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Abstract. We consider first-order infinite-valued Lukasiewicz logic and its
expansion, first-order rational Pavelka logic RPLY. From the viewpoint of
provability, we compare several Gentzen-type hypersequent calculi for these
logics with each other and with Hajek’s Hilbert-type calculi for the same
logics. To facilitate comparing previously known calculi for the logics, we
define two new analytic calculi for RPLY and include them in our compar-
ison. The key part of the comparison is a density elimination proof that
introduces no cuts for one of the hypersequent calculi considered.
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1. Introduction

Mathematical fuzzy logics provide formal foundations for approximate
reasoning. Among the most important such logics are first-order in-
finite-valued Lukasiewicz logic LV and its expansion by rational truth
constants, first-order rational Pavelka logic RPLY; see [18] as well as
[13, 14]. As for most fuzzy logics, the intended, or standard, semantics
for £V and RPLY has the interval [0, 1] of real numbers as the set of
truth values; valid LV- and RPLV-formulas are those taking only the
truth value 1.

The set of all valid LV-formulas (over a sufficiently rich signature) is
not recursively enumerable [26], more precisely, is IIo-complete [25]; the
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same holds for RPLY [18, Section 6.3]. Therefore, for these two logics,
finitary calculi (i.e., calculi with a recursive set of axioms and a finite
number of recursive inference rules) have to be incomplete, but of course,
must be sound. We consider only sound finitary calculi for .V and RPLY
in the present article; as to infinitary calculi for the logics, one can find
a brief overview and a recent result in [17].

There are equivalent Hilbert-type calculi for LV (resp. RPLY), H4-
jek’s calculus for LV (resp. RPLY) from [18] being the standard one.
Hajek’s calculus for LV (resp. RPLY) is complete with respect to a
certain algebraic semantics over so-called MV-chains (resp. MV-chains
contaning the rational unit interval); see [18]. It is proved in [19] that
Héjek’s calculus for RPLY is a conservative extension of the one for L.V.

Besides Hilbert-type calculi, the Gentzen-type calculi mentioned be-
low are known for these logics.

For L.V, an analytic hypersequent calculus GtV with structural infer-
ence rules is presented in [2, 23], and it is shown in [2] that GLY extended
with the cut rule proves exactly the same LV-sentences as Hajek’s cal-
culus for L.V.

With the aim of developing proof search methods for £.v¥ and RPLV,
in [16, 17] we introduced the following calculi.

The structural rules of GLV create too high a degree of nondetermin-
ism for bottom-up proof search. So in [16] we excluded them from GLY to
obtain an analytic cumulative! hypersequent calculus? G'RPY for RPLYV,
and showed that all GEV-provable sentences are G'RPYV-provable. Also,
in [16] we introduced a noncumulative variant G*RPY of G'RPY; G*RPY
is suitable for bottom-up proof search for prenex RPLV-sentences; and
all GZRPV-provable sentences are G'RPV-provable.

However, from the viewpoint of bottom-up proof search (for arbi-
trary, not necessarily prenex RPLV-sentences), a defect in the calculi
G'RPY and G2RPY is that designations of multisets of formulas are
repeated in the premises of some of the inference rules. The defect is at
least an obvious reason for the inefficiency of bottom-up proof search,
because each copy of a nonatomic formula from repeated multisets is
generally to be decomposed.

L We say that a hypersequent calculus is cumulative if all its rules are cumula-
tive; and a hypersequent rule is cumulative if, for its every application, each premise
includes the conclusion (cf. [27, item 3.5.11]).

2 The calculi G'RPY (i = 1,2,3) were denoted by G'LY in [16, 17]; but now we
change these designations for the sake of a more memorable notation.
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We got rid of such repetitions in [17] by presenting an analytic non-
cumulative hypersequent calculus G®RPY for RPLY without structural
inference rules; this calculus is repetition-free, in the sense that desig-
nations of multisets of formulas are not repeated in any premise of its
rules. As shown in [17], all the inference rules of G®RPY are height-
preserving invertible; G*RPY is well suited to bottom-up proof search
for arbitrary RPLV-sentences; and all GlRPV—provable sentences (and
so all GLV-provable sentences) are GgRPV—provable.

The main goals of the present article are: (1) to find out whether
G®RPVY is a conservative extension of GEV, and (2) to compare G*RPY
with Hajek’s calculus for RPLV.

It turns out that, in order to to reach our goals, it is very helpful to
introduce two auxiliary analytic hypersequent calculi for RPLY: (1) a
calculus G'RPY whose rules are simpler than the ones of G*RPY (and
of G'RPY), and whose axioms are the same as those of G*RPY (which
are rather complicated and defined in nonsyntactic terms); and (2) a
calculus GRPY whose axioms are quite simple and defined in nearly
syntactic terms, and whose rules are essentially the ones of GLV. Thus,
we include these new calculi in our comparison. The key part of the
comparison is a proof of the admissibility for G’RPY of some variants of
the density rule, which underlie some rules of G®*RPY. The features of
the proof are discussed in the concluding section, in the context of works
related to the elimination of applications of the density rule from formal
proofs.

This article is organized as follows. In Section 2 we describe the
syntax and the standard semantics of the logics 1.V and RPLV, then for-
mulate the calculi GEY, G’RPY, and G3RPV. In Section 3 we introduce
the (so-called nearly syntactic) calculus GRPV for RPLY, which turns
out to be a conservative extension of GLYV and complete (with respect
to the standard semantics) for the quantifier-free fragment of RPLY. In
Section 4 we show that G°RPY is a conservative extension of GRPY,
and that any GRPV-provable sentence is G*RPV-provable. In Section 5
we establish the admissibility for G°RPY of two variants of the density
rule, and using this, show that G RPY and G'RPY are equivalent; hence
we conclude that G®RPY is a conservative extension of GLY. In Section
6 we formulate Hajek’s Hilbert-type calculus HRPV for RPLYV; describe
the algebraic semantics for RPLY over MV-chains contaning the rational
unit interval; and using the semantics and our two auxiliary calculi, es-
tablish that G*RPY extended with the cut rule proves exactly the same
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RPLV-sentences as HRPV. Finally, in Section 7 we discuss our results
and related works.

2. Preliminaries

First we describe the syntax and the standard semantics of the logics LY
and RPLV (see [18]).

Given a signature, which may contain predicate and function symbols
of any nonnegative arities, L.V- and RPLV-formulas are defined as follows.
The notion of a term is standard. Atomic L.V-formulas are the truth
constant 0 and predicate symbols with terms as their arguments. Atomic
RPLV-formulas are atomic bLV-formulas and truth constants 7 for all
positive rational numbers r < 1. kV- and RPLV-formulas are built up
as usual from atomic L.V- and RPLV-formulas, respectively, using the
following logical symbols: the binary connective — and the quantifiers V
and .

An interpretation (D, u) of a given signature is defined as in classical
logic, except that the map p takes each n-ary predicate symbol P to
a predicate pu(P):D"™ — [0,1]. Let M = (D,u) be an interpretation.
Then an M-valuation is a map of the set of all individual variables to D.
For an M-valuation v, an individual variable z, and an element d € D,
by v[z — d] we denote the M-valuation that may differ from v only on
x and obeys the condition vz — d|(z) = d.

The value |t|ar,, of a term t under an interpretation M and an M-
valuation v is defined in the standard manner. The truth value |A|p .
of an RPLV-formula A under an interpretation M = (D, ) and an M-
valuation v is defined as follows:

° ‘f’M,IJ =
o |P(ty,...,tn)|mw = p(P)([t1|as,0s - - -, [tn|ar,y) for an n-ary predicate
symbol P and terms ty,...,ty;

|B = C|py =min(1, 1 — By + |Claw);

Vo B|ar,, = infaep | Bl vfwesd);

EIJ:B‘M,V = SUPgep ‘B‘M,V[w—nﬂ‘

An RPLV-formula (in particular, an LV-formula) A is called wvalid,
also written F A, if |A|y, =1 for every interpretation M and every
M-valuation v.

In what follows, unless otherwise indicated, we work with a fixed sig-
nature that includes a countably infinite set of nullary function symbols
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called parameters. Nullary predicate symbols are also called proposi-
tional variables. The result of substituting a term ¢ for all free occur-
rences of an individual variable  in an RPLV-formula A is denoted by
(A)¥. The letters k, I, m, n (possibly with subscripts) stand for non-
negative integers. An expression k..n denotes the set {k,k+ 1,...,n} if
k < n, and the empty set otherwise.

Let us formulate the auxiliary hypersequent calculus G'RPY and
define accompanying notions and notation common to several calculi
considered.

We introduce two countably infinite, disjoint sets of new words and
call such words semipropositional variables of type 0 and of type 1, re-
spectively. An RPLV-formula as well as a semipropositional variable (of
any type) is said to be a formula.

An RPLV}-sequent (or simply a sequent) is written I' = A and is
an ordered pair of finite multisets I' and A consisting of formulas. An
RPLVY-hypersequent (a hypersequent for short) is a finite multiset of
sequents and is written I'y = Ay |...|T,, = A, or [I; = Ai]iel..n‘

A sequent and a hypersequent that do not contain logical symbols are
called atomic. Suppose that H is a hypersequent; then by H,; we denote
the (atomic) hypersequent obtained from H by removing all nonatomic
sequents.

We define an hs-interpretation as an interpretation (D, u) in which
the map p additionally takes each semipropositional variable of type 0 to
a real number in [0, +00) and each semipropositional variable of type 1
to a real number in (—oo, 1]. For a semipropositional variable p, an hs-
interpretation M = (D, u), and an M-valuation v, the value u(p) will
also be written as |p|as or as [p|ar,.-

For a finite multiset I' of formulas, an hs-interpretation M, and an
M-valuation v, we put

ITare = > (Al — 1),

Ael

where the summation is performed taking multiplicities of multiset el-
ements into account, and 4.5 (...) =0. A sequent I' = A is called
true under an hs-interpretation M and an M-valuation v if

Tl are < [[Alazw-

Following [2, Definition 1], we say that a hypersequent H is valid (and
write F H) if, for every hs-interpretation M and every M-valuation v,
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some sequent in H is true under M and v. Note that, for an RPLV-
formula A, F A iff F (= A). To denote that a hypersequent G is not
valid, we write ¥ G.

Unless otherwise specified, below the letters A, B, and C' denote any
RPLV-formulas, I', A, II, and ¥ any finite multisets of formulas, S any
sequent, G and H any hypersequents, x any individual variable, ¢ any
closed term, a any parameter, and r and s any rational numbers such
that 0 <7 <1 and 0 < s < 1; all these letters may have subscripts and
superscripts. Also p; (i = 0, 1) denotes any semipropositional variable of
type i.

The language of the calculus G’RPY consists of all possible hyperse-
quents. A hypersequent H is called an aziom of G°RPY if E Ha:.

Remark 2.1. To determine whether or not a hypersequent is an axiom of
GORPV, from the atomic sequents of the hypersequent one can construct
a system of strict and nonstrict linear inequalities over real numbers with
rational coefficients and check whether or not the system is inconsistent.
The construction and the check can be performed by a polynomial time
algorithm much as described in [16, Section 4.2] and, in more detail, in
[15, Section 5].
The inference rules of G’RPY are:
GIT,A-B=A|I'=A|,B=AA
GI'A—B=A (

GI'=A—-BA|I'=A; G|I'=A—-BA|l'A= BA
G|II'=A— BA
G|IT\WzA= A|T,(A)F = A
G|IT,VzA = A
GIT =VzA, AT = (A)Z A
G|IT = VA A
G|IT = 3zA AT = (A)F, A
G|II=3dzA A
G|, 3zA= Al (A= A
G|, 3zA= A

- =),

(v =)",

(=V)°,

(=3)°

(3=)",

where a does not occur in the conclusion of (= V) or (3 =)°.

