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Particular Reasoning Within Theories

Abstract. Particular reasoning enables the deductive proof of existential
properties, such as the satisfiability /consistency of a set of formulas. In
this work, we consider particular reasoning in the context of a theory of a
given logic. The logic is presented by a semantic constraint specification.
From this specification, we induce a particular calculus for the logic at
hand. In this calculus we define what is a particular derivation in the
context of a theory and show how to extract a model of the theory that
satisfies the assertions within the derivation. We demonstrate that the
induced particular calculus is both sound and complete with regard to the
intended semantics. Our results are applicable to logics with a strong finite
model property, including classical, intuitionistic, certain modal logics, and
Nelson’s N4 logic, among others.

Keywords: theories; particular reasoning; labelled deduction; knowledge
representation

1. Introduction

A deductive calculus typically enables the proof of universal properties,
such as determining whether a formula is a theorem or a consequence
of a set of formulas. Semantically, this means we can conclude that a
formula is valid, that is, it is true in all structures of the logic, or that
a formula is a semantic consequence of a set of formulas, that is, every
structure that satisfies the set also satisfies the formula.

Notions such as the satisfaction of a set of formulas or the existence of
a model of a theory that also satisfies a given set of formulas are generally
not addressed directly through deductive methods. Tableau systems [see
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9, 21] address this problem in a somewhat operational manner, but they
do not provide a formal notion of particular derivation for that property.
Furthermore, tableau systems address existential concepts and manage
non-semantic entailment by incorporating a form of negation. Another
approach is found in refutation systems, first described in [19]. Recent
contributions to this field include [10, 22]. General requirements for
refutation systems are detailed in [26].

In [24], we tackled the problem by defining a calculus for dealing
with satisfiability of a sequence of formulas. We were able to cover a
broad range of logics with relational semantics. To include logics lacking
strong negation, we employed a labelled language that allows for positive
assertions of the form w : ¢ and negative assertions w 7 ¢, indicating
that the formula ¢ holds or does not hold in w, respectively. The seman-
tics of these logics are defined by a constraint specification. From this
specification, we induce a deductive calculus and introduce the concept
of particular derivation.

The main objective of this paper is to extend the approach in [24] to
encompass theories. Herein we use the expression particular reasoning
instead of existential reasoning in order to reach a broader audience.
Indeed for researchers from philosophy the term ezistential reasoning
has a different meaning. The problem of satisfiability of formulas in the
presence of a theory plays an important role in applications, namely in
artificial intelligence in general and in knowledge representation [4] in
particular and also in formal systems specification and model checking
[6]. In these cases we want to check if a set of assertions is compati-
ble with a theory describing the universe of discourse. Other examples
appear in argumentation theory [1], information security analysis [12],
robot navigation [18]. The problem is also demanding from a theoretical
point of view. Starting from a constraint specification for a given logic,
we define a particular calculus for that logic. The concept of particular
derivation must accommodate the presence of a theory. Specifically, the
particular derivation should ensure that each formula in the theory is
proven for every relevant world.

One of the advantages of our solution to the satisfiability of a se-
quence of labelled formulas in the presence of a theory is that we do
so symbolically. Indeed we provide a particular calculus where we can
construct a derivation proving that property.

The paper is organized as follows. In Section 2, we begin by defin-
ing the set of formulas and describing a running example involving the
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navigation of a robot over an area divided into squares. In Section 3, we
explain how a particular calculus is generated from a constraint spec-
ification. After presenting several examples, we introduce the concept
of particular derivation in the context of a theory. Section 4 focuses on
proving that the induced calculus is sound for models that satisfy the
constraint specification. Finally, in Section 5, we establish the complete-
ness of the calculus when the constraint specification possesses a strong
finite model property. This property is satisfied by classical, intuition-
istic, some modal logics, as well as Nelson’s N4 logic. We conclude the
paper with an outlook on future research directions.

2. Constraint specification

We start by providing the linguistic setting. The main ingredient is a
signature where we define the operators that we use for the particular
logic at hand. We also consider a set of propositional symbols. Then we
define the language or the set of formulas of the logic.

A signature C' is a family {Cj}ren+ where each Cj is the set of
constructors of arity k& € NT. When defining a signature we only refer
to the non-empty sets of constructors. We denote by F(C, Q) the set
of formulas inductively generated by C over a set @ of propositional
symbols. When no confusion arises, we simply write F for F(C, Q).

We provide an example in the context of a robot’s navigation that
will be used to illustrate the particular reasoning (see Example 3.5).

Ezxample 2.1. Consider the navigation of a robot over a generic area di-
vided in n X n squares denoted by the propositional symbols s11, ..., Snn
some of them with an obstacle. In each step the robot does not know
in which square he is although he can learn. When in a square the
robot has the capability of knowing if it is possible or not to move
West, North, East and South denoted by the propositional symbols
POSSyy, POSSr, POSS |, P0sSg. The actual moves of the robot are repre-
sented by the propositional symbols my, my, mg, ms. Hence the set
of propositional symbols relevant for the navigation of the robot on the
n X n area is

an == {8117 <+« y Snn, POSSyy, POSS N, POSS, POSS g, MW, TN, TNE, mS}-

We adopt a modal logic for representing this a priori knowledge. The
signature C, is such that (C)); = {—,0} and (C,)2 = {D}. The con-
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structors A, V and ff are defined by abbreviation as usual. A possible
generic theory O, ,, about general properties of the robot navigation is
composed of the following formulas:

/\ poss; O Om, /\ (m poss;) D =~ Om;,
i=W,N,E,S i=W,N,E,S
/\ s D O(mw D sicy), A sij O O(mn D sijy1),
1=2,...,m i=1,...,n
j=1...,n j=1...,n—-1
A sij O O(me D sit1;), N 50 0(ms Dsijoa),
i=1,...,n—1 i=1,...,n
j=1...,n j=2,...,n
\/ Sigs /\ (845 D 7 s8irjr),
1,j=1,...,n i,i',5,7  =1,...,n
(4,9) # (', 5")

/\ (m; D —=m;).

i,j=W,N,E,S

i ]
513 523 533
S12 S99 S32
S11 S21 S31

Figure 1. Description of an 3 x 3 area.

As an illustration we consider in Figure 1 a possible description d for
an area a with n = 3. The underlined propositional symbols s;13 and
531 indicate that there are obstacles in theses cells. The theory ©4 over
Q4 = @y 3 including O, 3 and

71812 A 71831,
s11 D (possg A = possyy A 7 possy A 7 possg),
s13 D (possg A\ = possy, A = poss A 7 possg),
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s21 D (possyy A possy A 7 possg A 7 possg),
S22 D (possy A possg N possg A = possyy ),
S23 D (possyy N possg A possg A = poss ),
s32 D (possyy A possy A 7 possg A 7 possg),
s33 D (possyy A possg A = poss N\ possg)

defines d. —

Concerning the semantics we want to cope with several kinds of logics
namely paraconsistent logics that seem to be very useful in Computer
Science since inconsistencies may frequently occur in knowledge-based
and intelligent information systems [2, 8, 15, 16]. We fulfil these objec-
tives by defining the semantic properties of the constructors of a logic by
a constraint specification. We start by identifying the envisaged (inter-
pretation) structures. A structure over C'is a triple (W, R, V') where W is
a non-empty set, R is a binary relation over W, and V: W x F' — {0, 1}
is a valuation map.

In the sequel, we use & and | for and and or, respectively. Moreover,
we use * to mean either & or | but in the same constraint we can only
use one of the options. Furthermore, for simplifying the presentation,
we may look at ¢ as id(¢) where id is the identity constructor.

To enhance readability, we no longer refer to the structure (W, R, V)
or the signature C.

DEFINITION 2.1. A local constraint for ¢ € C,, depending on c1,...,cy €
Cy U{id} with ¢ different from ¢y, ..., ¢, whenn =1and oniq,..., i, €
{1,...,n} is a constraint of the form

if V(w,c1(piy)) =b1x- % V(w, cm(pi,)) = by then
V(wvc(g}lv"'ﬂpn)) =0
where by, ...,by,b € {0,1}.

