7Qn—17Qn) = EM ® A(q17”‘7Q7L—17J—)7
since A(q1, ..., qn—1, L) is a substitution instance of A(q1, ..., ¢n—1,qn), SO
° EM ® A((]1,---Qn—1aJ—) g EM ® A(ql?"')qn—l?QH)’

while for the converse, since Fgm L — ¢, and g, occurs positively in
A(qla ey Qn—1, Qn)a we get I_El\/l A(Ql, ceey Qn—lJ—) — A((h, ey Qn—1, QT‘L)’ S0

- E ¥ A(qlv"'7QH—17QH) g EM S A(q17”‘7Q7L—17J—)‘

86 Here we are taking the metalinguistic approach to defined logical vocabulary,
as explained in note 45 and the paragraph to which it is appended.

87 See, further, the first sentence of note 88 below.
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In the latter case: a similar argument handles the case of all occur-
rences of ¢, in A being negative, using T (defined, say, as L — L, to
stick with the announced primitives). o

COROLLARY 27. With g, occurring homotonically in A = A(q,...,

Gn—1,Gn); Gn is removable from A (as a candidate axiom for extending
EM to EM @™ A).

PRrROOF. Proposition 26 showed how to remove such a homotonically oc-
curring g, from A leaving a formula in which only the remaining variables
qi,---,Qqy OcCcur. .

Proposition 26 corresponds to Theorem 2.2 in Humberstone [80],
though the latter result explicitly mentions only the case of formulas
in which the variable to be ‘removed’ — here ¢,, there p—occurs exactly
once in A. If the variable in question only occurs once in A, and the
primitive (n-ary for n > 1) connectives are all homotonic, then it must
occur homotonically in A. (As far as connectives are concerned, then,
Boolean primitives like <> as well as modal primitives like V, mentioned
in Example 12, need to be avoided for such purposes.®®)

The removability of a propositional variable from a candidate axiom
for extending a logic L clearly has some affinities with the notion of a vari-
able’s occurring L-inessentially in a formula. So we should devote some
attention to the resemblance by asking the informal question suggested
by the title of this Appendix: what is or isn’t essential (in the sense of
needed) and for what might it be being said not to be essential in the
present case? In the case of L-essential the occurrence of a sentence letter
in a formula, what was mainly at issue amounted to being (informally
speaking) ‘essential’ for any other formula to be L-equivalent the given
formula — and we mostly set aside the potential alternative option of be-
ing L-synonymous with the given formula, by concentrating on cases in
which these two equivalence relations did not coincide. But what might
the equivalence relation be, if we can find one, in the present case?

For L-equivalence in the general case this was a matter of mutual
consequence by a consequence relation k| associated with L in such

8 The exposition in [80] keeps a greater distance than here between the posi-
tive/negative and the monotone/antitone distinctions, bridging the resulting gap by
spelling out their relationship with the aid of an inductive argument (the proof of
Lemma 2.1 there); more discussion of vV and its dual (which coincides with its nega-
tion), A, in this connection can be found in the same paper.
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formulations as that of the Default Background Conditions in Section
1. And there is also a consequence relation involved in considering the
results of extending L with a new candidate axiom: theorems of the
extended system are “consequences” of the new axiom in the sense of
being, as it is sometimes put, deducible from the new axiom and all the
theorems of L. But this requires us to know what rules are to govern
such deductions: these are rules of proof rather than rules of inference,
in terms of Smiley’s famous distinction (e.g., [160], note 3 and the text
on which bears), and so B’s being deducible “in the field of L” from
Ay, ..., A, cannot be expected to coincide with its being the case that
Aq,..., A, b B. This is where the relativity to A as the background
lattice of logics (L included) under consideration comes in, the rules in
question being those under which the logics in A are required to be
closed. The consequence relation at issue, which we may call H* can be
introduced as follows (cf. Definition 23 above and the preamble to it):

DEFINITION 28. For formulas Ay, ... A,, B in the language of A and a
logic L € A:

Ay,..., A, F) B iff for every L' € A such that
LU{A.,..., A} C L Bel.

The suggestion is, then, that the desired equivalence relation is mu-
tual consequence by the consequence relation of Definition 28. To say
that formulas A, B stand in this relation, we write A —H—f_X B. Then,
continuing to fix on A as the lattice of (O)-monotone extensions of EM,
and with A = A(q1,...,¢n+1) we want to say something along the lines
of “for all B, if A+, B, then each of qi,...q,41 occurs in B.” Some-
thing along those lines — but not, of course, exactly that, since, as already
noted, we could trade in all of ¢y, ..., ¢y41 for n+1 new pairwise distinct
sentence letters. What would remain of A after such transformations
would be the unreduced number of such letters, so this is the feature
that any massaging of Coro. 27 into the current format must specify
as invariant: what is ‘essential’ to standing in the currently pertinent
equivalence relation to A is being constructed from at least as many
sentence letters as A = A(qy, ..., quy1): For all B, if A -8, B, then no
fewer than n + 1 propositional variables occur in B.

B. Quine and Others. As mentioned in note 6, talk of essential occur-
rence (and occurs essentially) gained currency through Quine’s use of it
in a sense different from that with which this terminology is used here,
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most conspicuously —in addition to the respects of difference remarked
on in that note —in its being applied to the occurrence of vocabulary
in sentences of an interpreted language. And even with that in mind,
the explanation on p. 2 of Quine [143] was presumably far from what is
intended, a footnote on that page directing the reader to a “somewhat
more careful formulation” in Quine [144]. The definition offered in [143]
runs like this: “A word may be said to occur essentially in a state-
ment if replacement of that word by another is capable of turning the
statement into a falsehood,” bizarrely implying that an expression can’t
occur essentially in any statement that is false to begin with. When we
turn to the authorially approved formulation in [144, p. 73], we find that
things have become very complicated, though the problem just noted
is addressed for the in explanation of “vacuously” (Quine’s preferred
adverb instead of “inessentially” —for which Goodman [50] uses “non-
essentially”) with the disjunctive formulation truth or falsehood:

An expression will be said to occur vacuously in a given statement if its
replacement therein by any and every other grammatically admissible
expression leaves the truth or falsehood of the statement unchanged.
Thus for any statement containing some expressions vacuously there is
a class of statements, describable as vacuous variants of the given state-
ment, which are like it in point of truth or falsehood, like it also in point
of a certain skeleton of symbolic make-up, but diverse in exhibiting all
grammatically possible variations upon the vacuous constituents of the
given statement. An expression will be said to occur essentially in a
statement if it occurs in all the vacuous variants of the statement, i.e.,
if it forms part of the aforementioned skeleton. (Note that though an
expression occur non-vacuously in a statement it may fail of essential
occurrence because some of its parts occur vacuously in the statement.)

The correction already remarked on is made with less clutter (but, cu-
riously, no mention of Quine) in [117, p. 179], offering the following, in
which W and S range over words and sentences respectively:3”

89 Rather more helpfully, Rowe [149, p. 78] cites both Quine and Nakhnikian,
writing there (emphasis added here to highlight the ‘modal emaciation’ complained
of below): “A word occurs essentially in a sentence provided that its replacement
in every one of its occurrences by some other word will change the truth-value of
the sentence. Thus ‘lions’ in the true statement ‘There are lions in Africa’ occurs
essentially since its replacement by the word ‘tigers’ yields the false statement ‘There
are tigers in Africa.” (Probably we should interpret the latter to mean that tigers
are native/endemic to Africa.)
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W occurs essentially in S = Df. (1) W occurs in S (2) by replacing
every occurrence of W in S with a word W, it is possible to produce a
sentence S/, and (3) S and S’ have opposite truth-values.

Now, while it seems fair enough to have W here be a word, to the
extent that the most convenient things to make substitutions for what
in a formal setting would be atomic expressions of whatever syntactic
category is at issue and we can think of the restriction to individual words
as playing that kind of role in the natural language setting, there seems
no reason to impose this restriction on W’: the potential replacements
should surely be any phrases of the relevant category.

There remains a more serious anomaly: on the supposition that ev-
erything is less than 1000 light years away from a star, these definitions
would have it that in “Neptune is less than 1000 light years away from a
star,” the name “Neptune” occurs inessentially /vacuously. The apparent
modality signalled by “possible” here in Nakhnikian’s revision seems not
to get at the noncontingency (or perhaps more appropriately, apriority)
one would like to see —and which is presumably avoided by Quine on
ideological grounds.” It creeps in with the casual formulation in which
Quine writes of (italics added) “replacement of that word by another
s capable of turning the statement into a falsehood” but in the official
formulation of the definition (of the complementary concept of vacuous
occurrence) quoted from [143] above, the relevant condition is that re-
placement of the expression in question “leaves the truth or falsehood of
the statement unchanged,” and from here the modality has been purged.
Of course, one could simply recognise both notions as legitimate by a
further relativization of the concept of occurrence, informally perhaps a
relativization to worlds (and taken in particular w.r.t. the actual world),
and formally by one to models; this aspect of as is brought out by the
following quotation from Pap, who in [125, p. 507] writes of:

the distinction between logical constants, as terms on whose specific
meanings the validity of an argument depends, and descriptive con-
stants which occur inessentially (to borrow Quine’s term) with respect
to the validity of the argument—although they may occur essentially

90" A desire to keep the discussion extensional, that is; but there is also a circular-
ity issue: one can hardly define logical truths as truths in which the only essentially
occurring vocabulary is logical vocabulary if essential occurrence is itself defined in
terms of logical truth (the logical truth of no biconditional linking a sentence contain-
ing the vocabulary item in question with one in which that item does not occur).
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with respect to the factual truth of propositions entering into the argu-
ment.