Remark 2.2. The soundness of the calculus G’RPY can be easily proved
now; but it will also follow from the facts that every G’RPYV-provable
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hypersequent is G*RPV-provable (see Theorems 4.5 and 4.6 below), and
that the calculus G®RPY is sound (see [17, Theorem 1]).

~ For convenience in comparing calculi, we also introduce a calculus
G'RPY that is very close to the calculus G'RPY, defined in [16] and

in the next paragraph. We get G!RPY from G'RPY by replacing the
inference rule (— =)° with

GIT,A—- B=A|T'pp=A|B=p,A

i
GIT.A>B=A (==)

where p; does not occur in the conclusion. A
The calculus G'RPY [16] is obtained from G'RPY by restricting the

language of G'RPY to hypersequents not containing semipropositional

variables of type 0; such hypersequents are called RPLY!-hypersequents.
The rule of G'RPY (i = 1, 1) that corresponds to a rule of G’RPY is

denoted just as the latter but with the superscript ¢ instead of 0.

Remark 2.3. Tt is clear that, for an RPLY!-hypersequent H, a G RPV-
proof of H is a G'RPV-proof of #, and conversely.

The calculus G*RPY [17] is obtained from G'RPY by replacing all
the inference rules with the following ones:

g|F7pl:>A|B:>pl’A

3

GTAsBoa 7))

GI'=A; G|I A= B,A (:>_>)3

Gg|II'=A— BA '
GIDLp=AlVzA=pi[(A)f = m 3 GlI'= (A)gA 3
GIT.VaA = A V=)0 G oveaa &
GIT = po, Alpo = FzA[po = (A)f 3 GIN(A)z=A 3
GIT = 324, A =3 Graasa G

where p; does not occur in the conclusion of (— =) or (V =), po
does not occur in the conclusion of (= 3)°, and a does not occur in the
conclusion of (= V)® or (3=)°.

For an application of an inference rule of G'RPY (1=0,1, 1, 3), the
principal formula occurrence and the principal sequent occurrence are
defined in essentially the same manner as in [20, § 49] and [27, items
3.1.1 and 3.5.1]. The notion of an ancestor of a sequent occurrence in a
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GiRPV—proof (i=0,1, 1, 3) is defined much as the notion of an ancestor
of a formula occurrence is defined in [20, § 49]; see also [17, Section 3].

Now we formulate the calculus GLY [2, 23], using parameters in-
stead of free individual variables, which are syntactically distinct from
bound individual variables in [2, 23]. The language of GLYV consists of
all possible LV-hypersequents, i.e., hypersequents that contain neither
semipropositional variables nor truth constants r with r > 0.

The axiom schemes of GLY are:

A=4 ) = N 0=4 (0=

where A is an LV-formula.
The inference rules of GLYV are:

9 (ew)" gls|s (ec)" Gir=4_ (wl)*

Gg|s ’ Gl|s G, C= A ’
G|T1, Ty = Ay, Ay (split)* GIT1= A1, G|Ta= Ay (mix0)"
' G|, Ty = Ay, Ay '

Q|F1:>A1|F2:>A2

GIT,A>B=A ’ GIT=A— B,A ’
g‘F:(A)%,?A L g‘l—‘v(‘A)ﬁiA L
GTo3An P Ghaasa 07

where all the premises and conclusions are L.V-hypersequents, and a does
not occur in the conclusion of (= V) or (3 =)". The first five of these
rules are called structural; the others, logical.

For each calculus formulated above, its every one-premise rule in
whose premise a, t, or p; (1 =0,1) is distinguished (i.e., shown explic-
itly in the premise scheme, such as a in G|I' = (A4)Z, A), and for any
application of the rule, the a, ¢, or p; is called, respectively, the proper
parameter, proper term, or proper semipropositional variable of the ap-
plication.

The provability (resp. unprovability) of an object « in a calculus €
is written k¢ a (resp. F¢ ). By a proof in a calculus, we mean a proof
tree. In depicting a proof tree D, if we place a designation over a node
N of D and do not separate the designation from N by a horizontal line,
then we regard this designation as the one for the proof tree whose root
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is N and that is a subtree of D. A proof search tree is defined as a proof
tree, but its leaves are not required to be axioms of the calculus under
consideration.

A proof of (for) an RPLV-formula A in a hypersequent calculus given
in this article is a proof of the hypersequent = A in this calculus.

3. The nearly syntactic hypersequent calculus GRPY for RPLY

In this section we extend the calculus GLV to obtain the analytic hy-
persequent calculus GRPY for RPLV with rather simple axioms defined
in nearly syntactic terms. Because of the simplicity of its axioms, the
calculus GRPY will be very helpful in comparing our calculus G*RPY
with Hajek’s Hilbert-type one for RPLYV.

The language of GRPY consists of all hypersequents not containing
semipropositional variables; such hypersequents are called RPLV-hyper-
sequents.

The axiom schemes of GRPY are:

A=A (id)Y  and  Fi,.. 7 =51, 8w AL Ay ()T

where

l

l m m
Z(m—l) < Z(sj—l) —n, or equivalently m—i—n—i—Zm < l—i—z Sj.
i=1 Jj=1 i=1 j=1

(Recall that [, m,n are any nonnegative integers, by our convention in
Section 2.)

Remark 3.1. It is readily seen that any axiom of GLV is an axiom of

GRPYV.
The inference rules of GRPY are those of GLY but with RPLV-hyper-

sequents in place of LV-hypersequents. We denote the rules of GRPY as
the ones of GLY but with the superscript P: (eW)P, (ec)P, etc.

ProprPOsSITION 3.1. GRPY is a conservative extension of GLY; i.e., for
any LV-hypersequent ‘H, Fgrpvy H iff Fary H.

PrOOF. Let H be an LV-hypersequent.

In view of Remark 3.1, Fqpv H implies Farpy H.

Conversely, suppose that Fgrpy H. To obtain Fqpy H, it suffices
to show that any LV-hypersequent G that is an instance of the axiom
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scheme (le)P of GRPY is GLV-provable. Such an LV-hypersequent G is
of the form

’171,...,’/7[:>§1,...,§m,A1,...,An,

where r; = 0 for all 4, s; = 0 for all j, Ay is an LV-formula for all k, and
m +n < . We can construct a GLY-proof of G by applying (zero or more
times) the rules (mix)" and (wl)" backwards and getting GELV-axioms
0=0, 0= A, or =. —|

PROPOSITION 3.2 (soundness of GRPY). Let H be an RPLV-hypersequ-
ent. If Farpy H, then E H.

Proor. All the axioms of GRPY are clearly valid. The soundness of the
inference rules of GLV is verified in [2, 23]; and this verification carries
over to GRPV. 4

PROPOSITION 3.3 (completeness of GRPY for quantifier-free RPLV-hy-
persequents). Let H be a quantifier-free RPLV-hypersequent. If F H,
then Fgrpy H.

Our proof of Proposition 3.3 extends the proof of the analogous claim
for LV and GLY, namely the proof of Theorem 6.24 in [23], and employs
the following Lemmas 3.4 and 3.5.

LEMMA 3.4 (Lemmas 6.22 and 6.23 in [23]).
(a) Consider the rules

GIT=A|I,B= A A d GIT=A; G|IA= B,A
GI'A—B=A a G|II'=A— BA

whose premises and conclusions are quantifier-free L.V-hypersequents.
Each of these rules is derivable in GLY and is such that, for its every
application, the conclusion is valid iff so are all the premises.

(b) Every quantifier-free L.V-hypersequent can be obtained by these two
rules from finitely many atomic Y.V-hypersequents.

By ¢(G) we denote the number of distinct nonconstant atomic RPLV-
formulas occurring in the antecedents of the sequents in an atomic RPLV-
hypersequent G.

The next lemma is in fact established in the proof of Theorem 6.24
in [23].
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LEMMA 3.5. Let G be a valid atomic L.V-hypersequent with ¢(G) > 0.
Then G is GLV-provable from a valid atomic Y.V-hypersequent H with

UH) < 6Q).

Remark 3.2. Lemmas 3.4 and 3.5 readily carry over to RPLY and GRPY
(instead of LY and GLV, respectively).

PROOF of PROPOSITION 3.3. By Lemma 3.4 together with Remark 3.2,
it is sufficient to show that Fqrpy G, where G is a valid atomic RPLV-
hypersequent. We proceed by induction on 4(G).

1. Suppose that £(G) = 0. Then each sequent in G is of the form

Tlyeo oy = 81yeeey 8m, A1, .0, Ap,

where Aq,..., A, are nonconstant atomic RPLV-formulas. In G there
exists a sequent S for which

l m
PRCEIED YOS

as otherwise, in G there is no true sequent under some hs-interpretation
M and some M-valuation v such that |Ag|as,, = 0 for all k. Thus, S is
an instance of the axiom scheme (le)P of GRPY; and G can be obtained
from S by (zero or more) applications of the rule (ew)" .

2. In the case when ¢(G) > 0, we apply Lemma 3.5 together with
Remark 3.2 and then use the induction hypothesis. .

In the sequel we need the following lemma, which is a direct conse-
quence of Proposition 3.3.

LEMMA 3.6. Suppose that G is an RPLY-hypersequent (over the signa-
ture we work with); Ay, ..., A, are RPLV-formulas (over the same sig-
nature); p1, ..., py are distinct propositional variables; H is a valid quan-
tifier-free RPLV-hypersequent over a signature containing pi,...,Pn; G
comes from H by simultaneously replacing all occurrences of p1, ..., Pn
with Ay, ..., A,, respectively. Then Fgrpv G.

Proor. By Proposition 3.3, there is a GRPV-proof D of H. Simul-
taneously replacing all occurrences of py,...,p, in D with Aq,..., A,,
respectively, yields the desired GRPV-proof of G. .



280 ALEXANDER S. GERASIMOV

4. Initial relationships between hypersequent calculi for RPLY

In this section we show that the calculus G°RPY is a conservative exten-
sion of the calculus GRPY; and that, for any hypersequent H, we have:
Fgorpy H implies FqippyH, which in turn implies Fgsgpy H.

LeMMA 4.1. Let ‘H be an RPLV-hypersequent. Then Fqogpy H implies
Farpy H. Moreover, all the rules of GRPV are derivable in GRPY if
their premises and conclusions are restricted to RPLV-hypersequents.

PROOF. If H is an axiom of G°RPY, then E Hay; so by Proposition 3.3,
we get Farpy Har, whence Fgrpy H by the rule (eW)P.

To finish the proof, it is sufficient to show that all the rules of G°RPY
are derivable in GRPY if their premises and conclusions are restricted to
RPLV-hypersequents. For the rule (— :>)0, we have:

GIT,A-B=A|l'=A|,B=A4A P
GIT,ASB=ATSA|TLASB=A ™)

P
g|F,A—>B:>A|F,A—>B:>A|F,A—>B:>A(WI)P
GIT,A>B=A ec)” x2.
For the rule (V =), we have:
G|II,VzA= Al (A)f = A (v =)
G|IT\VzA= A, VzA = A b
G|T,VzA = A ec)
The other rules of G’RPY are treated similarly to (V =)°. =

To show that Fgrpy H implies Fgogpy H, and for later use, we in-
troduce the following rules. For each rule R¥ of GLY, let R* be the rule
like R but with (RPLV}-)hypersequents in place of LV-hypersequents;
thus we have the rules (ew)”, (ec)”, etc.