DEFINITION 2.2. A non-local constraint for ¢ € C,, is a constraint of one
of the forms

o universal: for all w’ € W such that (w,w’) € R,
if either V(w', 1) =b1 | -+ | V(w', ¢p) = by, then
V(w? C(Qplv RS SOH)) =b
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o cristential: for some w’ € W such that (w,w’) € R,

ifV(w, o) =1—bi&...&V(w, o) =1—b, then
V(Iw?C((plv . 790n)) =1->

for unique b, b1,...,b, € {0,1}.

In the sequel we do not strictly present the constraints in the form
defined above but rather use a more readable presentation. Additionally,
we will omit references to id on dependencies.

Example 2.2. We denote by Sk the collection of local and non-local
constraints for modal logic K [see 5] over a set of propositional symbols
and a signature Ck with (Ck); = {—, 0} and (Ck)2 = {D}, composed of

o V(w,—¢p)=1if and only if V(w,¢) =0

o V(w,p1 Dpe)=1if and only if V(w,p1) =0 | V(w,p2) =1

o V(w,Op) =1if and only if there is w’ € W such that (w,w’) € R and
V(w',p) =1.

Observe that we are simplifying the presentation of the specification
since for example the first constraint should be seen as an abbreviation

of

o if V(w,p) =0 then V(w,—¢) =1,
o if V(w,p) =1 then V(w,—¢) =0,

and similarly for the other constraints above. Observe that — is a unary
constructor with a local constraint depending on id and D is a binary
constructor with a local constraint depending twice on id. Note also that
¢ is a unary constructor with a non-local existential constraint. We will
use this constraint specification for our running example of navigation
of a robot (see Example 2.1). -

DEFINITION 2.3. The hereditary constraint states that
if V(w, ) =1 and (w,w’) € R then V(w', ¢) = 1.

This constraint means that if a formula is satisfied in world w then
it will be satisfied in every world w’ related with w. We are ready to
define the last kind of constraints.

DEFINITION 2.4. A relational constraint is a constraint of one of the
following forms
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o universal relational constraints: either Yw (w,w) € R or, for k € NT,
i,7€{1,...,k},

Vwsi, ..., wg if (w1, ws),. .., (wk—1,wy) € R then (w;,w;) € R
e coherent relational constraints: either Vw Jw’ (w,w’) € R or

Vwy, ..., wiif(wy, ws), ..., (wg—1,w;) € R then

Jw’ (ws,,w'), ..., (w;, ,w') €R

where k € NT and iq,...,i, € {1,...,k}.

In the above definition we follow [20] for the language used for pre-
senting the relational constraints.

Example 2.3. We denote by S; the set of constraints for intuitionistic
logic J [see 25] over a set of propositional symbols and a signature C)
such that (C)); = {—} and (C))2 = {A,V, D}, composed of

o V(w,p1 Ape)=1if and only if V(w,p1) =1 & V(w,p2) =1

o V(w,p1Vpe)=1if and only if V(w,p1) =1 | V(w,p2) =1

o V(w,~¢) =1 if and only if V(w’,p) = 0 for all w’ € W such that
(w,w') € R

o V(w,p1 Dpe)=1if and only if V(w', 1) =0 | V(w', p2) =1 for all
w'eW st (w,w’) € R

e the hereditary constraint

e universal relational constraints: Yw (w,w) € R and Yw;, we, w3

if (w1, w2), (w2, ws) € R then (w1, ws) € R.

Hence S; has two local constraints for binary constructors A and V
as well as universal constraints for unary constructor — and for binary
constructor D.

Moreover, we denote by S)+ the set of constraints for positive intu-
itionistic logic JT over a set of propositional symbols and a signature
Cy+ with (Cy+)2 = {A,V, D}, composed by the constraints in S; with
the exception of the non-local constraint for —. =

We will also consider the constraints for two paraconsistent logics.

Ezxample 2.4. Given a set P, we denote by Sng the set of constraints for
Nelson’s logic N4 [see 23] over {p,~p : p € P} and a signature Cys with
(Cng)1 = {~~} and (Cna)2 = {A,V,D,~A,~V,~D}, composed of the
constraints in Sj+, defined in Example 2.3, as well as
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o V(w,~~ ¢)=1Iif and only if V(w,p) =1,

o V(w,~(p1 D2)) =1if and only if V(w,¢1) =1 & V(w, p2) =0,
o V(w,~(p1 A w2))=1if and only if V(w,¢1) =0 | V(w,¢2) =0,
o V(w,~(p1 V) =1if and only if V(w, 1) =0 & V(w, p3) = 0.

This constraint specification involves A, V and D that are shared with
JT that we discussed in Example 2.3. The unary constructor ~~ and
binary constructors ~D, ~A and ~V are local. =

Ezxample 2.5. We denote by Simpc the collection of constraints for para-
consistent logic imbC [see 7]) over a set of propositional symbols and
a signature Cimbc With (Cimpc)1 = {~, 0} and (Cimbc)2 = {A,V, D},
composed of the constraints in S+, defined in Example 2.3 plus

o if V(w,p) =0 then V(w,~p) =1,

o if V(w,p)=1& V(w,~p) =1 then V(w,op) = 0.

For instance, in Simbc, nothing is stated for V(w, ~¢) = 0. Thus, both
V(w,p) =1 and V(w, ) = 0 are compatible with V(w, ~p) = 0.

The constraints for A, V and D are shared with J* that we discussed
in Example 2.3. The constructor ~ has a local constraint depending
on id. Finally, constructor o has a local constraint that depends on id
and ~. -

DEFINITION 2.5. A constraint specification S is a set of constraints con-
taining either local or non-local constraints for the constructors in C,
possibly the hereditary constraint and possibly universal or coherent
constraints over relation R.

When § satisfies the constraint
Vw (w,w) € R,
we say that S is reflexive. Furthermore, when it satisfies the constraint
Vw Jw' (w,w’) € R,
we say that S is serial. An example of a coherent relational constraint
is
Vw, wy, we if (w,w), (w,ws) € R then Jw’ (wy,w’), (we, w') € R

in modal logic K2. Additionally, we say that S is hereditary if it satisfies
the hereditary constraint.

In the sequel, it becomes handy to unfold the constraint specifications
by considering all compatible cases.
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DEFINITION 2.6. Let S be a constraint specification, ¢ € C,, and b €
{0,1}. Assume that c has local constraints in S depending on ¢y, ..., ¢,
and i1,...,%y,. We denote by Bf the set of all tuples (by,...,b,) in
{0,1}™ such that

e cither there is a local constraint of the form if V(w,c1(p;y)) = b1 &
& V(w, em(pi,,)) = by, then V(w, c(p1,...,0n)) =b

e or there is a local constraint in S of the form if V(w,c1(p;,)) = 0] |
< | V(w, em(i,,)) = b, then V(w,c(¢1,...,¢pn)) = bsuch that b; is
b for some 1 < i < m.

Moreover, we denote by B, the set {0,1} \ B§_,. Observe that B,
extends By with all possibles alternatives that do not contradict b.

Ezrample 2.6. Recall Example 2.5 where the set of constraints Sjmpc for
paraconsistent logic imbC was introduced. In particular the constraints
for V in Simpc are if V(w, 1) = 1| V(w, p2) = 1 then V(w, p1 V) =1
and if V(w, 1) =0 & V(w, p2) =0 then V(w, ¢1 V 2) = 0. Thus

Bi/ = {(170)7 (07 1)7 (17 1)} and BS/ = {(070)}'

Moreover, . .