In the notion of essential occurrence with which the main body of our
discussion has been concerned, what corresponds to this modal element
is provability in the logic at issue. Expressed more semantically, this
is a matter this is matter of truth on all of the valuations in a class of
valuations w.r.t. a given k| is sound and complete — such as the Boolean
valuations (as defined in the course of Example 13) for the case of L = CL.

Quine’s (and Nakhnikian’s) interest in these concepts lies in their use
to go on to characterize analyticity and logical truth, given a specification
of which expressions comprise the logical vocabulary, with logical truths
characterized as those truths in which the only vocabulary occurring
essentially is logical vocabulary. In connection with this venture, it is
customary to note the striking similarities with (and occasional differ-
ences from) earlier moves in a similar direction by Bolzano.”! Nakhnikian
takes as given, a division of the vocabulary into logical and non-logical
vocabulary and explicitly includes the identity predicate on the former
list, prompting a tweak of Quine’s account by the addition of conjunct (1)
in the definition in question (from [117, p. 180], of S’s being logically true:

(1) S is true regardless of the number of objects in the universe and
(2) Only logical words occur essentially in S.

It is interesting to see the intensional construction “regardless of the
number” appearing here. Nakhnikian writes, “We need this restriction
about the number of objects in the universe. The sentence ‘There is
exactly one object’ is equivalent to a sentence in which only logical words
occur essentially.”

91 See Bar-Hillel [5], Hale and Wright [52]; see also Lapointe [94, pp. 68-71]
or Lapointe [95]. The following from p. 329 of Hale and Wright: “If we say, in
accordance with a well-established terminology, that an expression occurs essentially
in a statement if and only if uniformly replacing it throughout that statement may
result in a statement that differs in truth-value from the original one, and give a
parallel explanation of an idea’s occurring essentially in a proposition, then we can
see that Bolzano’s definition of logical analyticity is virtually the same as Quine’s
definition of logical truth: for Bolzano, a proposition is logically analytically true
if and only if it is true and only logical ideas or concepts occur in it essentially;
while for Quine, a statement is logically true iff it is true and contains only logical
expressions essentially.” This formulation in terms of uniform replacement rather
than the existence or otherwise some equivalent free of the expression, is the theme
of Section 3 below.



EXPLORING ESSENTIAL OCCURRENCE 239

C. More from the ‘Hume’s Law’ literature. In a somewhat similar vein
to the discussion quoted from Pigden [133] in Section 1, Schurz [155],
having presented three sample arguments, or inferences, bearing on this
same is/ought issue ((I-1)—(I-3))%2, writes as follows [155, p. 202f.]:

So what is it that gives a mixed conclusion or premise in an argument an
inferentially non-trivial normative content? An answer to this question
is provided by the replacement criterion of inessentiality of subformulas.
In the inference (I-1), p V Ogq does not have relevant ethical content
because the normative subformula Ogq in the conclusion of this inference
is completely inessential, which means that it can be replaced by any
other formula whatsoever, salva validitate of the inference, i.e. without
this replacement making the inference invalid. In the inference (I-2),
the disjunction p V Oq has a relevant ethical content, because here the
subformula Ogq of the second premise is essential; a replacement of it by
an arbitrary new formula would make the inference invalid. Likewise,
in the inference (I-3) the conclusion pV Oq has relevant ethical content
because here Ogq is an essential subformula, i.e., it cannot by replaced
in an arbitrary manner without making the argument invalid.

One issue here is that the idea of inessentiality as the existence of an
equivalent formula in which the expression concerned does not occur
does not quite work as it stands, since we can replace Og by O(q V q)
or O——q, for instance. One might consider adapting Definition 2, where
A’ plays the role played by ¢ there, along the following lines (taking the
Default Background Default Conditions to be satisfied, in the interests
of simplicity):

For a logic L, a formula A’ occurs L-essentially as a subformula
of A if and only if for all formulas B for which - A <+ B, B has
a subformula L-equivalent to A’.

Observe that the point made in the text to which note 1 is appended,
about essential occurrence implying occurrence, doesn’t apply to this
modified form: as it stands, the modification counts O(qVq) as occurring
L-essentially as a subformula of p A Og (for L a normal deontic logic),
even though O(qV ¢) is not in fact subformula of p A Og. Further, would
we want to say that pg occurs essentially (p A ¢) A r? The suggestion
just mooted would not allow us to, since no subformula of the suitably
equivalent p A (¢ Ar) is equivalent to p A g; we might be able to cobble up

92 (I-1) has the premise p and conclusion p V Og; (I-2) has premises p V Oq and
—p, and conclusion Og; (I-3) has premises —p — r and r — Og, and conclusion pV Oq.
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a contextually relativized notion of equivalence according to which p is in
that context equivalent to pAg (or that ¢ is, for that matter). For present
purposes we do not need to resolve any such issues here, since only the
essential occurrence of unstructured expressions is under consideration.”?

After the passage quote above from [155], Schurz goes on to remark
that “This replacement criterion of inessentiality, or of irrelevance as I
call it, has an interesting history,” which he traces back to 1947 work by
Stefan Ko6rner, which the interested reader can follow up by consulting
[155], and — the original stimulus for much of this debate and the source
of the inferences alluded to in note 92— Prior [140]. What would be
called Korner-inessentiality in the terminology of Example 12 is a matter
of a very specific replacement criterion: is the sentence equivalent to
the result of replacing the expression (whose essential occurrence in the
sentence is at issue) by the negation of that expression.

Prior himself wrote, in this connection, not of inference-relative vacu-
ity as Pigden does, but of contingent vacuity, which is of a piece with
the move to relativizing the moral /non-moral distinction among state-
ments to worlds or to models, a recurrent theme of Humberstone [79]
surveying this and other reactions to Prior’s discussion; see also Russell
[151] for a monograph-length treatment of the topic, revising the ear-
lier Restall-Russell account criticized in §3 of [79], as well as including
some comparative remarks on, inter alia, Pigden, Schurz and the earlier
Restall-Russell account [151, pp. 3-7]; Pigden [135] is a direct reply to
Schurz [155]. Prior himself [140, p. 200] did also make use of the simpler
notion of essential occurrence in play in the present discussion (as will be
clearer in Section 3), echoing a faulty formulation of Quine’s: “It is also
necessary, for example, that at least one of the ethical expressions which
are present should occur ‘essentially’, i.e., should not be just replaceable
by any expression whatsoever (of the appropriate grammatical type)
without change of truth-value” The weakness of this way of putting
things is illustrated in Appendix B with the example Neptune is less
than 1000 light years away from a star.

Since Prior has just been cited in connection with the more straight-
forward simple notion of essential occurrence, we pause to note how
widespread the appeal to this notion became after its enunciation by

93 Further discussion on aspects of essentiality as applied to (the occurrence of)
compound formulas can be found in several of Schurz’s publications; for example,
in [154, p. 92], the (in)essentiality of Bridge Principles in alethic—deontic logic is
discussed.
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Quine in [144] (originally 1936). Within a few years, Morton White [175]
was deploying it the course of a discussion of historical explanation,®*
with Pap [125] soon afterwards on the analytic/synthetic and a priori/a
posteriori distinctions (and again on many occasions in [126]). In the
next two decades, it popped up from time to time in analytic philosophy
of science, as one sees from the collection of Hempel’s papers [58], in
which it emerges on pp. 37, 208, and 294. Of course there are numerous
further examples in the philosophical literature, several of them (Good-
man, Nakhnikian, ...) mentioned in Appendices A, D, and elsewhere in
the present discussion.

D. ‘Contradicting with a contrary’ issue. We return, as announced in
note 37 to the case sketched in the paragraph to which that note is ap-
pended, retaining the informal presentation the example there — taking
a single interpretation to be under discussion and use-mention confus-
ing names and their denotations, if you and I, both intuitionists, are
in conversation. You say A ( = (Fa V Fb) A =—Fa) and thereby say
something in part about about b, but when I respond with —A I am
trying to contradict you but apparently I have not said anything about
b at all. That was the scenario. First we should notice that the tra-
ditional contrast between contradictories and contraries —the latter not
being required to be incapable of joint falsity, but both required to be
incapable of joint truth —there is no corresponding difference available
for verbs: if I say something which cannot be true alongside something
you have just said, especially when this is immediately evident, then
I have contradicted you, whether or not our two claims are such that
of necessity one or other must be true. For example, if you say that
Jane visited in India in 1990 and I then say that Jane has never been
to India, I have contradicted you, even though the two claims are not
subcontraries (and would both be false if Jane visited India but only
once, that being in 1986). With this in mind, we might say that whether
or not Example 10 raises a problem for IL, given the e.o.-based account
of aboutness, this is no more serious than a problem we can extract from
Example 6. And there, intuitionistic negation is not in play at all. This
is because a statement and the result of prefixing it by “It is necessarily
not the case that” will be contraries, even if not contradictories, by the

9 And in particular White argues that history has no distinctive technical vo-
cabulary of its own, distinguishing itself in that respect from (applied) scientific work.
(Paluch [124] takes up this issue.)
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lights of S4, in which the negation of their conjunction is provable (even
though in general their disjunction is not).