LEMMA 4.2. The rules (ew)”, (ec)”, (wl)", (split)”, (mix)*, (—=)",
(= =), (V=)", (=Y, (=3, and (3 =) are admissible for G'RPY.
Moreover, the rules (ew)”, (ec)”, and (split)" are height-preserving ad-
missible, or briefly hp-admissible, for G°RPV.

PROOF. 1. It is clear that (ew)” is hp-admissible for G°RPY.

2. Since all the rules of G’RPY are cumulative, it follows easily
that (ec)® is hp-admissible for GRPY (cf., e.g, [27, item 3.5.11] and [16,
Lemma 5]).
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3. To prove that
gI'=A

cro=a ™

is admissible for G°RPY, we use induction on the number of logical
symbol occurrences in the RPLV-formula C. Let

Hi=(G|T=A) and Hy=(G|T,C= A).

We can assume that there is a (G’RPY-)proof D; for H; such that no
proper parameter from D; occurs in C.

3.1. Suppose that C' is atomic or is of the form (A — B). From D; we
construct a proof search tree DY for Hs as follows. For each occurrence S
of a sequent of the form IT = ¥, if § is an ancestor of the distinguished
occurrence of the sequent I' = A in the root of D, then we replace S
by an occurrence S’ of the sequent II, C' = X. We also mark &’ if S is
an atomic sequent occurrence in a leaf of Dj.

If C is atomic, then DY is a proof for Hy. Indeed, when the atomic
RPLV-formula C' is added to the antecedents of some sequents in a hyper-
sequent that is an axiom (of G’RPY), the hypersequent remains an ax-
iom, since for every atomic sequent II = ¥, hs-interpretation M, and M-
valuation v, the sequent II, C' = ¥ is atomic too, and ||II||as,, < ||X|ar,0
implies [|II, C||ar,0 < |Z]az,0-

Now suppose that C is of the form (A — B), and Sy, ...,S;—1 are all
distinct marked sequent occurrences in DS.

We expand DY by performing the following for each i = 0,...,1 — 1:
on the only branch B; of D} containing S;, apply the rule (— :>)O back-
wards to the ancestor of S; in the leaf on B;, and denote by D;‘H the
tree obtained as a result of this backward application.

Note that, if S; is an occurrence of a sequent of the form II;, C' = ¥3;,
then the atomic sequent II; = ¥; is on the continuation of the branch
B; in D4, Therefore, it is easy to see that DY is a proof for Ha.

3.2. Suppose that C' is of the form QzA, where Q is a quantifier. By
the induction hypothesis, there is a proof for H = (Ha |, (A)Z = A),
where a is a parameter not occurring in Hs. By applying the rule (Q #)O
to the distinguished occurrence of (A)* in H, we get a proof for H,.

4. Given the hp-admissibility of (ec)” for G'RPY (see item 2), the
proof of the hp-admissibility of (split)” for GPRPYV is very similar to the
proof of Lemma 7 in [16], where the admissibility (in fact, hp-admissibi-
lity) of the same rule for G'RPY is demonstrated.
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5. The proof of the admissibility of (mix)* for G’RPY can be obtained
from the proof of Lemma 8 in [16] (where the admissibility of the same
rule for G'RPY is shown) by identifying the notion of a completable
ancestor of a sequent occurrence with the notion of an ancestor of a
sequent occurrence (the former notion is used in [16]).

6. Since the rule (ew)” is admissible for G’RPY, it follows easily
that the rules (—=)", (= —=)", (V=) (=V)", (=37, and (I=)"
are admissible for G’RPV. -

LEMMA 4.3. Every axiom of GRPY is G°RPV-provable.

ProoF. Case (id)". We show that a GRPV-axiom A = A is G°RPY-
provable by induction on the number of logical symbol occurrences in A.
If A is atomic, then A = A is an axiom of G’RPY.

Otherwise, we obtain A = A as follows, according as A has the form
B — C, or VxB, or dzB:

B=B;, (C=CC

(mix)" . .

* = B,C:>B,C * (B)a:(B)a *

o) 5o oS B%QB:CGf?* WB:wﬁwjl
BoC=>BoC =2 GBsves &Y

and similarly for 2B = Jx B, with a not occurring in B. The rules used
here are admissible for G°RPY by Lemma 4.2; the hypersequent = is
an axiom of G'RPY. By the induction hypothesis applied to B = B,
C = C, and (B)” = (B)?, we are done with case (id)".

Case (le)”. Now consider a GRPV-axiom S of the form

l m
Flyeooys ] = 81,...,8m, A1,..., A, where Z(ri—l) < Z(sj—l)—n.
i=1 j=1

To show that S is G°RPY-provable, we employ induction on the number
of logical symbol occurrences in S.

If S is atomic, then S is an axiom of G’RPY.

Otherwise, let us assume for definiteness that A, contains a logi-
cal symbol, and write S as I' = A, A,,. Then we obtain S as follows,
according as A, has the form B — C or QrB, where Q is a quantifier:

I'=A,C (wl)*
Y = (W
I'=A; I B=AC I'= A, (B); .
B (-, q,

T=ABoC 7 = A,QeB
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with a not occurring in S. The three upper sequents are instances of the
axiom scheme (le)P of GRPY, because the sequent I' = A has the form
(which is to be compared with the above form of \S)

T1yeeesTy = 81,3 8m, A1,..., An_1, where
l m m
Z(ri—l Z(s]—l—n Zs]—l (n—1),
i=1 j=1 j=1

and the other two sequents have the same form as the above form of S.
Finally, we apply the induction hypothesis to each of the three sequents.
_|

THEOREM 4.4. G'RPY is a conservative extension of GRPY; i.e., for any
RPLV-hypersequent H, Fqorpy H iff Fgrpv H.

PrOOF. Lemma 4.1 gives us the left-to-right direction. For the right-
to-left direction, observe that, by Lemma 4.2, all the rules of GRPY are
admissible for G’RPY; and by Lemma 4.3, all the axioms of GRPY are
GRPV-provable. =

THEOREM 4.5. If Fqogpy H, then Fqippy H.

PROOF. Every axiom of G'RPY is an axiom ofAGiRPV. Every rule of
G RPY, except for the rule (— :>)0, is a rule of G'RPY. Hence, it suffices

to prove that (— =)° is admissible for G'RPV.
To do this, we use the rules

gIr'=A
GIT,p1 = p1,

GIT=A (wl)?
g|rap1:>A sP1’

A (spy=sp;)” and

whose hp-admissibility for G'RPY is obvious. We also use the rules
(ec)” and (split)”, noticing that the proofs of their hp-admissibility for
G'RPY are entirely analogous to the proofs of Lemmas 5 and 7 in [16],
respectively, where these rules are shown to be hp-admissible for G'RPYV.

The conclusion of the rule (— :>)0 can be obtained from its premise
by rules that are admissible for G'RPY as displayed in Figure 1, where
p1 does not occur in G|T', A — B = A. Thus, (— =)" is admissible for
G'RPV. 4

THEOREM 4.6. If Figpy H, then Fgsgpy H.
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GII,A—-B=A|I'=A|I',B=AA
GIT,A— B=A|T=A|T',B,p1=p,4A
GIT, A= B=A|T=A|l',pr=A|B=p;, A
GIT, A= B=A|T',pp=A|T',p1=A|B=1p,A
GIT, A= B=A|T,py=A|B=1pi,A
GII,A— B=A (

(sp1=spy)”
(split)”
(Wl):pl
(ec)”

- =)

Figure 1. Obtaining the conclusion of the rule (— :>)0 from its premise
by rules that are admissible for G'RPY.

PRrROOF. This proof comes from the proofs of Lemma 6 and Theorem 2
in [17] (where it is shown that Fqigpy H implies Fgsgpy M) by substi-
tuting the superscript 1 for the superscript 1 (in “G'RPY” and in the
designations of the rules of G'RPY). —

5. The admissibility for G°RPY of variants of the density rule
and further relationships between hypersequent calculi for RPLY

The primary goal of this section is to show that the calculi G°RPY and
G3RPVY are equivalent, i.e., they prove exactly the same hypersequents.
In view of Theorems 4.5 and 4.6, it is enough to demonstrate that all
G3RPV—provable hypersequents are GORPV—provable. For this, we estab-
lish that all the rules of G*RPY are admissible for G’RPY.

As we show in the proof of the following Lemma 5.1 (cf. also [17,
Section 3]), the rules (— =), (¥ =), and (= 3)° of G’RPY are based
on the rules

G, p1=A|C=p
g|II,c= A

G|T = po,Alpo=C
GII'=C,A

(deny) and (deny),
where p; does not occur in the conclusion of (den;), i =0,1. The last
two rules can be characterized as nonstandard variants of the density
rule, cf. [23, Section 4.5].

Remark 5.1. The (standard) density rule in the hypersequent formula-
tion is:

GILp=A[ll = p, %
(den),
GINLII= A%
where p is a propositional variable not occurring in the conclusion; see
[23, Section 4.5]. Given our definition of the validity of a hypersequent,
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it is not hard to check that (den) is unsound, but becomes sound if we
expand the notion of a hypersequent by adding new-type semiproposi-
tional variables interpreted by any real numbers, and require p to be
such a variable not occurring in the conclusion. We will refer to this
modified rule (den) as the nonstandard density rule.

LEMMA 5.1. If the rules (den;) and (deng) are admissible for G'RPY,
then Fgsgppy H implies Fgoppy H.

PROOF. Any axiom of G*RPY is an axiom of G’RPY. Assuming that
(den;) and (deng) are admissible for GRPY, we then show that all the
rules of G*RPY are admissible for G'RPY. The conclusion of the rule
(— :>)3 is obtained from its premise as follows:

GIT,pr=A|B=p,A .

GIT,pr=A|B=p,Al=p|A—>B=>m (ew) XO2

GIlipp=A|A—-B=pm (==)
GII',A— B= A

(deny),

(ew)™ being admissible for G’RPY by Lemma 4.2. The conclusion of the
rule (= 3)® is obtained from its premise thus:

G|T = po, Alpo = 3zA|po = (A)F
GIT = po,Alpo = IzA
GII=3dzA, A

(=3
(deny).

The rule (V =) is treated similarly to (= 3)°, but with an application
of (den;). Finally, the admissibility for G°RPY of the rules (= —)°,
(= V)%, and (3 =)" follows easily from the admissibility of (ew)™ for
G'RPV. .

Lemmas 5.3 and 5.8 below ensure that the rules (den;) and (deng)
are admissible for G°RPY. The idea of how we proceed is as follows.

Suppose that we have a G'RPV-proof D supplemented with an ap-
plication of (den;) to the bottom hypersequent of D, e.g., as displayed
in Figure 2; and we want to show that the conclusion of this application
is G'RPY-provable. We try to lift the application of (den;) up in D,
preserving at the bottom the original conclusion of this application. But
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D,
G|IT,A— B,p1 = A|l,p1 = A|T,B,p1 = A A
|VaC' = p1 | (C)f = m

(=)

~ =
GIT,A— B,p1 = A|Tl,p1 = A|T,B,p1 = A, A | VzC' = py
GIIA— B,p1=A|C=p =
GIT, A= B,C= A

:>)°

(deny) or (gden,)

Figure 2. An example G°RPV-proof D supplemented with
an application of the rule (deny).

D,
GITVA—= B,p1= AT, p1=A|T,B,p1= A A
|VaC' = pi | (C)] = p

o (7 =)

~ =
g|F7A_>Bap1jA|F7p1:>A|FaB7p1:>A7A|v$C,:>pl
GINA— B,C=A|I'C=A|,B,C=AA
GIT, A= B,C= A

(gden,)
0

(==)

Figure 3. Lifting the application of (gden;) in the example G RPY-proof D.

we see that we actually need to lift up applications of a more general
version of (deny), such as

G|[Ti,p1 = Ai}iel‘.m
G010 = A, %]

| 1L = p1,%5] N
- iel..m g€l (gden,),
VIS D)

where m > 1, n > 1, the premise contains a sequent of the form C' = pq,
and p; does not occur in the conclusion.