B, = BY and B, = By.
On the other hand, the constraint for ~ in Simpc is if V(w,¢) = 0
then V(w,~p) = 1. Thus, By = {0} and By = 0 and so B, =
{0,1} and B, = {1}. The only constraint for o is if V(w,¢) = 1 &
V(w, ~¢p) =1 then V(w, op) = 0. Hence,

B ={(1,1)} and By =0
and so B = {(1,0), (0,1),(0,0)}, By = {(1,1),(1,0),(0,1),(0,0)}. A

We say that a structure M meets the constraint specification & when-
ever M fulfils all the constraints in §. Observe that for every ¢ with
local constraints depending on ¢y, ..., ¢y and i1,...,4, and b € {0,1}
if V(w,c(e1,...,¢,)) = b then there is (by,...,by) € B, such that
V(w,cj(pi;)) = b; for j =1,...,m. We denote by M the class of all
structures that meet S.

3. Particular reasoning in the context of a theory

In this section, we provide a symbolic method to draw particular infer-
ences from a theory determining whether a formula is consistent with a
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theory, that is, if it holds in a model of the theory. For this purpose, we
consider labelled formulas.

A labelled formula is an assertion of the form w : § or w 7 4d, where
w is a label and § € F. We assume a fixed, countable set Q = {wy,...}
of labels and denote by F** the set of all labelled formulas. Additionally,
we assume a fixed binary relational symbol S and denote by S the set
of relational assertions {Sww' | w,w’ € Q}.

We begin by generating particular deductive calculus based on a given
constraint specification for a logic system. The following notation is
required. Let b € {0,1}. Then

w: ¢ whenever b =1
w Xy =
w /¢ otherwise.
DEFINITION 3.1. A constraint specification S (over C' and P) induces a

particular proof system Ds = (Ax, Rs) where Ax is the set of particular
arioms

Axg —— Axg — Axg

w:a e Sww’
for « € P and Rs includes the following rules:
e cach ¢ € (), with local constraints in S depending on c¢i,...,¢, €

Cy U {id} and on i1, ...,4, and b € {0,1} induces the rule

Doy, bm)eBe W Xby C1(@iy) - w M, Cm(pi,)

w Xp (1, -y Pn)
e ecach universal non-local constraint of the form

if V(w', 1) =b1] ... |V(w, @) =by,

for all w" € W such that (w,w’) € R then V(w,c(¢1,...,¢n)) =0,
where ¢ € C), and b € {0, 1} induces the universal non-local rule

Cp

Sww' < W' Xp, 1 D -+ D W’ Xp, Pn
w
w Xp c(Q1,. -5 Pn)
e cach existential non-local constraint of the form:
ifV(w',¢1) =b1, ..., V(w,pn) = by, for some w € W st (w,w’) € R,
then V(w, c(¢1,...,¢n)) =b, where ¢ € C,, and b € {0, 1} induces the
existential non-local rule

Cy

/

Sww' W My, o1 .. W My, op

w Xp (1, -y Pn)

Cy
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e the universal relational constraint Yw (w,w) € R induces the reflexiv-
ity closure axiom T ——V

ww
e cach universal relational constraint of the form Vwq, ..., ws
if (w1, w2),..., (wg—1,wr) € R then (w;,w;) € R

. . Swlwg e ka_lwk
induces the universal closure rule A
Swiwj

e the coherent relational constraint Vw 3w’ (w,w’) € R induces the se-

riality closure axiom D -3
ww
e each coherent relational constraint of the form Yws, ..., wy
if (wy,ws),..., (wg_1,wy) € then I’ (w;y,w’),..., (w;,,w') €R

induces the coherent closure rule

Swiwg -+ Swp_1wg

Swi, W' ... Sw;, W

e the hereditary constraint induces the hereditary closure rule

!/

o Sww/ wie

w'

Observe that in a calculus for particular reasoning both w : p and
w 7/ p are axioms since each of them is satisfiable. Nevertheless both
should not be present in the same derivation. The local rules follow
straightforwardly the unfolding (see Definition 2.6) of the local con-
straints in §. As a result of the unfolding each disjunctive local constraint
originates several rules with conjunctive premises. For an illustration
recall the disjunctive local constraint

if V(w,p1) =1 V(w,p2) =1 then V(w, 1V ¢2) =1

in Example 2.3. Its unfolding is E;/ = {(1,0),(0,1),(1,1)} see Exam-

ple 2.6. Hence in Dg, . we have the following rule

wipr wipy B wipr w/lpr B w /o1 wigs

V1
w1V

Thus @ means that there are three choices for V to have value 1.
A universal non-local rule has the intuitive meaning that if

for every w’ such that Sww’, exists i = 1,...,n such that W’ x,, ©;
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then w Xy ¢(p1, ..., pn) also holds. So @ means that for each w’ there
is a choice.

An existential non-local rule has the intuitive meaning that if there
is w’ such that Sww’ holds and w’ Xy, ; also holds for each i =1,...,n
then w Xy ¢(p1,. .., pn) also holds. The remaining axioms and rules are
closure axioms and rules. The meaning of that will be made clear when
defining the notion of derivation.

The reader may wonder why we may need the reflexivity and the
serial closure axioms when we have Ax3. The difference between those
closure axioms and Ax3 is that when the closure axioms are in the cal-
culus the set of relational formulas in a derivation must comply with the
respective properties.

Example 3.1. Recall Example 2.2. Let Ds, be the labelled particular
calculus for K with the following axioms and rules

A — A — A
= w:p 2 w /p S
5, Wi Wi © w//por wips O wipr w/p
WY1 D2
w:ipr w /2
w /1D 92
w /e w:p
-1 -0
Wi w /e
Sww’ w': Sww' < W'
o, S Wie o, AWl
w:Qp w / Op

Furthermore, we define Dko as an extension of Dk by adding the
coherent closure rule
Swwi  Swws

Swiw’  Swaw’

For example rule D; indicates that there are three ways for having in
1 D @9 in w: either we have both ¢; and @2 in w or we do not have ¢;
in w but we have ¢ in w or we do not have both ¢; and 2 in w. On
the other hand, rule (¢ states that {w does not hold in w provided that
for every w’ such that Sww’ we have that ¢ does not hold in w'. =
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Example 3.2. The particular proof system Dg, for intuitionistic logic J
induced by constraint specification S introduced in Example 2.3 is such
that

A — A S A _
= w:p 2 w /p 3 S
Ay W:ipr w:ps

w1 A\ pa
Ay wiptwips & w/piw fps ® wiprw /oo

w /o1 A g2
Vi W:Prw:ps G w:prw /s & w /P w: s
w:pr Ve

w/p1 w /s
Vo ————

w /1 Vo2

Sww' < W Jp Sww' W

w:Te w /7

Sww' @ W o1 B W ips

D1 w
WP DO p2

Sww' Wi W /g

Do
w /1D @2
I Sww' Wiy T v A Sww' Sw’w”v

O.)/ZQO Sww Sww!

Observe that Ds,, is the particular calculus obtained from Dgs, by
deleting rules —; and —¢ for negation. .

Example 3.3. Recall Examples 2.4 and 3.2. Let Dgs,, be the particular
calculus for N4 extending Ds , with

A —_— A — A —_—
oo a 2 e 3 Sow
where a € {p,~p : p € P}, plus
W w /e
~rvq - ~ AU R —
wipr w7

ND - - -
bowi~(pr Do)
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w/prw /ps @ w/lprw:ps O w:prw: s
w 7 ~(p1 D p2)

w/pitw /s @ w/prwips @ w:ierw /e

~Aq
w:~(p1 A p2)

~Ag W:pr W

w 7 ~(p1 A p2)

wipr w /oo
~V, L T 7PE

w:~(p1Vp2)
Vo W/prw:ips @ w:prw fps @ w:pw: s

w 7 ~(p1V p2)

For example we do not have ~(¢1 A o) provided that we have ¢
and 9 in w. .

Example 3.4. Recall Examples 2.5 and 3.2. Let Dg, . be the labelled
particular calculus for imbC extending Ds,, with

w:ip dw /e w:p
W i~ w [~
o, WipW/hp Dwl/pwing B wlpw /vy
! w:op

Wipw: ~p D w:pw /i~ B w//pw: ~p & wlpw//~p
w /op

%0

To address assertions that apply universally, we use non-labelled for-
mulas. The concept of a sequence of labelled formulas (1, ..., 3s to be
particularly derived from a theory © (a set of formulas) is crucial.