We can adapt Example 6 to check that the context O—(-) is not
e.o.-preserving in S4. Let A be the formula so labelled in Example 6.
We saw there that ¢ occurs Sé4-essentially in A, so by Prop. 5(iv), ¢
occurs S4-essentially in =A. Now embed —A in the context of current
concern, giving the formula O-—((0p V ¢) A p) which is S4-equivalent
to the formula O((Dp V q) A q), in which ¢ was seen in Example 6 not
to occur S4-essentially, so ¢ does not occur in the longer ——-featuring
version, by Prop. 5(i).

One might accordingly think to reply to the suggestion that the fact
that — is not e.o.-preserving in IL is somehow problematic: not at all,
the modal case of impossibility (of O-, that is) just worked through
shows that contrary-forming operators which do not at the same time
form subcontraries and so do not contradictory-forming operators are
no more problematic than operators (such as O itself) which do not
raise such qualms.?® What this response overlooks is that intuitionistic
negation doesn’t just convert a statement into a contrary — something
or other incompatible with the original statement — but specifically into
the deductively weakest contrary of the given statement, implied by any
other contrary.”® You can’t say anything less than (IL’s) =A and still be
disagreeing with your interlocutor’s assertion that A.

E. A Subtlety Emerging from Example 17. The issue was raised at the
end of Example 17 by the suggestion that there is no need to fuss about
the details of the logic under consideration: we “can always define such
projection connectives without worrying about the available primitive
connectives are and how they behave accord to the logic under consid-
eration, simply by stipulating that for any A, B, the formula A #2 B is
to be the formula A, and A #2 B, the formula B.”

95 Here for reasons of space we skip over the terminological issues involved —
principally that of the choice of taking contradictories to be both contraries and
subcontraries, rather than taking these three relations as mutually exclusive —as well
as the question of what subcontrariety amounts to precisely in an intuitionistic setting.
Further discussion of such matters can be found in Appendices 1 and 2 in Humberstone
[78], and references there cited.

9 See (if necessary) Humberstone [74, p. 1169f]; it is best not to get waylaid
by toying with dual intuitionistic negation, which instead forms weakest contraries,
but goes against the currently relevant grain by violating the Disjunction Property,
as recalled in note 33; see also Appendix 1 of [78].
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A subtlety arises here, though, and one somewhat independent of the
distinction between the object-linguistic and metalinguistic treatments
of defined expressions mentioned in note 45 and the text to which it is
appended, though most readily illustrated with the object-linguistic ap-
proach in mind. As an unavoidable preamble, we rehearse a background
point familiar from any good introduction to definitional hygiene (such
as Chapter 8 of Suppes [164]). The usual constraints on defining a new
functor expression (in the sense explained in Remark 7, such as a predi-
cate symbol, function symbol, or connective, is that the n-ary expression
being defined should have n distinct variables of the appropriate type as
it appears on the left (as definiendum) and no additional (free) variables
on the right (in the definiens), on pain of risking that the definition-
ally extended logic or theory may extend the original non-conservatively
(‘creatively’, as it is usually put in this connection).”” Thus if we are
working in the language of arithmetic (with addition and multiplication)
and someone proposes the introduce a new two-place function symbol x
with the stipulation that x % y is to be (z + y) + 2z, we object that
instantiating the variables x, y, z respectively to 1, 2, and 4, say, tells us
that 1% 2 = (1 + 2) + 4, and instantiating them to 1, 2, and 8 tells us
that 1 % 2 = (1 + 2) + 8 from which we conclude that (1 + 2) + 4 =
(1 + 2) + 8 —a conclusion we not only want to avoid but also, more to
the present point, one not available for us to draw before the would-be
definition was employed, despite being formulated without the aid of the
new symbol * being introduced.

What is not usually given much attention, on the other hand, is the
reverse imbalance in free variables: having a variable free on the left that
is not free on the right. Continuing to illustrate with the arithmetical
case, suppose the proposed introduction of the new —and now ternary
(so we'll use prefix notation for it) function symbol 3 goes, instead, like
this: %(z,y,2) = (x + ) + (y + y). We can calculate away consistently
using this, immediately noting that though it is a ternary function sym-
bol, and indeed picks out, given the interpretation of + as addition, a
perfectly good ternary function (or operation), though one that is essen-
tially binary (as in note 1): arguably pointless, but certainly harmless.
As the point was made at by the imagined interlocutor at the end of in

97 Here for connectives and function symbols we have in mind specifically equa-
tional definitions, the subject of §8.4 in [164] —not that Suppes is considering these,
since he is explicitly discussing definition non-logical first-order theories.
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Example 17, we can simply define (for any A, B), the formula A #7 B
to be the formula A itself —and hey presto! — the first-coordinate binary
projection connective is a defined connective. The need to make space
for a rejection of this description of the situation is pressing. Recall
the relevant equivalence property from [82], taken up after Examples 3:
any two equivalent formulas have the same sentence letters occurring in
them (not necessarily the same number of times), with the upshot that
any such letter occurs L-essentially in any formula in which it occurs at
all, for L with the relevant equivalence property. But if #? is a binary
connective, then certainly ¢ occurs in p #2 ¢, regardless of whether it
is introduced into our chosen L or into some L’ without the relevant
equivalence property, in which it is now declared to occur in this #3-
compound, despite ¢’s non-occurrence in a formula (namely the formula
p itself), in apparent contradiction with the fact that we are dealing with
an L for which all occurrence is L-essential occurrence.

A resolution of this apparent contradiction will need to be tailored
to one’s preferred treatment of defining a connective, object-linguistic or
metalinguistic. In either case we can most conveniently take languages
in the traditional manner of the Polish logic school, i.e., as absolutely
free algebras (of their similarity types/signatures, as given taking by
the primitive connectives as fundamental operations). On the object-
linguistic view we are adding a new symbol to the language which repre-
sents a new fundamental operation —a new way of combining formulas
to make a formula — giving a new free algebra, and the definition tells
us what the definitionally extended logic should be: the least extension
of the original logic in which the definiendum and definiens are (not just
equivalent but) synonymous.”® On this approach, p #2? ¢ is a formula
constructed from two formulas —in this case, as sentence letters, two of
the language’s free generators —in which both p and ¢ occur, the latter
inessentially, relative to the definitionally extended logic (rather than
the original logic). On the metalinguistic view of definition, the defined
vocabulary is a way of talking about the formulas of a single language
(as free algebra, again) which sometimes mirrors the effect of a language-
expanding object-linguistically viewed definition, as when we announce
an intention to refer to any formula of the form —AV B more concisely as

98 This formulation is taken from p. 59 of [65], formulated specifically for the
case of formulas/sentences but readily adapted to arbitrary expressions on the basis
of the synonymy of formulas containing them.
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A — B, so “—” is genuinely a binary connective — albeit not a primitive
such a connective — taking two formulas to a formula constructed from
them with the single application of an item of the object language’s
own primitive vocabulary. But not always. For example, we may find it
convenient, especially if we are talking about pure implicational formulas
to introduce the notation (-)~! according to the stipulation that for C
of the form A — B, C~! is the formula B — A, while for any other C
(which in the pure implicational setting amounts to: when C' is some
pi), C~1is C itself. Thus (p — ¢)~ ! is the formula ¢ — p, not some
new formula with p — ¢ as a subformula with a l-ary ‘conversifying
connective’ as its main connective. In [74] functions such as (-)~! here
are referred to as non-connectival operations on formulas, terminology
already employed to this effect in Remark 19(iii) in our discussion here.
On this approach #2 is a non-connectival operation and p #2 ¢ is just the
formula p, so “q” occurs in this particular designation of that formula but
not in the formula designated (as in the case of “del,(p A ¢)” of 18, with
p appearing in this label but not in the formula for which it serves as a
label). Taking either the object-linguistic or the metalinguistic approach
to defined connectives without illicitly combining the two approaches in
one breath thus dissipates the apparent contradiction in contemplating
projection connectives and what does or doesn’t occur in p #7 q.