The condition that the premise of the generalized version (gden,) of
(deny) contains C' = p; is in accordance with that the premise of (den;)
contains C' = p; and that G'RPY is cumulative (so each hypersequent
of a G’RPYV-proof for a hypersequent containing the sequent C = p;
contains this sequent too). We make use of the condition in treating the
base case where the premise of (gden,) is a G’RPV-axiom in order to
show that the conclusion is GORPV—provable.

Now suppose that the application of (gden,) in Figure 2 is lifted one
level up in D so that all arising applications of (gden,) are recursively
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lifted up to the axioms of D; and thus the conclusion of the application
of (gden,) in Figure 3 is shown to be G’RPY-provable. Then from this
conclusion of (gden,), we obtain the desired hypersequent by the rule
(— :>)0 (in more complicated cases, by some rules that are admissible
for G°RPV).

In proving Lemma 5.3 (on the admissibility of (gden,) for G°RPY),
we are going to preprocess a GORPV—prOOf of a hypersequent containing
a sequent of the form C' = p;, using the following lemma.

LEMMA 5.2. Suppose that H = (G|C = p1) is an axiom of GRPY.
Then a G°RPV-proof of H can be constructed in which each leaf hyper-
sequent L contains a sequent of the form Cy = pi or = py1, where Cp
is an atomic RPLV-formula.

Proor. The RPLV-formula C has the form
Qz1...Qur,C" or Quxy...Quun(A — B),

where Qq,...,Q, are quantifiers and C’ is an atomic RPLV-formula.
The desired G’RPV-proof can be obtained from H by n backward appli-
cations of the rules (Q :>)O, o (Qu :>)O, respectively, with any n new
parameters as the proper terms or the proper parameters of these rule
applications; and by one more backward application of the rule (— #)O
if C=Qzy...Quzn(A — B). .

LEMMA 5.3 (admissibility of the generalization (gden;) of (den;) for
GRPY). Suppose that m > 1, n > 1,

icl..m ’ [Hj = pl’zj]

H = (g’ [Ti, p1 = A
N = (g| [Fi,Hj — A“Eﬂz‘eL.m)7

jel.n

jEL.n )’

p1 does not occur in H', H contains a sequent of the form C = pq, and
l_GORPV H Then I_GORPV Hl.

PROOF. By Lemma 5.2, there exists a (G°RPV-)proof D of H in which
each leaf hypersequent £ contains a sequent of the form C, = p; or
= p1, where Cr is an atomic RPLV-formula. We transform D into a
proof of H' using induction on the height of D.

1. Suppose that # is an axiom (of G’RPY); i.e., F Hq;. Without loss
of generality we assume that

Hat = (gat‘ [T p1 = Ai]iel..k ‘ 1 = p1729’}J'€1~l)’
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where 0 < k < m, 0 <l < n, and the sequent II; = p;, ¥; has the form
Cy = p1 or = p1. Let Hy = (H)as-
1.1. Consider the case where k # 0. We have
= (Gar | [T, = AL T
and want to show that F H/,.

Suppose otherwise; i.e., for some hs-interpretation M and some M-
valuation v, there is no true sequent in G,¢, and for all ¢ € 1..k and all
jel.ld,

[Aillar, = 1Tl ar < Tl — [125] 02,0
By the density of the set R of all real numbers, there exists £ € R such
that, for all i € 1..k and all j € 1..1,

1Aillary = ITillary < & =1 <[Mjllare = [15]as.0-

In particular, £ < [[II1||arp — [|Z1]|lare +1 = ]|y +1 < 1.

Define an hs-interpretation M; to be like M but set |p1|a, = £. Since
p1 does not occur in Gar, 'y, A; (2 € 1..k), I, 35 (j € 1..1), we see that no
sequent in H,y is true under the hs-interpretation M; and M;-valuation
v. Hence ¥ H,¢, a contradiction.

Therefore = H! ., and so H' is an axiom.

at’
1.2. Now consider the case where kK = 0. Then

Har = (gat | [TT; = pa, Ej]jel.‘l)

and H[, = Gat. Since p; does not occur in Gu, II;, X; (j € 1..1), and
hs-interpretations can take p; to negative real numbers whose absolute
values are arbitrarily large, we conclude that F H,; implies F G,;. Thus
E H,,, and H' is an axiom.

2. Suppose that the root hypersequent H in D is the conclusion of
an application R of a rule R, and § is the principal sequent occurrence
in R.

2.1. If § is in the distinguished occurrence of G in ‘H, then we apply
the induction hypothesis to the proof of each premise of R, and next we
get a proof of H' by R.

2.2. Now suppose that S is not in the distinguished occurrence of G
in H, and for definiteness assume that S is the distinguished occurrence
of Fl,pl = Al in H.

2.2.1. If R is the rule (— =)°, then I'; = (I}, A — B) for some I},
and the proof D has the form:
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D,
H\F’17P1=>A1!F'173791=>A,A1(
H

—=)",
where H is

GITL, A= B,pi= A| [T pr = A, | [T = 91, 5]

jel.n’

By the induction hypothesis, we transform D; into a proof of

Hl‘ [F&,Hj#Al,Ej] ’ [F&,B,Hj?A,Al,Ej]

j€l.n jeEL..n’

whence we obtain a proof for H’ by n applications of (— :>)0.

2.2.2. The rules (V =)” and (= 3)" are treated similarly to the rule
(= =)" in item 2.2.1.

2.2.3. If Ris (= —)°, then A; = (A — B, A}) for some A}, and the
proof D looks like this:

D1 D2
H‘FMPI:A/M H’F17A7p1:>B7A/l 0
7 (=—).

By the induction hypothesis applied to the proofs D; and Dy, we con-
struct proofs of

Hl| [Fl,Hj:>A/1,2j] and Hl} [Fl,A,HjéB,A&,Ej]

jel.n jel.n’

respectively; whence we get a proof of H’' by Lemma 5.4 below.
2.24. If Ris (= V)", then A; = (VzA, A}) for some A}, and the
proof D has the form:

D,
HIT,p1 = (AL, A
H

where a does not occur in H (and hence, a does not occur in H'). Using
the induction hypothesis, we transform D; into a proof of

(= V)",

W [T, = (A5 AL,
whence we obtain a proof of H’ by Lemma 5.6.

2.2.5. The rule (3 =) is treated similarly to the rule (= V)" in item
2.2.4, using Lemma 5.7. o
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LEMMA 5.4. Suppose that n > 1,
M, = (g| [T = Ai]iel..n)’ My, = (g| i, A= B’Ai}iel..n)’

cgq.

Fgorpy s Faorpy Hiys and [Ty = A — B, Ai}iel..n =

Then l_GORPV g
PRrOOF. We proceed by induction on n. If n = 1, then G is the conclusion
of the rule (= —)° applied to H} and H.

Now suppose that n > 2. By Lemma 5.5 below, from Fgorpy Hl,
and Fgogpy H. it follows that the hypersequent

Hn:(g\[Fi:Ai] \rn,A;»B,An)

i€l..(n—1)

is GRPV-provable. Applying the rule (= —)° to H/, and H,, gives

;’L—l _ (g‘ [Fi = Ai}iel..(n—l) )

Likewise we arrive at the GORPV—provable hypersequent
et = (g| [Ti, A= B’Ai}iel..(n—l) )

Finally, by applying the induction hypothesis to H!,_; and H!'_,, we get
I_GORP\V/ g _|

LEMMA 5.5. Suppose that n > 2,

H = (g [0, I = %, A ) H' = (g | [T, 11" = 57, Ai}ielun),

i€l..n

Faorpy H', and tgogpy H”. Then

FGoRPY (g\ DT = 3, Ay [ Do T = E”,An).

PrROOF. For each k € 1..n, we put

Hy, = (g| [0, I = %, A] [, 11" = 27, A

i€l..(n—1) } ZEk‘n)

We can get H; from H” by the rule (ew)*. For each k € 1..(n — 1),
Figure 4 shows how to obtain Hgy; from H' and Hj using the rules
(ew)”, (ec)”, (split)", and (mix)". These four rules are admissible for
G RPY by Lemma 4.2. So Fgoppy Hn as required. -
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(ew)™x H'
(n=k) G| 0011 = ¥, A [ [0 = 27 A
g ’ [Fi7 ' =3, Ai}iel..(n—l) ’ [Fi7HH =X, Ai]
’ Fn7 H,7 Fk7 HH = 2,7 A’n7 Z:H7 Ak
g ’ [Fi7 ' =3, Ai}iel..(n—l) ’ [Fi7HH =X, Ai]
| D, I = 5/ AL | Ty, 1T = 87 A,
G| [, I = A L 117 = 57 A

He

(mix)”
i€(k+1)..n

(split)*

i€(k+1)..n

(ec)"x2

i€l..(n—1) ’ [ i€(k+1)..n

Figure 4. Obtaining the bottom hypersequent Hyy1 from H’ and Hy.

LEMMA 5.6. Suppose that n > 1,
Faorpy (g] [Ti = (A)i’AiLEl..n)’

[I; = VzA, Ai}iel..n C G, and the parameter a does not occur in G.
Then l_GORPV g

PROOF. We can obtain G from G| [I'; = (A)Z Ai}iel..n by n applica-

tions of the rule (= V)O, provided that the parameters aq,...,a, are
distinct and none of them occurs in G.

Therefore, it suffices to prove the following claim for every n > 1:
suppose that

H(a) = (go | [Ti = (A)g’Ai]iel..n )’

Faorpy H(a), and the parameters a,as, ..., a, are distinct and none of
them occurs in Gy, A, T';, A; (i € 1..n); then

Faorpy (go [ [T = (A5 Ay )
We use induction on n. In the case n = 1, the claim is obvious.

Suppose that n > 2. Clearly, Fgorpy H(a) implies Fqogpy H(an).
By Lemma 5.5, from Fgogpy H(a) and Fgogpy H(ay) it follows that

Faonpy (9o | [T = (A5 Ay oy [ Do = (A2, A0),

whence by the induction hypothesis, we get what is required. .
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LEMMA 5.7. Suppose that n > 1,

Faorpy (g | [T, (A)z = Ai}z‘eL.n)’
[[;,3zA = Al}iel..n C G, and the parameter a does not occur in G.
Then l_GORPV g

PRrROOF. This proof is similar to that of Lemma 5.6. =

For a finite multiset A, by #(A) we denote the number of its ele-
ments, taking their multiplicities into account.

LEMMA 5.8 (admissibility of a generalization of (deng) for G’RPY). Sup-
pose that m > 1, n > 1,

H = (g| [Ti, po = A | [1; = po, %]

Y — (g’ [Fi,Hj N Ai,zj}iEL'm),

JEL..n

i€l.m jel.‘n)’

po does not occur in H', H contains a sequent of the form py = C, and
l_GORPV H Then l_GORPV Hl.

PRrROOF. Using Lemma 5.9 below, we find a (G"RPY-)proof D of H in
which each leaf hypersequent £ contains an atomic sequent of the form
Tz,po = Ar, where #(A,) < 1 and no semipropositional variable oc-
curs in I'z or Az, We show that Fgogpy H’ by induction on the height
of D.