DEFINITION 3.2. We say that £1,...,3s in F is particularly derived
from © C F in Dg, written

@l_%s ﬂla"'aﬂs

whenever there is a sequence m = 1y ...7; of assertions in F? U S with

B; occurring in 7 for each j and for every 1 =1,...,t

e cither 7; is an axiom (justified by Ax);

e or there is a local rule ¢, such that w Xy, c1(@i;)s .- w Mo, Cm(@i,,)
oceur in 7y ...n;_y for some (by,...,by) € By and n; is w My ¢,

.y pn) (justified by ¢);
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e or there is a universal non-local rule ¢, such that for every w’ in €,
whenever Sww’ is in 7y ...17 then W/ Xp, pj occurs in ny...1n;—1 for
some j =1,...,nand n; is w Xp c(¢1, ..., pn) (justified by ¢);

e or there is an existential non-local rule ¢, such that Sww’ and w Xy,
D1y ywW Nyp, pn occur in ny...1m—1 and n; is w Xy c(p1,...,0n)
(justified by cp);

e or there is an hereditary closure rule H with premises appearing in
M -..ni—1 and the conclusion is 7; (justified by H);

(such a sequence is called a prederivation) such that

e w: 0 occurs in 7 for each w in 7w and 6 € ©

e if Dgs includes the reflexivity closure axiom or the seriality closure
axiom then for each label w in 7, either Sww is in 7 or there is w’ such
that Sww’ is in m, respectively;

e for each coherent closure rule in Dg if the premises occur in 7 then
for some w’ the conclusions should also be in 7;

e for each universal closure rule in Dg if the premises occur in 7 then
the conclusion should also be in ;

e the sequence is closed for the hereditary rule whenever it is in Ds.
That is, if Sww’ and w : ¢ appear in 7 then w’ : ¢ should also appears
in 7;

e for no ¢ € F both w: ¢ and w / ¢ occurs in .

We say that the sequence 77 ...7; is an particular derivation for
B1,...,8s under the theory ©. That is, a particular derivation for
B1,...,0s from © is a prederivation that satisfies the closure conditions
above.

Moreover we say that S11...081,6, @ ® Be1 ... Be.s, is particularly
derived under ©, written

O bdg Bitse- s Brs ® @B Bet,- -, Brs,

whenever there is j € {1,...,¢} such that © I—%S Bty Bis;
Finally, given ¢1,...,ps € F', we write

@l—%s O1yees Ps

whenever © l—%s W:Ql,...,w: s for some w € €. In this case we say
that ny ...m is a particular derivation for @1, ..., @s under the theory ©.

Observe that © is necessarily finite whenever © I—%s B1y.eey B
Moreover, © does not generate an infinite number of new labels.
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Example 3.5. Consider Example 2.1 and the deductive system Dg, in
Example 3.1 over (04 that we now use for reasoning about the navigation
of the robot. We show that when the robot is in square sy; then, after
moving one step, he cannot move East. That is,

3 . N
CF I—DSK w:si,w 7 Opossy

Indeed, consider the following particular derivation:

1. W S11 AXl
2. w:possg Axy
3. Sww Axs
4. W' [/ possp Axy
5. w 7 Opossg 0p:3,4
6. W :mg Axyq
7. w:0mg 01:3,6
8.  w:possp OOmg D1:2,7
9.  w / possy Axo
10. W' /mw Axo
11. w / Omw $0:3,10

12, w:possy D Omw  D1:9,11

where we omit the proof of w : # and W’ : 0 for each § € ©4 \ {possg D
Ompg, possyy O Omw } since these cases follow in a similar way.

In steps 1 to 5 we prove that that there exists a prederivation for
w: sy and w /7 Qpossy where we use axioms and rule Qg.

From step 6 onwards, we must prove that all assertions in ©4 can be
inferred for w and w’. We start with the proof of w : possp D Ompg in
step 8 which comes from the application of D1 over steps 2 and 7. Then
we prove in step 12 that w : possy, D Omw. According to rule D of Dg,
we have three possibilities for inferring the formula. We chose the third
one in the rule. We omit the proof of the other steps.

In this case there are no relational constraints and no hereditary
constraint. .

Observe that we can start a derivation by introducing all the rela-
tional assertions needed. Thus we assume without loss of generality that
a derivation is of the form 77 where 7 is a sequence of relational asser-
tions called the relational subderivation and m is a sequence of labelled
formulas called the formula subderivation. Similarly for prederivations.
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Moreover, we may write

{le‘”?wn} Mbw

to denote the sequence wi Xp Y, ..., wy Xp Y.

We end the section with a technical result that will be needed later
on when dealing with completeness. It states that if we have a derivation
of a sequence of labelled formulas then we also have a derivation of a
sequence where we put all the labelled formulas that are not labelled
with w plus all the other labelled formulas where we replace w by a
sequence of labels not occurring in the first part of the sequence.

PROPOSITION 3.1. Assume that I—%S d1,...,0, and 0},...,d,, are the
labelled formulas in 61, ...,0; that are not labelled with w. Moreover,
let &7, ...,0}, be the other formulas. Then

l_D 6k’? [5//]{9.;1, Lwn Pt [6k”]{w17 Lwn }

< 015
where w1, .. .,wy, do not occur in &}, ..., 0.

PROOF. Let 7m be a prederivation for di,...,d; where 7 is the rela-
tional subprederivation and m =1y ...n; is the formula subprederivation
assuming that wq,...,w, do not occur in 77. Consider the sequence 7/
obtained from 7 by replacing each relational assertion of the form

o Sww by Swiw;, fori,j=1,...,n
e Sww' by Swiw/,. .., Sw,w’
e Sw'w by Sww,...,Sww,
and the sequence 7’ = 1] ...n; obtained from 7 by replacing each n; of
the form
WXy by wi Xy, wy Xy 1.

(1) We start by showing that 7/7’ is a prederivation for

6k" [6//]{‘01, SWR [6k”]{‘*’17 Wi}t

by induction on the length ¢ of 7.
(Base) t = 1. There are two cases to consider. (a) 7; is not labelled
by w. Then 7’ is composed by 7;. (b) n; is labelled by w. Then 7’ is

[61]{w1, PR
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(Step) There are several cases to consider. We denote by w'~! the
label o' if W’ # wy, ..., w, otherwise is w. Note that if Sw'w” occur in 7/
then Sw'~'w”~! occur in 7. Moreover, if Sw'~'v occur in 7 then there
is v/ such that Sw’v/ occur in 7/ and v/~ is v. Furthermore, if w’ X 9
occur in 7’ then w'~! xy 1) occur in 7.

(a) n is 8f = w p ¥ where 1 is ¢(p1,p2), ¢ has a universal non-
local constraint in S and b = 1, by = 0 and by = 1. Assume that

{w" : Swiw’ occur in 7'} = {w],...,w;}. Observe that
{w': Swiw’ occur in 7'} =+ = {w : Swyw' occur in 7'}

Note that Swwg_l occur in 7 for every ¢ = 1, ..., ¢ and moreover no other
relational assertions occurs in 7 with w as the first component. Thus,
for each i = 1,...,4, either wg_l /1 or wg_l V2 occur in 7. Therefore,
by the induction hypothesis, for each ¢ = 1,...,¢, 7'} ... 7}, _, is a pred-
erivation for 0, ..., 64, [65]7,, oy [5k”]{w won) and for each i =
1,..., 0 ifw] # wi,...,wy, then it is also a prederlvation either for w; 71
or for w] : o and otherwise a prederivation either for wy /1, ..., wn /1
or for wy : @a,...,wy 2. Then 70 ... 04 _qwi Xp Y, ..., w, Xp P is a
prederivation for d7,. .., 0., [6”]{w1 on}r [6k,,]{w17 won}

(b) ¢ is v xp ¢ Justlﬁed by H. Then TNy ...M4—1 is a prederivation
for 01,...,0; not including n;. Consider three cases: (i) n; is not d; for
each i =1,....k. Hence, 7'n] ...n},_, is a prederivation for

616’ [5//]{w1 LWt [5k”]{w1, Wi 1

by the induction hypothesis. (ii) n; is 0}, for some i = 1,...,k’. Then
7'ny .. .M, by the induction hypothesis is a prederivation for

/1?“ ,Z/ 1?614-1?“ 616’ [5//]{0.11, ,wn}7"'7[6g”]?}w1,‘.‘,wn}

So by H the sequence 7'7] ...n;, is a prederivation for

6k" [5//]{‘411, SWn [6k”]{‘*’17 Wi}t

(iii) n; is &), for some i = 1,...,k”. We omit the proof because it
similar to (ii).