A closely related issue arises with such metalinguistic references as
occur with “let C(p, q) be a formula in which at most the sentence letters
p,q occur” such as arise (e.g., in our discussion of contexts) when we
want C(A, B) to be the result of substituting formulas A, B uniformly
for any occurrences of p, g respectively in C(p, ¢). We may want to prove
something about all formulas C'(A4, B) by induction on the complexity of
C(p, q), and we come to the inductive step for the case in which C(p, q)
is, say, a disjunction Ci(p,q) V Ca2(p,q). Even if each of p,q occurs in
C(p, q), either or both of them may be absent from one of the disjuncts,
for example because the first disjunct is Op and the second is pA—q. But
the inductive hypothesis will still be able to handle the first disjunct since
the notation “C(p,q)” was set up only to require that no variable other
than those exhibited occurred, rather than that each variable exhibited

9 See the index entry “non-connectival operations on formulas” in [74] for nu-
merous further examples. The example just given may be more naturally presented as
having (-)* undefined for the case in which A is not an implicational formula, but we
are simply avoiding the extraneous novelty of accommodating partial non-connectival
operations.
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had to occur in the formula.'®® The latter condition would render the
inductive step excessively complicated as all possible cases of C; and Cy
are separately considered depending as to exactly which of p, ¢ occurred
in which disjunct, so that Cy, for example, had featured (1) neither of
them,'®! (2) p but not ¢, (3) ¢ but not p, or (4) both p and ¢g. Thus
we again have a case —say, with (2), in which the notation “Cy(p,q)”
contains “q” while standing for a formula in which “¢” does not occur. In
particular, it does not stand for a formula in which ¢ occurs inessentially.
It might even be desirable to revive the old term “fictitious variable”
(formerly used for inessential variable in the sense of note 1) for this
kind of occurrence of a metalinguistic occurrence.

We close with something of an aside prompted by aspects of the fore-
going discussion. The usual notion of derived operation to contrast with
the fundamental operations of an algebra is that the derived operations
comprise those in the clone of operations generated by the fundamental
operations — the familiar term functions — of universal algebra, and this
automatically builds in the projection functions as derived operations. If
one wants to attend to the case in which the projection functions arise as
more genuinely compositionally derived operations, as with when the al-
gebra is a lattice, then a more restrictive conception of derived operation
is required.'%? Instead of looking at the operations in the clone generated
by the fundamental operations, one could at those in the composition-
closed class generated by them, in the sense described in Waldhauser
[170] or [171], where several clone-like collections of operations are con-
sidered.

F. Goodman and Others. Goodman [50, p. 7] writes:

Let us say that a statement 7' follows from S differentially with respect
to k if T contains an expression designating k and follows logically

100 7 ikewise in the case of Williamson’s notation (note 5), generalized in the
obvious way: (C, p, q¢) might have C = C1V C2 and we can regard the context (C, p, q)
as the disjunction of (C1,p, ¢( with (Ca2,p,q), with putting A, B in that order into
the context (C1,p, q(, say, where only g occurs in C1, as the result of as substituting
A and B respectively for any occurrences of p,q as there may be in C7 (which is a
vacuously satisfied condition in the case of p).

1ot E.g., because C1 was O_L.

102 We cite this example because of the stress placed in our discussion on the
absorption laws for ‘dummying in’. For lattices, the fundamental operations are meet
and join operations A and V and the n-ary projection to the k'™ coordinate is given
by zx V (x1 A+ Axk A+ Axyp) or its dual.
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from S, while no generalization of T with respect to any part of that
expression also follows logically from S. Then our final definition of
absolute aboutness runs: S is absolutely about k if and only if some
statement T follows from S differentially with respect to k.

He also defines [50, p. 12] S to be immediately about k when S follows
from itself differentially w.r.t. k. (So here we are presuming a specific
intended model — or at least a contextually salient model — to relative to
which some expression denotes k, that model’s domain.) Various aspects
of these notions of Goodman’s were the subject of subsequent discussion
and development in such papers as Goodman [51], Ullian [166], Putnam
and Ullian [142], and numerous others detailed in Hart [53] and Osorio-
Kupferblum [122]. By-passing the perhaps overly complicated aspects of
some of those proposals,'® here we prefer to identify the key concept of
Goodman’s account with the distillation of it credited to H. E. Hendry at
p. 28 of Hart [53], in this extended form of the quotation from that source
given in Section 3 above (with the same ellipse as there —see note 42):

A designator 0 occurs essentially in a sentence 1) if and only if ¥ does
not imply its own generalization with respect [...] d. In terms of this
notion, we define a notion of “absolute aboutness”:

@ is absolutely about k if and only if ¢ is equivalent to some sentence 1)
containing an essential occurrence of a designator § that designates k.

The formulation of this second definition is somewhat peculiar, since if ¢
is equivalent to a sentence in which § occurs essentially, then ¢ is already
itself such a sentence.'® That is clear, for the definition of essential oc-
currence given informally in the early part of Section 1 and then more
formally (and for the special case of sentence letters) in Definition 2:
Suppose ¢ occurs essentially in ¢ and 1) is equivalent to : then ¢ occurs
in 1) (since otherwise its occurrence in ¢ would not be ‘essential’), so it
remains to check that § occurs essentially in 1. If it doesn’t, there is a o-
free x with 1 equivalent to xy. But in that case Y is a d-free formula equiv-
alent to ¢, contradicting the supposition that & occurs essentially in (.

103 The distinction between absolute and immediate aboutness remains obscure
to this reader, for instance.

104 Here T am re-wording Hart’s ¢

containing an essential occurrence of a designa-
tor 0” as “in which § occurs essentially” to avoid any possible confusion with notions
of essentiality for individual token-occurrences (as described at the end of Section 1),

which are presumably not meant to be in play.
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(1) Faqc ¥(a) = Vu(z) (2)  FaqcL ¥(a) ¢ Vouap(z)

(3)  FacL ¥(a) — (b) (4)  FaqcL ¥(a) < (b)

(5)  FacL VaVy(v(z) — ¥(y)) (6)  FqcL VaVy(y(x) < ¢(y))
(7)  FqcL Jz.p(x) — ¥(a) (8)  FqcL Fzb(z) < Y(a)

(9) FqcL Jzap(x) — V() (10)  FqcL Jzu)(x) < Vauh(x)

Table 2. Equivalent Claims (for any given #(+)))

How do things stand, though, with Hendry’s own suggested definition
of occurring essentially, based on Goodman’s ‘generality’” approach? Let
us write the v of the definition as () with ¢(z) indicating the replace-
ment of all occurrences of ¢ in ¢(d) by the variable z. The proposal is
then that () — Vx .1¢(z) should be valid/provable in classical first-
order predicate logic. The latter we denote by QCL, for (standardly)
Quantified CL. Recalling the developments of Section 3, where propo-
sitional quantifiers took more of the limelight than standard first-order
quantifiers. To make things look more familiar from the point of view of
current logical work, rather than reproducing Goodman’s J, in Table 2
we replace it with a, and take b to be a second individual constant!'?®
not occurring in ¥ (a) but occurring exactly where a does there, in (b).
All of the claims in the table are equivalent — all correct or none of them
correct, that is; those in the second column feature biconditional versions
of the one-way implications in the first column, and of course there are
numerous further possibilities that could have been included (such as, in
the same vein as (9) and (10): V. (z) V V. = (x)).

Note that the description of these claims are equivalent for an arbi-
trarily selected 1(z) to which ¢(a), ¢(b), are related as described is not
to be confused with the claim that for any such selection the formulas
involved are themselves QCL-equivalent. The fact that (3) implies (4)
does not mean, for example, that for all such ¢(z) we have:

¥(a) = P(b) FacL ¥(a) <> ¥(b),
and the fact that (3) implies (1) does not mean that

¥(a) = ¥(b) FacL Y(a) = Va.(x);

105 Or parameter, the point simply being to avoid having free variables in +
formulations, and more generally to avoid open formulas as anything other than
subformulas of closed sentences. In this respect we avoid also the formulations of
Goodman and Ullian as well as those of Patton [130], on whose (R), at p. 313, Table
2 here can be regarded as a convenient elaboration.
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in either case, taking ¢ (x) as F'z (F a monadic predicate letter) gives a
counterexample. This is the familiar distinction between rules of proof
and rules of inference, stressed for modal logic in Smiley [160, p. 115]
(footnote included). Indeed the transition, in either direction, between
the modal analogues of (1) and (7) —¢ — Op and Oy — ¢ —is a rule of
proof studied under the name the MacIntosh rule in the lattice of normal
modal logics in Chellas and Segerberg [20] and Williamson [176].19¢ Of
course in that setting the analogues of rule versions of (1)—(10) are not
in general interderivable, and indeed in some cases do not exist (namely,

cases (3) and (4)).

G. ‘Disjunctive’ Variations on Essential Occurrence. Might it be that
although no variable occurs L-essentially in A, it is “essential” that this
or that variable —p; or else po, say, from our official enumeration in
the opening paragraph of Section 1, occurs in any given L-equivalent of
A, making the formula in question count as constant-like by the defi-
nition, though intuitively not deserving any such categorization. This
will be the first of the two disjunction-involving characterizations, in
this appendix, of a relation in the ‘essential occurrence’ family. Note
the partial; similarity to ‘existential’ formulations such as those in en-
countered in Appendix A, such as the Donnellan-related case of every
equivalent (for a given sentence) containing some definite description
without there being some description which every equivalent sentence
contains. (The second will involve taking the disjunction down into the
object language.) More precisely, the possibility under consideration is
that no variable occurs L-essentially in A but every formula L-equivalent
to A contains at least one of the variables ¢i, ..., g, in some finite list.'7

To check out the credentials of the possibility here mooted, we con-
sider a simple representative case. Suppose that we have a formula
A(p,q,r) in which, whether or not p occurs L-essentially, for some L

106 Unusually, the working notion of normality (or perhaps more generally, of
being a modal logic at all) in the first of these publications does not build in the
condition of closure of uniform substitution, as is noted in the latter, p. 88; see note
113 in Humberstone [81] for a slightly fuller discussion.