1. Suppose that # is an axiom (of G'RPY); i.e., E Hq. We can
harmlessly assume that

Hat = (gat ‘ [Fupo = Ai]iel.‘k ‘ [HJ = bo, EJL‘EL.Z)’

where 0 <k <m, 0<I<n and #(A;) <1. Let H., = (H)at-
1.1. Consider the case where [ # 0. We have

i€l..k
L= (gat | [0, 10 = Ai’zj]jea..z )

Suppose for a contradiction that ¥ H.,; i.e., for some hs-interpreta-

tion M and some M-valuation v, there is no true sequent in G,;, and for
alliel.kandall 7 €1..1,

I1Aillary — ITillare < IW{lare — 125 ar,0-
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Hence, for some real number ¢ and for all ¢ € 1..k and all j € 1.1,
1Aillazy = ITillary < & =1 <[l = [15]az,0-

In particular, £ > [|A1|lare — IT1llary +1 > [|Av]jamre +1 2 0.

Define an hs-interpretation My to be the same as M except that
Ipola, = €. Since pg does not occur in G, I';, A; (1 € 1..k), 11, X,
(j € 1..1), it follows that H,; has no true sequent under the hs-interpre-
tation My and My-valuation v. So ¥ H,, a contradiction.

Thus F H/,, and H' is an axiom.

1.2. Now consider the case where [ = 0. Then
Hat: (gat | [an Po = Az} iel..k)

and H!, = Gat. Since pg does not occur in Gy, Iy, A; (i € 1..k), and pg
can assume arbitrarily large values under hs-interpretations, we see that
E He implies F Gyr. So E H.,, and H' is an axiom.

2. Tt remains to consider the case where the root hypersequent H in
D is the conclusion of a rule application. But the argument for this case
can be obtained from item 2 of the proof of Lemma 5.3 by replacing p;

LEMMA 5.9. Suppose that H = (G|T,po = A) is an axiom of G'RPY,
#(A) < 1, and no semipropositional variable occurs in I" or A. Then a
G RPV-proof of H can be constructed in which each leaf hypersequent L
contains an atomic sequent of the form I'z,po = Ar, where #(Az) < 1
and no semipropositional variable occurs in I'z or A,

ProoOF. We proceed by induction on the number of logical symbol oc-
currences in the sequent S = (I',po = A). If S is atomic, then H is the
desired (G’RPY-)proof. Otherwise, S has one of the forms given in items
1-4 below.

1. Suppose that S = (IY,A — B,po = A). By applying the rule
(— :>)0 backwards to the distinguished occurrence of A — B in H, we
get the (G°RPY-)axiom H; = (G| S|T',po = A|T', B,po = A,A). By
the induction hypothesis applied to H; with (I, po = A) as S, we obtain
the desired proof of H.

2. Suppose that S = (I',pg = A — B). Applying the rule (= —>)O
backwards to the distinguished occurrence of A — B in H yields the
axioms (G|S|T',po =) and (G| S|T, A,po = B), to each of which the
induction hypothesis applies.
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3. Suppose that S = (I',po = QzA), where Q is a quantifier. We ap-
ply the rule (= V)" or (= 3)" backwards to the distinguished occurrence
of QrA in H, with a new parameter a as the proper parameter or the
proper term, respectively. Thus we get the axiom (G |S|T,po = (A)%)
and then use the induction hypothesis.

4. The case where S = (I'", Qz A, po = A), with Q being a quantifier,
is treated similarly to case 3. =

Remark 5.2. The proofs of Lemmas 5.3 and 5.8 can be easily combined
to establish the admissibility of the nonstandard density rule (given in
Remark 5.1 on p. 284) for G’RPY (with the notion of a hypersequent
expanded as mentioned in Remark 5.1).

THEOREM 5.10 (equivalence of G’RPY, G'RPY, and G’RPY). The fol-
lowing are equivalent: (a) Fqorpy H; (b) Fgigpy Hi (¢) Fasrpy H-

PROOF. (a)implies (b) by Theorem 4.5. If (b), then (c¢) by Theorem 4.6.
Finally, (c) implies (a) by Lemmas 5.1, 5.3, and 5.8. -

COROLLARY 5.11. For eachi = 0,1, 3, the calculus G'RPY is a conserva-
tive extension of G'RPY; i.e., for any RPLY'-hypersequent H, Fqigppy H
11? I_GIRP\V/ H

Proor. Immediate from Theorem 5.10 and Remark 2.3. =

COROLLARY 5.12.

(a) For eachi = 0,1, 1,3, the calculus G'RPY is a conservative extension
of the calculus GRPY; i.e., for any RPLV-hypersequent H, Fqippy H iff
Farpv H.

(b) The calculus GRPY is a conservative extension of the calculus GLY;
i.e., for any LV-hypersequent H, Farpy H iff Fary H.

PROOF. (a) follows from Corollary 5.11 and Theorem 4.4; (b) is just (a
reminder of) Proposition 3.1. o

6. Comparing hypersequent calculi for RPLY with
Hajek’s calculus for RPLV

In addition to Gentzen-type calculi for the logics RPLY and LV, now we
consider the calculi HRPY and HY.V, which are some of Hajek’s variants
of Hilbert-type calculi for RPLY and LV, respectively (cf. [18]). In this
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section we give previously known relationships between HRPY, HLV,
and GLY; then we establish that G*RPY (as well as G°’RPY and GRPY)
extended with the cut rule proves exactly the same RPLV-sentences as
HRPYV.

First let us formulate the calculi HRPV and HLV.

The axiom schemes of HRPY are:
(L1) A — (B — A);
(12) (A= B)—=(B—=C)— (A—=0));
(£3) (wA — —B) — (B — A), where —C is short for (C' — 0);
(L4) (A—=B)—B)—>((B—A) = A);
(tcl) (7 — r2) — 7, where r = min(1 —ry; + 73, 1);
(tc2) 7 — (r1 — 72), where r = min(1 —ry + 73, 1);
(V1) VzA — (A)F, where t is a term that is not necessarily closed and

is free for z in A;
(V2) Va(A — B) — (A — VaB), where z does not occur free in A;
(31) (A)f — 3xA, where t is a term that is not necessarily closed and
is free for x in A;

(32) Vz(A — B) — (3zA — B), where x does not occur free in B.

The inference rules of HRPY are:

A; A—B A
R )

HL.V is obtained from this formulation of HRPY by requiring A, B,
and C to be LV-formulas and removing the axiom schemes (tcl) and
(tc2).

THEOREM 6.1 ([19]). HRPV is a conservative extension of HLY, i.e., for
any tV-formula A, l_HRPV A iff l_HLV A.

As a hypersequent counterpart of the rule (mp) of HRPV, we consider
the following cut rule (cf., e.g., [23, Section 4.2]):

Q|F1:>C’,A1; Q|F2,C:>A2
(cut).
G|, T = A1, Ay

Let (cut)” be the version of the rule (cut) whose premises and conclusion
are restricted to LV-hypersequents.

THEOREM 6.2 ([2]).
(a) The rule (cut)™ is not admissible for GLY.
(b) For any LV-sentence A, Fgpyy cunyr A i Frey A.
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PROPOSITION 6.3. Let € be any of the calculi GRPY and G'RPY, where
i €{0,1,1,3}. Then the rule (cut)” (and hence (cut)) is not admissible
for €.

PRrOOF. In [21, p. 268], for the LV-sentence A = JaxVy(P(z) — P(y))
with P being a unary predicate symbol, it is shown that Fgry 4, and
a proof in GEV+(cut)" is constructed of the form

Dy Do
Hi; H
1:> A 2 (Cut)L7

where Dy and D, are GLV-proofs for H; and Ha, respectively. By Corol-
lary 5.12, we have F¢ Hi and Fg¢ He, whence |_€+(cut)L A. But by the
same corollary, Fgry A implies F¢ A. =

The rest of this section is devoted to a proof of the next theorem.

THEOREM 6.4. For any RPLV-sentence A, the following are equivalent:
Farpy A; I_GSRPV+(Cut) A; l‘G0R1>v+(cut) A; l‘C;R1>v+(cut) A.

In proving this theorem, we will employ the calculus HRPY obtained
from HRPY thus: ¢ in the axiom schemes (V1) and (31) is taken to be a
closed term, and the inference rule (gen) is replaced by the rule

(A

where a is a parameter not occurring in A.
We will also use the cumulative cancellation rule
GI'=A|ILC=C,A

gIr=A

(ccan);

cf. [10, Section 4.1] and [23, Section 4.3.5]. We remark that the (noncu-
mulative) cancellation rule was introduced in [10] as a variant of the cut
rule to establish cut elimination for the propositional fragment of the
calculus GLY via elimination of the cancellation rule.

PRrOOF of THEOREM 6.4. Given an RPLV-sentence A, we demonstrate
the following chain of implications:

(6.5)

(6.6) (6.8)
Farpy A = Fhppy 4 = FasrPvi(cut) 4 = FQORPYA(ccan) 4

(6.9) (6.10) (6.11)
= FGoRPY4+(cut) 4 = FarPY4(cut) 4 = Furpy A
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Implications (6.5), (6.6), (6.8)—(6.10) are established, respectively, in
Lemmas 6.5, 6.6, 6.8-6.10 of Subsection 6.1; and implication (6.11), in
Lemma 6.11 of Subsection 6.2. -

Before going into the details of this proof, it should be observed that,
in general, adding the same inference rule to equivalent calculi (i.e., those
that prove exactly the same objects) may produce nonequivalent calculi.

For example, let €; be the calculus with the only axiom a and the
only inference rule a/b, and let €3 be € +c¢/d (where ¢/d is another rule).
Then the calculi €; and €5 are equivalent as each of them proves exactly
a and b. However, the calculi €;+b/c and €3+4b/c are nonequivalent as
the latter proves d, which is unprovable in the former.

So in proving, e.g., that Fgsrpy.y(cut) A implies Fqorpyy (cut) 4, we
have to rely on the particular features of the calculi involved.

6.1. Comparing G3RPYV with HRPV: the syntactic part

In this subsection we establish implications (6.5), (6.6), (6.8)—(6.10),
given in the above plan of the proof of Theorem 6.4, by demonstrating
the respective lemmas. Here one or another lemma may assert not only
that the respective implication holds but also that its converse holds if
the latter is not hard to prove syntactically.

LEMMA 6.5. For any RPLV-sentence A, bFyrpy A iff }_ﬁRPV A.

We omit the proof of Lemma 6.5 because the proof is not complicated
and does not differ from that of the similar assertion for appropriate
variants of classical first-order Hilbert-type calculi.

LEMMA 6.6. For any RPLV-formula A, if F4p0 A, then Faarpyy (cut) A-

PROOF. The rule (gen) of HRPY is derivable in G*RPY since GRPY
contains the rule (= V).

On the left in Figure 5, we obtain the conclusion of the rule (mp)
from its premises and the hypersequent H = (A, A — B = B) using the
rule (cut); and on the right, we give a GRPV-proof of H. But Fqsgpy H
by Corollary 5.12. So (mp) is derivable in G*RPY~+(cut).

To finish the proof, it is enough to show that all the axioms of HRPY
are G3RPV-provable.

Take an instance L of any of the axiom schemes (L1)-(L4), (tcl),
(tc2). Since L is valid even if in L the RPLV-formulas A, B, C from the
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=A—-B, AA—-B=B
= A; A= 1B
=B

A=A, B=B
ABoAB WX
A,A—>B:>B(_>$)

(cut)

(cut)

Figure 5. Proofs for showing the derivability of (mp) in G*RPV+ (cut).

(A= (A B=B1B

a a’ - \P
(A5, B = (A5, B ™))
A 5B (Ar=B 7
. N V(A5 B), (A= BT
W) A= B =: Ve(AoB)JA=B )
= V(A= B) = (JeA = B) =)
S V2(A > B) = (G2A > B) (=-)

Figure 6. A GRPV-proof of an instance of the axiom scheme (32).

formulation of the schemes are treated as distinct propositional variables,
it follows by Lemma 3.6 that Farpy L. Now by Corollary 5.12, we get
Fasrpy L.