The other cases follow in a similar way.

(2) Let 7w be a derivation for I—%S 01,....05. Note that 77 is also
a prederivation for d1,....0x. Hence, by (1), 7/7’ is also a prederivation
for

6k’? [5//]{w17 LW}t [5]6”]{(01, Lwn bt
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It remains to show that 7/7" is closed for the hereditary rule and for
relational closure rules if present.

(a) S is hereditary. Assume that Sw'w] and w’ : ¢ are in 7/7’. Then,
Sw'=lwi™! and w71 : ¢ are in 77. Since 77 is a derivation then wj ! : 1
occurs in 7. Thus, w] : ¢ occurs in 7/7.

The other cases are proved in a similar way. —

4. Soundness of particular reasoning over a theory

The main objective of soundness is to prove that a particular derivation
of a sequence of labelled formulas from a theory can be interpreted se-
mantically as entailment of the sequence from the theory. We start by
introducing some preliminary semantic notions. Let S be a constraint
specification. We consider a structure M = (W, R,V) € Mg and an
assignment p : Q — W over M. The satisfaction by M and p is defined
as follows:

e Mplkw Xy ¢ whenever V(p(w), @) =b
o MplF Sww" whenever (p(w), p(w')) € R.

Moreover,
MIF

whenever Mp IF w : ¢ for every assignment p over M. We say that
Bi, ..., Bs € F is particularly entailed from © C F, denoted by

@':?\/IS ﬂla"'aﬂs

whenever there is M € Mg and p over M such that M I 0 for every
6 € © and Mp I 3; for each j = 1,...,s. We then say that M is
a witness for © F3, s P1,...,Bs. In the sequel we need the following
notation: given an assignment p, w’ € Q and w’ € W, we denote by pg,,
the assignment such that p%, (w') = w’ and otherwise p, (w) = p(w).

As usual we are going to prove soundness by starting to prove that
rules are sound. We begin by defining the conditions under which the
various types of rules in Definition 3.1 are sound.

A local rule

DBor,.bm)eBe @ Xoy C1lpi) o W My, Cn(iy,)

w X e(P1,. ., 0n)

Cy
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is sound with respect to Mg providing that for every M € Mg, as-
signment p and (b1,...,byn) € By, if Mp IF w Xy, ¢j(p;;) for each
j=1,...,mthen Mplkw X} c(p1,...,0n).

A universal non-local rule

Sww' @ W' My, 1D DWW Ny, on o
w Xy c(P1y..y0n)
is sound with respect to Mg providing that, for each M € Mg and p,
MplFw xp c(p1,. .., ¢n) whenever for every w' € W, if Mp%, IF Sww’
then Mp%, IF w' My, @; for some i =1,...,n.
An existential non-local rule

Cy

Sww' W My, 1 .. W Xy, on
w Xy c(P1y.eyPn)

is sound with respect to Mg providing that for every M € Mg and
p, if Mp IF Sww'" and Mp IF W' wxp, @; for each j = 1,...,n then
MplFw My c(@1,...,0n)-

The hereditary rule is sound with respect to S providing that for every
M € Mg and p, Mp Ik w' : ¢ whenever Mp Ik Sww’ and Mp - w : ¢.

The reflexivity closure axiom is sound with respect to S providing
that for each M € Ms and p, Mp IF Sww.

A universal closure rule is sound with respect to S providing that
for each M € Ms and p, if Mp I+ Sweweyq for £ = 1,...,k — 1 then
Mp I+ Swiwj.

The seriality closure axiom is sound with respect to S if for every
M € Ms and p there is w’ € W such that Mp, I+ Sww’.

A geometric closure rule is sound with respect to S whenever for
every M € Mg and p if Mp IF Swpwpqq for £ =1,...,k — 1 then there
is w’ € W such that Mpgl, IF Sw;,w' for j =1,...,n.

Cp

PROPOSITION 4.1. Every rule in Dgs is sound with respect to S.

We omit the proof of this result because it follows straightforwardly.
We are ready to introduce the notion of soundness for a calculus induced
by a constraint specification S. A particular calculus Dg is sound with
respect to Ms whenever

3 3
@l—DS w1 Mp, Uiy, Ws Ny, Py —> @':MS w1 Mp, Uiy, Ws Ny, Ps.
In order to construct a witness in Mg for

3
@':Ms w1 Wp, @bl,...,ws Mp, 1[}5
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from a particular derivation for w; ™p, ¥1,...,ws Mp, s from © we

need to work with marked labelled formulas: F = (v | v € F9}.
Moreover, we use the notation S for the reflexive and transitive closure
of S. We need also the (hereditary) map

HT: FRUF - o(F2 U FYY)

for T C S (relevant when S includes the hereditary constraint) where
o Hi(w /¢) ={w /o} and Hg(w /") ={w /¢*}

o Hi(w:¢) ={w:p}U{w :¢|Sww' €T and S is hereditary}

e HI(w: V) ={w:p }U{w : ¢ | Sww' € T and S is hereditary}.

The first clause states that inheritances does not affect negative labelled
formulas independently of being marked or not. The second and third
clauses establish that the set of inherited labelled formulas of a formula
(marked or not) labelled by w is always composed of that labelled formula
plus all formulas labelled with w’ (not marked) for every w’ such that
Sww'.

We can extend HE to p(F® U FQ/) by union. We are ready to
introduce the one-step alternative map Altg. Each one-step alternative
guarantees the satisfaction of the labelled formula in terms of its depen-
dants.

DEFINITION 4.1. Let T C S® be a finite set and S a constraint spec-
ification over a signature C' and a set of propositional symbols @ of a
structure ({w : w occurs in T}, {(w,w’) : Sww’ € T'}, V). The map

v v
Alts: FEUFY - oo (FRUF?),
called one-step alternative map, is defined as follows: Altg(w Xp q) is
{{w Xy ¢V Y U{w' Xy, ¢¥ | Sww’ € T,b=1 and S is hereditary}}

and
Altg(w iy ¢7) = {{w x, 47 }}
for ¢ € Q, and for v = w Xy, c(p1,...,¢n),
Alts(v) = {{r"}}

and when ¢ € (), with
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e local constraints in S depending on ci,...,¢, € Cp U {id} and on
i1,...,%m, then Alt}(y) is

{Hg({w Ny, Cl(‘:pil)v ceey W Mg, Cm(¢im)’7/}) : (bl?' . '?bm) € EZ}

e a universal non-local constraint in S on by,...,b, € {0,1}, then
Alts (7) is

4
{HI(J AP U {7 }) s AT e {Aa=sbobi | 30 b = by}, i=1,..., 0}
k=1

letting {w’ : Sww’ € T} = {wi,...,we} and AY b is {of X gy

O1,- W My n}
e an existential non-local constraint in S on by,...,b, € {0,1}

AL (y) = {HL({w' b, @1,...,w Mo, @n, 7" }) : Sww’ € T}

We can extend Alt} to a finite set as follows: Alts({y}) = Alt5(y)
and

AL(ALU---UA,) = AL (A) %% AltS(A,).
where
*:pp(FQUFQ‘/) % pp(FﬂuFQ‘/)_)pp(FﬂuFQ/)
is such that
{AL LA {AL AL = {AUA s =1, k=1, m)

The map Alt] also extends to a finite set of finite sets of formulas as
follows:

AT{AL, .. A} = AL (A) U+ UAIE(A,,).