107 Of course this can happen if we drop the “finite” since the official enumeration
just alluded to insisted on a countable supply of sentence letters, so any case in which
the language of L has no nullary connectives/sentential constants presents a case in
which every formula, and so every formula equivalent to a given formula, has some
variable(s) occurring in it.
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satisfying the Default Background Conditions,

(1) g does not occur L-essentially;
(2) r does not occur L-essentially; but
(3) every L-equivalent of A(p,q,r) contains ¢ or r.

(1) and (2) imply that there are formulas B, C, L-equivalent to A, in
which, respectively, ¢ does not occur, and r does not occur, as a reminder
of which, we write them as Bnoq(p,7) and Cho-r(p, q). More explicitly,
then, we have

(4) kL A(p,q,7) ¢ Bnog(p,r) and
(5) |_L A(p7 q, T) <~ Cno—r(p7 Q)

In view of (3), r does indeed occur in on the right of the biconditional
in (4), since ¢ does not and g occurs in the formula on the right of the
biconditional in (5), since r does not. From (4) and (5) we conclude that

|_L Bno—q(p7 T) <~ Cno—r(pv Q)

Since r does not occur in the formula on the right here, uniformly sub-
stituting some completely new variable, s, say, for r in this biconditional
affects only its left-hand side, giving:

|_L Bno—q(p7 5) A Cno—r(pv Q)

In view of (5), we can replace the r.h.s. here with A(p,q,r), revealing
this formula to be L-equivalent to a formula (namely Bpo.q(p, s)) in which
neither ¢ nor r appears, contradicting (3). Of course, we could have used
T or L or p itself to substitute for r in Bneq(p, ) to provide a g, r-free L-
equivalent A(p, ¢, 7). There is, then, after all, no ‘disjunctive’ essentiality
along the lines envisaged: if every equivalent to A contains either ¢ or r,
then either every equivalent to A contains g or every equivalent contains
r, so at least one of ¢, occurs in A essentially tout court. Although we
have been working through the special case of n = 2, it is clear that a
more general conclusion is available, which is left to the interested reader
to formulate and prove.'%®

We turn now to the second of our disjunction-involving candidate
variations on the theme of essential occurrence. In an experimental

108 Similar considerations show that for any pair —where again the n = 2 case
illustrative rather than special —of atomic expressions, of every sentence in which
equivalent to a given sentence contains at least one of those atomic expressions, then
at least one of them occurs essentially in its own right in the given sentence.
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spirit, let us explore the possibility of a disjunctive variant of the no-
tion of a variable’s occurring in A, in which the disjunctive element lies
in the object language itself. Since this will involve us in disjoining
object-linguistic conditionals in the scope of disjunction, to replace logi-
cal equivalence — the outright provability of a biconditional — with what
we may loosely call the active occurrence of several such disjoined bi-
conditionals. This calls for a strengthening of the conditions on < given
in the Default Background Conditions of Section 1 in order to turn <
into an appropriately equivalential connective —or more accurately, to
make {p <> q} (or {p — q,q — p}) into a set of equivalence formulas for
FL —in the sense of abstract algebraic logic,'% by imposing the following
‘replacement’-style extensionality condition (a strengthening of the -
involving congruentiality condition on other primitive connectives), for
every n-ary connective # in the language of L:

Al < Bl,...,An S Bn }_L #(Al,,An) < #(Al,,An) (# EXt)
We also need a familiar condition on disjunction to be satisfied:
I'AvBHFH Cifand only if I' AL C and B+ C (V)

Finally, we need the concept of a minimally provable disjunction, though
the terminology has no connection with (Johansson’s) minimal logic,
with the aid of which we can define our object-language ‘disjunctive’ ver-
sion of essential occurrence — which we offer in a weaker and a stronger
form, labelled with the aid of a prefixed ‘alter’ to recall the traditional
terminology of alternation for disjunction:

DEFINITIONS 29. Suppose that | satisfies the Default Background Con-
ditions as well as (V) and (# Ext) for each primitive connective # of the
language of L. Then

(i) A disjunction C' = Cy V...V Cy, is minimally provable in L notated
as—l—[‘i" C —iff C is L-provable but for no i (1 < i < m) is C1 V
.. Ci1,VCiy1 V...V C,, is L-provable.

(ii) g occurs (at most) alter-L-inessentially in A iff and only if there are
formulas B, ..., By, with F" (A <+ B1) V...V (A < By,), and ¢ not
occurring in some B; (i =1,...,m).

109 The other conditions, listed on p. 424 of Hermann [59] are that L A < A,
and A, A <+ B F_ B; Hermann also mentions some additional conditions given in
the original definition from the 1970s, which follow from these and (# FEuxt) below.
Further discussion and references can be found in Czelakowski and Pigozzi [21].
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Thus, we have in alter-inessential occurrence, a weaker sense of be-
ing equivalent to a formula not containing which the variable whose
essentiality is at issue: being equivalent in one or more of the irredun-
dantly arising possibilities (represented by the various disjuncts). It
would altogether too weak if we dropped the “irredundantly,” captured
in Def. 29(i) by the notion of minimally provable disjunctions deployed
in (ii): otherwise we could always add a redundant g¢-free B,,11; for
example g would occur alter-L-inessentially in, say, —¢, in view of the
fact that b (=g <> —q) V (g <> 1), for any L with <, V, satisfying the
conditions above.

Indeed, the logics satisfying the Default Background Conditions in
play in the main body of the present paper, CL, IL, do not provide a
suitable habitat for illustrating alter-essential occurrence. Taking the
case of CL first, ¢ does indeed occur alter-CL-inessentially in any formula
A in which it occurs at all. If A or its negation is CL provable then
we have the m = 1 case from Def. 29(ii) since we have Fcp A <> T or
Fcu A < L, where the superscripted min goes without saying since there
is only one disjunct, and if A is neither classically provable or refutable,
when we have the Law of excluded middle in the form:

2N (A T)V (A L), (LEMT,)

On the other hand IL fares no better as a source of examples, since
the Disjunction Property prevents it from ever being the case that a
disjunction with more than one disjunct is never minimally provable —
so alter-lL-inessentiality is just the original IL-inessentiality.

Thus we are led to consider the strictly intermediate logics (between
IL and CL, that is) lacking the disjunction property. One that jumps out
as particularly promising is Dummett’s LC, with consequence relation
FLc as the axiomatic extension of Fj_ by all instances of the schema
(A— B)V (B — A). The reason is that this is the weakest intermediate
logic in which certain connectives —in particular A and V —share with
their classical analogues the property of being componential, as it is
called in [76, p. 695], which is roughly speaking the claim, for an n-
ary connective # that it forms compounds equivalent to one of their
components, and which more precisely can be take for present purposes
to the provability of all formulas of the form



EXPLORING ESSENTIAL OCCURRENCE 253

with <> and V satisfying the conditions imposed on them before Defini-
tions 29 above.!' This does indeed provide us with the desired illustra-
tion:

Ezxample 30. The componentiality of A in LC thus amounts to the fact
that

Fie (PA @) < p) V((PA ) < q),

where the formula involved is a minor rewriting of Dummett’s (p —
q) V (¢ — p) axiom, as indeed does the analogous formula for # as
V itself, though we stick to the A case to minimize distraction from the
other role played by V here (as main connective, doing its “alter-” work).
Further, since neither of the disjuncts of this formula is LC provable, we
are dealing with a minimally provable disjunction, and so we indeed in
the territory of alter-essential occurrence: p occurs on the right of one
of the disjoined biconditionals but not the other, and the same goes for
q. So each of these variables occurs alter-LC-inessentially in p A g, or as
we may equally well put it, each of them occurs alter-LC-essentially in
that conjunction. <

Picking p to concentrate on for illustrative purposes, we can ask about
whether this sentence letter occurs strongly or weakly alter-essentially
in p A q with respect to LC.

In fact we could also illustrate a non-trivial case of alter-inessentiality
(one in which the “alter” cannot be dropped, that is) without taking the
above componentiality-of-A route, in the setting of the other famous
Dummett-Lemmon intermediate logic, LC’s younger brother KC, which
lacks the componentiality features for conjunction and disjunction. In
its best known axiomatization, KC extends IL with all instances of the
schema = AV ——A.11 In the style of (LEMT ) we can rewrite the nega-

H0 Definition 3.95 on p. 695 of [76], gives the more general formulation in which
<> is replaced by suitable references to a ‘set of equivalence formulas’ The impor-
tant point to note is that in the rough formulation above “equivalent to one of their
components” does not involve logical (i.e., outright provable) equivalence — we are not
requiring # to be one of the projection connectives —and that replacements licensed
by the extensionality conditions can be performed ‘disjunct by disjunct’, as one might
put it. Further details on componentiality and on the significance of LC in this con-
nection can be found in [76]. (Correction: the reference to ¢ in the third line of
Example 4.2 there should be to tic.)