Finally, let @ be an instance of the axiom scheme (V1), (¥2), (31), or
(32). Then we can construct a GRPV-proof of ). Indeed, in the cases
of (V1) and (31), this is trivial; in the case of (32), such a GRPV-proof
is shown in Figure 6 (where a does not occur in A, B); and in the case
of (v2), a GRPY-proof of @ is constructed similarly. By Corollary 5.12,
Ferpv @ implies Fasppy @ as required. o

LEMMA 6.7. Lemma 4.2 holds for G°RPV+(ccan) in place of G’RPY.

PrROOF. For each rule mentioned in Lemma 4.2, except for the rule
(split)*, its admissibility or hp-admissibility for G’RPY+(ccan) is es-
tablished just as in the proof of Lemma 4.2. So, in particular, the rule
(ec)” is hp-admissible for GRPY+ (ccan).

Given the hp-admissibility of (ec)” for GRPV+ (ccan), the proof of
the hp-admissibility of (split)* for G'RPY+ (ccan) is similar to item 4
of the proof of Lemma 4.2 (and thus to the proof of Lemma 7 in [16]);
we only need to consider one more case. As in the proof of Lemma 7 in
[16], by induction on the height of a proof Dy of G|T'1,T'2 = Ay, As (in
G°RPY+ (ccan) now), we show that D; can be transformed into a proof
of G|I'1 = A1 |T'2 = Ay whose height is no greater than the height
of Di. We add the case where the proof D; has the form:
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Dy
GIT1,To= A, A | T, T2, A= A AL Ay
G|, Ta= A, Ay

(ccan).

In this case, using the induction hypothesis twice, we split the two se-
quent occurrences distinguished in the bottom hypersequent of the proof
Dy to obtain a proof of

Q|F1 :>A1 |F2 :>A2|F1 = Al |F2,A:>A,A2;
whence by the hp-admissible rule (ec)”, we construct a proof of
Q|F1 = Al |F2 :>A2|F2,A:>A,A2;

and by (ccan), we get the desired proof of G|I'y = Ay |y = As. -
LEMMA 6.8. If I_GSRPV+(Cut) HO, then l_GORPV—i-(Ccan) H().

PROOF. It suffices to demonstrate that all the rules of G*RPV+ (cut)
are admissible for G°RPY+ (ccan).

1. Let us first establish the admissibility for G°RPY+ (ccan) of the
rules (den;) and (deng), which are formulated at the beginning of Sec-
tion 5.

By Lemma 6.7, the rules (ew)”, (ec)”, (split)*, and (mix)" are admis-
sible for GRPY+(ccan). Then we proceed as in Lemmas 5.3 and 5.8,
adding to item 2.2 of the proof of Lemma 5.3 one more case 2.2.6 where
R is (ccan) and the proof D (in G"RPY+ (ccan) now) looks like:

D,
H|F1?Aapl :>A7Al
H

In this case, using the induction hypothesis, we transform D; into a
proof of

(ccan).

Hl ‘ [Fl,A,Hj = A, Al, E]}

jeEL..N’

whence we get the desired proof of H’ by n applications of (ccan).

2. Now the admissibility for GPRPY+ (ccan) of each rule of G*RPY
can be shown just as in the proof of Lemma 5.1. Finally, (cut) is ad-
missible for G’RPV+-(ccan). Indeed, the conclusion of (cut) is obtained
from its premises thus:
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Q[F1:>C,A1; Q[FQ,C:>A2 N
(mix)

g|F17F27C:>CaA17A2 ( )*
G|, Te = A1, A2 T, T2,C = C, A1, Ay (EZ;n)
G|, Ta= A, Ay 7

(mix)* and (ew)” being admissible for G’"RPY+ (ccan) by Lemma 6.7.
LEMMA 6.9. I_GORPV—F(CC&D) H if and Only if FGORPV—F(CU‘D) H.

PROOF. ONLY IF. It is enough to demonstrate that (ccan) is admissible
for GRPY+ (cut). The conclusion of (ccan) is obtained from its premise
and the hypersequents = and C' = C by rules that are admissible for
G°RPY+ (cut) as follows (cf. [10, Section 4.1]):

. v=; C=C GIT'=A|ILC=C,A
(ew). (==) S50 GIT.C 5C=A
gIr=A

(ew)", (= =)’
(ew)”™, (cut).

The hypersequents = and C' = C are GRPV-axioms, hence are G°RPV-
provable by Lemma 4.3; and we are finished with the left-to-right direc-
tion.

Ir. It suffices to show that (cut) is admissible for G°RPY+ (ccan).
But this is done in item 2 of the proof of Lemma 6.8. o

LEMMA 6.10. For any RPLV-hypersequent H, Fgorpyy(cuty H if and
only if FgRpv4 (cut) H-

Proor. ONLY 1F. By Lemma 4.1, every RPLV-hypersequent that is
an axiom of G’RPY is provable in GRPY, and each rule of G°RPY is
derivable in GRPY if its premises and conclusion are restricted to RPLV-
hypersequents. Hence the required result follows.

IF. By Lemma 4.3, all the axioms of GRPY are G’RPV-provable. By
Lemma 6.7, all the rules of GRPY are admissible for G°RPY+ (ccan),
and hence by Lemma 6.9, for G°RPY+ (cut). —|

6.2. Comparing G3RPYV (and GRPY) with HRPV: the semantic part

To finish the proof of Theorem 6.4, in this subsection we establish

LEMMA 6.11. For any RPLV-formula A, if Fgrpv(cut)4, then Furpy A.
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We are going to employ the completeness of HRPY with respect to
the algebraic semantics over so-called MV-chains containing the rational
unit interval. Let us describe the semantics, following [12], [18], and [2].

An MV-algebra is an algebra L = (L, ®,—,0) such that the reduct
(L, ®,0) is an Abelian (or commutative) monoid, and the three identities
hold:
¢ Y=Y,

o y®-0=-0,

o (yd®2)Pz="(z2d®yY) Dy.

An MV-algebra is nontrivial if its universe contains more than one ele-
ment.

Given an MV-algebra L = (L, ®, -, 0), by definition, put:

[ ] = —\07

e (y—2)=(wa2),

o (y<z2) iff (y—2)=1

As shown, e.g., in [12, Section 1.1], the relation < is a partial order on
L, called the natural order of L.

An MV-chain is an MV-algebra whose natural order is linear. Con-
sider the following two examples of MV-chains.

First, [0,1]y = ([0, 1], @, —,0), where [0, 1] is the real unit interval,
and the operations are defined thus: y @ z = min(1, y+ z), -y =1 —y;
and so y — z =min(1, 1 — y + z). Note that the standard semantics of
the logic RPLY (see Section 2) is defined over this MV-chain.

Second, QN 0,1]y, = (QN]0,1], ®,—,0), where Q is the set of all
rational numbers, and the operations are defined analogously.

An MV-chain L is said to contain the rational unit interval if the
MV-chain Q N[0, 1]y, is a subalgebra of L.

Remark 6.1. For any MV-chain (L, ®, =, 0) containing the rational unit
interval, the elements 0 and =0 = 1 of L are the integers 0 and 1, respec-
tively.

Let L = (L, ®,—,0) be an MV-chain containing the rational unit in-
terval. We take L as the set of truth values.

An L-interpretation M is defined just as an interpretation (see Sec-
tion 2), except that now predicates assume values from L.

The truth value |A[}; , of an RPLY-formula A under an L-interpreta-
tion M = (D, u) and an M-valuation v is defined thus:
o [}, =1
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o |P(ty,....tn)[5,, = w(P)(|t1]rss - - - [tn|ar,) for an n-ary predicate
symbol P and terms ¢y, ...,t, not necessarily closed;

e [B—=Cly, =By, = ICk ., if |Bl},, and [C[},, are defined,
otherwise |B — C|}; ,, is undefined;

o |VazB[},, =infsep ]B]%W’U[m,_)d] if ‘B‘IM,u[sz} is defined for all d € D
and the infimum exists, otherwise |VaB|}; , is undefined;

e [FzBl};, =supsep |B|IM’V[sz] if |B|§“\47U[m,_)d] is defined for all d € D
and the supremum exists, otherwise |3z B \%4” is undefined.

The truth value of an RPLV-formula (under an L-interpretation A
and an M-valuation) may be undefined because some infima or suprema
involved in the above definition may not exist. To avoid this, we re-
strict ourselves to so-called safe L-interpretations. An L-interpretation
M is called safe if |Al}; , is defined for all RPLV-formulas A (over the
signature being used) and all M-valuations v.

An RPLY-formula A is L-valid, or in symbols Fy, A, if [A]}, , =1 for
all safe L-interpretations M and all M-valuations v.

The following Theorem 6.12 is a special case of Theorem 5.2.9 in [18]
and is given below in the formulation used in [19].

THEOREM 6.12 (completeness of HRPYV [18, Theorem 5.2.9]). For any
RPLV-formula A, Furpy A iff Fy A for all MV-chains L containing the
rational unit interval.

With Theorem 6.12, in order to establish Lemma 6.11, it remains to
prove

LEMMA 6.13 (soundness of GRPV+(cut)). For any RPLV-formula A, if
Farpv4(cut) A, then F, A for all MV-chains L containing the rational
unit interval.

To prove Lemma 6.13, we need the notion of an o-group and the next
Theorem 6.14, which connects MV-chains with o-groups.

A linearly ordered Abelian group (an o-group for short) is a structure
G = (G, 4+, —,0,<) such that
e (G,+,—,0) is an Abelian group,
e (G,<) is a chain, and
o forallv,y,ze€ G, if y<z theny+v<z+0v;
see, e.g., [18, Section 1.6]. For elements y and z of such a group, we write
y — z for y + (—z), and call the element y positive if 0 < y and y # 0.
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For an o-group G = (G, +, —, 0, <) and a positive element e € G, let
o [0,€e]s denote the set {g € G |0 < g <e}, and

MV (G, e) denote the algebra ([0, €], ®, =, 0), where

y @z =min(e, y+ 2) and -y =e —y.

THEOREM 6.14 (][9], cf. [18, Section 3.2]). For any nontrivial MV-chain L
there exist an o-group G = (G, +, —,0, <) and a positive element e € G
such that
e MV(G,e) is an MV-chain,
e the natural order of MV (G,e) coincides with the restriction of the
order < of G to [0, €]q, and
e the MV-chain L is isomorphic to the MV-chain MV (G,e).

The above Theorem 6.14 is due to Chang [9], but is given in the formu-
lation close to that in [18, Section 3.2].

PrOOF of LEMMA 6.13. Suppose that A is an RPLV-formula provable
in GRPV+(cut), and L = (L, ®, —,0) is an MV-chain containing the ra-
tional unit interval. We are to show that Fr, A.

Applying Theorem 6.14 yields an o-group G = (G, +', —',0’, <) and
a positive element e € G such that the MV-chain L is isomorphic to the
MV-chain MV (G, e) = ([0, €]s, @', —',0"). Without loss of generality we
can assume that L is exactly MV(G,e). Then we can use the order <’
of G as the natural order of L. We also have 0’ =0, ¢ = -0 = 1, and for
all y, z € [0, 1],

y®z=min(l,y+'2), y=1-"y, y—z=min(l,1-"y+'2).