We can iterate Alt} as follows. For a finite set W of finite sets of labelled
formulas,

(Alt5)"(P)

is inductively defined as follows: (Alt:)°(¥) = ¥ and (Altg)"+H (W) =
(AIt5)™(AltS (). When (Alt)" (W) = (AltE)"(¥), we denote by

(Alt3)"(¥)

the set (Alt5)"(¥) which is a fixed point of Alt5. The elements of
(AltL)*(W) are the alternatives of W.
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In the sequel we use |6| to denote the assertion & if § € F% and
w My, @ if § is w My ¥ . The following auxiliary result states a sufficient
condition for a set to be consistent with an alternative of each labelled
formula or its dual.

PROPOSITION 4.2 (24). Let A C F® U F2' be a finite consistent set
such that for each § € A, there is A € Alt5(|6]) with A C A. Then, for
each w Xy ¢, there is

I € Alth(w ™p ) U AILS (w ™1 _p )

such that A UT is consistent.

We are ready to prove the main result of soundness. The main idea is
to use a derivation d for inducing a prestructure where the set of worlds is
the set of all labels that occur in d and the binary relation is composed by
each pair (w,w’) such that Sww’ is in d. Finally, the valuation function
starts by including only the information for satisfying the assertions in
d. This prestructure is then extended to the other labelled formulas with
labels in d.

PROPOSITION 4.3. The particular calculus Dgs is sound with respect to
Mss.

PROOF. Assume that © l—%s w1 Np, P1,...,ws Xp, s with a derivation
d=mn1...1m:. Let Q% and S? be the set of labels and the set of relational
assertions occurring in d, respectively. Let V¢ : Q% x F — {0, 1} be the
partial function

1 if w: ¢ occurs in d
VHw, ) =40 if w /¢y occurs in d

undefined otherwise

Observe that V¥ is well defined since, by definition of derivation, a la-
belled formula and its conjugate cannot appear both in d.

Let {wo Xp, ¥0, w1 Mp, ©1,...} be an enumeration of all labelled formu-
las that have labels in Q¢ but do not occur in d. Consider the family
{V;}jen where each V; : Q4 x F — {0, 1} is a partial function inductively
defined as follows:

o Vp=V4d
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o V41 is an extension of V; such that if Vj(w;, ;) is defined then V1, =
Vj. Otherwise pick

Aji1 € (ALE)* ({ws o, 0531 U (AIES ) ({{w; m1os, 051}

such that Aj;, UV is consistent and let

1 ifw: e’ €Aji
Visr(w,9) =<0 if w /" € Aja

undefined otherwise

Note that the existence of Aj; is a consequence of Proposition 4.2. Let
—d
V" : Q% x F — {0,1} be the map such that

V=V

JjEN

Thus M¢ = (Qd,Sd,vd) is in Mg by a proof similar to the one in
Proposition 4.15 of [24]. So M? |- 6 for § € © and M?id IF w; ™y, @,
for each j = 1,...,s by definition of V4. Therefore, © |=%S w1 Np,
wl,...,ws Mp, 1[}5. =

5. Completeness of particular reasoning over a theory

The objective of this section is to investigate when an induced particular
calculus captures all the semantic particular consequences of a theory.
A particular calculus Dg is complete with respect to Mg whenever

3 3
@':Ms w1 Wp, wl,...,ws Mp, @ZJS:>@}—DS w1 Wp, @Dl,...,ws Mp, @ZJS

We begin by proving a finite version of completeness, that is, assum-
ing that there is a finite model of © that satisfies w1 Xy, ¥1,...,ws Xy,
1) then there is a derivation of wy My, ¥1,...,ws My, Y5 from O.

We need the notion of complexity of a labelled formula in the context
of a set T of relational assertions. The complexity of a labelled formula
is 0 when either the formula is a propositional symbol or has a check.
When the primary constructor is local and has at least one dependent
that is not id, the complexity is calculated as the sum of the complexities
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of its dependents, plus 1, and the complexity of the labelled formulas
generated whenever S is hereditary. In the other cases it is the usual
definition via subformulas taking into account propagation whenever S
is hereditary. Finally, the complexity of a sequence of labelled formulas
is the sum of the complexities of each element.

We say that (W, R, V) is finite whenever W is a finite set. To simplify
the presentation, we assume that given (W, R, V), W C Q. Furthermore,
if (W,R,V)plFw X ¢ then w € W and p|w is the identity over W and
so we omit the reference to p.

PROPOSITION 5.1. Let M € Mg be a finite model such that M IF w
1. Then I—%S w My Y with a derivation where all the elements are
satisfied by M.

PROOF. Let T be the set {Sww’ : (w,w’) € R} and T a sequence with
all the elements in T'. Observe that M IF Sww' for every Sww’ € T. We
show that if M IF w X 1 then there is a sequence 7 such that Tﬂg(ﬂ')
is a derivation of w x; 1 where all the elements are satisfied by M by
induction on the complexity of 1. Suppose that M IF w Xy .

(Basis) Assume that ¢ is ¢ € Q). Considering the sequence 7
1 wxpqg Ax

then 7HZ () is a particular derivation for F3,_ w ; 9. Note that
M IF w Xy g by hypothesis. Moreover, if S is hereditary and b = 1 then
M Ik W' Xy q for every w’ such that (w,w’) € R because M € Msg.

(Step) There are several cases:

(a) ¢ is ¢(p1,...,pn) and ¢ has local constraints in S depending
on ci,...,c;m € Cy U {id} and on i1,...,im. Let (0),...,0,) € B,
be such that M I+ w My, cj(pi;) for j = 1,...,m, which exists since
M IFw xp c(p1,...,¢n). Then, by the induction hypothesis, there is

a SeqUeNce Ty, ¢;(p; ) Such that THE(Wwa, Cj(%_)) is a derivation for
i J i J
w Ny cj(pi;) for every j = 1,...,m and M satisfies all the elements in

these derivations. Let m be the sequence

mebflcl(soil) IH
7rwl>4b/ cm (i) IH
bbb

WMbC(<p17"'790n) c
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Then 7HZ () is a derivation for w xp c(p1,...,¢,) and M satisfies
all the elements in HZ () since it satisfies the hereditary constraint (if
present).

(b) ¥ is ¢(p1, . .., ¢n) where ¢ has a universal non-local constraint on
b1,...,b, and b. Assume that {0’ : Sww’ € T} = {w1,...,we}. Then for
each j = 1,..., 0 there is ¢} € {¢1,...,pn} such that M IF w; x;, @}
since M I w Xy ¢(¢1,...,¢n). Thus, by the induction hypothesis, for
each j =1,...,¢, there is a sequence Tar; by, such that Tﬂg(wwjmb]_ w})
is a derivation for w; ™y, ¢} and M satisfies all the elements in these
derivations. Consider the sequence 7

Twq X by 4,0’1 IH
Taremiy, @) IH
wXp (P1,...,0n) €
Then 7HZ () is a derivation for F3,. w M ¢(@1, . .., p2) and M satisfies
all the elements in 7HZ () since it satisfies the hereditary constraint (if
present).
(c) ¥ is c(p1,...,¢n) and ¢ has a particular non-local constraint on

bi,...,by and b. Since M Ik w Xp (@1, ..., ¢0n), let ' € {w': Sww’ € T}
be such that M IF w" xp, ¢; for j = 1,...,n. Hence, by the induction
hypothesis, there is a sequence m,/y b; P such that 7HZ (7, b; p;) is a

derivation for w' My, @; for j =1,...,n. Consider the sequence 7

T’ Nbl ©1 IH

Tw’ My, Pn IH

wXp (@1, ,0n)  Cb
Then 7HZ () is a derivation for I—%S w Xp (@1, ..., pn) and M satisfies
all the elements in 7HZ () since it satisfies the hereditary constraint (if
present). 4

The following results are crucial for proving completeness in Propo-
sition 5.3.