1 Dummett and Lemmon [31, esp. p. 252]; the “W” in the label below is for
“Weak,” as in the title of Jankov [86].
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tions from the representative instance, —p V ——p, of the above schema
thus:
lc P LVpel) el (WLEM, )

Now, WLEM does not, as it stands, have the form dictated by Def-
initions 29(ii) and further evident in (# Comp), for which we need all
the disjuncts involved to have the form A <« _) for different fillings of
the blank. For that, our second disjunct in the case of WLEM | needs
to have the form p <> B for some formula B. We cannot just regroup
the parentheses in the second disjunct, since, as is well known, the only
intermediate logic in which <+ is associative is CL.1'? So the question
becomes: can we rewrite (to within CL-synonymy) ——p or, to use the
above formulation, (p <+ 1) <> L, in the format p <> B?

And the answer is: yes, already in IL, in fact, by choosing B as
p <> op, where “op” abbreviates “o(p)” and o(A) is A + =—A.113 We
can state the relevant observation, whose proof is left to the reader, as
follows, before making the use it as foreshadowed:

LEMMA 31. ——p L p <& op.

Ezample 32. In view of Lemma 31, we can rewrite (WLEM | ), thus:
KE (p 4 L)V (p > op),

from which we conclude that p occurs alter-L-inessentially in p itself,

since p does not occur on the right in the first disjunct. <

Definition 29(ii) used the condition that ki \//*; A <+ B; for some
given Bi,...,B,, not all of which B; featured ¢ to say what ¢’s alter-
inessential occurrence (relative to L) in A came to. In the course of our
development of the theme we have encountered cases falling under this
description in Examples 30 and 32, but also, for CL a case— taking A
as ¢, for example, in (LEM+ ) in which a much stronger disjunctive
inessentiality condition was satisfied with “not all of the B; feature ¢”

12 This is illustrated in the present case by the fact that the mooted re-
association produces a minor variation on LEM~ itself.

3«57 0 suggest stable, a term applied to formulas A for which o(A) is IL-

provable. We could of course equivalently regard o(A) as just being the formula
——A — A, since we are here considering only superintuitionistic logics. It is for this
same reason that we treat —A indifferently as synonymous with A — 1 or A <> L.
The latter pair give different negation-like connectives in the more general setting of
arbitrary extensions of Johansson’s minimal logic [74, p. 1271].
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replaced by “none of the B; feature ¢”. This stronger variation on the
alter-inessentiality and alter-essentiality theme might well be worth de-
voting some attention to, though we have perhaps seen enough of the
these disjunctivizing moves for the moment.

H. A Little More Early (and not so early) Carnap. Here we continue
note 57, which ended by remarking that though Demolombe and Farifias
del Cerro cite Carnap [15] when discussing aboutness, they do not cite
anything more specific than the whole book. Perhaps the reference is
there simply because it appears in note 1 of Goodman [50], though more
explicitly there, with the passage pp. 284-292 singled out.

On p. 285 there, Carnap (as translated) tells us that the sentence
“Yesterday’s lecture was about Babylon” appears to assert something
about Babylon but is in fact only a “pseudo-object-sentence,” saying
nothing about Babylon, “but merely something about yesterday’s lecture
and the word ‘Babylon’” It is not unclear why, in a case in which the
sentence is true, it doesn’t tell us that Babylon, even if not as famous
as it might have been in its heyday, was still famous enough to attract
a lecture audience two and half thousand years later. Of course, being
famous (at a given time) is not an intrinsic property, but does not seem
to bear on the aboutness issue; see further the paragraph below. Yet
when he returns to the example on p. 308 of [15], Carnap seems to have
something in this general area in mind, writing: “For the qualities (in the
ordinary sense) of the city in question, it is not of the least importance
whether it has the property of having been treated of in yesterday’s
lecture or not.” (Indeed, never mind the sentence mentioning yesterday’s
lecture, what about the lecture itself, supposing there to have been one?
Did even the lecture itself manage to be about Babylon in Carnap’s
view, if it consisted mostly of one visiting Assyriologist contesting the
evidence on which colleagues had based their views of certain events in
Babylon’s history? More on Carnap, Babylon, and ‘Babylon’ can be
found in Osorio-Kupferblum [122, pp. 6-7].)

To return briefly to the issue of intrinsic properties: many suggestions
have been made as to how to spell out the intrinsic/extrinsic distinction,
and it is far from evident, even, that there is a single notion of intrin-
sicality to spell out. Francescotti [42] collects a number of pertinent
discussions of such matters. There is a heavy emphasis on intrinsic —
indeed fundamental intrinsic properties —combined with mereological
essentialism in the theory of various notions of (objectual de re) about-
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ness in Marshall [103], which relates these notions to each other with-
out attempting to define or explicate them in other terms, presenting
instead what one diagram caption in [103, p. 1669] characterizes as
‘non-reductive analyses of de re aboutness’. (In fact, Marshall offers
instead: a definition of intrinsicness in terms of aboutness: p. 1645,
top line.) A somewhat similar line, methodologically, is taken in Bar-
Elli [4, p. 161], which begins with the point, mentioned in connection
with Strawson and Partee in note 75, about the extreme fluidity of what
“about” comes down to in this or that setting:

Aboutness is a notoriously vague notion. It is vague in the sense
that in many cases we may be perplexed by the request to judge what
a proposition is about. Its application, particularly in compound state-
ments, is notoriously indeterminate (and it has, of course, a great va-
riety of other uses, not necessarily connected with propositions). How-
ever, for our purposes here we should not be too troubled by that. I do
not assume that aboutness is a sharply bounded or precise notion. I do
not propose to use it in defining the formal structure of the reference
function, but rather in explaining its non-formal, substantive, realistic
aspects (and this is how the “definitions” offered in the sequel should
be read).

The vagueness of the notion of aboutness notwithstanding, it is im-
portant to realize that it is a basic notion: It is fundamental to the way
we understand our thought and language. With all its vagueness, the
idea that in uttering a meaningful statement we talk about something,
and that, in general, a meaningful statement is about something, is both
a common and an elementary notion. In particular, its application to
simple atomic statements is fairly clear, or clear enough for my purposes
here. Everybody understands that in stating that Jane is pretty, I am
talking about her, stating something about her, and that one has to
look at her, or find out about her in some other way, in order to know
whether what I said was true.

Bar-Elli emphasizes Frege’s use of the idea of what is being talked or
written about in getting across his notion of reference (Bedeutung), and
with Carnap’s following suit in [16, Chapter 3]. A conflicting opinion
as to the tightness of the reference/aboutness connection is evident in
Osorio-Kupferblum [123], with such remarks (quoted already in note 31)
as “(A)boutness is a relation internal to language,” which, if taken at face
value, would suggest that there was no call, after all, for the fuss made in
Section 4 between about and about*, or Goodman’s attention to this or
that expressions’s denoting k. Partially suggestive of similar sentiments
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voiced like this on the opening page of Van der Auwera [167] —noting in
passing the resemblance of the book’s title to that of Tichy’s paper [165]:

Perhaps somebody might object to the preceding considerations with
the claim that what language is (all) about, is neither reality nor certain
fractions of it, but only somebody’s mental picture of reality or of its
fractions. I think that this objection is really a correction. Language is
about the world as well as about the mind.

By the end here we seem to have drifted into an “about” in the style
of What’s it all about (Alfie)? and a sentiment with which it is hard
to imagine disagreement — though this is of course only a preliminary
overview of Van der Auwera’s subsequent discussion.

1. Spelling out some proofs for Section 4. Here we take up, first, the point
mentioned in note 63 — that the double occurrence of “iff” in a definition
by Demolombe and Farinas del Cerro may seem puzzling. The version
given initially, as (®), and repeated here:

can have the right-hand side of the (single) “iff” appearing, given in
‘exported’ form, after commuting the conjuncts in (®):

so that, now the “VM’” no longer binds a variable in the antecedent of
the main =, we can move to the consequent:

VM(M = F = YM' (M ~ygu M’ = M’ = F)).