Now we extend the notion of the validity of an RPLV-hypersequent
to L. For a finite multiset I' of RPLV-formulas, a safe L-interpretation
M, and an M-valuation v, we put

!/
Tl = D (1Bl%r, =" 1),

Bell

where the summation ' is carried out in the o-group G, taking multi-
plicities of multiset elements into account, and > 5.5 (...) = 0. We say
that an RPLV-hypersequent H is L-valid if, for every safe L-interpreta-
tion M and every M-valuation v, there is a sequent I' = A in H such
that

ITNRr0 <" 1AL,

Observe that Fy, A iff the hypersequent = A is L-valid.
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To prove that Fy A, it is sufficient to demonstrate that the calculus
GRPV+(cut) is sound with respect to this semantics, i.e., proves only
L-valid RPLV-hypersequents. Verifying the soundness of all the rules of
GRPY with respect to L-validity is performed essentially as for the stan-
dard semantics (see Proposition 3.2). The rule (cut) with its premises
and conclusion restricted to RPLV-hypersequents is easily seen to be
sound with respect to L-validity. Further, a GRPV-axiom of the form
B = B is clearly L-valid.

It remains to establish the L-validity of a GRPV-axiom of the form

Fl,...,fl:>§1,...,§m,A1,...,An, where
l m
Z(’I“i - 1) g Z(Sj - 1) —n. (Io)
i=1 j=1

Here and below Z, +, —, <, and < (used also in the form >) are, respec-
tively, the usual summation, addition, subtraction, (nonstrict) order, and
strict order on the set of all rational numbers. By k1 we denote the sum
(I14+"1+4"...4'1) of k items, the sum being equal to 0 if £ = 0. To finish
the proof, it is enough to show that inequality (Ip) implies the inequality

Z (sj =" 1) =" nx1.

For this, in turn, it suffices to prove that, for any nonnegative integers
l,m,n1,ne and any rational numbers ry,...,7r;, s1,...,8, € [0,1],

l
S~

i=1

l m
nl-f-Z?“i < n2+zsj
i=1 j=1

implies
l m
/ /
(I) nixl+ Z ri < ngxl 4/ Z s;.
i=1 j=1

Let us note that this implication is not obvious, as we do not know how
+" and <’ behave outside of the rational unit interval. However, for any
rational numbers 7, s € [0, 1], we have:

o r <' s iff r<s; and

o if r+s5€(0,1], then r+' s =r+s.
We proceed by induction on (I 4+ m), considering the following cases.
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Case 1: | < 1 and m < 1. For convenience, we can harmlessly assume
that [ = m = 1, because otherwise we can add r; =0 (resp. s; = 0) to
the left-hand (resp. right-hand) sides of both inequalities (I) and (I').

Subcase 1.1: n; = ny. Then inequality (I) implies r; < s1, whence
r1 <' 51, and so ny*1 4+’ 71 < noxl +’ s1 as required.

Subcase 1.2: n1 < mno. Then ni; + 1 < ng, and hence nyx1 +" r; <
(n1+ 1)*1 <" noxl < noxl +' s1.

Subcase 1.3: ny > ny. Then from (I) it follows that n; =ng + 1,
r1 =0, and s; = 1. Hence nyx1 +'r1 = nixl = (ng+ 1)1 = noxl 4’ 5.

Case 2: [ > 1 or m > 1. We assume for definiteness that [ > 1, and
put R = r1 + To.

Subcase 2.1: R < 1. Then r; +' ro = R. So inequalities (I) and (I')
are equivalent, respectively, to

l m
n1+(R+Z7"Z‘><TL2+ZSj and
j=1

i=3
nyxl+ (R-l— Z m) "noxl + Z 5.

The required result follows by the induction hypothesis applied to the
last two inequalities.

Subcase 2.2: R>1. Put R = R — 1, i.e., R= r1+re —1. Then ry =
(1—71)+ R, where ry, (1—r1), R€[0,1]. Hence r, = (1 —r) +'R,
and so r1 +'ry =7y +' (1 —r1) +/ R; but r + (I=r1)=rm+1-r)
=1, and therefore 71 +' 7y = 1+ R. Thus (I) and (I') are equivalent,
respectively, to the inequalities

l m
(n1+1)+<R+Zri><n2+Zsj and
i=3 j=1
!

(ng +1)x1 +' ( Z ) "noxl 4+ Z 55,

to which the induction hypothesis applies. .

PROOF of LEMMA 6.11. Follows from Theorem 6.12 and Lemma 6.13.
_|
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7. Conclusion

In the present article, we have compared the proof-search-oriented ana-
lytic hypersequent calculus G*RPY (for the logic RPLV) with the ana-
lytic hypersequent calculus GEV (for the logic L.V) and with the Hilbert-
type calculus HRPV (for RPLY).

To facilitate our comparison, we have introduced (and included in
this comparison) two analytic hypersequent calculi for RPLV, namely
G RPY and GRPY, which are unsuitable for proof search, but are useful
in theoretical investigations, such as those given above. G'RPY is a
simplified version of G*RPY and, in fact, is a predecessor of G>RPY that
was our initial result of excluding all the structural rules from GLV but
was not published previously. GRPY is a natural extension of GLY with
axioms that handle truth constants of RPLY and are defined in nearly
syntactic terms. Table 1 summarizes the analytic calculi just mentioned.

Calculus Structural | For proof | Short description
rules search

GLv [2] yes no first analytic calculus for LY

GRPY [this | yes no extension of GLV with “nearly syn-

article] tactic” axioms for truth constants

GRPY [this | no no initial result of excluding all the

article] structural rules from GLV

G*RPY [17] | no yes repetition-free, proof-search-orien-
ted calculus, obtained from G°RPY

Table 1. The main analytic calculi considered for the logics 1.V and RPLV.

We have established that GRPY is a conservative extension of GL.V,
and that G'RPY and G*RPY are equivalent and are conservative ex-
tensions of GRPV (see Theorem 5.10 and Corollary 5.12). We have also
demonstrated that the calculi GRPY, G°RPYV, and G*RPY each extended
with the cut rule prove exactly the same RPLV-sentences as the calculus
HRPY (see Theorem 6.4).

The key part of our argument is the syntactic proofs of the admis-
sibility for G°RPY of the nonstandard variants (den;) and (deng) of
the density rule (see Lemmas 5.3 and 5.8). These proofs can be easily
adapted to show the admissibility for G°RPY of the nonstandard density
rule (see Remark 5.2 on p. 294). The given proof of the admissibility of
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(den;) for G°RPY provides an algorithm for transforming a proof of a
hypersequent in GORPV-I-(denl) into a proof of the same hypersequent
in G'RPY.

Let us adopt the following definition (cf., e.g., [10, 22, 23, 24]). Sup-
pose that € is a calculus, and a rule R is not an inference rule of €;
then elimination of R is said to hold for €+R (as well as for €) if
an algorithm is constructed that, given a proof of an object in €+7R,
transforms it into a proof of the same object in €.

Thus, our proof of the admissibility of (den;) for G’RPY establishes
the elimination of (den;) for G°RPV+(den, ); similarly with (deng) and
the nonstandard density rule. One feature of these density elimination
proofs is that they do not use the cut rule, which is not admissible for
GRPVY (see Proposition 6.3).

Before the present work, density elimination proofs were known for
some (classes of) hypersequent calculi, though for logics different from
LY and RPLY; see [3], [1], [22], [11], [23], [8], [4], [5], [6], [24], [7], [28],
and [29] (in chronological order). In all these works except [1], such
proofs use the cut rule even if no application of it is in an initial formal
proof. The density elimination proof for a single-conclusion hypersequent
calculus for first-order Gédel logic in [1] is provided as an improvement
of the earlier density elimination proof (introducing cuts) for the same
calculus in [3], and does not introduce cuts if an initial formal proof is
cut-free. Our technique for proving density elimination resembles that
in [1], but has been rediscovered, made more explicit, and elaborated
for the multiple-conclusion calculus G’RPY for the logic RPLY. Given
these two applications of the technique, it would be nice to generalize
the technique to as wide a class of hypersequent calculi as possible.

Further, the book [23] on p. 134 says that it is unclear whether density
elimination can be obtained for calculi for the propositional fragment of
the logic L.V. We have given a density elimination proof for the calculus
GRPY, which is a conservative extension of the calculus GEV (which
in turn is complete for the propositional fragment of LY). Moreover, to
the best of our knowledge, the given proof is the first density elimination
proof for a first-order multiple-conclusion hypersequent calculus in which
neither the weakening rule nor the contraction rule is admissible.?

3 The weakening and contraction rules are, respectively:

GIl= A GINLILII= X, %A
and R

GIN,II=X,A GIN,II=X%,A
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Finally, let us note that, in contrast to numerous works on the com-
plexity of cut elimination, how complexity of formal proofs varies has
not yet been investigated for any density elimination proof, which offers
another problem for future research.
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G. Also there we say that Lemma 3.5 is in fact established in the proof
of Theorem 6.24 in [23].

Here is the required analog of Lemma 3.5 for RPLY and GRPYV, with
the proof adapted from that of Theorem 6.24 in [23] and supplemented
with a few clarifications.

LEMMA A.1. Let G be a valid atomic RPLV-hypersequent with ¢(G) > 0.
Then G is GRPV-provable from a valid atomic RPLV-hypersequent H
with ((H) < £(G).

PRrROOF. We can harmlessly regard each nonconstant atomic RPLV-for-
mula A in G as a new propositional variable pa, and specify only an
interpretation M (omitting an M-valuation) when speaking about the
truth values of propositional RPLV-formulas.

We pick a propositional variable g occurring on the left of one of the
sequents of G. If ¢ occurs on both sides in the same sequent, then we
apply (mix)P and (id)P backwards to remove it, noting that the new
hypersequent is also valid. Next, we use (eC)P and (split)P backwards to
multiply sequents, giving (for some integers k > 0, m > 0, and n > 0) a
hypersequent

G' = (Go| [i.[a)* = A I = [q]", %]

i€l.n ’ [ jEl‘.m)

where ¢ does not occur in Go, I';, A;, I1;, or 3 for i € 1.n and j € 1..m,
and [g]* stands for the multiset consisting of k copies of q.
Observe that Farpy G if Fagrpy G'. Also E G’. Now let H be

i€l.n
jeEl.m

(Gol [P0, = AL 3] 57 [0 = A, T = (g, 5]

le.‘m)'

Clearly, ¢(H) < ¢(G). Also G’ is GRPV-provable from H. Indeed, we ap-
ply (ec)” and (split)" backwards to G’ to combine sequents of the form
(Ti, [q)F = A;) and (I1; = [q]*, 3;) into one: (T';, 11, [¢]* = [q]*, Ay, ;).
Then we apply (mix)" and (id)" backwards to remove the balanced oc-
currences of ¢, and (wl)" backwards to (I';, [q]* = A;) to get (I = A;).

It remains to show that F H. Suppose, for a contradiction, otherwise;

i.e., that there exists an interpretation M such that ||I'||as > ||A|las for
all ('= A) € H. Let

a =max ({|Aillar = |Tillam : 1 <i<npU{=k}) (and so —k < a);
B =min ({||1;||am — | Z)llar : 1 <G <m}U {O}) (and so 8 <0).

i€l..n

7

If o > B, then we have at least one of the following cases:
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(1) for some  and j, [ Aillar — ITallar > [T llar — 15 las

(2) for some i, ||[A;|lar — |Tillar = 0;

(3) for some 7, —k > [ |ar — %
Since ||I'|lar > ||A|las for all (I' = A) € H, neither of cases (1)-(3) is
possible; and hence a < .