LEMMA 5.1. Let M = (W, R, V) be a witness for

3
':S w1 Wp, 51,...,0.)5 Mp, 55
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with W = {w1,...,ws}. Let T = {Sww’ | (w,w’) € R}. Then there is a
finite consistent set

A € (AIE5)* ({{w1 Xy, 01,...,ws Xy, 051})
such that {w € Q | w occurs in A} =W and M |- A.

PRrROOF. We prove the result by induction on the complexity ¢ of the

sequence wj Xp, 01,...,ws Xp, 0 of labelled formulas.

(Base) £ = 0. Then 6y,...,d, are propositional symbols. Then A is
{wl M, 51, cees W Mp 55}

(Step) £ > 0. Assume without loss of generality that d; is of the form
c(p1,...,¢n). There are several cases to consider.

(1) ¢ has local constraints in S depending on ¢y, ..., ¢, € Cp U {id}
and on i1, ...,%,. Observe that Alt:‘g(wl Xp, 01) is

U {HE (w1 %y cales), - wi My em(pi, ), w1 Xy, 67 1)}
(b’l,‘.‘,b’m)eﬁgl

Note also that
(ALItS)* ({{w1 ™p, 01, ..., ws Xy, Os}})
(Altg)*({HE ({wr ®p; c1(@i);- - w1 Moy, em(i,, ), w1 Kb, 67 })
U{wa Xp, 02, ..., ws Xp, 05} | (bh,...,00,) Eﬁgl})

= U ) ({Hs (wr wy ealei),-
(65,0}, ) EBy,

w1 My Cm(9i,,), w1 X, 5}
U {wg M, 02y, Ws My, (55}})
Observe that there is (b},...,b),) € F;l such that

M I+ Hg({wl bel Cl(goil),...,wl Nbin cm(goim),wl Xp, 5{})
since M I wy My, 1. Thus, by the induction hypothesis, there is a finite
consistent set Aq in

(Altg)* ({HE ({wimp;c1 (i), - - -, w1 X0y, Cm (i, ), w1, 6Y 1)U

w65 15 =2, 51})
such that {w : w occurs in A;} = W and M |- A;. It is enough to take
A to be Ay since Ay is in (Alt5)*({{w1 Xy, 01,...,ws Xy, 0s}}).
The other cases follow in a similar way. o
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PROPOSITION 5.2. Assume that T C S% is a finite set closed for the
relational constraints in S and A € (AIt)*({{w1 ™p, ¥1,...,ws Xo,
1s}}) is a finite consistent set. Let T be a sequence with all the elements
of T'. Then there is a sequence A with all the elements of A such that T\
is a derivation for wy Xp, ¥1,...,wWs Mp_ Ps.

PROOF. Assume that A € (AltZ)*({{w1 Xp, Y1,...,ws My, Ps}}) is a
finite consistent set. The proof is by induction on k.

(Basis) k = 1. So A is U_{w;s Xy, ¥} U {w" wp, Y | Sww' €
T,b; =1 and S is hereditary} where ¢; € @ for i = 1,...,s. Then 7\ is
a derivation for wy My, ¥1,...,ws Xp, s where X is any sequence with
the elements of A.

(Step) Observe that

A € (AWD)F Y AR ({{wr My, ¥1,. .. ws My, V1)),
that is,
A€ (Altg) HALE ({wr Mo, 1)) * -+ - Altg ({ws Mo, ¥s}))
and 50
A € (ALE)PHARE ({wr Xp, 1)) % - (ALLS) LA ({ws ™y, 1s})).

Then there is
A; € (ALLE) 1 (Altg ({w; mp, 15}))

such that A = [J;_; A;. Note that each A; is a finite consistent set
because A is a finite consistent set.

Suppose that ¥; is ¢(p1,. .., @n). There are several cases to consider.
(1) ¢ has local constraints in S depending on ¢y, ..., ¢, € Cp U {id}
and on %1, ...,%n,. Then, Altg(wi Mp, i) is

U {HE ({widp, c1(@iy); - - -y Wi, Cm (03, ), widp, ) 1)}

(Alts)*~H(Altg ({wi xy, ¥i}))

is the union of the sets

(AL6S) " ({HE ({wi mu,, c1(0iy), - wi Mo, em(i,) wi ¥o, ¥ 1Y)
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for each (b;,,...,b;,) € EZ Thus, there is (b;,,...,b;, ) € Ezi such
that A; is in

(Altg)k_l({Hg({wl Mp,, Cl(‘ﬂh)? ceey Wi My, Cm(@z‘m)?wi My, 1/};/})})

On the other hand, Hg({wimbilcl(%l), Wiy, em (@i, ), Wiy, Yy })
is

U HE (wine,, co(pi,)) U HE (win, ).

=1
So A; isin
K7L (Alt) T ({HE (wi mo,, ce(pin))}) * (Albg) " ({HE (wi )b, ©)}).-
Then there is

A € (Altg) M ({HE (wi M, co(pi)})
for{=1,...,m and

A € (AL {HE (Wi )b, )\ {wi db, 9 1)
such that -
A; = U Ai,g UA; U {wi Mp, w,;/}
=1

Observe that each A; ¢ is consistent as well as A} since A; is consistent.
Thus, by the induction hypothesis, there is a sequence A; ¢ with all the
elements of A;, such that 7); is a derivation for HZ (w; Mp,, Ce(i,))
for each £ = 1,...,m and there is a sequence \; with all the elements of
A/ such that 7)] is a derivation for HZ (w; ™p, 9Y) \ {w;i xp, ¥ }. The

sequence

Al
)\i,m
!
Ai
wi My, P
written A;, is such that 7); is a derivation for w; Xp, ;.

(2) ¢ € Cy, with an particular non-local constraint in & and b; = 1.
Then AltE(w; : c(p1,...,0n)) is

{H:‘gp({w’ L@y oy wi (@1, 0n)Y ) | Swiw” € T
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Hence
(Alts)" " (ALLS ({wi : e(@1, - 0n)}))
is
U (AL Y{HE (W01, ..., w0, wize(@1, .. on) D).
{w’|Sw;w’ €T}
Thus, there is w’ such that Sw;w’ € T and
A € (AL Y{HE{W o1, .., = on,wi (1, 00)” D).

On the other hand, HE ({w' : p1,...,w @ @n,wi: c(@1,...,0n)" }) is

U Hg(wl : 902) UHE(OJZ : 0(9017 .. '790n)‘/)‘
(=1

So
A; € Ky (AlS)P N HE (W' < @) * (Altg) M (HE (wi : el ., 0n)Y )
Then there is

Ajg € (ALLS)F T ({HE (W' < @0)})

for{=1,...,n and

A; € (Altg)k_l({Hg(wl : 0(901? ) @n)/) \ {O.)i : 0(901? LR} @n)/}})
such that .
Ai = U Ai’g U A; U {wi : C((pl, ey Qpn)‘/}

(=1
Observe that each A; ¢ is consistent as well as A} since A; is consistent.
Thus, by the induction hypothesis, there is a sequence A; ¢ with all the
elements of A;, such that 7);, is a derivation for Hg(w’ 2 pp) for £ =
1,...,n and there is a sequence A, with all the elements of A/ such that
7} is a derivation for HZ (w; : c¢(¢1, ..., 0n)Y) \ {wi : (o1, 0n)" }.
The following sequence

Al
)\i,n

.

wi (Y1, 0n)

written A;, is such that 7; is a derivation for w; : c(p1,...,pn).
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The proof of the other cases is similar. Finally, take A to be Ay... As.
Therefore, 7\ is a derivation for w1 Xy, 91, ..., ws My, Ys. =

We now establish a completeness result where we assume the exis-
tence of a finite witness.

PROPOSITION 5.3. Let © C F' be a finite set and M a finite witness for
S} ':?vts w1 Xp, P1,...,ws Xy, Ps. Then © I—%S w1 Np, Y1,...,ws Np, Vs
with a derivation using as labels all the elements of W and no more.