One more step is needed to get this to match the authors’ formulation
with the two “iff”s appearing in the paragraph to which note 63 was
appended, which after the “iff” linking the definiendum and definiens
was this:

for every interpretation M, we have M |= F iff for every interpretation
M’ in M€ we have M' = F,

namely boosting the initial “=" to a “&”:
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Secondly, near the end of Section 4 it is mentioned that (®), spelled out
as below, admits of an equivalent supervenience-style formulation (®’)
NAbout(F,c) <= VMVM' (M Rl M&MEF)= M EF)

pre
(®)
NAbout(F,c) <= VMVM' (M Rl M=(MEF& M [EF))
pr
(@)
To check that these two biconditionals are indeed equivalent, we show
this for their right-hand sides (resp. (1) and (5) below), since their left-
hand sides match. It will suffice to start from the right-hand side of (®)

and derive the r.h.s. of (®'), since each of the steps is in an obvious way
reversible:

VMYM' (M R el| 24 M&MEF)= M EF) (1)
‘Export’ the second conjunct of the antecedent:

VMVYM' (M R el| 2 M= (MEF = M[EF)) (2)
Now reletter M as M’ and conversely:

VM'VM(M’%”C”%/M:(M’IzF = M EF)) (3)

Next, commuting like quantifiers at the front and using the fact that

M’ =, v M and M Rl M’ are themselves equivalent, we infer:
pr

lel| 24

VMYM' (M~ M’ = (M’ | F = M | F)) (4)

Now (2) and (4) are, within the scope of the two initial universal quan-
tifiers, alike except in having the two conditionals in their consequents
being each other’s converses. So, purely propositional reasoning allows
us to combine them into a biconditional, giving

VMYM' (M g M' = (M | F & M’ |- F)) (5)

and (5) is the r.h.s. of (®’). Similar reasoning shows the equivalence of
the right-hand sides of (®®) and its reformulation as (®®’), and hence
of (®®) and (®®’) themselves, from Section 4.

J. Demolombe and Farinas del Cerro’s account with worlds replacing
models. Abrusan [1, §2] adapts the account of aboutness in Demolombe
and Farinas del Cerro [26] so as to have possible worlds playing the role
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of models (interpretations, structures, ...) in [26]. Osorio-Kupferblum
[121] discerns a similarity between [26]’s account and that of David Lewis
(in [99], [100] and elsewhere), an assimilation which also involves having
the role of models (in the former account) played by worlds (in the
latter). Aspects of the two proposals will be discussed here, in the order
just presented.

For Abrusén, we continue the discussion of note 55, which recalled the
difference between model-fixed and model-changing semantic accounts of
variable-binding devices in first order languages. The model-fixed (and
no doubt philosophically preferable) treatment evaluates open formulas
relative to a model and variable-assignment, while the model-changing
treatment takes such an assignment to be part and parcel of the model
itself, so that the interpretation of quantifiers requires us to ‘change mod-
els’” in the course of evaluating a formula relative to a given model. Now,
that if possible worlds are used to play the role played by models in De-
molombe and Farifias del Cerro’s account of aboutness, as in Abrusan [1,
§2)], then, pace Abrusan (p. 686), the analogous ‘world-changing’ treat-
ment would have no plausibility, whether possible worlds are thought
of abstractly, as ways things might have been, or concretely, as mere-
ologically maximal realities like the actual world we find ourselves im-
mersed in.!'* This feature of Abrusan’s presentation could be adjusted,
though, by doing the evaluations relative to worlds paired with variable-
assignments, though talk of worlds rather than models does suggest that
we are on specifically the representational side of Etchemendy’s distinc-
tion mentioned in note 54 and we should remember that worlds them-
selves need to be collected and appropriately interrelated if we happened
to want a purely formal account of the notions in play. Alternatively, if
we are prepared to go along with the idea of an intended such model,**?
not and think of proper names along the lines suggested in Kripke [88], as

14 1 a paper that finds its way into our bibliography for other reasons, Tichy
[165, §6] thinks that this is all part of a confused way of thinking: “Unfortunately,
the misconstrual of the term ‘the actual world’ as a name of a world is fostered by
many possible-world semanticists” (p. 91).

15 This is presumably Abrusén’s intention, since the discussion begins [1, p. 686]
“Let M be a model...” where the model is a Kripke model, equipped with a set of
worlds and a domain of individuals, for a first-order language; aboutness is then
defined in terms of this apparatus and an adaptation of the Demolombe and Farinas
del Cerro notion of variants (over the denotation of their privileged constant c) re-
lated worlds rather than models, but nowhere is the potential sensitivity of aboutness
statements to the initial choice of a Kripke model acknowledged. So one assumes
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rigid designators, this would remove the difficulty faced by Demolombe
and Farinas del Cerro’s discussion of thinking of individual constants
as having a model-invariant or model-independent denotation, since if ¢
is taken rigidly it does indeed denote the same object in any worlds in
which it denotes anything.!'® There is also a downside, though, since if
the denotation of, say, the proper name or individual constant ¢ is the
wooden table ostended by Kripke in those lectures (p. 113) in the course
of urging persuasively that it (“that very table”) could not have been
made of ice from the River Thames — then neither ¢ is made of ice nor
c is made of wood is a statement about the table in question, since the
properties of the table that bear on the truth in a world of either state-
ment are not susceptible to the variation required by Abrusan’s version
of the Demolombe and Farinias del Cerro account of aboutness. One may
think this is no disadvantage at all, and the case is just like that of If ¢
has a vase sitting on it, then c has a vase sitting on it a formal rendering
of which would be ruled similarly not to be about the table in question
by Demolombe and Farinias del Cerro’s model-theoretic account, as well
as by Goodman-inspired suggestion — which otherwise fares somewhat
differently from theirs (Proposition 22) —that aboutness requires the
essential occurrence of a denoting expression. In that connection, it is
perhaps mildly amusing to see that with Kripke’s table example and the
like, we have the essential properties of the referent providing precisely
the reason for a term rigidly designating it to occur inessentially in sen-
tences ascribing those properties (or their complements) to the object.

We turn to Osorio-Kupferblum and the assimilation of Lewis’s ac-
count to that of Demolombe and Farinas del Cerro, which needs to begin
with her recapitulation of Lewis [121, p. 531], in which footnote positions
are cited for reference, below:

Lewis treats statements as the class of worlds in which they are true,
and subject matters M as parts of worlds. Thus, the subject matter ‘the
seventeenth century’ picks out the seventeenth centuries in all worlds
that have one. Worlds that are alike with respect to these parts form a

such statements are taken relative to an intended model (the real model, for the
modal realist).

16 Here we are in close proximity to an objection to the idea— Russell [151,
mid-p. 229] —that model-theoretic semantics for natural languages can be done on
either the interpretational or the representational side of Etchemendy’s distinction (in
Russell’s preferred formulation: either the semantic or the metaphysical conception
of the semantics).
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cell (there are usually many cells for each subject matter). The content
of a statement is then given by the class E of worlds the statement
excludes. [Footnote numbered 15.] With logical space thus partitioned,
any two worlds that are equivalent with respect to M are either both
in or both outside E. These worlds, therefore, stand to each other in
an equivalence relation;[footnote numbered 16] Lewis defines subject
matter as just that equivalence relation, on which the truth-value of
the statement supervenes.

The first sentence of this passage, included for the continuity of what
follows it, is highly misleading in a way that is incidental to the reason the
passage is being quoted here, since it makes it sound as though a subject
matters are generally parts of worlds, rather than equivalence relations
(or the partitions induced thereby), with the case of parts of worlds
being a special case in virtue of the equivalence relation of having the
corresponding parts — their seventeenth centuries, in the illustration —
being duplicates. In Lewis [99, p. 11f.], being (entirely) about a subject
matter is introduced like this:

I suggest that this is a matter of supervenience: a statement is entirely
about some subject matter iff its truth value supervenes on that subject
matter. Two possible worlds which are exactly alike so far as that
subject matter is concerned must both make the statement true, or else
both make it false. So a statement is entirely about the 17th Century iff,
whenever two worlds have duplicate 17th Centuries (or both lack 17th
Centuries), then both worlds give the statement the same truth value.
[...] It is otherwise for other subject matters. For instance, consider
the subject matter: how many stars there are. Two possible worlds are
exactly alike with respect to this subject matter iff they have equally
many stars. A statement is entirely about how many stars there are iff,
whenever two worlds have equally many stars, the statement has the
same truth value at both. Maybe an ingenious ontologist could devise
a theory saying that each world has its nos-part, as we may call it, such
that the nos-parts of two worlds are exact duplicates iff those two worlds
have equally many stars. Maybe —and maybe not. We shouldn’t rely
on it. Rather, we should say that being exactly alike with respect to a
subject matter may or may not be a matter of duplication between the
parts of worlds which that subject matter picks out.

At this point it would be nice to observe that there could not be a
one-to-one correspondence between the parts and the partitions because
of differences in the structure of the associated lattices (with meets and
joins given in the former case given by mereological overlap/intersection
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and fusion, and in the latter by greatest common refinement and least
common conflation): in the mereological case we have complements, for
instance, and in the partition case we do not — consider, for example,
the (five-element) lattice of partitions of a three-element set.''” But
this would not quite fit Lewis’s approach since he does not acknowledge
that every partition of the set of worlds deserves to count as a subject
matter: here we see the intrusion of his (one might well suspect) sub-
jective/anthropocentric tendency to take seriously issues of (objective)
relative naturalness.