Define an interpretation M’ to be like M, but (noting that 0 <a/k +1
and B/k +1 < 1) choose |q|p so that a/k+1 < |g|p < B/k + 1, ie.,
a < k(|glaprr — 1) < B. Then for all i € 1..n and all j € 1..m:

[Aillar = [ITillar < @ < k(lglar = 1) < B < [TWl[arr = 1%l ar7;

therefore [Ty, [g]*|[ar > [[Aillarr and [[TT;][ar > [[[g]", 35l - So # G,
a contradiction. -

B. The admissibility of the rules (split)* and (mix)* for G°RPY

Item 4 of the proof of Lemma 4.2 says that the proof of the hp-admis-
sibility of (split)* for G°RPY is very similar to the proof of Lemma 7 in
[16]. Besides, in the proof of Lemma 6.7, we extend the proof of the hp-
admissibility of (split)” for G’RPY with a new case to obtain the proof
of the hp-admissibility of (split)* for G°RPY+ (ccan).

Next, item 5 of the proof of Lemma 4.2 says that the proof of the
admissibility of (mix)* for G°RPY can be obtained from the proof of
Lemma 8 in [16] by identifying the notion of a completable ancestor of a
sequent occurrence with the notion of an ancestor of a sequent occurrence
(the former notion is used in [16]).

Below we give the proof of the hp-admissibility of (split)* for G°RPY
and the proof of the admissibility of (mix)* for G°RPY, adapting the
mentioned proofs from [16] (and correcting inaccuracies introduced in
[16] by a translator of the original Russian article).

LEMMA B.1. The following rule is hp-admissible for G°RPYV:

G|, To= A1, Ay
Q|F1:>A1|F2:>A2

(split)”.
PROOF. Let

Hi=(G|T1,T2= A1,A2), Ho=(G|T1= A1 2= Ay).
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Using induction on the height of a (GORPV—)proof Dy of H1, we show
that D; can be transformed into a proof of Ho whose height is no greater
than the height of D;.

1. If H; is an axiom, then it is easy to see that Hs is an axiom too.

2. Let the bottom hypersequent H; in D; be the conclusion of an
application R of a rule R. We consider the case where R is (— :>)0; the
remaining cases are similar.

2.1. Suppose that the principal sequent occurrence in the application
R is in the distinguished occurrence of G in H;. Then the premise Hg of
the application R has the form Gy |I'1,T's = Ay, Ay. By the induction
hypothesis for the proof of Hy (which is a subtree of the proof tree D),
we can construct a proof of Go|I'y = Ay |T's = Ay, By applying the
rule R, we obtain the required proof of Hs.

2.2. Suppose that the principal sequent occurrence in the application
R is the distinguished occurrence of I'y,I's = Ay, Ay in H;. For defi-
niteness we assume that the principal occurrence of a formula A, — By
in the application R is in I';. Then I'y = (I}, Ay — By) for some I',
and the proof D; has the form

Dy
G|T1, A1 — B, Ty = A, A [T, Ty = Ay, Ay
|}, B1, T2 = A1, A, Ay
G, Ay — B, Iy = A, Ay

(—=)".

Using the induction hypothesis three times, we split all the three
sequent occurrences that are distinguished in the bottom hypersequent
of the proof Dy, thus obtaining a proof of the hypersequent

Q[F&,A1—>Bl:>A1]F2:>A2\F’1:>A1]F2:>A2
\F&,B1:>A1,A1]F2:>A2.

From this hypersequent we eliminate two occurrences of I's = Ay
with the help of the hp-admissible rule (ec)” (see Lemma 4.2 and item
2 of its proof), getting a proof of the hypersequent

Q|F’1,A1—>Blz>A1|F’1:>A1|F'1,B1:>A1,A1|F2:>A2.

Finally, we apply the rule (— :>)0 to the last hypersequent and ob-
tain the required proof of G [T, Ay — By = A1 |y = As. =
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LEMMA B.2. The following rule is admissible for G°RPY:

Q|F1:>A1; Q|F2:>A2
G|, To= Ay, A9

(mix)".
PROOF. Let

Hi= (G| = A1), Ho=(G|2= As),
H3 = (g|F1,F2 = Al,Ag).

We suppose that Fgogpy H1 and Fgogpy He, and show that Fgogpy Hs.
Let Dy be a (G’RPY-)proof of #; such that no proper parameter from
D1 occurs in I's = As.

We obtain a proof search tree DY for H3 as follows. In Dy, for each
occurrence S of a sequent of the form I1; = Y1, if S is an ancestor of the
distinguished occurrence of the sequent I'y = A; in the root of Dy, then
we replace S by an occurrence S’ of the sequent IT;,T's = X1, Ay. We
also mark S’ if S is an atomic sequent occurrence in a leaf of Di. Let
S;,1=0,...,1—1, be all distinct marked sequent occurrences in Dg.

We expand Dg, proceeding for each ¢ =0,...,l — 1 as follows.

(0) Let S; be an occurrence of a sequent of the form IT;, 'y = 3, A,.

(1) We construct a proof Dy of Ho such that no proper parameter
from Dj occurs in D.

(2) We obtain a proof search tree Dy for G |11, Ty = ¥4, Ay thus:
in Dy, for each occurrence of a sequent of the form Il; = X5, if this
occurrence is an ancestor of the distinguished occurrence of the se-
quent I's = A, in the root of Dy, then we replace this occurrence by
Hl,Hg = 21, .

(3) We expand each branch of D} containing the occurrence S; as
follows: we identify the top node of this branch, which represents an
occurrence of a hypersequent of the form G |11y, 'y = X1, Ay | H for some
‘H, with the root of the tree obtained from D by appending “|H” to
each node hypersequent. By D§+1 we denote the tree resulting from this
expansion of Dj.

It is not difficult to see that the tree D} is a proof search tree for Hs3.
It remains to show that D} is a proof.

We consider an arbitrary leaf L3 of Dé and show that L3 is an axiom.
Given L3, we find a unique leaf £1 of D; that transforms into a leaf of DY
that, in turn, transforms (in expanding DJ) into a node of D} belonging
to the same branch as L.
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Let II1 ; = X414, ¢ € I, be all atomic sequents whose occurrences in
L1 are ancestors of the distinguished occurrence of I'y = A; in the root
of D;. By the construction of D}, for each i € I, there exist a proof
D% of Hy and its leaf £4 such that, for each j € J;, an atomic sequent
Hl’i,l_[g’j = EM,EQJ occurs in L3, where Hg’j = Eg’j, j € J;, are all
atomic sequents whose occurrences in L are ancestors of the distin-
guished occurrence of I'y = Ay in the root of Dé.

In addition, £3 contains all atomic sequents S, k € K, whose oc-
currences in £ are ancestors of sequent occurrences in the distinguished
occurrence of G in the root of Dj.

Finally, for each 7 € I, the leaf L3 contains all atomic sequents Sém,
m € M;, whose occurrences in £} are ancestors of sequent occurrences
in the distinguished occurrence of G in the root of Dé.

The leaf £1 of the proof D; is an axiom and contains exactly the
following atomic sequents: II; ; = ¥, ; for each i € I and S for each
k€ K. For each i € I, the leaf £} of the proof Dj is an axiom and
contains exactly the following atomic sequents: Héj = Eéd for each
j € J; and S§7m for each m € M;. Therefore, the leaf L3 of D}, which
contains the above-mentioned atomic sequents, is an axiom too. o

C. The soundness of the nonstandard density rule

Remark 5.1 on p. 284 says that the rule

GIT,p=A|ll=p,X%
GIT, 1= A%

(den)

(1) is unsound if p is a propositional variable not occurring in the conclu-
sion, but (2) becomes sound if we expand the notion of a hypersequent
by adding new-type semipropositional variables interpreted by any real
numbers, and require p to be such a variable not occurring in the con-
clusion.

Let us prove (1). Recall that the propositional variable p is inter-
preted by any real number in [0, 1]. Consider the following application

of (den):
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The premise of this application is valid (because 0 = p is), but its con-
clusion is not. .

Now let us prove (2), i.e., that F (G|T,p = A[Il = p,¥) implies
F(G|T,II= A,X) under the specified condition on p. To make this
proof shorter, we assume harmlessly that the hypersequent G is empty.

(a) ¥ (I''II = A,Y) <= for some hs-interpretation M and M-valu-
ation v, |Alar — [Tllaty < Ilars — [Slare <= (by the density of
the set of all real numbers) for some hs-interpretation M, M-valuation v,
and real number €, [|Allxra — [Tlary < € — 1< [Tl — [Sare.

(b)E (T,p= A|Il=p,¥) <= for some hs-interpretation M’ and
M~valuation ', [ Allxrur—[Tllarrr < [plasr—1 < [T asr o — ISl s

It is easy to see that (a) implies (b): define M’ to be the same as M
but set |p|y =&, and take v/ = v. .

D. The admissibility of the nonstandard density rule for G'RPY

Remark 5.2 on p. 294 says that the proofs of Lemmas 5.3 and 5.8 can
be easily combined to establish the admissibility for G°RPY of the rule
GID,p=A|ll=p, 2

GI,II= A%

(den),

provided that the notion of a hypersequent is expanded by adding new-
type semipropositional variables interpreted by any real numbers, and p
is such a variable not occurring in the conclusion.

Let us prove the following lemma on the admissibility of a general-
ization of (den) for G'RPY, denoting by p a special variable that can
assume any real values under hs-interpretations.

LemMA D.1 (admissibility of a generalization of (den) for G°RPY). Sup-
pose that m > 1, n > 1,
H= (g | [Tip = Ai}iel..m | [ = p’zj]jel..n)’

o = (g’ [Fi,Hj — A“Eﬂiel..m)?

VIS D)

p does not occur in H', and Fgogpy H. Then Fgogpy H'.

PRrROOF. Take a (G°RPY-)proof D of H and proceed by induction on the
height of D.
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1. Suppose that # is an axiom (of G’RPY); i.e., £ Hq;. Without loss
of generality we assume that

Har = (gat [[Tip = Adjey [ [0 = p’zj]ﬂ'eu)’

where 0 <k <m and 0<I<n. Let H,, = (H )ar. Consider the fol-
lowing cases 1.1-1.4.
Case 1.1: k # 0 and [ # 0. We have

i€l .k
b= (Gar | [T = A5, 3,107 )
and want to show that F H/,.

Suppose otherwise; i.e., for some hs-interpretation M and some M-
valuation v, there is no true sequent in G, and for all 7 € 1..k and all
7 e 1.,

[Aillar, = 1Tl ar < Tl = [125] 02,0

By the density of the set R of all real numbers, there exists £ € R such
that, for all i € 1..k and all j € 1..1,

1Aillary = ITillary < & =1 <[Mjllare = [15]as.0-

Define an hs-interpretation M; to be like M but set |p|a;, = §. Since
p does not occur in Gy, I';, A; (1 € 1..k), I1;, £, (j € 1..1), we see that no
sequent in H,; is true under the hs-interpretation M; and M;-valuation
v. Hence ¥ H,;, a contradiction.

Therefore F H/,, and so H' is an axiom.

Case 1.2: k=0 and [ # 0. Then

Har = (gat | [T, = pi}i}jgl.l)

and M., = Gq:. Since p does not occur in Gue, 1, ¥; (5 € 1..0), and
hs-interpretations can take p to negative real numbers whose absolute
values are arbitrarily large, we conclude that F H,; implies F G,;. Thus
EH.,, and H' is an axiom.

Case 1.3: k #0 and [ = 0. Then

Hat = (gat | [Tip = Ai]iel..k)

and H!, = Gaut. Since p does not occur in Gy, Iy, A; (i € 1..k), and p
can assume arbitrarily large values under hs-interpretations, we see that
E Hae implies F Gyt So F H!,, and H' is an axiom.
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Case 1.4: k=0 and 1 =0. Then Hut = Gar = H,,. Thus F Hee
means that F H,,, and H' is an axiom.

2. Tt remains to consider the case where the root hypersequent H in
D is the conclusion of a rule application. But the argument for this case
can be obtained from item 2 of the proof of Lemma 5.3 by replacing p;

with p. 4
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