PROOF. Let T be the set {Sww’ : (w,w’) € R}, T a sequence with all the
elements of T', W = {wi,...,w;} and © = {64,...,60}. Observe that M
is a witness for

Figs W1 Moy Y1, ..., ws Xp, s, ] 101, w) ¢ O
Then, by Proposition 5.1, there is a finite consistent set

A € (AILS)* ({{wr Xy, 1, ... ws My, Vg, 01, wp 2 0k}))

such that M IF A. Hence, by Proposition 5.2, there is a sequence A with
all the elements of A such that 7\ is a derivation for

/. /.
w1 Np, Y1, ..., Ws Xy, Pg,wy 201, .., Wy Ok

Thus © l—%s w1 Mo, P1,...,Ws M, Ps. B

Strong finite model property. We now establish a sufficient condition
for a logic to be complete by ensuring the existence of a finite witness.
We say that S has the strong finite model property whenever for every
set I' C F closed for subformulas and M € Mg there are a finite model
M' € Mg and an onto map f: W — W' such that

o if (wi,ws2) € R then (f(w1), f(w2)) € R

o if (w],ws) € R’ then there are wy,ws € W such that (wi,ws2) € R and
flw) =wi fori=1,2

o M IFw My o if and only if M’ I+ f(w) Xp ¢ for every w Xy ¢ € T

PROPOSITION 5.4. Assume that S has the strong finite model property.
Then Dgs is complete with respect to Mg.
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PROOF. Suppose that © |=§V[$ w1 Np, P1,...,ws Np, Ps with a witness
M € Ms. Let T be the set of all subformulas of @ U{t1,...,1%}. Thus,
there are a finite model M’ € Mg and f: W — W' such that

M I+ wyg Ny, @ZJ@ if and only if M’ I+ f(u.)g) Xp, 1[)(
foreach £ =1,...,s and
M I 0 if and only if M’ I 0

for every 6 € ©. Hence M’ is a witness for

S} ':?\/(5 f(wl) Wb, wl?“‘?f(ws) Mp, ¢s

Thus, by Proposition 5.3, there is a derivation 77 for © I—%S flwr) ™y,
U1, ..., f(ws) Xp, s using as labels the elements of M’. Let {w],...,w}}
be the set of all labels that occur in the derivation and © = {61, ..., 60x}.
Then 77 is a derivation for

I—%S Flwr) Moy 1, ..., flws) Xy, s, w01, .. wp: O.

So, by several applications of Proposition 3.1 for replacing f(w1) by
T ) N {wr, s wshs oy flws) by FH(F(ws) NH{wns - ws )}, we

can conclude that there is a derivation 7’7’ for
Foof T (flw)f{wr, - ws ke, tr, o f T f (we) N wr, - we b, s,

(W) "501, ..., (wp) L0

where (W)™ = W if Wi # f(wi),..., f(ws) and otherwise (w})~! =
ST w)) N{wi, ..., ws}. Hence 7'’ is a derivation for
I—%S W1 My, V1, ws Xy, P, (W) 701, (w)) T O
Therefore,
© l_%s w1 M, @bl,...,ws Mp, 1[}5

with the derivation 7/7’ since each 6§ € © is proved in 77’ for all labels
that occur in that derivation. =

Observe that in the application of Proposition 3.1 in the proof of the
result above we should see in each step a partition of the assertions of
the theory in two classes: one for the labelled formulas to be replaced
and the other with the remaining labelled formulas.
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Example 5.1. Recall Examples 2.3 and 3.2. Observe that S, has the
strong finite model property by filtration [see 3, 25]. Therefore, by
Proposition 5.4, Dgs, is complete with respect to Mg,. =

Example 5.2. Recall Examples 2.2 and 3.1. Observe that Sk has the
strong finite model property by filtration [see 25]. Therefore, by Propo-
sition 5.4, Dg, is complete with respect to Mg, . =

Ezample 5.3. Recall Example 2.4. We now establish that Dg,, is com-
plete with respect to Ms,, using Proposition 5.4 by proving that Sy4 has
the strong finite model property. We use the reduction of N4 to J* [see
16] and capitalize on the fact that S;+ has the strong finite model prop-
erty (this can be straightforwardly shown taking into account that S, has
this property). Denote by Lns and Lj+ the sets of formulas for N4 and J™
over sets of propositional symbols PU{~p:p € P} and PU{p’ : p € P},
respectively. Let Tns—j+: Lns — Lj+ be a map such that

TNa—J+ (p) = p and Tna— 4+ (~p) = p
TNa— s+ (1 % P2) = TNa s+ (91) * Tna—s s+ (2), for * € {D, A, V}
N4 3+ (~~p) = Tnas 5+ ()

Tha— s+ (~(01 D 92)) = a3+ (91) A Tna g+ (~p2)
TNa— s+ (~(01 A 92)) = Tas g+ (~91) V Tas s+ (~e2)
TNa— I+ (~ (01 V ©2)) = Tnas s+ (~01) A Tnass g+ (~p2).

/

Let g: Ms,, = Ms,, be a map defined as follows
g(W,R,V) = (W,R,7V)
such that V(w,p) = V(w,p) and V(w,p’) = V(w,~p). We prove that
M lFng w s if and only if g(M) IFj+ w : Tng g+ (@)

by induction on the structure of ¢.

(Base) ¢ is p or ¢ is ~p. Then the thesis follows by construction.

(Step) We just consider the case where ¢ is ~~1). Then M IFng w :
~rth i Mg w o Y i g(M) ke w s e+ (0) i g(M) T+ w
N4 3+ (1)),

Let h: Ms, — Ms,, be a map defined as follows

h(W,R, V)= (W,R,V)

where V(w,p) = V(w,p) and V(w,~p) = V(w,p’). Then

M’ IFy+ w : Tng_s g+ () if and only if h(M') IFng w : .
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Capitalizing on these maps we now show that Sys has the strong fi-
nite model property. Let I' C Lng be a set closed for subformulas
and M € Msg,,. Then 7ng_,+(T) is also closed for subformulas and
g(M) € Ms,, . Then, because S+ has the strong finite model property
there is a finite model M’ € M, and an onto map f: W — W' with
the properties in the definition of strong finite model property. Hence,
g(M) Ik w : Tng—y+ () if and only if M Ik f(w) : Tng— g+ () for every
v € I Then Sng has the strong finite model property with f and
h(M') € Ms,, as we now show. Indeed: M IFng w : v iff g(M) IFy+
w t TNa— g+ () HE MY IR f(w) © Tnas g+ () HE (M) IEng f(w) @ . The
remaining two conditions follow straightforwardly. o

6. Outlook

Particular reasoning is extended to accommodate theories. With this
objective in mind a new notion of particular derivation within the context
of a theory is proposed. An illustration of particular reasoning over a
theory is provided by an example involving a robot navigating a square
area with obstacles. After that the soundness of the induced particular
calculus is analyzed. Completeness of the particular calculus is shown
to hold for logics fulfilling a strong finite model property. The results
are shown to be applicable to logics with a strong finite model property,
including classical, intuitionistic, certain modal logics, and Nelson’s N4
logic, among others.

It would be interesting to analyze further properties of particular
reasoning in the context of a theory, specifically its decidability and
computational complexity and relate them with similar properties of
the theory. Furthermore, extending particular reasoning to first-order
theories could be worthwhile. It would also be interesting to assess the
impact of particular reasoning on abduction and machine learning.

Finally, we intend to investigate particular reasoning over a theory in
the context of other deductive calculi, such as Gentzen/Jaskowski calculi.
We think our purpose is closer to Jaskowski’s concept [see 13, 14, 17] since
he was concerned with the imitation of practical mathematical proof
procedures whereas Gentzen [see 11] concentrated on proof-theoretical
considerations in the foundations of mathematics. Additionally, building
on this experience, we aim to abstract the notion of particular reasoning
over theories to a general particular consequence relation.
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