Whatever one makes of that, it is clear from Lewis’s discussion,
quoted above, that the passage from Osorio-Kupferblum [121] quoted
before it gets off on the wrong foot: not every subject-matter parti-
tion is a part-based partition.''® The locations of two footnote flags in
the passage from Osorio-Kupferblum are indicated. That numbered 15
refers to an aspect of circularity in Lewis’s treatment (acknowledged by
him). It is the footnote numbered 16 that accounts for the appearance
of [121] in this appendix. The main part of the footnote in question
reads: “This account is used in information science by Demolombe and
Farinias del Cerro, for example their (2000),” which is our [26]. As note
69 recalled, quite apart from the modulation from the environment of
(essentially, first-order) models to that of possible worlds, Lewis gives
a supervenience account of being about a subject matter —agreement in
truth-value implies by standing in the (subject matter qua) correspond-
ing equivalence relation — whereas Demolombe and Farinas del Cerro use
their equivalence relation (notated in Section 4 by “~;"119) to define not
being about (‘NAboutness’): it was not being about (the referent of) ¢
that was to consist in any models standing in this relation agreeing on
the truth-value of the sentence in question.

17 1 am thinking of the mereological lattices as essentially Boolean algebras,
though there is a historical tendency to throw out the bottom element on nominalistic
grounds — the dreaded null individual (Martin [104]) —rendering intersection only a
partial operation.

18 Humberstone [68] hoped to exploit special features of the part-based sub-
ject matters to fix an elusive notion of independence that would resolve some issues

concerning logical subtraction (as in Remark 19(iii), and the text on p. 209).

prd . .. . . i
19 Or “~4,” in the more explicit notation given after Definitions 21 to stress

that it is the interpretation of predicate letters that is affected by variation among
~g-equivalent models, not of individual constants, despite d’s being, as an element of
the domain, a candidate denotation for such a constant.
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One may think that this apparent anomaly is not as serious as it
may seem. After all, more precisely, Lewis’s account as summarised
above is an account of being entirely about a given subject matter, and
one may be thinking of this as a matter of not being about anything
else. That wouldn’t be quite right, as it stands, since if one subject
matter, conceived as an equivalence relation, is included in (i.e., stands
in the relation C to) another, any statement entirely about the first is
automatically entirely about the second.’?® And Lewis [99, pp. 16-18]
devotes extensive discussion to how to obtain distinct notions of being
partly about a subject matter on the basis of his conception of being en-
tirely about a subject matter among which one might search for a suitable
rapprochement with Demolombe and Farinas del Cerro, if one were so
minded. There are several discouraging signs, though. One is that Lewis
is not concerned with being about an individual except to the extent
that this can be subsumed under the partiform subject matter we get by
thinking of an individual as a part of the world —not a very promising
subsumption perhaps, calling at least for replacing the role played by
the duplicate-of relation by the counterpart-of relation, as Lewis sees
things.!?!  Even with such an identification of objects/individuals as
parts of the world, as well as any steps taken (as in Abrusan [1]) to get
the role of models to be played by possible worlds, Lewis-style aboutness
verdicts do not align with those of Demolombe and Farinas del Cerro. To
take the simplest case, those authors, we recall, were happy to have their
account rule that Jz(Pz), Va(Qx) were both about (the referent of) ¢ —
though it is hard to see Lewis’s account stretching to find “Something is
pink” being (entirely or otherwise) about, say, the Eiffel Tower.

With this effort at discouraging any assimilation of Lewis’s account
to Demolombe and Farinas del Cerro (or vice versa) behind us, a few
further words are in order on this business of individuals/objects vs. sub-

120 Note that if these are partiform subject matters, the mereological inclusion
relation runs in the opposite direction from the set-theoretic C relation: how-things-
are-with-France (as a subject matter) is included in how-things-are-with-Paris because
duplicating the whole requires duplicating the parts, so having duplicate France parts
implies having duplicate Paris parts.

121 We recall that, for Lewis, the intrinsic properties of an individual are those
share by duplicates, and the essential properties of an individual are those shared by
counterparts — with a rider in the latter case to the effect that the relevant counter-
parts may depend on how the individual is described. (See the editor’s introduction
to, and the paper by Langton and Lewis in, Francescotti [42] on the former topic, and
Lewis [98] on the latter.)
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ject matters in the more abstract and general sense. This is intended as
supplementing the discussion in the paragraph toward the end of which
note 36 appeared. In that discussion, the significance of this objects-vs.-
subject-matters contrast, stressed also by Demolombe and Farinas del
Cerro in contrasting their papers’ concerns with those of Demolombe and
Jones [29], was taken for granted (note 49). Indeed, at least initially,
these appear to be different aboutness relations, as the authors note,
and as our earlier discussion observed had been stressed also in Yablo
[178], which picks up and develops roughly Lewisian themes from where
Lewis left them in [99], with an admixture of (what from the perspective
of classical logic would be considered) of hyperintensionality —a rather
un-Lewisian element. But consider this. One of two people is talking
to the other about a third, who then appears, and the speaker may
naturally say: “Oh, what a surprise! You know, we were just talking
about you.” Now of course, it’s not every day that you see a Lewisian
subject-matter —whether conceived as a partition of the set of worlds,
or as the associated equivalence relation —come into a room. But: two
aboutness relations? The speaker might just as naturally have said: We
were just talking about you and where you were born; so we appear
to have ‘conjoinable types’ here, though “where you were born” is not
here a term referring to the country the third party was in fact born
in.'?2 T detect no zeugmatic jarring in such a case. So: more by way of
unification may be required than is achievable by thinking of individuals
as parts inducing abstract subject matters via duplication relations, or
even vaguely delimited ‘how things stand with so-&-so’ partitions.

K. Wallace’s Sortally Restricted Predicate Logic. By way of elabora-
tion on note 70, recalling Hempel’s ‘ravens paradox’ (the paradox of
confirmation), and the possibility of a ‘predicate’ version of the usual

122 The original interlocutors may have been in disagreement as to whether the
birthplace was Guinea or, instead, the neighbouring country, Guinea-Bissau, so they
were certainly talking about both those places. But suppose that both were wrong
and the actual birthplace was Guyana, an ocean away and not plausibly describable as
something they were talking about. (The references in note 66 are relevant here, as are
those in the ‘Intermission on Copular Sentence Types’ in Appendix above. Consider
the ambiguity of “They were discussing what was in the box on the table,” as between
“What they were discussing was in the box,” on the one hand, and “what they were
discussing was what was in the box,” on the other: discussing the thing —a trapped
koala, for instance, perhaps unbeknownst to them —as contrasted to discussing an
issue/topic/question).
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restricted quantifiers of Demolombe and Farifias del Cerrro. Some sug-
gestion, though not under that description, of course, is made in, for
example, Wallace [172, p. 153] in connection with his own ‘Aristotelian
quantification theory’ developed in part through aboutness-related mo-
tivations in order “to respect the fact that the sortal predicates [used
as the quantifier-restrictors| in a sentence determine what entities enter
into its truth conditions” (p. 136), by contrast with standard predicate
logic, for which “[t]he truth conditions of any sentence in a language
call into play every assignment and, thus, involve everything that can be
talked about in the language.” Wallace describes his favoured remedial
action [172, p. 140]:

Consider the classical quantification theory version of “All men are
mortal”; viz., “(z)(is a man D x is mortal)”. When we spell out its
truth conditions by applying to it the definition of truth we see that
the assignments used are extravagant in two ways. The only variable
that occurs in the sentence is ‘z’, thus the only feature of an assignment
that can matter to the truth value of the sentence is its value at ‘x’.
Yet we use arbitrary assignments. And we use assignments that assign
arbitrary members of the domain of discourse to ‘x’; it would be enough
to consider only assignments that assign men to ‘x’.

The usual ground given for treating “All/some men are mortal” by re-
stricted ‘sortal’ quantification is the fact that the unrestricted quantifier
+ appropriately mated connective (conditional for the “all” case, con-
junctive for the “some” case) is that the analogous “most” case can’t be
handled analogously. But Wallace’s objections are based on a felt in-
adequacy of the standard quantifier cases, and here, in particular, that
of “all”. The first objection arises only for a certain formulation of the
usual satisfaction conditions, which can be replaced by one in which
the metalinguistic quantification is over objects: assignment a satisfies
Vz.¢(z) iff for every domain element d, a®~? satisfies ¢(z), where a® ¢
is the unique assignment differing from a at most in mapping x to d.
The second objection seems more interesting, and somewhat reminiscent
of Ladd-Franklin’s comment (quoted in Appendix A) on the difference
between “no men are mortal,” and “there are no mortal men.” Though
Wallace writes that it suffices to consider only “assignments that assign
men to ‘x’” remember that we do need to consider all such assign-
ments, raising an issue about how this metalinguistic quantification is
itself to be taken — whether in the Fregean way, if the assignment assigns
a man to x,...or, instead, along the lines of such that the assignment
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assigns a man to x, where “such that” indicates restricted quantifier in
the metalanguage. While “(is a) man” might be a sortal predicate in
roughly the sense popularized by Strawson, this looks rather less plausi-
ble for “(is a) variable-assignment meeting such-&-such conditions,” and
even less so for “(is a) non-black thing” in “All non-black things are
non-ravens,” supposedly differing in aboutness from the pre-contraposed
version sufficiently for the two to differ in confirmation conditions apro-
pos of Hempel’s problem. (Further references to Wallace, Strawson and
Quine are supplied in Davies [23, pp 123-131 and p. 148] along with a
more thoroughgoing discussion of the issue of homophonic semantics in
this connection.)
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